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s♣❛♥ ♦✈❡r t❤❡ r❛✐❧✇❛② tr❛❝❦s✳ ❉✉❡ t♦ t❤❡✐r s✐③❡ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡② r✉♥ ♦♥ t❤❡ s❛♠❡
tr❛❝❦s ❢♦r ❤♦r✐③♦♥t❛❧ ♠♦✈❡♠❡♥t✱ ❝r❛♥❡s ❝❛♥♥♦t ♣❛ss ❜② ♦♥❡ ❛♥♦t❤❡r✱ s♦ t❤❛t ✐♥t❡r❢❡r❡♥❝❡s
♦❝❝✉r✱ ✇❤❡♥❡✈❡r ❛ ❝r❛♥❡ ❆ s❡❡❦s t♦ tr❛♥s♣♦rt ❛ ❝♦♥t❛✐♥❡r t♦ ❛ ❞✐st❛♥t ❧♦❝❛t✐♦♥ ✇❤✐❝❤
✐s ❝✉rr❡♥t❧② ❜❧♦❝❦❡❞ ❜② ❛♥♦t❤❡r ❝r❛♥❡ ❇ ♦♣❡r❛t✐♥❣ ✐♥ ❜❡t✇❡❡♥✳ ■♥ ♣r❛❝t✐❝❡✱ s✉❝❤ ✐♥t❡r✲
❢❡r❡♥❝❡s ❛r❡ ♦❢t❡♥ r✉❧❡❞ ♦✉t ❜② ❛♣♣❧②✐♥❣ ❛ s✐♠♣❧❡ ♦r❣❛♥✐③❛t✐♦♥❛❧ ♣♦❧✐❝② ✭s❡❡ ❇♦②s❡♥ ❛♥❞
❋❧✐❡❞♥❡r✱ ✷✵✵✾✮✿ t❤❡ t♦t❛❧ ②❛r❞ s♣❛❝❡ ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ❞✐st✐♥❝t ❛r❡❛s✱ t♦ ❡❛❝❤ ♦❢ ✇❤✐❝❤
❛ s✐♥❣❧❡ ❝r❛♥❡ ✐s ❛ss✐❣♥❡❞✳ ❆s ❝r❛♥❡s ❛r❡ ♥♦t ❛❧❧♦✇❡❞ t♦ ♦✈❡rst❡♣ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t✲❤❛♥❞
❜♦r❞❡rs ♦❢ t❤❡✐r ❛r❡❛s✱ t❤❡② ❝❛♥ ♥❡✈❡r ✐♥t❡r❢❡r❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❚♦ ❡♥❛❜❧❡ ❞✐st❛♥t ❝♦♥✲
t❛✐♥❡r ♠♦✈❡s ❛❝r♦ss ♠✉❧t✐♣❧❡ ❝r❛♥❡ ❛r❡❛s✱ s✉❝❤ ②❛r❞s ❢✉rt❤❡r ♠❛❦❡ ✉s ♦❢ ❛ s♦rt✐♥❣ s②st❡♠✱
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✇❤❡r❡ ❛✉t♦♠❛t❡❞ ❣✉✐❞❡❞ ✈❡❤✐❝❧❡s ✭❇♦st❡❧ ❛♥❞ ❉❡❥❛①✱ ✶✾✾✽✮ ♦r s♦♠❡ r❛✐❧✲♠♦✉♥t❡❞ ✈❡❤✐❝❧❡s
✭❆❧✐❝❦❡✱ ✷✵✵✷✮ t❛❦❡ ✉♣ t❤❡ ❝♦♥t❛✐♥❡r ❢r♦♠ t❤❡ ❡♠✐tt✐♥❣ ❛r❡❛ ❛♥❞ ♠♦✈❡ ✐t ❛❧♦♥❣s✐❞❡ t❤❡
②❛r❞ t♦ ✐ts ❞❡❞✐❝❛t❡❞ ❛r❡❛✳ ❚❤❡r❡✱ ✐t ✐s ♣✐❝❦❡❞ ✉♣ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ❝r❛♥❡ ❛♥❞ ✜♥❛❧❧②
❧♦❛❞❡❞ ♦♥ t❤❡ tr❛✐♥✳ ❚❤❡ s♦rt✐♥❣ s②st❡♠ t②♣✐❝❛❧❧② ❝♦♠♣r✐s❡s ♦♥❡ ♦r ♠♦r❡ ♠♦✈✐♥❣ ❧❛♥❡s
❛♥❞ ❜✉✛❡r ❧❛♥❡s ✭s❡❡ ❆❧✐❝❦❡✱ ✷✵✵✷✮✱ s♦ t❤❛t ❝♦♥t❛✐♥❡rs ❝❛♥ ♦✈❡rt❛❦❡ ❡❛❝❤ ♦t❤❡r ✐♥ t❤❡
s♦rt✐♥❣ s②st❡♠✳
❆♥ ✐♠♣♦rt❛♥t ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ✐♥ t❤✐s ❝♦♥t❡①t ✐s t♦ ❞✐♠❡♥s✐♦♥ t❤❡ ♦♣❡r❛t✐♥❣ ❛r❡❛

♦❢ ❡❛❝❤ ❝r❛♥❡ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ✇♦r❦❧♦❛❞ ✐s ❡✈❡♥❧② s♣r❡❛❞ ❛♠♦♥❣ ❝r❛♥❡s✳ ❆s ❛❧❧
❝r❛♥❡s ♣r♦❝❡ss t❤❡ s❛♠❡ ♣✉❧s❡ ♦❢ tr❛✐♥s ✐♥ ♣❛r❛❧❧❡❧✱ ❝r❛♥❡s ✇❤✐❝❤ ❡①❡❝✉t❡❞ ❛❧❧ ♠♦✈❡s
✐♥ t❤❡✐r ❛r❡❛ ❤❛✈❡ t♦ ✇❛✐t ✐❞❧❡ ✉♥t✐❧ t❤❡ ❧❛st ❝♦♥t❛✐♥❡r ✐s ♣r♦❝❡ss❡❞✳ ❆ ②❛r❞ ♣❛rt✐t✐♦♥
✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ♠❛①✐♠✉♠ ✇♦r❦❧♦❛❞ ♦❢ ❝r❛♥❡s ❛❧s♦ ♠✐♥✐♠✐③❡s t❤❡ t♦t❛❧ ♠❛❦❡s♣❛♥ ♦❢
tr❛✐♥ ♣r♦❝❡ss✐♥❣✳ ■♥ ❛ r❛✐❧✲r❛✐❧ tr❛♥ss❤✐♣♠❡♥t ②❛r❞✱ t❤❡ ❛❝t✉❛❧ ♣❛rt✐t✐♦♥ ♦❢ ❛r❡❛s ❞✐r❡❝t❧②
❡✛❡❝ts t❤❡ t♦t❛❧ ✇♦r❦❧♦❛❞ r❡q✉✐r❡❞ t♦ ♣r♦❝❡ss ❛❧❧ ❝♦♥t❛✐♥❡rs✳ ❲❤❡♥❡✈❡r t❤❡ st❛rt ❛♥❞
t❤❡ t❛r❣❡t ♣♦s✐t✐♦♥ ♦❢ ❛ ❝♦♥t❛✐♥❡r ❧✐❡ ✐♥ t❤❡ s❛♠❡ ❝r❛♥❡ ❛r❡❛✱ t❤❡ ❝♦♥t❛✐♥❡r ❝❛♥ ❞✐r❡❝t❧②
❜❡ tr❛♥ss❤✐♣♣❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ❝r❛♥❡ ✭❞✐r❡❝t ♠♦✈❡✮✳ ■❢✱ ❤♦✇❡✈❡r✱ st❛rt ❛♥❞ t❛r❣❡t
♣♦s✐t✐♦♥s ❢❛❧❧ ✐♥t♦ ❞✐✛❡r❡♥t ❛r❡❛s✱ t✇♦ ❝r❛♥❡s ✭❛♥❞ t❤❡ s♦rt❡r✮ ❛r❡ r❡q✉✐r❡❞ t♦ ♣r♦❝❡ss
t❤❡ ♠♦✈❡✳ ❙✉❝❤ ❛ ❞♦✉❜❧❡ ❤❛♥❞❧✐♥❣ ♦❢ ❝♦♥t❛✐♥❡rs✱ r❡❢❡rr❡❞ t♦ ❛s s♣❧✐t ♠♦✈❡ ✭s❡❡ ❇♦②s❡♥
❛♥❞ P❡s❝❤✱ ✷✵✵✽✮✱ ❝♦♥s✐❞❡r❛❜❧② ❡①t❡♥❞s tr❛✐♥ ♣r♦❝❡ss✐♥❣ ❛s t❤❡ t✐♠❡✲❝♦♥s✉♠✐♥❣ ♣✐❝❦ ❛♥❞
❞r♦♣ ♦♣❡r❛t✐♦♥s ♥❡❡❞ t♦ ❜❡ ❡①❡❝✉t❡❞ t✇✐❝❡ ❢♦r ❡❛❝❤ s♣❧✐t ♠♦✈❡✳ ❊s♣❡❝✐❛❧❧②✱ ❧♦❝❛t✐♥❣ t❤❡
s♣r❡❛❞❡r ✐s ♣r❡❝✐s✐♦♥ ✇♦r❦ s♦ t❤❛t ♦♥ ❛✈❡r❛❣❡ ♠❡r❡❧② ✷✵✲✷✺ ♠♦✈❡s ♣❡r ❝r❛♥❡ ❛♥❞ ❤♦✉r
❝❛♥ ❜❡ ♣r♦❝❡ss❡❞ ✭s❡❡ ❘♦tt❡r✱ ✷✵✵✹✮✳ ❚❤✉s✱ s♣❧✐t ♠♦✈❡s ❛♥❞ t❤❡✐r ✐♠♣❛❝t ♦♥ t❤❡ ❝r❛♥❡s✬
✇♦r❦❧♦❛❞ ❛r❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇❤✐❧❡ ❞❡t❡r♠✐♥✐♥❣ ❝r❛♥❡ ❛r❡❛s✳
❚❤❡ ♣❛♣❡r ♦♥ ❤❛♥❞ ♣r❡s❡♥ts ❛ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ ❛❢♦r❡♠❡♥✲

t✐♦♥❡❞ ♣r♦❜❧❡♠ ✇✐t❤ ♣♦❧②♥♦♠✐❛❧ r✉♥t✐♠❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝♦♠♣❛r❡ ♦♣t✐♠❛❧❧② s✐③❡❞
②❛r❞ ❛r❡❛s ✇✐t❤ ❡q✉❛❧❧② s✐③❡❞ ♦♥❡s✱ t❤❡ ❧❛tt❡r ❜❡✐♥❣ ❛ ✇✐❞❡s♣r❡❛❞ ♣♦❧✐❝② ✐♥ r❡❛❧✲✇♦r❧❞
tr❛♥ss❤✐♣♠❡♥t ②❛r❞s ✭s❡❡ ❇♦②s❡♥ ❛♥❞ ❋❧✐❡❞♥❡r✱ ✷✵✵✾✮✳ ❚❤❡ r❡s✉❧ts ♦❢ ❛ str❛✐❣❤t❢♦r✇❛r❞
s✐♠✉❧❛t✐♦♥ ♦❢ tr❛♥ss❤✐♣♠❡♥t ②❛r❞ ♦♣❡r❛t✐♦♥s r❡✈❡❛❧ ❛ tr❡♠❡♥❞♦✉s ♣♦t❡♥t✐❛❧ ❢♦r ♣r♦❝❡ss✐♥❣
t✐♠❡ r❡❞✉❝t✐♦♥ ❜② ❛♣♣❧②✐♥❣ ♦♣t✐♠❛❧ ❝r❛♥❡ ❛r❡❛s✳
❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r♦✈✐❞❡s ❛ ❧✐t❡r❛t✉r❡

r❡✈✐❡✇✱ ✇❤❡r❡❛s ❙❡❝t✐♦♥ ✸ ❣✐✈❡s ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ②❛r❞ ♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠✳ ❆♥
❡①❛❝t ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ♣r♦❝❡❞✉r❡ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❤❡♥✱ ♦♣t✐♠❛❧❧② ❛♥❞
❡q✉❛❧❧② s✐③❡❞ ❝r❛♥❡ ❛r❡❛s ❛r❡ ❝♦♠♣❛r❡❞ ✐♥ ❛ ②❛r❞ s✐♠✉❧❛t✐♦♥ ✭❙❡❝t✐♦♥ ✺✮✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥
✻ ❝♦♥❝❧✉❞❡s t❤❡ ♣❛♣❡r✳

✷ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇

❆❧t❤♦✉❣❤ t❤❡r❡ ✐s ❛ ❧♦t ♦❢ ❛tt❡♥t✐♦♥ ♣❛✐❞ t♦ r❛✐❧✇❛② ♦♣t✐♠✐③❛t✐♦♥ ✭s❡❡✱ ❡✳❣✳✱ ❈♦r❞❡❛✉ ❡t ❛❧✳✱
✶✾✾✽✮ ❛♥❞ ✐♥t❡r♠♦❞❛❧ tr❛♥s♣♦rt❛t✐♦♥ ✭s❡❡ ❈r❛✐♥✐❝ ❛♥❞ ❑✐♠✱ ✷✵✵✼✮ ✐♥ ❣❡♥❡r❛❧✱ ❧✐t❡r❛t✉r❡
♦♥ r❛✐❧✲r❛✐❧ tr❛♥ss❤✐♣♠❡♥t ②❛r❞s ✐s s❝❛r❝❡✳ ❚❤✐s ✐s ❛st♦✉♥❞✐♥❣✱ ❛s t❤❡s❡ ②❛r❞s ❛r❡ ❛♥
❡♠❡r❣✐♥❣ t❡❝❤♥♦❧♦❣② ✐♥ r❛✐❧✇❛② s②st❡♠s ✭s❡❡ t❤❡ s✉r✈❡②s ❜② ❇♦♥t❡❦♦♥✐♥❣ ❡t ❛❧✳✱ ✷✵✵✹ ❛s
✇❡❧❧ ❛s ▼❛❝❤❛r✐s ❛♥❞ ❇♦♥t❡❦♦♥✐♥❣✱ ✷✵✵✹✮✳
■♥✲❞❡♣t❤ ❞❡s❝r✐♣t✐♦♥s ♦❢ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ ❞✐✛❡r❡♥t ♦♣❡r❛t✐♦♥❛❧ ♣♦❧✐❝✐❡s ❡♠✲

♣❧♦②❡❞ ✐♥ tr❛♥ss❤✐♣♠❡♥t ②❛r❞s ❛r❡ ♣r♦✈✐❞❡❞ ❜② ❇❛❧❧✐s ❛♥❞ ●♦❧✐❛s ✭✷✵✵✷✮ ❛s ✇❡❧❧ ❛s ❘♦tt❡r
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✭✷✵✵✹✮✳ ▼❡②❡r ✭✶✾✾✽✮✱ ❆❜❛❝♦✉♠❦✐♥ ❛♥❞ ❇❛❧❧✐s ✭✷✵✵✹✮✱ ❇❛❧❧✐s ❛♥❞ ●♦❧✐❛s ✭✷✵✵✹✮ ❛s ✇❡❧❧
❛s ❲✐❡❣♠❛♥s ❡t ❛❧✳ ✭✷✵✵✻✮ s♣❡❝✐✜❝❛❧❧② ❛❞❞r❡ss t❤❡ ❞❡s✐❣♥ ♣r♦❝❡ss ♦❢ ❛♥ ♦♣t✐♠❛❧ t❡r♠✐✲
♥❛❧ ❧❛②♦✉t✳ ❍♦✇❡✈❡r✱ ♦♥❧② ✈❡r② ❢❡✇ r❡s❡❛r❝❤ ♣❛♣❡rs ❞❡❛❧ ✇✐t❤ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s
♣❡r♣❡t✉❛❧❧② ❛r✐s✐♥❣ ❞✉r✐♥❣ t❤❡ ❞❛✐❧② ♦♣❡r❛t✐♦♥s ♦❢ ❛ tr❛♥ss❤✐♣♠❡♥t ②❛r❞s✳ ❆s t❤❡ ♦✈❡r❛❧❧
s❝❤❡❞✉❧✐♥❣ t❛s❦ s❡❡♠s ❢❛r t♦♦ ❝♦♠♣❧✐❝❛t❡❞ t♦ ❛❧❧♦✇ ❛ s✐♠✉❧t❛♥❡♦✉s s♦❧✉t✐♦♥✱ ❛ ❤✐❡r❛r❝❤✐❝❛❧
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ ♣r♦❜❧❡♠ ✐s r❡❝♦♠♠❡♥❞❛❜❧❡ ✭s❡❡ ❇♦②s❡♥ ❛♥❞ P❡s❝❤✱ ✷✵✵✽✮✿

