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Introduction
A continued fraction is an expression of the form
e —
a + ——

b
a2+—2

The value of a continuedfraction is definedin a natural way. We
construct the sequence of convergéuts as follows:
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andif this sequence{c,} convergesthen we say that the above infinite
continued fractiortonvergesand we write
bo .
@+ ——p— = lim c,.
1 n— oo
at
2
L + —

Continued fractions often reveal beautiful nhumber patterns. The
interestedreaderis referredto [1] for a collection of many interesting
continuedfractionsof famousmathematicatonstants. Continuedfractions
alsohaveapplicationsin cryptography- the studyof secretcodesanddata
encryption [2, 3].

Euler was the first person who studied continued fractions
systematically. In his foundationalpublicationon the theory of continued
fractions, De Fractionibus Continuis Dissertatio [4], Euler derived many
interestingcontinuedfractionidentities. In this paperwe will present new
proof of the following two continued fractions of Euler's conseant

e=2+ T =2+ 3 . D

Our proof is very elementaryand based on simple manipulation of
seguences.
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Forthefirst identity, supposéahatthe continuedfraction convergego x.
Then we can determine a closed form formula for its subfraction as follows:

n k
(G'Y)
-1
" n+1 Con+17 Wk
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This subfraction formula provides a surprising twist for a proof by
contradiction. Indeed, i # ethen

. xel -1

limu, = ——— =

n—s e xet -1
which is utterly untrue as, > n.

Similarly, for the secondidentity, supposethat the continuedfraction
converges ta. Then

-1

n-1 k
(-1)
X -1
n+1 Z;) k!
Vn=n+ n+2 = n(_l)k
n+1+ n 3 XZ " -1
n+2+—— k=0
and ifx # ethen
. xel -1 .
lim v, = —— = -1 which is false, as above
no oo xet -1

Euler-Wallis recurrence formulas

To prove that a continued fraction converges,we often need to
determineits convergensequence.Thefollowing theoremdueto William
Brouncker[1620-1684],the first Presidentof The Royal Society,gives us
recursiveformulasto calculatethe convergentsJohn Wallis [1616-1703]
and Leonhard Euler [1707-1783] made extensiveuse of these formulas
which are now called the Euler-Wallis formulas.
Theoreml [5]: For any n > 0, the nth convergentcan be determinedas

Ch = P wherethe numeratorandthe denominatosequence$p, }n> _» and
N
{0 }n> 2 are specified as follows (with the convention that = 1):
p-2= O? P1= 1a Pn = @nPn-1+ bnflprlev for all n> 0’
g2=1, g1=0, On = @n0On-1+ bn—lQn—Zy foralln> 0.
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The theorem can be proved easily by induction. By modifying the

coefficient a, to be a,+ an—” the (n + 1)th convergentis equalto the
+1
modified nth convergent, and thus,

pn+1= ay + b:l)pnl“'bnlpnz
Onh+1 b”

a, +

)qn—l + bn—lcln—z

+1

Any1(@Pn-1 + Dh_1Ph_2) + bypr-1
an+l(anQn—l + bn—lQn—Z) + ann—l

8ns1Pn + brPn_1

an+1qn + bnqn—l.

Usingthe Euler-Wallisrecurrencdormulas,it is easyto proveby induction
that

PiOh-1 — Gbh-1 = (1" ‘boby... by_y, foralln > 1,
PhOh-2 — OuPn-2 = (=1)"abgby... by_o, forall n > 2,

and so
Pn_ Pn-1 _ (=D" ‘hoby... by s
qn qn—l qn—lqn ’
Pn_ Pn-2 _ (=D abgb;... by_»
qn anz qn—zqn ’
It follows that, for positive coefficients andb;,
L L U - O L IS S =)
o[ (0F] Os OQon+1 Oon (o1 02 o

Thus, in this case{c,,} and {c,,. 1} alwaysconverge,andthe continued
fraction converges if, and only if,

lim (—pZ”*l - @) -0
n—oe\Oon+1 O2n

Sinceqp = 1 andq, > a\,_1, we haveq, > &... a,foralln > 1, and
thus,

m _ % _ b0b1--- bZn < bobj_ b2n

Oon+1 O2n - Oonllzn + 1 b a% a%na2n+1.
To prove the convergenceof a continued fraction with positive
coefficients, it suffices to show that

lim by ... b

5 — =0
n—e ... An82n+1
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For the two continued fractions consideredhere, we have g > i and
by <i + 2,s0
b0b1 b2n < (2n + 2)' _ 2n + 2

< = 0
... Baon.1  ((2mH2(2n + 1) (2n)!
and the convergence is clearly guaranteed.
The first continued fraction far
Theoren2: For any integen > 1,
n (_1)k
e -1
nt n _n 5 g() k!
n+1 T on+l” e
N+l —— e> -1
Nte+r—13 k=0 ™
n+3+—
and
2 + 1 = e
1
1+
2
2 + 3
3+ —

Proof. We know thatthefirst continuedfraction of (1) converges.We let x
bethe convergencealueandconstructhe sequencegu, }, {a.}, {b.}, {c.},
{dn} as follows:

oo 14 1 1 xa+b
o 5, 2 T X-2  xg +dy
3
3+ —
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Xx(n — ey + (= Ddy_1
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XC, + dn
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Then we have the following recursive formulas:
O,bl =1c¢ = 1,d1 = -2

a1

an (n - 1)Cn—1’ bn = (n - 1)dn—1,

Ch = 81— (nN-1Dcy_,d, = b1 - (n-21)d,_q, foralln > 2
For anyn > 3, we have
an
n-1
= a+(M-Da-1-M-Da_, =10

=Chii1 = -2-(N=2)Ch2 = -2~ &1

= ay— -2+ (N-Da,_1 - (n-2a,_, =0
So

n

Y (a—a,+ (k-Da_1-(K-2a_,) =0
k=3

and this gives
Gt -1 - -+ (M- Da,_y—a =0
It follows that for anyn > 2,
a, + Na,_, = a + 2a;.

Rewriting the above equation as

-1 n -1 n-1 B -1 n

G DI G . Y S

n! (n — ! n!

and taking the summation

5 ((-Dfa (—1>“ak_1) ~ 5 (-Dk
kzz( i TR B R UP Ye

we get

-D'a, (-Day _ & (-1)f
T - (a + 2a) 22 i ,foralln > 1.

We derive the following closed form fay,;

n (-1F
a, = (-1 n! |

k!
Similarly, we get the following closed form foy;:
n k
b, = (-1)"n! (—b1 + (b + 2by) Y b
k=0

(_
k!
Substituting the values
a; = 0, b1=1, a =1, b2=—2

n
—ay + (8 + 2a) Y, ) foralln > 1.
k=0

),forall n>1
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we obtain
n k
_ n (_1)
g = (10 Y
k=0
by = (-1)""*n!.
It follows that
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Finally, we have

n k
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k=0 :

Xa, + b,

n = = | N+ 1y I
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Nk
X 2( Dy
n = k!
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k=
From here, it implies that = e. This is because ¥ # ethen
xet -1
Iimu, = — = -1
Noseo xel -1

which contradicts the obvious fact that > n.

The second continued fraction fer

By usingthe samemethodas above,the secondidentity canbe easily
proved and we leave that to the interested reader.

Theorem3: For any integem > 1,

N+ n+1 o K
n+2 =T ”(_1)k ’
ntl+——553 ey -1
n+2+ — K=o K
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