✭✐✮ ❙❝❤❡❞✉❧❡ t❤❡ s❡r✈✐❝❡ s❧♦ts ♦❢ tr❛✐♥s ❜② ❛ss✐❣♥✐♥❣ t❤❡♠ t♦ ♣✉❧s❡s✳

✭✐✐✮ ❉❡❝✐❞❡ ♦♥ t❤❡ ❝♦♥t❛✐♥❡rs✬ ♣♦s✐t✐♦♥s ♦♥ tr❛✐♥s✳

✭✐✐✐✮ ❆ss✐❣♥ ❡❛❝❤ tr❛✐♥ t♦ ❛ r❛✐❧✇❛② tr❛❝❦✳

✭✐✈✮ ❆ss✐❣♥ ❝♦♥t❛✐♥❡r ♠♦✈❡s t♦ ❝r❛♥❡s✳

✭✈✮ ❉❡❝✐❞❡ ♦♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦♥t❛✐♥❡r ♠♦✈❡s ♣❡r ❝r❛♥❡✳

Pr♦❜❧❡♠ ✭✐✮ ✐s tr❡❛t❡❞ ❜② ❇♦②s❡♥ ❛♥❞ P❡s❝❤ ✭✷✵✵✽✮✳ ❍❡r❡✱ ❛ ❣✐✈❡♥ s❡t ♦❢ tr❛✐♥s t♦
❜❡ ♣r♦❝❡ss❡❞ ✐s t♦ ❜❡ ❛ss✐❣♥❡❞ t♦ ❞✐✛❡r❡♥t ♣✉❧s❡s✳ ■♥ s✉❝❤ ❛ s❡tt✐♥❣✱ r❡✈✐s✐ts ♦❢ tr❛✐♥s
✐♥ ❛ ❧❛t❡r ♣❡r✐♦❞ t♦ r❡❝❡✐✈❡ r❡♠❛✐♥✐♥❣ ❝♦♥t❛✐♥❡rs ♥♦t ❞❡❧✐✈❡r❡❞ ✉♣ t♦ t❤❡ tr❛✐♥✬s ✜rst
st❛② ✐♥ t❤❡ ②❛r❞ ❛♥❞ ❞♦✉❜❧❡ ❤❛♥❞❧✐♥❣ ♦❢ ❝♦♥t❛✐♥❡rs ❛r❡ t♦ ❜❡ ❛✈♦✐❞❡❞✳ ❇♦st❡❧ ❛♥❞ ❉❡❥❛①
✭✶✾✾✽✮ ❛s ✇❡❧❧ ❛s ❈♦rr② ❛♥❞ ❑♦③❛♥ ✭✷✵✵✻✱ ✷✵✵✽✮ tr❡❛t ♣r♦❜❧❡♠ ✭✐✐✮ ❛♥❞ ♣r♦✈✐❞❡ s❝❤❡❞✉❧✐♥❣
♣r♦❝❡❞✉r❡s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ ♣♦s✐t✐♦♥s ♦❢ ❝♦♥t❛✐♥❡rs ♦♥ ❢r❡✐❣❤t tr❛✐♥s s♦ t❤❛t
❝r❛♥❡ ♠♦✈❡s ❛r❡ ♠✐♥✐♠✐③❡❞✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ♠✉❧t✐♣❧❡ r❡str✐❝t✐♦♥✱ ❡✳❣✳✱ ❞❛♥❣❡r♦✉s ❣♦♦❞s
s❡♣❛r❛t✐♦♥s✱ ♠❛①✐♠✉♠ ❣r♦ss ✇❛❣♦♥ ♠❛ss ❛♥❞ tr❛✐♥ ❤❡✐❣❤t✱ ♥❡❡❞ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇❤✐❧❡
❞❡t❡r♠✐♥✐♥❣ ❝♦♥t❛✐♥❡r ♣♦s✐t✐♦♥s✳ Pr♦❜❧❡♠ ✭✐✐✐✮✱ t❤❡ ❛ss✐❣♥♠❡♥t ♦❢ tr❛✐♥s t♦ tr❛❝❦s✱ ❝❛♥ ❜❡
s♦❧✈❡❞ ❛s ❛ q✉❛❞r❛t✐❝ ❛ss✐❣♥♠❡♥t ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s s❤♦✇♥ ❜② ❆❧✐❝❦❡ ❛♥❞ ❆r♥♦❧❞ ✭✶✾✾✽✮✱
✐❢ t❤❡ s❝❤❡❞✉❧❡ ♦❢ tr❛✐♥s ✭♣r♦❜❧❡♠ ✭✐✮✮ ❛♥❞ ❝♦♥t❛✐♥❡r ♣♦s✐t✐♦♥s ✭♣r♦❜❧❡♠ ✭✐✐✮✮ ❛r❡ ❛❧r❡❛❞②
❞❡t❡r♠✐♥❡❞✳
❈♦♥t❛✐♥❡r ♠♦✈❡s t♦ ❝r❛♥❡s ✭♣r♦❜❧❡♠ ✭✐✈✮✮ ❝❛♥ ❡✐t❤❡r ❜❡ ❛ss✐❣♥❡❞ ✐♥ ❛ st❛t✐❝ ♦r ❞②♥❛♠✐❝

✇❛②✳ ❯♥❞❡r ❛ st❛t✐❝ ❛ss✐❣♥♠❡♥t✱ ❜♦r❞❡rs ♦❢ ❝r❛♥❡ ❛r❡❛s ❛r❡ ✜①❡s ❛♥❞ ❛ ❝r❛♥❡ ❡①❝❧✉s✐✈❡❧②
♣r♦❝❡ss❡s ❝♦♥t❛✐♥❡rs ✇✐t❤✐♥ ✐ts ❛r❡❛✳ ❆ ❞②♥❛♠✐❝ ❛ss✐❣♥♠❡♥t ♣♦❧✐❝② ❛❧❧♦✇s ❝r❛♥❡s t♦ ♠♦✈❡
❢r❡❡❧② ❛❧♦♥❣s✐❞❡ t❤❡ ②❛r❞✱ ❤♦✇❡✈❡r✱ ❝r❛♥❡ ♠♦✈❡♠❡♥ts ♥❡❡❞ t♦ ❜❡ ❝♦♦r❞✐♥❛t❡❞ ✐♥ r❡❛❧✲t✐♠❡✱
s♦ t❤❛t ✐♥t❡r❢❡r❡♥❝❡s ❛r❡ ♠✐♥✐♠✐③❡❞✳ ❖❜✈✐♦✉s❧②✱ ❛ ❞②♥❛♠✐❝ ❛ss✐❣♥♠❡♥t ❧❡❛✈❡s ♠♦r❡ ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ s✐♥❝❡ ❝r❛♥❡s ❝❛♥ s✉♣♣♦rt ❡❛❝❤ ♦t❤❡r ❛♥❞✱ t❤✉s✱ ♣r♦♠✐s❡s ❛ ♠♦r❡ ❡✣❝✐❡♥t tr❛✐♥
♣r♦❝❡ss✐♥❣✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠ ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣❧❡① s❝❤❡❞✉❧✐♥❣
♣r♦❝❡❞✉r❡s ✐s r❡q✉✐r❡❞✳ ❙✉❝❤ ❛ ❝❡♥tr❛❧✐③❡❞ ♦♥❧✐♥❡ ❝♦♥tr♦❧ ♦❢ ❝r❛♥❡s ❜❡❝♦♠❡s s✉♣❡r✢✉♦✉s
✇✐t❤ ❡①❝❧✉s✐✈❡ ❛r❡❛s✳ ❍❡r❡✱ ❝♦♥t❛✐♥❡r ♠♦✈❡s ✐♥s✐❞❡ ❡❛❝❤ ❛r❡❛ ❝❛♥ s✐♠♣❧② ❜❡ s❝❤❡❞✉❧❡❞
✐♥ ❛ ❞❡❝❡♥tr❛❧✐③❡❞ ♠❛♥♥❡r ❜② t❤❡ ❝r❛♥❡ ♦♣❡r❛t♦rs✱ ✇❤♦ ❝❛♥ ✢❡①✐❜❧② ❛❞❥✉st ♦♣❡r❛t✐♦♥s t♦
✉♥❢♦rs❡❡♥ ❡✈❡♥ts ✭❞❡❧❛②❡❞ tr✉❝❦ ♦r tr❛✐♥ ❛rr✐✈❛❧s✱ ♣r♦❧♦♥❣❡❞ ❝♦♥t❛✐♥❡r ♠♦✈❡s ❡t❝✳✮✳ ❚❤✉s✱
❛ st❛t✐❝ ❛ss✐❣♥♠❡♥t ♦❢ ❝r❛♥❡ ❛r❡❛s ✐s ❛ ✇✐❞❡s♣r❡❛❞ ♣♦❧✐❝② ✐♥ r❡❛❧✲✇♦r❧❞ tr❛♥ss❤✐♣♠❡♥t
②❛r❞s ✭s❡❡ ❇♦②s❡♥ ❛♥❞ ❋❧✐❡❞♥❡r✱ ✷✵✵✾✮✳
❊①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ♠❛✐♥❧② ✐♥✈❡st✐❣❛t❡s ❛ ❞②♥❛♠✐❝ ❝r❛♥❡ ❛ss✐❣♥♠❡♥t✳ ❆❧✐❝❦❡ ✭✷✵✵✷✮ ♣r♦✲

✈✐❞❡s ❛ s❝❤❡❞✉❧✐♥❣ ♣r♦❝❡❞✉r❡ t♦ ❥♦✐♥t❧② ❝♦✈❡r ♣r♦❜❧❡♠s ✭✐✈✮ ❛♥❞ ✭✈✮✳ ❇❛s❡❞ ♦♥ ❝♦♥str❛✐♥t
♣r♦❣r❛♠♠✐♥❣ ❆❧✐❝❦❡ ❞②♥❛♠✐❝❛❧❧② ❛ss✐❣♥s ❝♦♥t❛✐♥❡r ♠♦✈❡s t♦ ❝r❛♥❡s ❛♥❞ ❞❡❝✐❞❡s ♦♥ t❤❡
s❡q✉❡♥❝❡ ♦❢ ♠♦✈❡s ♣❡r ❝r❛♥❡✳ ❘❡❧❛t❡❞ ♣r♦❜❧❡♠s ❛❧s♦ ♦❝❝✉r ✐♥ t❤❡ ❤✐♥t❡r❧❛♥❞ ♦❢ s❡❛♣♦rt
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❝♦♥t❛✐♥❡r t❡r♠✐♥❛❧s ✭s❡❡✱ ❡✳❣✳✱ ◆❣✱ ✷✵✵✺❀ ❩❤✉ ❛♥❞ ▲✐♠✱ ✷✵✵✻❀ ▼♦❝❝✐❛ ❡t ❛❧✳✱ ✷✵✵✻❀ ▲✐♠ ❡t
❛❧✳✱ ✷✵✵✼❀ ❙❛♠♠❛rr❛ ❡t ❛❧✳✱ ✷✵✵✼✮✳ ❯♣ t♦ ♥♦✇✱ ❛ st❛t✐❝ ❛ss✐❣♥♠❡♥t ✇✐t❤ ✜①❡❞ ❝r❛♥❡ ❛r❡❛s
✐s ♦♥❧② ❝♦♥s✐❞❡r❡❞ ❜② ❇♦②s❡♥ ❛♥❞ ❋❧✐❡❞♥❡r ✭✷✵✵✾✮ ❢♦r ❛ ❝♦♥✈❡♥t✐♦♥❛❧ r❛✐❧✲tr✉❝❦ tr❛♥s✲
s❤✐♣♠❡♥t ②❛r❞✳ ❍♦✇❡✈❡r✱ ✐♥ s✉❝❤ ❛ ②❛r❞ ❝♦♥t❛✐♥❡r ♠♦✈❡s ❛❝r♦ss ❛r❡❛s ❞♦ ♥♦t ♦❝❝✉r✱ s♦
t❤❛t s♣❧✐t ♠♦✈❡s ❞♦ ♥♦t ♥❡❡❞ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤✉s✱ t❤❡ ♣❛♣❡r ♦♥ ❤❛♥❞ ✐s t❤❡ ✜rst t♦
❡①❝❧✉s✐✈❡❧② tr❡❛ts ♣r♦❜❧❡♠ ✭✐✈✮ ✇✐t❤ ✜①❡❞ ❝r❛♥❡ ❛r❡❛s ✐♥ r❛✐❧✲r❛✐❧ tr❛♥ss❤✐♣♠❡♥t ②❛r❞s✳
◆♦t❡ t❤❛t ♦✉r s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡ ✭❢♦r t❤❡ st❛t✐❝ ❝❛s❡✮ ❝❛♥ ❛❧s♦ ❜❡ ❤❡❧♣❢✉❧ ❢♦r ❛ ❞②♥❛♠✐❝
❝♦♥t❛✐♥❡r ❛ss✐❣♥♠❡♥t✱ ❡✳❣✳✱ t♦ ❞❡t❡r♠✐♥❡ ❛ ✜rst ❢❡❛s✐❜❧❡ st❛rt s♦❧✉t✐♦♥✳

✸ ❉❡t❛✐❧❡❞ Pr♦❜❧❡♠ ❉❡s❝r✐♣t✐♦♥

❆ r❛✐❧✲r❛✐❧ tr❛♥ss❤✐♣♠❡♥t ②❛r❞ ✐s t②♣✐❝❛❧❧② ♦♣❡r❛t❡❞ ✐♥ ❞✐st✐♥❝t s♦✲❝❛❧❧❡❞ ♣✉❧s❡s ✭❇♦st❡❧
❛♥❞ ❉❡❥❛①✱ ✶✾✾✽✮ ♦r ❜✉♥❞❧❡s ✭❆❧✐❝❦❡✱ ✷✵✵✷❀ ❘♦tt❡r✱ ✷✵✵✹✮ ♦❢ tr❛✐♥s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t T

tr❛✐♥s ✭♦♥❡ ♣❡r tr❛❝❦✮ ❛r❡ s✐♠✉❧t❛♥❡♦✉s❧② s❡r✈❡❞ ❛♥❞ ❥♦✐♥t❧② ❧❡❛✈❡ t❤❡ s②st❡♠ ♥♦t ❜❡❢♦r❡
❛❧❧ ❝♦♥t❛✐♥❡r ♠♦✈❡s ❛r❡ ♣r♦❝❡ss❡❞✱ ✇❤✐❝❤ ❛r❡ r❡q✉✐r❡❞ ❢♦r t❤❡ r❡s♣❡❝t✐✈❡ ❜✉♥❞❧❡ ♦❢ tr❛✐♥s✳
❈♦♥t❛✐♥❡r ♠♦✈❡s ❛r❡ ♣r♦❝❡ss❡❞ ✐♥ ♣❛r❛❧❧❡❧ ❜② t❤❡ ❣✐✈❡♥ ♥✉♠❜❡r n ♦❢ ❣❛♥tr② ❝r❛♥❡s ❛✈❛✐❧❛❜❧❡
♦♥ t❤❡ ②❛r❞✳ ❚②♣✐❝❛❧❧②✱ ❛t t❤❡ ♣♦✐♥t ✐♥ t✐♠❡ ❛ tr❛✐♥ ❛rr✐✈❡s ✐t ✐s ❛❧r❡❛❞② s♣❡❝✐✜❡❞ ✇❤✐❝❤
❝♦♥t❛✐♥❡rs t♦ ♠♦✈❡ ✭♣r♦❜❧❡♠ ✭✐✐✮ ✐♥ ❙❡❝t✐♦♥ ✷✮✱ s♦ t❤❛t s♦♠❡ ❝♦♥t❛✐♥❡rs ❛r❡ ❞❡❝❧❛r❡❞ t♦
❜❡ tr❛♥s❤✐♣♣❡❞ ❜❡t✇❡❡♥ ❣✐✈❡♥ r❛✐❧❝❛rs✱ ✇❤❡r❡❛s ♦t❤❡rs ✕ ❛❧r❡❛❞② ❞❡❞✐❝❛t❡❞ t♦ t❤❡ tr❛✐♥✬s
♥❡①t ❞❡st✐♥❛t✐♦♥ ✕ r❡♠❛✐♥ ✉♥t♦✉❝❤❡❞✳ ❚❤✉s✱ ✇❡ ♣r❡s✉♣♣♦s❡ t❤❛t ❛ ♣✉❧s❡ ♦❢ tr❛✐♥s✱ ❢♦r
✇❤✐❝❤ ❛❧❧ ❝♦♥t❛✐♥❡r ♠♦✈❡s ❛r❡ s♣❡❝✐✜❡❞✱ ✐s ❛❧r❡❛❞② ❧♦❝❛t❡❞ ♦♥ t❤❡ tr❛❝❦s ♦❢ ❛ ②❛r❞✳ ◆♦t❡
t❤❛t t❤✐s tr❛✐♥ s❡t ♠✐❣❤t ❜❡ ❛♥ ❛❝t✉❛❧ ♣✉❧s❡ ♦❢ tr❛✐♥s ❛❧r❡❛❞② ✇❛✐t✐♥❣ ♦r ❜❡✐♥❣ ❡①♣❡❝t❡❞✳
■♥ t❤✐s ❝❛s❡✱ ❝r❛♥❡ ❛r❡❛s ❛r❡ ♥❡✇❧② ❞❡t❡r♠✐♥❡❞ ❢♦r ❛♥② ♣✉❧s❡ ♦❢ tr❛✐♥s✱ ✇❤✐❝❤ ❝❛♥ ❡❛s✐❧②
❜❡ ❡①❡❝✉t❡❞ ✐♥ ❛ r❡❛❧✲✇♦r❧❞ t❡r♠✐♥❛❧ ❜② ❧♦❛❞✐♥❣ ♦♥❧② ❝♦♥t❛✐♥❡r ♠♦✈❡s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡
❛r❡❛ ✐♥ t❤❡ ❛❝t✉❛❧ s❝❤❡❞✉❧❡ ❧✐st ♦♥ ❛ ❝r❛♥❡ ♦♣❡r❛t♦r✬s ❝♦♠♣✉t❡r ♠♦♥✐t♦r ✐♥s✐❞❡ t❤❡ st❡❡♣❧❡
❝❛♣✳ ❍♦✇❡✈❡r✱ ❛ ♣✉❧s❡ ❝❛♥ ❛❧s♦ ❜❡ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❛✈❡r❛❣❡ tr❛✐♥ s❡t✱ ✐❢ ❝r❛♥❡ ❛r❡❛s ❛r❡
t♦ ❜❡ ✜①❡❞ ♦✈❡r ❛ ♠✐❞✲t❡r♠ ❤♦r✐③♦♥✳
❚♦ ❡❛s❡ ♦r✐❡♥t❛t✐♦♥ ❢♦r ❝r❛♥❡ ♦♣❡r❛t♦rs ❛ tr❛♥ss❤✐♣♠❡♥t ②❛r❞ ✐s s✉❜❞✐✈✐❞❡❞ ✐♥t♦ s♠❛❧❧❡r

❧✐♥❡ s❡❣♠❡♥ts ❧❛❜❡❧❡❞ ✏s❧♦ts✑✱ ✇❤♦s❡ ♥✉♠❜❡rs ❛♥❞ ❜♦r❞❡rs ❛r❡ ❞r❛✇♥ ♦♥ t❤❡ ❣r♦✉♥❞ ❛❧♦♥❣
t❤❡ ❤♦r✐③♦♥t❛❧ s♣r❡❛❞ ♦❢ t❤❡ ②❛r❞✳ ❚❤❡s❡ s❧♦ts ❛r❡ ❛❞❥✉st❡❞ t♦ t❤❡ ❧❡♥❣t❤ ♦❢ st❛♥❞❛r❞✐③❡❞
r❛✐❧❝❛rs✳ ❋♦r ✐♥st❛♥❝❡ ✐♥ ●❡r♠❛♥ tr❛♥ss❤✐♣♠❡♥t ②❛r❞s✱ t❤❡ t②♣✐❝❛❧ s❧♦t ❧❡♥❣t❤ ✐s ✶✹
♠❡t❡rs t♦ ❡①❛❝t❧② ❝♦✈❡r ❛ r❛✐❧❝❛r ❧❛❜❡❧❡❞ ✏▲❣s✺✽✵✑ ✇❤✐❝❤ ❝❛rr✐❡s ♦♥❡ ❢♦rt② ❢❡❡t ✭❋❊❯✮
♦r t✇♦ t✇❡♥t② ❢❡❡t ❝♦♥t❛✐♥❡rs ✭❚❊❯✮✳ ❆ t②♣✐❝❛❧ ②❛r❞ ❧❡♥❣t❤ ✐s ✼✵✵ ♠❡t❡rs✱ s♦ t❤❛t s✉❝❤ ❛
r❡♣r❡s❡♥t❛t✐✈❡ tr❛♥ss❤✐♣♠❡♥t ②❛r❞ ✇♦✉❧❞ ❜❡ s✉❜❞✐✈✐❞❡❞ ✐♥t♦ S = 50 s❧♦ts✳ ❲❡ ♣r❡s✉♣♣♦s❡
t❤❛t ❢r❡✐❣❤t tr❛✐♥s ❛r❡ ♣❛r❦❡❞ ❛♥❞ ❛❞❥✉st❡❞ s♦ t❤❛t ❡❛❝❤ ❝♦♥t❛✐♥❡r ❡①❛❝t❧② ❢❛❧❧s ✐♥t♦ ♦♥❡
s❧♦t✳
❲✐t❤ t❤❡s❡ ✐♥♣✉t ♣❛r❛♠❡t❡rs✱ ✐t ✐s t❤❡ ❛✐♠ ♦❢ t❤❡ ②❛r❞ ♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠ t♦ ❞✐✈✐❞❡

t❤❡ s❧♦ts s = 1, . . . , S ♦❢ ❛ tr❛♥ss❤✐♣♠❡♥t ②❛r❞ ✐♥t♦ n ❞✐s❥✉♥❝t ❛♥❞ ❝♦♥s❡❝✉t✐✈❡ ❝r❛♥❡
❛r❡❛s✱ s♦ t❤❛t t❤❡ ♠❛①✐♠✉♠ ✇♦r❦❧♦❛❞ ♦✈❡r ❛❧❧ ❝r❛♥❡s i = 1, . . . , n ✐♥❞✉❝❡❞ ❜② r❡s♣❡❝t✐✈❡
❝♦♥t❛✐♥❡r ♠♦✈❡s ❢❛❧❧✐♥❣ ✐♥t♦ ❡❛❝❤ ❝r❛♥❡✬s ❛r❡❛ ✐s ♠✐♥✐♠✐③❡❞✳ ❈r❛♥❡s ♣r♦❝❡ss ❛ ❣✐✈❡♥ ♣✉❧s❡
♦❢ tr❛✐♥s ✐♥ ♣❛r❛❧❧❡❧✱ s♦ t❤❛t ❛❧❧ ❝r❛♥❡s ❤❛✈❡ t♦ ✇❛✐t ✐❞❧❡ ✉♥t✐❧ t❤❡ ❧❛st ❝r❛♥❡ ✜♥✐s❤❡❞
❝♦♥t❛✐♥❡r ♣r♦❝❡ss✐♥❣✳ ❚❤✉s✱ t❤❡ ♠✐♥✲♠❛① ♦❜❥❡❝t✐✈❡ ❜❛❧❛♥❝❡s t❤❡ ✇♦r❦❧♦❛❞ ❛♠♦♥❣ ❝r❛♥❡s
❛♥❞ ♠✐♥✐♠✐③❡s t❤❡ ♠❛❦❡s♣❛♥ ♦❢ tr❛✐♥ ♣r♦❝❡ss✐♥❣✳

✺



■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ r❡s✉❧t✐♥❣ ✇♦r❦❧♦❛❞ ♦❢ ❛ s♣❡❝✐✜❝ ❝r❛♥❡ ❛r❡❛✱ s♣❧✐t ♠♦✈❡s ♥❡❡❞
t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ■❢ st❛rt ❛♥❞ t❛r❣❡t ♣♦s✐t✐♦♥ ♦❢ ❛ ❝♦♥t❛✐♥❡r ♠♦✈❡ ❢❛❧❧ ✐♥t♦ t❤❡ s❛♠❡
❛r❡❛✱ t❤❡ ♠♦✈❡ ❝❛♥ ❞✐r❡❝t❧② ❜❡ ♣r♦❝❡ss❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ❝r❛♥❡✱ s♦ t❤❛t ❛ s✐♥❣❧❡ ♣✐❝❦
❛♥❞ ❞r♦♣ ♦♣❡r❛t✐♦♥ ✐s r❡q✉✐r❡❞✳ ❙✉❝❤ ❛ ❞✐r❡❝t ♠♦✈❡ ✐s ❞❡♣✐❝t❡❞ ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞✲s✐❞❡ ♦❢
❋✐❣✉r❡ ✷✳ ❍♦✇❡✈❡r✱ ✐❢ st❛rt ❛♥❞ t❛r❣❡t ♣♦s✐t✐♦♥s ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛t ❧❡❛st ♦♥❡ ❛r❡❛ ❜♦r❞❡r
✭r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞❛s❤❡❞ ✈❡rt✐❝❛❧ ❧✐♥❡✮ ❛ s♣❧✐t ♠♦✈❡ ♦❝❝✉rs✳ ❚❤❡ ❝r❛♥❡ ✇❤✐❝❤ ❝♦✈❡rs t❤❡
st❛rt ♣♦s✐t✐♦♥ ❤❛s t♦ ♠♦✈❡ t❤❡ ❝♦♥t❛✐♥❡r ♦♥t♦ s♦♠❡ ✈❡❤✐❝❧❡ ✇❛✐t✐♥❣ ✐♥ t❤❡ s❛♠❡ s❧♦t ♦♥ t❤❡
♠♦✈✐♥❣ ❧❛♥❡ ♦❢ t❤❡ s♦rt❡r✳ ❚❤❡♥✱ t❤❡ ❝♦♥t❛✐♥❡r ✐s ♠♦✈❡❞ t♦ t❤❡ s❧♦t ♦❢ ✐ts t❛r❣❡t ♣♦s✐t✐♦♥✱
✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❝r❛♥❡ ✭❝♦✈❡r✐♥❣ t❤❡ t❛r❣❡t ♣♦s✐t✐♦♥✮ ✜♥❛❧❧② ♠♦✈❡s t❤❡ ❝♦♥t❛✐♥❡r ❢r♦♠
t❤❡ s♦rt❡r t♦ t❤❡ ❝♦♥t❛✐♥❡r✬s ✜♥❛❧ ❞❡st✐♥❛t✐♦♥ ♦♥ tr❛✐♥✳ ❚❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ ❋✐❣✉r❡ ✷
❞❡♣✐❝ts t❤❡ ❞♦✉❜❧❡ ❤❛♥❞❧✐♥❣ r❡q✉✐r❡❞ ❢♦r s✉❝❤ ❛ s♣❧✐t ♠♦✈❡✳

❋✐❣✉r❡ ✷✿ ❉✐r❡❝t ♠♦✈❡ ✈s✳ s♣❧✐t ♠♦✈❡

❋♦r ❡❛❝❤ ❝♦♥t❛✐♥❡r ♠♦✈❡ c ∈ C st❛rt✉♣ s❧♦t ss
c ❛♥❞ tr❛❝❦ tsc ❛s ✇❡❧❧ ❛s t❛r❣❡t s❧♦t st

c

❛♥❞ tr❛❝❦ tsc ❛r❡ ❦♥♦✇♥✳ ❚❤✉s✱ ❢♦r ❣✐✈❡♥ ❧❡❢t l ❛♥❞ r✐❣❤t r ❜♦r❞❡rs ♦❢ ❛♥ ❛r❡❛✱ t❤❡ s❡ts ♦❢
❛ss♦❝✐❛t❡❞ ❞✐r❡❝t ♠♦✈❡s D(l, r)✱ s♣❧✐t ♠♦✈❡s ✐♥t♦ t❤❡ s♦rt❡r IN(l, r) ❛♥❞ ❛♥❞ s♣❧✐t ♠♦✈❡s
♦✉t ♦❢ t❤❡ s♦rt❡r OUT (l, r) ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛s ❢♦❧❧♦✇s✿

D(l, r) =
{

c ∈ C|l ≤ ss
c ≤ r ∧ l ≤ st

c ≤ r
}

IN(l, r) =
{

c ∈ C|l ≤ ss
c ≤ r ∧

(

l > st
c ∨ r < st

c

)}

OUT (l, r) =
{

c ∈ C| (l > ss
c ∨ r < ss

c) ∧ l ≤ st
c ≤ r

}

✭✶✮

❆ ❝♦♥t❛✐♥❡r c ❝❛♥ ❜❡ tr❛♥ss❤✐♣♣❡❞ ❜② ❛ ❞✐r❡❝t ♠♦✈❡ ✭c ∈ D(l, r)✮ ♦♥❧② ✐❢ ❜♦t❤ st❛rt
ss
c ❛♥❞ t❛r❣❡t st

c s❧♦t ❛r❡ ✇✐t❤✐♥ ❛♥ ❛r❡❛✬s ❧❡❢t l ❛♥❞ r✐❣❤t r ❜♦r❞❡r✱ ✇❤❡r❡❛s ❛ s♣❧✐t ♠♦✈❡
✐♥t♦ ✭c ∈ IN(l, r)✮ ❛♥❞ ♦✉t ♦❢ ✭c ∈ OUT (l, r)✮ t❤❡ s♦rt❡r ♦❝❝✉rs ✐❢ ♦♥❧② ♦♥❡ ♣♦s✐t✐♦♥
✐s ❧♦❝❛t❡❞ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ❛r❡❛✳ ❆s t❤❡ ❛❝t✉❛❧ r♦✉t❡ ♦❢ ❛ ❝♦♥t❛✐♥❡r t❤r♦✉❣❤ t❤❡ ②❛r❞
❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r ✐t ✐s tr❛♥ss❤✐♣♣❡❞ ❜② ❛ ❞✐r❡❝t ♦r ❛ s♣❧✐t ♠♦✈❡✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r
❝♦♥t❛✐♥❡r s♣❡❝✐✜❝ ✇❡✐❣❤ts t♦ r❡♣r❡s❡♥t t❤❡ r❡s✉❧t✐♥❣ ✇♦r❦❧♦❛❞ ❢♦r ❝r❛♥❡s✳ ■❢ ❝♦♥t❛✐♥❡r
♠♦✈❡ c ✐s ❛ ❞✐r❡❝t ♠♦✈❡✱ t❤❡ r❡s✉❧t✐♥❣ ✇♦r❦❧♦❛❞ ❢♦r t❤❡ r❡s♣❡❝t✐✈❡ ❝r❛♥❡ ✐s r❡♣r❡s❡♥t❡❞ ❜②
✇❡✐❣❤t wD

c ✱ ✇❤❡r❡❛s s♣❧✐t ♠♦✈❡s ✐♥t♦ ❛♥❞ ♦✉t ♦❢ t❤❡ s♦rt❡r ❛r❡ ✇❡✐❣❤t❡❞ ✇✐t❤ wIN
c ❛♥❞

wOUT
c ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡ ❡①✐st ♠✉❧t✐♣❧❡ ❛❧t❡r♥❛t✐✈❡s ♦❢ ❤♦✇ t♦ ❝❛❧❝✉❧❛t❡ t❤❡s❡ ✇❡✐❣❤ts✳

■♥ t❤❡ ♠♦st ❜❛s✐❝ ✈❡rs✐♦♥ ❡❛❝❤ ✇❡✐❣❤t ❝❛♥ ❜❡ ✜①❡❞ t♦ ♦♥❡✱ s♦ t❤❛t ♠❡r❡❧② t❤❡ ♥✉♠❜❡r
♦❢ ♠♦✈❡s ♣❡r ❝r❛♥❡ ❛r❡ ❧❡✈❡❧❡❞✳ ❍♦✇❡✈❡r✱ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ✇❡✐❣❤ts ✐♥❝♦r♣♦r❛t❡ t❤❡
r❡s✉❧t✐♥❣ ❞✐st❛♥❝❡s ♦❢ ❝♦♥t❛✐♥❡r ♠♦✈❡s ✭s❡❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❊①❛♠♣❧❡✮ ♦r ❛♣♣r♦①✐♠❛t❡ ❡①❛❝t
♣r♦❝❡ss✐♥❣ t✐♠❡s ✭s❡❡ ❙❡❝t✐♦♥ ✺✮✳

✻



❲✐t❤ t❤❡s❡ ✇❡✐❣❤ts ♦♥ ❤❛♥❞ t❤❡ ✇♦r❦❧♦❛❞ W (l, r) ♦❢ ❛ ❝r❛♥❡ ❛r❡❛ r❛♥❣✐♥❣ ❢r♦♠ s❧♦t l t♦
r ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② s✉♠♠✐♥❣ ✇❡✐❣❤ts ♦❢ ❛ss♦❝✐❛t❡❞ ❞✐r❡❝t ❛♥❞ s♣❧✐t ♠♦✈❡s ❛s ❢♦❧❧♦✇s✿

W (l, r) =
∑

c∈D(l,r)

wD
c +

∑

c∈IN(l,r)

wIN
c +

∑

c∈OUT (l,r)

wOUT
c ✭✷✮

❊①❛♠♣❧❡✿ ■♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✸ ❛ tr❛♥ss❤✐♣♠❡♥t ②❛r❞ ✐s s✉❜❞✐✈✐❞❡❞ ✐♥t♦ s✐① s❧♦ts✳
❖♥ ❢♦✉r ♣❛r❛❧❧❡❧ tr❛❝❦s ❛ ♣✉❧s❡ ♦❢ tr❛✐♥s ✐s ♣❛r❦❡❞✱ ✇❤❡r❡ ❛r❝s s②♠❜♦❧✐③❡ ❝♦♥t❛✐♥❡r ♠♦✈❡s
c ∈ C t♦ ❜❡ ♣r♦❝❡ss❡❞ ❜❡t✇❡❡♥ t❤❡ r❡s♣❡❝t✐✈❡ r❛✐❧❝❛rs✳ ❲❤✐t❡ ❜♦①❡s r❡♣r❡s❡♥t ❝♦♥t❛✐♥❡rs
✇❤✐❝❤ r❡♠❛✐♥ ♦♥ t❤❡ tr❛✐♥✱ ❡✳❣✳✱ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❞❡❞✐❝❛t❡❞ t♦ ❛♥♦t❤❡r ❞❡st✐♥❛t✐♦♥✳ ❆r❝
✇❡✐❣❤ts r❡♣r❡s❡♥t t❤❡ ✇❡✐❣❤ts wD

c ♦❢ ❞✐r❡❝t ♠♦✈❡s✳ ❆s ❣❛♥tr② ❝r❛♥❡s ❛r❡ ❛❜❧❡ t♦ s✐♠✉❧t❛♥❡✲
♦✉s❧② ♠♦✈❡ ✐♥ ✈❡rt✐❝❛❧ ❛♥❞ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥ ✉s✐♥❣ t✇♦ ❞✐✛❡r❡♥t ❡♥❣✐♥❡s✱ t❤❡s❡ ✇❡✐❣❤ts
❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❞✐st❛♥❝❡s ♦❢ ❝♦♥t❛✐♥❡r ♠♦✈❡s ❛r❡ s✐♠♣❧② ❝❤♦s❡♥ ❛s t❤❡ ♠❛①✐♠✉♠ ♦❢
t❤❡ ♥✉♠❜❡r ♦❢ tr❛❝❦s ♦r s❧♦ts ❝♦✈❡r❡❞✳ ◆♦t❡ t❤❛t t❤✐s s✐♠♣❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r❡s✉♣♣♦s❡s
❡q✉❛❧ ✈❡rt✐❝❛❧ ❛♥❞ ❤♦r✐③♦♥t❛❧ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ tr❛❝❦s ❛♥❞ s❧♦ts ✇❤✐❝❤ ❛r❡ ❝♦✈❡r❡❞ ✇✐t❤
✐❞❡♥t✐❝❛❧ ❝r❛♥❡ ✈❡❧♦❝✐t②✳ ❚❤✉s✱ t❤❡ ♠♦✈❡ ❢r♦♠ t❤❡ ❢♦✉rt❤ tr❛❝❦ ♦❢ s❧♦t ✜✈❡ t♦ t❤❡ s❡❝♦♥❞
tr❛❝❦ ♦❢ s❧♦t ❢♦✉r ♣❛ss❡s t✇♦ tr❛❝❦s ❛♥❞ ♦♥❡ s❧♦t✱ s♦ t❤❛t wD

c = ♠❛①{2; 1} = 2✳ ❲❡✐❣❤ts
❢♦r s♣❧✐t ♠♦✈❡s ✐♥t♦ ❛♥❞ ♦✉t ♦❢ t❤❡ s♦rt❡r ❛r❡ ♥♦t ❞❡♣✐❝t❡❞✱ ❜✉t s✐♠♣❧② ❛♠♦✉♥t t♦ t❤❡
tr❛❝❦ ♥✉♠❜❡r ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♥t❛✐♥❡r ♣♦s✐t✐♦♥✳ ■❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝♦♥t❛✐♥❡r ♠♦✈❡
✐s ❡①❡❝✉t❡❞ ❛s ❛ s♣❧✐t ♠♦✈❡ ✭✇❤✐❝❤ ♦❝❝✉rs ✐❢ ❛♥ ❛r❡❛ ❜♦r❞❡r ✐s ❧♦❝❛t❡❞ ❜❡t✇❡❡♥ s❧♦ts ❢♦✉r
❛♥❞ ✜✈❡✮✱ t❤❡♥ t❤❡ s♣❧✐t ♠♦✈❡ ✐♥t♦ ✭♦✉t ♦❢✮ t❤❡ s♦rt❡r ❤❛s t♦ ❝♦✈❡r ❛ ❞✐st❛♥❝❡ ♦❢ ❢♦✉r ✭t✇♦✮
tr❛❝❦s✱ s♦ t❤❛t wIN

c = 4 ✭wOUT
c = 2✮✳

❖♥ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ ❋✐❣✉r❡ ✸ t✇♦ ❛❧t❡r♥❛t✐✈❡ s♦❧✉t✐♦♥s ❢♦r n = 3 ❝r❛♥❡s ❛r❡ ❞❡✲
♣✐❝t❡❞✱ ✇❤❡r❡ t❤❡ ♥✉♠❜❡rs ✐♥❞✐❝❛t❡ t❤❡ r❡❛❧✐③❡❞ ✇❡✐❣❤ts ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❝r❛♥❡ ❛r❡❛✳
❙♦❧✉t✐♦♥ ❆ ❤❛s ❡q✉❛❧❧② s✐③❡❞ ❝r❛♥❡ ❛r❡❛s✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ ♠❛①✐♠✉♠ ✇♦r❦❧♦❛❞ ♦❢ t❡♥
❢❛❝❡❞ ❜② ❝r❛♥❡ t❤r❡❡✳ ■♥ ❙♦❧✉t✐♦♥ ❇ ❜♦r❞❡r ❛r❡❛s ❧✐❡ ❛❢t❡r s❧♦ts t❤r❡❡ ❛♥❞ ✜✈❡ ❛♥❞ t❤❡
♠❛①✐♠✉♠ ✇♦r❦❧♦❛❞ r❡❞✉❝❡s t♦ ❢♦✉r✳

❋✐❣✉r❡ ✸✿ ❊①❛♠♣❧❡ ❞❛t❛ ❛♥❞ t✇♦ s♦❧✉t✐♦♥s

◆♦t❡ t❤❛t t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ✇❡✐❣❤ts ❢♦r ❝❛❧❝✉❧❛t✐♥❣ ❡❛❝❤ ❝r❛♥❡✬s ✇♦r❦❧♦❛❞ ♦♥❧② ❝♦✈❡r
✏❧♦❛❞❡❞✑ ♠♦✈❡s ✇❤❡r❡ ❝r❛♥❡s ❛❝t✉❛❧❧② ❝❛rr② ❛ ❝♦♥t❛✐♥❡r✱ ✇❤❡r❡❛s ✏❡♠♣t②✑ ♠♦✈❡s ❜r✐❞❣✐♥❣

✼



n ♥✉♠❜❡r ♦❢ ❣❛♥tr② ❝r❛♥❡s ✭✐♥❞❡① i✮
T ♥✉♠❜❡r ♦❢ tr❛❝❦s ✭✐♥❞❡① t✮
S ♥✉♠❜❡r ♦❢ s❧♦ts ✭✐♥❞❡① s✮
C s❡t ♦❢ ❝♦♥t❛✐♥❡r ♠♦✈❡s ✭✐♥❞❡① c✮
ss

c✱ st
c st❛rt ❛♥❞ t❛r❣❡t s❧♦t ♦❢ ❝♦♥t❛✐♥❡r ♠♦✈❡ c✱ r❡s♣❡❝t✐✈❡❧②

tsc✱ ttc st❛rt ❛♥❞ t❛r❣❡t tr❛❝❦ ♦❢ ❝♦♥t❛✐♥❡r ♠♦✈❡ c✱ r❡s♣❡❝t✐✈❡❧②
D(l, r) s❡t ♦❢ ❞✐r❡❝t ♠♦✈❡s ✐♥ ❛ ❝r❛♥❡ ❛r❡❛ r❛♥❣✐♥❣ ❢r♦♠ s❧♦t l t♦ r

IN(l, r) s❡t ♦❢ s♣❧✐t ♠♦✈❡s ✐♥t♦ s♦rt❡r ✐♥ ❛ ❝r❛♥❡ ❛r❡❛ r❛♥❣✐♥❣ ❢r♦♠ s❧♦t
l t♦ r

OUT (l, r) s❡t ♦❢ s♣❧✐t ♠♦✈❡s ♦✉t ♦❢ s♦rt❡r ✐♥ ❛ ❝r❛♥❡ ❛r❡❛ r❛♥❣✐♥❣ ❢r♦♠
s❧♦t l t♦ r

wD
c ✱ wIN

c ✱ wOUT
c ✇❡✐❣❤ts ♦❢ ♠♦✈❡ c ✐❢ ❡①❡❝✉t❡❞ ❛s ❛ ❞✐r❡❝t ♠♦✈❡✱ s♣❧✐t ♠♦✈❡ ✐♥t♦

s♦rt❡r ❛♥❞ ♦✉t ♦❢ s♦rt❡r✱ r❡s♣❡❝t✐✈❡❧②
W (l, r) ✇♦r❦❧♦❛❞ ✐♥ ❛♥ ❛r❡❛ r❛♥❣✐♥❣ ❢r♦♠ s❧♦t l t♦ r

X s♦❧✉t✐♦♥ ✈❡❝t♦r ♦❢ ❛r❡❛ ❜♦r❞❡rs

❚❛❜❧❡ ✶✿ ◆♦t❛t✐♦♥

t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❧♦❛❞❡❞ ♠♦✈❡s ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞✳ ❍♦✇❡✈❡r✱ ❞❡t❡r♠✐♥✐♥❣ ❡❛❝❤
❝r❛♥❡✬s ❛❝t✉❛❧ ✇♦r❦❧♦❛❞ ✭r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ❝♦♠♣❧❡t❡ ❝r❛♥❡ t♦✉r ✇✐t❤ ❧♦❛❞❡❞ ❛♥❞ ❡♠♣t②
♠♦✈❡s✮ ✇♦✉❧❞ r❡q✉✐r❡ ✐♥t❡❣r❛t✐♥❣ ❛ ❞❡t❛✐❧❡❞ ❝r❛♥❡ s❝❤❡❞✉❧✐♥❣✳ ❚❤✐s r❡s✉❧ts ✐♥ ❛ ❝♦♠✲
♣❧❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ s✐♥❝❡ ❛❧r❡❛❞② s❝❤❡❞✉❧✐♥❣ ❛ s✐♥❣❧❡ ❝r❛♥❡ t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛♥
❛s②♠♠❡tr✐❝ tr❛✈❡❧✐♥❣ s❛❧❡s♠❛♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❜❡ ◆P✲❤❛r❞ ✐♥ t❤❡ str♦♥❣
s❡♥s❡ ✭s❡❡ ●❛r❡② ❛♥❞ ❏♦❤♥s♦♥✱ ✶✾✼✾✮✳ ❲✐t❤ ♠✉❧t✐♣❧❡ ❝r❛♥❡s ❝♦♥♥❡❝t❡❞ ✈✐❛ s♣❧✐t ♠♦✈❡s
❛♥❞ t❤❡ s♦rt✐♥❣ s②st❡♠✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ❡✈❡♥ ♠♦r❡ ❞✐✣❝✉❧t t♦ ❤❛♥❞❧❡✳ ❚♦ ❛✈♦✐❞
s✉❝❤ ❛ ❞❡t❛✐❧❡❞ ❝r❛♥❡ s❝❤❡❞✉❧✐♥❣ ✇✐t❤✐♥ t❤❡ ②❛r❞ ♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ♦♥❧② ❧♦❛❞❡❞ ♠♦✈❡s ❛r❡
❝♦♥s✐❞❡r❡❞✳ ❲❡✱ t❤✉s✱ ❛ss✉♠❡ t❤❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ✇♦r❦❧♦❛❞ r❡s✉❧t✐♥❣ ❢r♦♠ ❧♦❛❞❡❞ ♠♦✈❡s
✐s str♦♥❣❧② ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞ t♦ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♦✈❡r❛❧❧ ♦♣❡r❛t✐♥❣ t✐♠❡✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s
❡♠♣t② ♠♦✈❡s✳ ■❢ t❤✐s ❛ss✉♠♣t✐♦♥ ❤♦❧❞s✱ ♠✐♥✐♠✐③✐♥❣ t❤❡ ✇♦r❦❧♦❛❞ ❞✉❡ t♦ ❧♦❛❞❡❞ ♠♦✈❡s
✇♦✉❧❞ ❜❡ ❛ s✉✐t❛❜❧❡ s✉rr♦❣❛t❡ ♦❜❥❡❝t✐✈❡✱ ✇❤✐❝❤ ❝♦♥s✐❞❡r❛❜❧② ❡❛s❡s t❤❡ s♦❧✉t✐♦♥ ♣r♦❝❡ss✳
■t ✐s ♣❛rt ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥ st✉❞② ✐♥ ❙❡❝t✐♦♥ ✺ t♦ ❡✈❛❧✉❛t❡ t❤✐s ❛ss✉♠♣t✐♦♥✳

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ♥♦t❛t✐♦♥ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✶ t❤❡ ②❛r❞ ♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ❢♦r
r❛✐❧✲r❛✐❧ tr❛♥ss❤✐♣♠❡♥t ②❛r❞s ✭❨PPrr✮ ❝❛♥ ❜❡ ❢♦r♠❛❧✐③❡❞ ❛s ❢♦❧❧♦✇s✳

▼♦❞❡❧ ❢♦r♠✉❧❛t✐♦♥✿ ❲✐t❤✐♥ ❨PPrr ❛ ✈❡❝t♦r X = {0, x1, x2, . . . , xn−1, T} −→ {1, 2, . . . , T−
1} ♦❢ ❛r❡❛ ❜♦r❞❡rs ✐s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✸✮ s✉❜❥❡❝t t♦
❝♦♥str❛✐♥ts ✭✹✮✿

✭❨PPrr✮ ♠✐♥✐♠✐③❡ F (X) = ♠❛①n
i=1 {W (xi−1 + 1, xi)} ✭✸✮

s✉❜❥❡❝t t♦

xi ≥ xi−1 + 1 ∀ i = 1, . . . , n ✭✹✮

✽



■♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✸✮ t❤❡ ♠❛①✐♠✉♠ ✇♦r❦❧♦❛❞ ♦✈❡r ❛❧❧ ❝r❛♥❡s i = 1, . . . , n ✐s ♠✐♥✐✲
♠✐③❡❞✱ ✇❤❡r❡ ❡❛❝❤ ❝r❛♥❡ i✬s ✇♦r❦❧♦❛❞ W (xi−1 +1, xi) ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❛❞❞✐♥❣ ❛❧❧ ✇❡✐❣❤ts
♦❢ ❞✐r❡❝t ❛♥❞ s♣❧✐t ♠♦✈❡s✱ ✇❤✐❝❤ ❢❛❧❧ ✐♥t♦ t❤❡ r❡s♣❡❝t✐✈❡ ❛r❡❛ ❜❡t✇❡❡♥ ❧❡❢t ❜♦r❞❡r ✭xi−1+1✮
✉♣ t♦ t❤❡ r✐❣❤t ❜♦r❞❡r ✭xi✮✳ ❈♦♥str❛✐♥ts ✭✹✮ ❡♥s✉r❡ ❛ ♠✐♥✐♠✉♠ ❛r❡❛ ❧❡♥❣t❤ ♦❢ ♦♥❡ s❧♦t
❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ tr❛✐♥s✳ ◆♦t❡ t❤❛t ❜② ✜①✐♥❣ t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st ❡♥tr② ♦❢ s♦❧✉t✐♦♥
✈❡❝t♦r X ✐t ✐s ❡♥s✉r❡❞ t❤❛t t❤❡ ❛r❡❛ ♦❢ t❤❡ ✜rst ✭❧❛st✮ ❝r❛♥❡ st❛rts ✭❡♥❞s✮ ✐♥ t❤❡ ✜rst ✭❧❛st✮
s❧♦t✳

✹ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣

❆s ❛♥ ❛r❡❛✬s ✇♦r❦❧♦❛❞ ❡①❝❧✉s✐✈❡❧② ❞❡♣❡♥❞s ♦♥ ✐ts ❧❡❢t ❛♥❞ r✐❣❤t ❜♦r❞❡r ✭❛♥❞ ♥♦t ♦♥ t❤❡
❞❡t❛✐❧❡❞ ♣❛rt✐t✐♦♥ ♦❢ ♣r❡❝❡❞✐♥❣ ♦r s✉❝❝❡❡❞✐♥❣ ❛r❡❛s✮ ❛❧❧ ♣♦ss✐❜❧❡ ♣❛rt✐t✐♦♥s ♦❢ t❤❡ ②❛r❞
❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ✭❉P✮ ♣r♦❝❡❞✉r❡✳ ❋♦r t❤✐s
♣✉r♣♦s❡✱ t❤❡ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss ✐s s✉❜❞✐✈✐❞❡❞ ✐♥t♦ n st❛❣❡s✱ ✇❤❡r❡ ❡❛❝❤ st❛❣❡ i = 1, . . . , n

r❡♣r❡s❡♥ts ❛ ❝r❛♥❡✳ ❆♥② st❛❣❡ i ❝♦♥t❛✐♥s ❛ s❡t ♦❢ st❛t❡s (i, s)✱ ✇❤❡r❡ ❡❛❝❤ st❛t❡ r❡♣r❡s❡♥ts
❛ ♣♦ss✐❜❧❡ r✐❣❤t✲❤❛♥❞ ❜♦r❞❡r ✭s❧♦t s✮ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❝r❛♥❡ ❛r❡❛ i✳ ❆s t❤❡ ♠✐♥✐♠✉♠ ❛r❡❛
✇✐❞t❤ ✐s ❛ s✐♥❣❧❡ s❧♦t✱ ❡❛❝❤ st❛❣❡ i = 1, . . . , n− 1 ❡①❛❝t❧② ❝♦♥t❛✐♥s S −n + 1 st❛t❡s✳ ❖♥❧②✱
✜♥❛❧ st❛❣❡ n ❝♦♥t❛✐♥s ♠❡r❡❧② ❛ s✐♥❣❧❡ st❛t❡ (n, S)✱ ❜❡❝❛✉s❡ ✐♥ ❛♥② ❝❛s❡ ❧❛st ❝r❛♥❡ n ❤❛s
t♦ ❝♦✈❡r t❤❡ r❡♠❛✐♥✐♥❣ ②❛r❞ ❧❡♥❣t❤ ✉♣ t♦ ✜♥❛❧ s❧♦t S✳
❚❤❡ ❉P ♣r♦❝❡❞✉r❡ ♦♣❡r❛t❡s ✇✐t❤ ❛ ❢♦r✇❛r❞ r❡❝✉rs✐♦♥✱ s♦ t❤❛t ✜rst st❛❣❡ ✶ ✭r❡♣r❡s❡♥t✐♥❣

❝r❛♥❡ ✶✮ ❤❛s t♦ ❜❡ ✐♥✐t✐❛❧✐③❡❞ ❜② ❞❡✜♥✐♥❣ ♣❛rt✐❛❧ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡s f1s ❢♦r ❡❛❝❤ ♣♦ss✐❜❧❡
r✐❣❤t✲❤❛♥❞ s❧♦t s ✭s❡❡ ✭✶✮ ❛♥❞ ✭✷✮✮✿

f1s = W (1, s) ∀s = 1, . . . , S − n + 1 ✭✺✮

❚❤❡♥✱ ✭♣❛rt✐❛❧✮ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡s fis ❛ss✐❣♥❡❞ ✇✐t❤ t❤❡ st❛t❡s ♦❢ r❡♠❛✐♥✐♥❣ st❛❣❡s ❝❛♥
❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ❜❛s✐❝ r❡❝✉rs✐♦♥ ❛s ❢♦❧❧♦✇s✿

fis = ♠✐♥i−1≤j<s−1 {♠❛① {fi−1j ; W (j + 1, s)}}
∀i = 2, . . . , n − 1, s = i, . . . , i + S − n

❛♥❞ i = n, s = S

✭✻✮
P❛rt✐❛❧ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ fis ♦❢ st❛t❡ (i, s) ✐s ❝❛❧❝✉❧❛t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛❧❧ ❢❡❛s✐❜❧❡ ♣r❡❞❡✲

❝❡ss♦r st❛t❡s (i−1, j) ♦❢ ♣r❡❝❡❞✐♥❣ st❛❣❡ i−1✱ ✇❤✐❝❤ ❛r❡ ❛❧❧ t❤♦s❡ ✇✐t❤ ❛ s♠❛❧❧❡r r✐❣❤t✲❤❛♥❞
s❧♦t✿ j = i− 1, . . . , s− 1✳ ❋♦r ❛♥② ♦❢ t❤❡s❡ ♣♦ss✐❜❧❡ ♣r❡❞❡❝❡ss♦r st❛t❡s✱ ✇♦r❦❧♦❛❞ ❛♠♦✉♥ts
t♦ t❤❡ ♠❛①✐♠✉♠ ♦❢ ♣❛rt✐❛❧ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ fi−1j ♦❢ ♣r❡❞❡❝❡ss♦r st❛t❡ (i− 1, j) ✭✜rst t❡r♠
♦❢ ♠❛①✐♠✉♠ ❢✉♥❝t✐♦♥✮ ❛♥❞ ❛❞❞✐t✐♦♥❛❧ ✇♦r❦❧♦❛❞ W (j + 1, s) ♦❢ t❤❡ ❛❝t✉❛❧ ②❛r❞ ❛r❡❛ ♦❢
❝r❛♥❡ i r❛♥❣✐♥❣ ❢r♦♠ s❧♦t j + 1 t♦ s ✭s❡❝♦♥❞ t❡r♠ ♦❢ ♠❛①✐♠✉♠ ❢✉♥❝t✐♦♥✮✳ ▲❛st❧②✱ ✜♥❛❧
st❛t❡ (n, S) ✐s r❡❛❝❤❡❞ ❛♥❞ fnS ✐s t❤❡ ♠❛①✐♠✉♠ ✇♦r❦❧♦❛❞ ♦❢ t❤❡ ♦♣t✐♠❛❧ ②❛r❞ ♣❛rt✐t✐♦♥✳
❆r❡❛ ❜♦r❞❡rs ❢♦r t❤❡ ♦♣t✐♠❛❧ ♣❛rt✐t✐♦♥ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ❛ s✐♠♣❧❡ ❜❛❝❦✇❛r❞ r❡❝✉rs✐♦♥
❛❧♦♥❣ t❤❡ st❛t❡s ♣❛rt ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝②✳

❊①❛♠♣❧❡ ✭❝♦♥t✳✮✿ ❋♦r t❤❡ ✐♥♣✉t ❞❛t❛ ♦❢ ❋✐❣✉r❡ ✸ t❤❡ r❡s✉❧t✐♥❣ ❉P ❣r❛♣❤ ✐s s❤♦✇♥ ✐♥ ❋✐❣✲
✉r❡ ✹✳ ❚❤❡ ❜♦❧❞ s❦❡t❝❤❡❞ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✈❛❧✉❡ ❢♦r t❤r❡❡ ❝r❛♥❡s ❛♠♦✉♥ts t♦ ❛ ♠✐♥✲♠❛①

✾



✇♦r❦❧♦❛❞ ♦❢ ❢♦✉r✳ ❚❤❡ s♦❧✉t✐♦♥ ❡q✉❛❧s ❙♦❧✉t✐♦♥ ❇ ♦❢ ❋✐❣✉r❡ ✸✱ s♦ t❤❛t ♦♣t✐♠❛❧ ②❛r❞ ❛r❡❛s
r❛♥❣❡ ✉♣ t♦ s❧♦ts ✸✱ ✺ ❛♥❞ ✻✱ r❡s♣❡❝t✐✈❡❧②✳

❋✐❣✉r❡ ✹✿ ❉P ❣r❛♣❤ ♦❢ t❤❡ ❡①❛♠♣❧❡

❚❤❡ ❉P ❣r❛♣❤ ❝♦♥s✐sts ♦❢ n st❛❣❡s✱ ✇❤❡r❡ ❡❛❝❤ st❛❣❡ i = 1, . . . , n ❝♦♥t❛✐♥s ♥♦ ♠♦r❡
t❤❛♥ S st❛t❡s✳ ❙✐♥❝❡ ♦♥❧② st❛t❡s ♦❢ ❝♦♥s❡❝✉t✐✈❡ st❛❣❡s i− 1 ❛♥❞ i ❛r❡ ❝♦♥♥❡❝t❡❞✱ t❤❡ t♦t❛❧
♥✉♠❜❡r ♦❢ ❛r❝s ❧✐♥❦✐♥❣ ❛❧❧ st❛t❡s ♦❢ ❛ st❛❣❡ ✐s ❜♦✉♥❞❡❞ ❜② S2✳ ❋♦r ❡❛❝❤ st❛t❡ tr❛♥s✐t✐♦♥
❛t ♠❛①✐♠✉♠ ❛❧❧ ❝♦♥t❛✐♥❡r ♠♦✈❡s c ∈ C ❛r❡ ✐♥s♣❡❝t❡❞ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛ ❞✐r❡❝t ♦r ❛
s♣❧✐t ♠♦✈❡ ✐s ❝♦✉♥t❡❞ ❢♦r t❤❡ r❡s♣❡❝t✐✈❡ ❛r❡❛✳ ❆s t❤❡ ♥✉♠❜❡r ♦❢ ❝r❛♥❡s n ✐s ❜♦✉♥❞❡❞
❢r♦♠ ❛❜♦✈❡ ❜② t❤❡ ♥✉♠❜❡r S ♦❢ s❧♦ts t❤❡ ♦✈❡r❛❧❧ r✉♥t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ ❉P ✐s ❜♦✉♥❞❡❞ ❜②
O(|C|·S3)✳ ❚❤✉s✱ ❉P ❤❛s ♣♦❧②♥♦♠✐❛❧ r✉♥t✐♠❡ ❝♦♠♣❧❡①✐t②✱ s♦ t❤❛t ♦♣t✐♠❛❧ ②❛r❞ ♣❛rt✐t✐♦♥s
❝❛♥ ❡✣❝✐❡♥t❧② ❜❡ ❞❡t❡r♠✐♥❡❞ ❡✈❡♥ ❢♦r ❧❛r❣❡r ✐♥st❛♥❝❡s ♦❢ r❡❛❧✲✇♦r❧❞ s✐③❡✳

✺ ❨❛r❞ ❙✐♠✉❧❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ t✇♦ r❡s❡❛r❝❤ q✉❡st✐♦♥s ❛r❡ t♦ ❜❡ ❛♥s✇❡r❡❞ ❜② ❛ s✐♠✉❧❛t✐♦♥ ♦❢ r❡❛❧✲✇♦r❧❞
tr❛♥ss❤✐♣♠❡♥t ②❛r❞ ♦♣❡r❛t✐♦♥s✳ ❋✐rst✱ ✐t ✐s ✐♥✈❡st✐❣❛t❡❞ ✇❤❡t❤❡r t❤❡ s✉rr♦❣❛t❡ ♦❜❥❡❝t✐✈❡ ♦❢
♠✐♥✐♠✐③✐♥❣ t❤❡ ✇♦r❦❧♦❛❞ ♦❢ ❧♦❛❞❡❞ ♠♦✈❡s ✐s ✐♥❞❡❡❞ ❛ s✉✐t❡❞ ♦❜❥❡❝t✐✈❡ t♦ r❡❞✉❝❡ t❤❡ ♦✈❡r❛❧❧
✇♦r❦❧♦❛❞ ✭❝♦♥s✐st✐♥❣ ♦❢ ❧♦❛❞❡❞ ❛♥❞ ❡♠♣t② ♠♦✈❡s✮✳ ❘❡❝❛❧❧ t❤❛t t❤❡ s✉rr♦❣❛t❡ ♦❜❥❡❝t✐✈❡ ✐s
❛♣♣❧✐❡❞ t♦ ❛✈♦✐❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❝♦♠♣❧❡① ❝r❛♥❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡
❛✐♠ ❛t ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♦♣t✐♠❛❧ ②❛r❞ ❛r❡❛s ❛♥❞ ❡q✉❛❧❧② s✐③❡❞ ❛r❡❛s✱ ✇✐t❤ t❤❡ ❧❛tt❡r
❜❡✐♥❣ ❛ ✇✐❞❡s♣r❡❛❞ ♣♦❧✐❝② ✐♥ r❡❛❧✲✇♦r❧❞ tr❛♥ss❤✐♣♠❡♥t ②❛r❞s ✭s❡❡ ❇♦②s❡♥ ❛♥❞ ❋❧✐❡❞♥❡r✱
✷✵✵✾✮✳ ❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ t❤❡ r❡s✉❧ts ✇✐t❤ r❡❣❛r❞ t♦ ❜♦t❤ r❡s❡❛r❝❤ q✉❡st✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✷✮✱
✇❡ ✜rst ❡❧❛❜♦r❛t❡ ♦♥ t❤❡ s❡t✉♣ ♦❢ ♦✉r ❝♦♠♣✉t❛t✐♦♥❛❧ st✉❞② ✭❙❡❝t✐♦♥ ✺✳✶✮✳

✺✳✶ ❙❡t✉♣ ♦❢ s✐♠✉❧❛t✐♦♥ st✉❞②

❚♦ ❞❡r✐✈❡ t❡st ✐♥st❛♥❝❡s ❢♦r s✐♠✉❧❛t✐♥❣ ②❛r❞ ♦♣❡r❛t✐♦♥s s♦♠❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ②❛r❞
❧❛②♦✉t✱ t❤❡ ❝♦♥t❛✐♥❡r ♠♦✈❡s t♦ ❜❡ ♣r♦❝❡ss❡❞✱ t❤❡ ♣❛r❦✐♥❣ ♣♦❧✐❝② ♦❢ tr❛✐♥s✱ t❡❝❤♥✐❝❛❧ ♣❛✲
r❛♠❡t❡rs ♦❢ ❣❛♥tr② ❝r❛♥❡s ❛♥❞ t❤❡ s❡q✉❡♥❝✐♥❣ ♦❢ ❝r❛♥❡ ♠♦✈❡♠❡♥ts ❛r❡ r❡q✉✐r❡❞✳ ❆❧❧

✶✵



❛ss✉♠♣t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❨❛r❞ ▲❛②♦✉t✿ ❲✐t❤ r❡❣❛r❞ t♦ t❤❡ ②❛r❞ ❧❛②♦✉t✱ ✇❡ ❜❛s❡ t❤❡ st✉❞② ♦♥ t❤❡ t②♣✐❝❛❧ s❡tt✐♥❣ ♦❢
❛ ●❡r♠❛♥ tr❛♥ss❤✐♣♠❡♥t ②❛r❞✳ ❆ t②♣✐❝❛❧ ②❛r❞ ❧❡♥❣t❤ ✐s ✼✵✵ ♠❡t❡rs ❛♥❞ s❧♦ts ❛r❡ ❛❞❥✉st❡❞
t♦ ❛❝❝♦♠♠♦❞❛t❡ st❛♥❞❛r❞ r❛✐❧❝❛rs ✇✐t❤ ❛ t♦t❛❧ ❧❡♥❣t❤ ♦❢ ✶✹ ♠❡t❡rs✳ ❚❤✉s✱ ✇❡ ❛ss✉♠❡ ❛
②❛r❞ ❧❡♥❣t❤ ♦❢ T = 50 s❧♦ts✱ ✇✐t❤ ❛ ❤♦r✐③♦♥t❛❧ ❞✐st❛♥❝❡ ♦❢ dh = 14 ♠❡t❡rs ❜❡t✇❡❡♥ ❛♥②
t✇♦ ❛❞❥❛❝❡♥t s❧♦ts✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛ss✉♠❡ ❛ ✈❡rt✐❝❛❧ ❞✐st❛♥❝❡ ♦❢ dv = 7 ♠❡t❡rs ❜❡t✇❡❡♥
♥❡✐❣❤❜♦r✐♥❣ tr❛❝❦s ❛♥❞ t❤❡ s♦rt❡r✱ ✇❤✐❝❤ ✐s ❧♦❝❛t❡❞ ❛❜♦✈❡ tr❛❝❦ ♦♥❡✳ ❚❤❡ ♥✉♠❜❡r T ♦❢
♣❛r❛❧❧❡❧ tr❛❝❦s ❛♥❞ t❤❡ ♥✉♠❜❡r n ♦❢ ❣❛♥tr② ❝r❛♥❡s ❛r❡ ✈❛r✐❡❞ ❛s ❢♦❧❧♦✇s✿ T ∈ {2, 3, 4, 5}
❛♥❞ n ∈ {2, 3, 4, 5}✱ s♦ t❤❛t ❞✐✛❡r❡♥t❧② s✐③❡❞ tr❛♥ss❤✐♣♠❡♥t ②❛r❞s ❛r❡ ✐♥✈❡st✐❣❛t❡❞✳

❈♦♥t❛✐♥❡r ♠♦✈❡s✿ ❚❤❡ tr❛✐♥ ❧❡♥❣t❤ ✭✐♥ s❧♦ts✮ ✐s ❛ss✉♠❡❞ t♦ ❢♦❧❧♦✇ ❛ tr✉♥❝❛t❡❞ ♥♦r♠❛❧
❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❡①♣❡❝t❡❞ tr❛✐♥ ❧❡♥❣t❤ µ = 43 ✭❛❞❥✉st❡❞ t♦ ❛♥ ❛✈❡r❛❣❡ tr❛✐♥ ❧❡♥❣t❤ ♦❢
✻✵✵ ♠❡t❡rs✱ s❡❡ ❇❛❧❧✐s ❛♥❞ ●♦❧✐❛s✱ ✷✵✵✷✮ ❛♥❞ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✱ ✇❤✐❝❤ ✐s ✈❛r✐❡❞ ❛s
❢♦❧❧♦✇s✿ σ ∈ {2, 4, 6, 8}✳ ■❢ ❛ tr❛✐♥ ❧❡♥❣t❤ ♦❢ ♠♦r❡ t❤❛♥ ✺✵ ✭❧❡ss t❤❛♥ ③❡r♦✮ ✐s ❞r❛✇♥✱ t❤❡
tr❛✐♥ ❧❡♥❣t❤ ✐s r❡❞✉❝❡❞ t♦ t❤❡ ♠❛①✐♠✉♠ ✭✐♥❝r❡❛s❡❞ t♦ t❤❡ ♠✐♥✐♠✉♠✮ ②❛r❞ ❧❡♥❣t❤ ♦❢ ✺✵
✭③❡r♦✮ s❧♦ts✳ ❚❤❡ ♥✉♠❜❡r |C| ♦❢ ❝♦♥t❛✐♥❡r ♠♦✈❡s ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ♣❛r❛♠❡t❡r
frac ∈ {0.2, 0.4, 0.6, 0.8}✱ ✇❤✐❝❤ ✐s ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ ❝♦♥t❛✐♥❡rs r❡✲
s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t tr❛✐♥ ❧❡♥❣t❤s ❛♥❞ ❞✐✈✐❞❡❞ ❜② ✷✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ ❝♦♥t❛✐♥❡r ♠♦✈❡
c ✉♥✐q✉❡ st❛rt ❛♥❞ t❛r❣❡t ♣♦s✐t✐♦♥s ✭st❛rt ❛♥❞ t❛r❣❡t s❧♦ts✿ ss

c ❛♥❞ st
c ❛s ✇❡❧❧ ❛s st❛rt ❛♥❞

t❛r❣❡t tr❛❝❦s✿ tsc ❛♥❞ ttc ✇✐t❤ tsc 6= ttc✮ ❛r❡ r❛♥❞♦♠❧② ❞r❛✇♥ ♦✉t ♦❢ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✳

P❛r❦✐♥❣ P♦❧✐❝②✿ ■♥ r❡❛❧✲✇♦r❧❞ tr❛♥ss❤✐♣♠❡♥t ②❛r❞s✱ ✐t ✐s ❛ ✇✐❞❡s♣r❡❛❞ ♣♦❧✐❝② t♦ ♣❛r❦
❧♦❝♦♠♦t✐✈❡s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ②❛r❞✱ s♦ t❤❛t ✇❡ ❛ss✉♠❡ ❡❛❝❤ tr❛✐♥✬s ✜rst r❛✐❧❝❛r
✭♠❛② ✐t ♦r ♥♦t ❝❛rr② ❛ ❝♦♥t❛✐♥❡r t♦ ❜❡ ♣r♦❝❡ss❡❞✮ ✐s ♣♦s✐t✐♦♥❡❞ ❛t s❧♦t ✶ ✭s❡❡ ❇♦②s❡♥
❛♥❞ ❋❧✐❡❞♥❡r✱ ✷✵✵✾✮✳ ❚❤❡ ❛ss✐❣♥♠❡♥t ♦❢ tr❛✐♥s t♦ tr❛❝❦s ✐s r❛♥❞♦♠❧② ❞❡t❡r♠✐♥❡❞✱ ✇❤✐❝❤
r❡✢❡❝ts ❛ ✜rst✲❝♦♠❡✲✜rst✲s❡r✈❡ ♣♦❧✐❝② ♦❢t❡♥ ❛♣♣❧✐❡❞ ✐♥ r❡❛❧✲✇♦r❧❞ ②❛r❞s✳

❚❡❝❤♥✐❝❛❧ ❝r❛♥❡ ♣❛r❛♠❡t❡rs✿ ❚❤❡ ❣❛♥tr② ❝r❛♥❡s ♠♦✈❡ ✐♥ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❞✐r❡❝✲
t✐♦♥ s✐♠✉❧t❛♥❡♦✉s❧② ♣r♦♣❡❧❧❡❞ ❜② ✐♥❞❡♣❡♥❞❡♥t ❡♥❣✐♥❡s✳ ■♥ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥ t❤❡ ✇❤♦❧❡
❝r❛♥❡ ♠♦✈❡s ♦♥ s♣❡❝✐❛❧ r❛✐❧ tr❛❝❦s✱ ✇❤❡r❡❛s ✈❡rt✐❝❛❧❧② ♠❡r❡❧② t❤❡ st❡❡♣❧❡ ❝❛❜ ❝❛rr②✐♥❣
t❤❡ s♣r❡❛❞❡r ✐s ♠♦✈❡❞✳ ❚❤✉s✱ t❤❡ ♠❛①✐♠✉♠ t✐♠❡ s♣❛♥ ❢♦r ❡①❡❝✉t✐♥❣ t❤❡ ✈❡rt✐❝❛❧ ❛♥❞
❤♦r✐③♦♥t❛❧ ♠♦✈❡♠❡♥t ❞❡t❡r♠✐♥❡s t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ ❛ ❝♦♥t❛✐♥❡r ♠♦✈❡✳ ❲❡ ❛ss✉♠❡ ❛
✈❡❧♦❝✐t② ♦❢ ❝r❛♥❡ ❛♥❞ st❡❡♣❧❡ ❝❛❜ ♦❢ ve = 3 ♠❡t❡rs ♣❡r s❡❝♦♥❞✱ ✐❢ t❤❡ ❝r❛♥❡ ♠♦✈❡s ❡♠♣t②✱
✇❤❡r❡❛s t❤❡ ✈❡❧♦❝✐t② r❡❞✉❝❡s t♦ vl = 2 ♠❡t❡rs ♣❡r s❡❝♦♥❞✱ ✐❢ ❛ ❝♦♥t❛✐♥❡r ✐s ❝❛rr✐❡❞✳ ❖♥❝❡
♣♦s✐t✐♦♥❡❞✱ ♣✐❝❦✐♥❣ ❛♥❞ ❞r♦♣♣✐♥❣ ♦❢ ❝♦♥t❛✐♥❡rs r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ ♣r♦❝❡ss✐♥❣ t✐♠❡✳ ❊s✲
♣❡❝✐❛❧❧②✱ ❧♦❝❛t✐♥❣ t❤❡ s♣r❡❛❞❡r ✐s ♣r❡❝✐s✐♦♥ ✇♦r❦✱ s♦ t❤❛t ✇❡ ❛ss✉♠❡ ❛ t②♣✐❝❛❧ t✐♠❡ s♣❛♥
♦❢ td = 45 s❡❝♦♥❞s ❢♦r ♣✐❝❦✐♥❣ ♦r ❞r♦♣♣✐♥❣ ❛ ❝♦♥t❛✐♥❡r✳ ❙❡❡ ❆❧✐❝❦❡ ✭✷✵✵✷✮ ❛♥❞ ▼❛rt✐♥❡③
❡t ❛❧✳ ✭✷✵✵✹✮ ❢♦r ❝♦♠♣❛r❛❜❧❡ ♣❛r❛♠❡t❡rs✳

❈r❛♥❡ ▼♦✈❡♠❡♥t✿ ■❢ ❛❧❧ ❝♦♥t❛✐♥❡r ♠♦✈❡s ❛r❡ ✜①❡❞ ❛♥❞ ❛ss✐❣♥❡❞ t♦ ❣❛♥tr② ❝r❛♥❡s✱ s❡✲
q✉❡♥❝✐♥❣ ♠♦✈❡s ♣❡r ❝r❛♥❡ r❡♠❛✐♥s ❛ ❝♦♠♣❧❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ■♥ ♦✉r ❝❛s❡✱ ❢♦r
❡❛❝❤ ❝r❛♥❡ ❛♥ ❛s②♠♠❡tr✐❝ tr❛✈❡❧✐♥❣ s❛❧❡s♠❛♥ ♣r♦❜❧❡♠ ✇♦✉❧❞ ♥❡❡❞ t♦ ❜❡ s♦❧✈❡❞ ✇❤✐❧❡
❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥t❡r❞❡♣❡♥❞❡♥❝✐❡s ❛♠♦♥❣ ❝r❛♥❡s r❡s✉❧t✐♥❣ ❢r♦♠ s♣❧✐t ♠♦✈❡s✳ ❍♦✇❡✈❡r✱

✶✶



t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦♥t❛✐♥❡r ♠♦✈❡s ✐s t②♣✐❝❛❧❧② ♥♦t ♦♣t✐♠✐③❡❞ ❜② ❛ s❝❤❡❞✉❧✐♥❣ ♣r♦❝❡❞✉r❡ ❜✉t
❧♦❝❛❧❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ❝r❛♥❡ ♦♣❡r❛t♦r✳ ❚❤✉s✱ t♦ s✐♠✉❧❛t❡ ❛ ❤✉♠❛♥ ❞❡❝✐s✐♦♥
r✉❧❡ ✇❡ ❛♣♣❧② ❛ s✐♠♣❧❡ ♥❡❛r❡st ♥❡✐❣❤❜♦r ❤❡✉r✐st✐❝✳ ❊❛❝❤ ❝r❛♥❡✬s st❛rt✐♥❣ ♣♦s✐t✐♦♥ ✐s t❤❡
❧❡❢t ❤❛♥❞ ❜♦r❞❡r ♦❢ ✐ts ❛r❡❛✱ ✇❤✐❧❡ t❤❡ st❡❡♣❧❡ ❝❛❜ ✐s ♣♦s✐t✐♦♥❡❞ ♦✈❡r t❤❡ s♦rt❡r✳ ❋r♦♠
t❤❡r❡ ✐t ❝♦♥s❡❝✉t✐✈❡❧② ❡①❡❝✉t❡s t❤❡ ❝♦♥t❛✐♥❡r ♠♦✈❡ ❝❧♦s❡st t♦ ✐ts ❝✉rr❡♥t ♣♦s✐t✐♦♥✳ ❙♣❧✐t
♠♦✈❡s✱ ❡✳❣✳✱ ❢r♦♠ ②❛r❞ ❛r❡❛ ❆ t♦ ❇✱ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❜② ✉♣❞❛t✐♥❣ ❝r❛♥❡ ❇✬s ❧✐st ♦❢ ✉♥♣r♦✲
❝❡ss❡❞ ❝♦♥t❛✐♥❡r ♠♦✈❡s✱ ♥♦t ❜❡❢♦r❡ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♥t❛✐♥❡r ❛rr✐✈❡❞ ✐♥ t❤❡ s♦rt❡r✲s❡❣♠❡♥t
♦❢ ❝r❛♥❡ ❇✳ ❚❤✉s✱ t❤❡ ❧✐st ✐s ✉♣❞❛t❡❞ ❥✉st ❛❢t❡r ❝r❛♥❡ ❆ ♣r♦❝❡ss❡❞ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ s♣❧✐t
♠♦✈❡ ✭❢r♦♠ tr❛✐♥ ✐♥t♦ t❤❡ s♦rt❡r✮ ❛♥❞ ❛ ✈❡❤✐❝❧❡ ✭✇✐t❤ s♦rt❡r ✈❡❧♦❝✐t② vs = 3✮ ♠♦✈❡❞ t❤❡
❝♦♥t❛✐♥❡r ✐♥t♦ ②❛r❞ ❛r❡❛ ❇✳ ❲✐t❤ r❡❣❛r❞ t♦ t❤❡ s♦rt✐♥❣ s②st❡♠ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ✈❡❤✐❝❧❡s
❛r❡ ♥♦ ❜♦tt❧❡♥❡❝❦ ❛♥❞ ❝♦♥❣❡st✐♦♥s ❞♦ ♥♦t ♦❝❝✉r✳

❚❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣❛r❛♠❡t❡rs ♦❢ ✐♥st❛♥❝❡ ❣❡♥❡r❛t✐♦♥ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✷✳ ❆❧❧
♣❛r❛♠❡t❡rs ❛r❡ ❝♦♠❜✐♥❡❞ ✐♥ ❛ ❢✉❧❧✲❢❛❝t♦r✐❛❧ ❞❡s✐❣♥ ❛♥❞ ✐♥ ❡❛❝❤ ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥
✐♥st❛♥❝❡ ❣❡♥❡r❛t✐♦♥ ✐s r❡♣❡❛t❡❞ ✶✵✵ t✐♠❡s✱ s♦ t❤❛t 4 · 4 · 4 · 4 · 100 = 25, 600 ❞✐✛❡r❡♥t
✐♥st❛♥❝❡s ✇❡r❡ ♦❜t❛✐♥❡❞✳

s②♠❜♦❧ ❞❡s❝r✐♣t✐♦♥ ✈❛❧✉❡s

T ♥✉♠❜❡r ♦❢ tr❛❝❦s ✷✱ ✸✱ ✹✱ ✺
n ♥✉♠❜❡r ♦❢ ❣❛♥tr② ❝r❛♥❡s ✷✱ ✸✱ ✹✱ ✺
S ❧❡♥❣t❤ ♦❢ tr❛♥ss❤✐♣♠❡♥t ②❛r❞ ✭✐♥ s❧♦ts✮ ✺✵
dh ❤♦r✐③♦♥t❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❛❞❥❛❝❡♥t s❧♦ts

✭✐♥ ♠❡t❡rs✮
✶✹

dv ✈❡rt✐❝❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❛❞❥❛❝❡♥t tr❛❝❦s ✭✐♥
♠❡t❡rs✮

✼

µ ❡①♣❡❝t❡❞ tr❛✐♥ ❧❡♥❣t❤ ✭✐♥ s❧♦ts✮ ✹✸
σ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ tr❛✐♥ ❧❡♥❣t❤ ✷✱ ✹✱ ✻✱ ✽
frac ❢r❛❝t✐♦♥ ♦❢ ❛❧❧ ❝♦♥t❛✐♥❡rs ❜❡✐♥❣ ♣❛rt ♦❢ ❛ ❝♦♥✲

t❛✐♥❡r ♠♦✈❡
✵✳✷✱ ✵✳✹✱ ✵✳✻✱ ✵✳✽

tp ♣r♦❝❡ss✐♥❣ t✐♠❡ ❢♦r ❛ ❝r❛♥❡ t♦ ♣✐❝❦ ✭♦r ❞r♦♣✮ ❛
❝♦♥t❛✐♥❡r ✭✐♥ s❡❝♦♥❞s✮

✹✺

ve ✈❡❧♦❝✐t② ♦❢ ❛♥ ❡♠♣t② ❝r❛♥❡ ❝❛rr②✐♥❣ ♥♦ ❝♦♥t❛✐♥❡r
✭✐♥ ♠❡t❡rs ♣❡r s❡❝♦♥❞✮

✸

vl ✈❡❧♦❝✐t② ♦❢ ❛ ❧♦❛❞❡❞ ❝r❛♥❡ ❝❛rr②✐♥❣ ❛ ❝♦♥t❛✐♥❡r
✭✐♥ ♠❡t❡rs ♣❡r s❡❝♦♥❞✮

✷

vs ✈❡❧♦❝✐t② ♦❢ s♦rt❡r ❝❛rr②✐♥❣ ❛ ❝♦♥t❛✐♥❡r ✭✐♥ ♠❡t❡rs
♣❡r s❡❝♦♥❞✮

✸

❚❛❜❧❡ ✷✿ P❛r❛♠❡t❡rs ❢♦r ✐♥st❛♥❝❡ ❣❡♥❡r❛t✐♦♥

❋♦r ❛♥② ♦❢ t❤❡s❡ ✐♥st❛♥❝❡s ✇❡ ❛♣♣❧② t✇♦ ❞✐✛❡r❡♥t ♣♦❧✐❝✐❡s ❢♦r ♣❛rt✐t✐♦♥✐♥❣ t❤❡ tr❛♥s✲
s❤✐♣♠❡♥t ②❛r❞✳ ❋✐rst✱ ✇❡ ❞❡t❡r♠✐♥❡ ♦♣t✐♠❛❧ ❝r❛♥❡ ❛r❡❛s✱ ✇❤✐❝❤ r❡❧② ♦♥ ❛ ❜❛❧❛♥❝✐♥❣ ♦❢
t❤❡ ❝r❛♥❡s✬ ✇♦r❦❧♦❛❞ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ❞✉r✐♥❣ ❛ ♣r❡♣r♦❝❡ss✐♥❣
t❤❡ ✇❡✐❣❤ts ❢♦r ❞✐r❡❝t ✭wD

c ✮ ❛♥❞ s❧✐t ♠♦✈❡s ✭wIN
c ❛♥❞ wOUT

c ✮ ♥❡❡❞ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚♦

✶✷



❞✐r❡❝t❧② r❡♣r❡s❡♥t t❤❡ r❡s✉❧t✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡s ✇❡✐❣❤ts ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

wD
c = 2 · tp + ♠❛①

{

|ss
c − st

c| · d
h

vl
;
|tsc − ttc| · d

v

vl

}

∀ c ∈ C ✭✼✮

■❢ ♣r♦❝❡ss❡❞ ❛s ❛ ❞✐r❡❝t ♠♦✈❡✱ ❝♦♥t❛✐♥❡r ♠♦✈❡ c r❡q✉✐r❡s ❛ ♣✐❝❦ ❛♥❞ ❛ ❞r♦♣ ♦♣❡r❛t✐♦♥
✭2 · tp✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ t✐♠❡ ❢♦r t❤❡ ❛❝t✉❛❧ ♠♦✈❡ ✐s t♦ ❜❡ ❛❞❞❡❞✱ ✇❤✐❝❤ ❛♠♦✉♥ts t♦ t❤❡
♠❛①✐♠✉♠ ♦❢ t❤❡ ❝r❛♥❡✬s ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❞✐st❛♥❝❡ ❡❛❝❤ ✇❡✐❣❤t❡❞ ✇✐t❤ ✈❡❧♦❝✐t② vl

✭❢♦r ❛ ❧♦❛❞❡❞ ♠♦✈❡✮✳
❙♣❧✐t ♠♦✈❡s ✐♥t♦ ✭✇✐t❤ ✇❡✐❣❤t wIN

c ✮ ❛♥❞ ♦✉t ♦❢ ✭✇✐t❤ ✇❡✐❣❤t wOUT
c ✮ t❤❡ s♦rt❡r ❛❧s♦

r❡q✉✐r❡ ❛ ♣✐❝❦ ❛♥❞ ❞r♦♣ ♦♣❡r❛t✐♦♥ ❛♥❞ t❤❡ ❛❝t✉❛❧ ♠♦✈❡♠❡♥t t✐♠❡✱ ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ ❢♦r
t❤❡ ✈❡rt✐❝❛❧ ♠♦✈❡♠❡♥t ❜❡t✇❡❡♥ r❛✐❧ tr❛❝❦ ❛♥❞ s♦rt❡r✿

wIN
c = 2 · tp +

tsc · d
v

vl
∀ c ∈ C ✭✽✮

wOUT
c = 2 · tp +

ttc · d
v

vl
∀ c ∈ C ✭✾✮

◆♦t❡ t❤❛t ✈❛r②✐♥❣ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ tr❛❝❦s ❛♥❞✴♦r s❧♦ts ✭s❡❡ ❆❧✐❝❦❡✱ ✷✵✵✷✮ ❝❛♥ ❡❛s✐❧② ❜❡
✐♥t❡❣r❛t❡❞ ✐♥t♦ ✇❡✐❣❤t ❝❛❧❝✉❧❛t✐♦♥✳ ❲✐t❤ t❤❡s❡ ✇❡✐❣❤ts✱ ♦♣t✐♠❛❧ ❝r❛♥❡ ❛r❡❛s ❛r❡ ❝❛❧❝✉❧❛t❡❞
✭✇✐t❤ t❤❡ ❉P ♣r♦❝❡❞✉r❡ ♦❢ ❙❡❝t✐♦♥ ✹✮ ❛♥❞ ♣❛ss❡❞ ♦✈❡r t♦ t❤❡ ②❛r❞ s✐♠✉❧❛t✐♦♥✱ ✇❤❡r❡ t❤❡
r❡s✉❧t✐♥❣ ♦✈❡r❛❧❧ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✭♠❛❦❡s♣❛♥✮ ♦❢ t❤❡ ❛❝t✉❛❧ ♣✉❧s❡ ♦❢ tr❛✐♥s ✐s ❞❡t❡r♠✐♥❡❞ ❜②
s✐♠✉❧❛t✐♥❣ ❡❛❝❤ ❝r❛♥❡ ✭✐♥ ✐ts r❡s♣❡❝t✐✈❡ ❛r❡❛✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦r ❤❡✉r✐st✐❝✳
❚❤❡ s❡❝♦♥❞ ♣♦❧✐❝② ✐♥✈❡st✐❣❛t❡❞ ✐s t♦ ❡q✉❛❧❧② s✐③❡ ❝r❛♥❡ ❛r❡❛s✳ ❆❣❛✐♥✱ t❤❡ ♠❛❦❡s♣❛♥
♦❢ tr❛✐♥ ♣r♦❝❡ss✐♥❣ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ②❛r❞ s✐♠✉❧❛t✐♦♥✳ ❚❤✐s ✇❛②✱ t❤❡ ❣❛♣ ♦❢ tr❛✐♥
♣r♦❝❡ss✐♥❣ t✐♠❡s ❜❡t✇❡❡♥ ❜♦t❤ ♣♦❧✐❝✐❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳

✺✳✷ ❘❡s✉❧ts

❋✐rst✱ ✇❡ ❝♦♠♣❛r❡ ♦♣t✐♠❛❧ r❡s✉❧ts ♦❢ t❤❡ s✉rr♦❣❛t❡ ♦❜❥❡❝t✐✈❡ ✭❙❯❘❘✮ ❣❡♥❡r❛t❡❞ ❜② t❤❡
❉P ❛♣♣r♦❛❝❤ ♦❢ ❙❡❝t✐♦♥ ✹ ✇✐t❤ t❤❡ ❛❝t✉❛❧ ♠❛❦❡s♣❛♥ ♦❢ t❤❡ ②❛r❞ s✐♠✉❧❛t✐♦♥ ✭❆❈❚✮✱
✇❤✐❝❤ t❛❦❡s t❤❡ ②❛r❞ ❛r❡❛s ♦❢ t❤❡ ❉P s♦❧✉t✐♦♥✳ ❲❤✐❧❡ t❤❡ ❉P ❛♣♣r♦❛❝❤ ♠✐♥✐♠✐③❡s t❤❡
❝r❛♥❡s✬ ✇♦r❦❧♦❛❞ ♠❡r❡❧② ♦♥ t❤❡ ❜❛s✐s ♦❢ ❧♦❛❞❡❞ ♠♦✈❡s✱ t❤❡ ②❛r❞ s✐♠✉❧❛t✐♦♥ ♣r♦✈✐❞❡s t❤❡
❛❝t✉❛❧ ✇♦r❦❧♦❛❞ ❝♦♥s✐st✐♥❣ ♦❢ ❧♦❛❞❡❞ ❛♥❞ ❡♠♣t② ❝r❛♥❡ ♠♦✈❡s✳ ❖♥ ❛✈❡r❛❣❡ ♦✈❡r ❛❧❧ ✷✺✱✻✵✵
✐♥st❛♥❝❡s✱ t❤❡ ✇♦r❦❧♦❛❞ ♦❢ ❙❯❘❘ ❛❧r❡❛❞② r❛♥❣❡s ❛t ✽✹✳✼✾ ✪ ❝♦♠♣❛r❡❞ t♦ t❤❛t ♦❢ ❆❈❚✱
✇❤✐❝❤ r❡s✉❧ts ❢r♦♠ t❤❡ ♦✈❡r♣r♦♣♦rt✐♦♥❛❧ ✐♥✢✉❡♥❝❡ ♦❢ t❡❞✐♦✉s ♣✐❝❦ ❛♥❞ ❞r♦♣ ♦♣❡r❛t✐♦♥s✳
▼♦r❡♦✈❡r✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❜♦t❤ ❛♣♣r♦❛❝❤❡s ❛♠♦✉♥ts t♦ ❛ r❡♠❛r❦❛❜❧❡
✵✳✾✾✼✸✳ ❚❤✉s✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❝❛♥ ❜❡ ❞r❛✇♥✱ t❤❛t ♦✉r s✉rr♦❣❛t❡ ♦❜❥❡❝t✐✈❡ ♦❢ ♠❡r❡❧②
❝♦♥s✐❞❡r✐♥❣ ❧♦❛❞❡❞ ♠♦✈❡s ✐s ❛ s✉✐t❡❞ s✐♠♣❧✐✜❝❛t✐♦♥✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ❛❝t✉❛❧ ♦❜❥❡❝t✐✈❡
♦❢ r❡❞✉❝✐♥❣ t❤❡ ♦✈❡r❛❧❧ ✇♦r❦❧♦❛❞ ✐s str♦♥❣❧② s✉♣♣♦rt❡❞ ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s♦❧✉t✐♦♥
♣r♦❝❡ss ✐s ❝♦♥s✐❞❡r❛❜❧② ❛❧❧❡✈✐❛t❡❞ ❜② ❡①❝❧✉❞✐♥❣ ❛ ❞❡t❛✐❧❡❞ ❝r❛♥❡ s❝❤❡❞✉❧✐♥❣✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛✐♠ ❛t ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r ♦♣t✐♠❛❧ ❝r❛♥❡ ❛r❡❛s ❡♥❛❜❧❡

❛ ❝♦♥s✐❞❡r❛❜❧❡ r❡❞✉❝t✐♦♥ ♦❢ tr❛✐♥ ♣r♦❝❡ss✐♥❣ t✐♠❡ ❝♦♠♣❛r❡❞ t♦ ❡q✉❛❧❧② s✐③❡❞ ❛r❡❛s✳ ❋♦r
t❤✐s ♣✉r♣♦s❡✱ ✇❡ r❡♣♦rt t❤❡ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥ ✭❧❛❜❡❧❡❞ ✏❛✈❣ ❛❜s✑✮ ❜❡t✇❡❡♥ ❜♦t❤

✶✸



♣♦❧✐❝✐❡s ✇✐t❤ r❡❣❛r❞ t♦ t❤❡ ♠❛❦❡s♣❛♥✳ ❆✈❣ ❛❜s ❞❡♥♦♠✐♥❛t❡s t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ tr❛✐♥
♣r♦❝❡ss✐♥❣ ✐❢ ♦♣t✐♠❛❧ ❝r❛♥❡ ❛r❡❛s ❛r❡ ❛♣♣❧✐❡❞ ✐♥st❡❛❞ ♦❢ ❡q✉❛❧❧② s✐③❡❞ ❛r❡❛s ✐♥ ♠✐♥✉t❡s
❛✈❡r❛❣❡❞ ♦✈❡r ❛❧❧ ✐♥st❛♥❝❡s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ❞❡✈✐❛t✐♦♥ ✭❧❛❜❡❧❡❞ ✏❛✈❣ r❡❧✑✮ ♦❢ ❜♦t❤ ♣♦❧✐❝✐❡s ✐♥ ♣❡r❝❡♥t ✐s r❡♣♦rt❡❞✱ ✇❤❡r❡

t❤❡ ❞❡✈✐❛t✐♦♥ ✐s ♠❡❛s✉r❡❞ ❜② F (EQU)−F (OPT )
F (OPT ) ·100 ✇✐t❤ F (EQU) ❛♥❞ F (OPT ) ❜❡✐♥❣ t❤❡

♠❛❦❡s♣❛♥ ✇❤❡♥ ❝r❛♥❡ ❛r❡❛s ❛r❡ ❡q✉❛❧❧② s✐③❡❞ ♦r ♦♣t✐♠❛❧❧② ♣❛rt✐t✐♦♥❡❞✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❛❜❧❡
✸ ❧✐sts ❜♦t❤ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ✐♥ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✿ ♥✉♠❜❡r T ♦❢ tr❛❝❦s
❛♥❞ ♥✉♠❜❡r n ♦❢ ❝r❛♥❡s✱ ✇❤✐❝❤ t♦❣❡t❤❡r r❡✢❡❝t t❤❡ s✐③❡ ♦❢ ❛ tr❛♥ss❤✐♣♠❡♥t ②❛r❞✳

n

T ✷ ✸ ✹ ✺ t♦t❛❧
✷ ✹✳✶✴✶✸✳✶ ✸✳✹✴✶✻✳✵ ✸✳✷✴✶✽✳✼ ✷✳✾✴✶✾✳✽ ✸✳✹✴✶✻✳✾
✸ ✻✳✸✴✶✷✳✺ ✺✳✸✴✶✻✳✷ ✹✳✽✴✶✾✳✵ ✹✳✻✴✷✶✳✺ ✺✳✷✴✶✼✳✸
✹ ✽✳✼✴✶✸✳✵ ✼✳✶✴✶✻✳✶ ✻✳✷✴✶✽✳✺ ✻✳✵✴✷✶✳✼ ✼✳✵✴✶✼✳✸
✺ ✶✵✳✾✴✶✷✳✾ ✽✱✼✴✶✺✳✺ ✼✳✾✴✶✽✳✸ ✼✳✸✴✷✶✳✵ ✽✳✼✴✶✻✳✾
t♦t❛❧ ✼✳✺✴✶✷✳✾ ✻✳✶✴✶✺✳✾ ✺✳✺✴✶✽✳✻ ✺✳✷✴✷✶✳✵ ✻✳✶✴✶✼✳✶
❧❡❣❡♥❞✿ ❛✈❣ ❛❜s ❬♠✐♥✉t❡s❪✴❛✈❣ r❡❧ ❬✪❪

❚❛❜❧❡ ✸✿ ❆❜s♦❧✉t❡ ❛♥❞ r❡❧❛t✐✈❡ s♣❡❡❞✲✉♣ ♦❢ tr❛✐♥ ♣r♦❝❡ss✐♥❣ ❞❡♣❡♥❞✐♥❣ ♦♥ ②❛r❞ s✐③❡

❚❤❡ r❡s✉❧ts r❡✈❡❛❧ ❛ r❡♠❛r❦❛❜❧❡ ♣♦t❡♥t✐❛❧ ❢♦r ❛❝❝❡❧❡r❛t✐♥❣ tr❛✐♥ ♣r♦❝❡ss✐♥❣✳ ❉❡♣❡♥❞✐♥❣
♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ②❛r❞✱ ♣♦ss✐❜❧❡ ❛❜s♦❧✉t❡ ❛❝❝❡❧❡r❛t✐♦♥s ✭❛✈❣ ❛❜s✮ ❞❡✈✐❛t❡ ❜❡t✇❡❡♥ ✶✵✳✾
♠✐♥✉t❡s ✇✐t❤ ✜✈❡ tr❛❝❦s ✭❤✐❣❤ ♦✈❡r❛❧❧ ✇♦r❦❧♦❛❞✮ ❛♥❞ t✇♦ ❝r❛♥❡s ✭❧♦✇ ❞✐✈✐s✐♦♥ ♦❢ ❧❛❜♦r✮
❛♥❞ ✷✳✾ ♠✐♥✉t❡s ✇✐t❤ t✇♦ tr❛❝❦s ✭❧♦✇ ♦✈❡r❛❧❧ ✇♦r❦❧♦❛❞✮ ❛♥❞ ✜✈❡ ❝r❛♥❡s ✭❤✐❣❤ ❞✐✈✐s✐♦♥
♦❢ ❧❛❜♦r✮✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ r❡❧❛t✐✈❡ ❛❝❝❡❧❡r❛t✐♦♥ ✭❛✈❣ r❡❧✮ ♦❢ tr❛✐♥ ♣r♦❝❡ss✐♥❣ ♣❡r❢♦r♠s
s♦♠❡✇❤❛t ❝♦♥tr❛r✐❧②✳ ❚❤✐s ✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t✱ t❤❛t ✇✐t❤ ❛ ❤✐❣❤ ❞✐✈✐s✐♦♥ ♦❢ ❧❛❜♦r t❤❡
❛✈❡r❛❣❡ ♠❛❦❡s♣❛♥ t❡♥❞s t♦ ❜❡ ❧♦✇❡r ✐♥ ✈❛❧✉❡✱ ❜❡❝❛✉s❡ ❛ ♣✉❧s❡ ♦❢ tr❛✐♥s ✐s ♣r♦❝❡ss❡❞ ♠✉❝❤
❢❛st❡r✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ❛ ❝♦♠♣❛r❛❜❧❡ ❛❜s♦❧✉t❡ r❡❞✉❝t✐♦♥ ✐♥ ♠❛❦❡s♣❛♥ ❧❡❛❞s t♦ ❛ ❤✐❣❤❡r
r❡❧❛t✐✈❡ r❡❞✉❝t✐♦♥✳ ■♥ r❡❧❛t✐✈❡ t❡r♠s✱ tr❛✐♥ ♣r♦❝❡ss✐♥❣ ✐s ❛❝❝❡❧❡r❛t❡❞ ❜② ❜❡t✇❡❡♥ ✶✷✱✺ ✪
❛♥❞ ✷✶✱✼ ✪ ✇❤❡♥❡✈❡r ❝r❛♥❡ ❛r❡❛s ❛r❡ ❞✐♠❡♥s✐♦♥❡❞ ♦♣t✐♠❛❧❧②✳
❋✉rt❤❡r ❝♦♥❝❧✉s✐♦♥s ✭✐♥ t❡r♠s ♦❢ ❛ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s✮ ❝❛♥ ❜❡ ❞r❛✇♥ ✐❢ t❤❡ s♣❡❡❞✲✉♣

♦❢ ♦♣t✐♠❛❧ ❝r❛♥❡ ❛r❡❛s ✐s r❡❧❛t❡❞ t♦ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥st❛♥❝❡ ❣❡♥❡r❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱
❋✐❣✉r❡ ✺ ❞✐s♣❧❛②s t❤❡ ❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ❞❡✈✐❛t✐♦♥ ✭❛✈❣ r❡❧ ✐♥ ✪✮ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡
❞❡✈✐❛t✐♦♥ ✭❛✈❣ ❛❜s ✐♥ ♠✐♥✉t❡s✮ ✐♥ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✿ ♥✉♠❜❡r T ♦❢ tr❛❝❦s✱
♥✉♠❜❡r n ♦❢ ❝r❛♥❡s✱ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ σ ♦❢ tr❛✐♥ ❧❡♥❣t❤s ❛♥❞ ❢r❛❝t✐♦♥ frac ♦❢ ❝♦♥t❛✐♥❡rs
t♦ ❜❡ ♣r♦❝❡ss❡❞✱ r❡s♣❡❝t✐✈❡❧②✳
❲❤✐❧❡ σ s❡❡♠s t♦ ❤❛✈❡ ♥❡❣❧✐❣✐❜❧❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡s✉❧ts✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥s ❝❛♥

❜❡ ❞r❛✇♥ ❢♦r t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs✿

• ❲✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r T ♦❢ tr❛❝❦s t❤❡ ♦✈❡r❛❧❧ ✇♦r❦❧♦❛❞ ✐s ✐♥❝r❡❛s❡❞ ❛♥❞✱ t❤✉s✱
t❤❡ ❛❜s♦❧✉t❡ s♣❡❡❞✲✉♣ ✭❛✈❣ ❛❜s✮ ♦❢ ♦♣t✐♠❛❧ ❝r❛♥❡ ❛r❡❛s ❛❧s♦ r✐s❡s✳ ❚❤✐s ❡✛❡❝t ✐s
❝♦✉♥t❡r❜❛❧❛♥❝❡❞ ❜② t❤❡ ✐♥❝r❡❛s✐♥❣ ❧❡✈❡❧ ♦❢ ✇♦r❦❧♦❛❞✱ s♦ t❤❛t t❤❡ r❡❧❛t✐✈❡ s♣❡❡❞✲✉♣
✭❛✈❣ r❡❧✮ r❡♠❛✐♥s ♦♥ ❛ ❝♦♥st❛♥t ❧❡✈❡❧✳

• ❚❤❡ ❤✐❣❤❡r t❤❡ ❞✐✈✐s✐♦♥ ♦❢ ❧❛❜♦r ✭♠♦r❡ ❝r❛♥❡s n✮✱ t❤❡ ❧♦✇❡r ❛❜s♦❧✉t❡ ✭❛✈❣ ❛❜s✮ ❛♥❞
t❤❡ ❤✐❣❤❡r r❡❧❛t✐✈❡ ✭❛✈❣ r❡❧✮ s♣❡❡❞✲✉♣s ♦❢ ♦♣t✐♠❛❧ ❝r❛♥❡ ❛r❡❛s✳ ❚❤❡ r❡❧❛t✐✈❡ ❣❛♣ ✐s
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❋✐❣✉r❡ ✺✿ ❆❜s♦❧✉t❡ ❛♥❞ r❡❧❛t✐✈❡ s♣❡❡❞✲✉♣ ✐♥ ❞❡♣❡♥❞❡♥❝② ♦❢ ♣❛r❛♠❡t❡rs ♦❢ ✐♥st❛♥❝❡
❣❡♥❡r❛t✐♦♥

❛❧s♦ ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ❝r❛♥❡s✱ ②❛r❞ ❛r❡❛s
❜❡❝♦♠❡ s♠❛❧❧❡r✳ ❲✐t❤ ❢❛✐r❧② s❤♦rt ❝r❛♥❡ ❛r❡❛s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✉♥❜❛❧❛♥❝❡❞ s❧♦ts
❜❡✐♥❣ ❧❡✈❡❧❡❞ ❜② ♦t❤❡rs ❞❡❝r❡❛s❡s✳

• ■❢ t❤❡ ❢r❛❝t✐♦♥ ✭frac✮ ♦❢ r❛✐❧❝❛rs ✇❤✐❝❤ ❝❛rr② ❝♦♥t❛✐♥❡rs ✐♥❝r❡❛s❡s✱ t❤❡♥ t❤❡ ♦✈❡r❛❧❧
✇♦r❦❧♦❛❞ r✐s❡s✳ ❚❤✉s✱ t❤❡ ❛❜s♦❧✉t❡ s♣❡❡❞✲✉♣ ✭❛✈❣ ❛❜s✮ ❜② ♦♣t✐♠❛❧ ❝r❛♥❡ ❛r❡❛s
✐♥❝r❡❛s❡s✱ ❛s ✇❡❧❧✳ ❆❣❛✐♥ t❤✐s ❡✛❡❝t ✐s ❧❡✈❡❧❡❞ ❜② t❤❡ ❣❡♥❡r❛❧ ✐♥❝r❡❛s❡ ✐♥ ✇♦r❦❧♦❛❞✱
s♦ t❤❛t ❛✈❣ r❡❧ r❡♠❛✐♥s ♥❡❛r❧② ✉♥❛✛❡❝t❡❞✳

■t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t ❛ ♠♦r❡ ❧❡✈❡❧❡❞ ✇♦r❦❧♦❛❞ ❡✈❡♥❧② s♣r❡❛❞ ♦✈❡r t❤❡ ②❛r❞ r❡❞✉❝❡s
t❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ ❡q✉❛❧❧② s✐③❡ ❝r❛♥❡ ❛r❡❛s✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ r❡s✉❧ts ♦✈❡r ❛❧❧ ✐♥st❛♥❝❡s
✐♥❞✐❝❛t❡ ❛♥ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ s♣❡❡❞✲✉♣ ♦❢ ✻✳✶ ♠✐♥✉t❡s ✭♦r ✶✼✳✶✪✮ ♦♣t✐♠❛❧ ②❛r❞ ❛r❡❛s ❝❛♥
❜❡ r❡❝♦♠♠❡♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ r❡❛❧✲✇♦r❧❞ tr❛♥ss❤✐♣♠❡♥t ②❛r❞ s❡tt✐♥❣✳

✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ✇♦r❦ ❛ ♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ✐s ✐♥tr♦❞✉❝❡❞ ✇❤✐❝❤ ❛✐♠s ❛t ❡✈❡♥❧② ❜❛❧❛♥❝✐♥❣ t❤❡ ✇♦r❦✲
❧♦❛❞ ❛♠♦♥❣ ❣❛♥tr② ❝r❛♥❡s ♦❢ r❛✐❧✲r❛✐❧ tr❛♥ss❤✐♣♠❡♥t ②❛r❞s✳ ■♥ t❤❡s❡ ②❛r❞s✱ t❤❡ ♣❛rt✐t✐♦♥✐♥❣
♥❡❡❞s t♦ ❡s♣❡❝✐❛❧❧② ❝♦♥s✐❞❡r t✐♠❡✲❝♦♥s✉♠✐♥❣ s♣❧✐t ♠♦✈❡s✱ ✇❤❡r❡ ❛ s✐♥❣❧❡ ❝♦♥t❛✐♥❡r ♠♦✈❡
✐s t♦ ❜❡ ♣r♦❝❡ss❡❞ ❜② t✇♦ ❝r❛♥❡s✱ ✇❤✐❝❤ ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ s♦rt✐♥❣ s②st❡♠✳ ❚❤❡ ♣r♦❜❧❡♠
✐s ❢♦r♠❛❧✐③❡❞ ❛♥❞ ❛♥ ❡①❛❝t ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ♣r♦❝❡❞✉r❡ ✇✐t❤ ♣♦❧②♥♦♠✐❛❧ r✉♥t✐♠❡
✐s ❞❡✈❡❧♦♣❡❞✳ ■♥ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ st✉❞② ♣♦ss✐❜❧❡ ❛❝❝❡❧❡r❛t✐♦♥s ♦❢ tr❛✐♥
♣r♦❝❡ss✐♥❣ ❛r❡ ❡✈❛❧✉❛t❡❞ ❜② ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♦♣t✐♠❛❧❧② ❛♥❞ ❡q✉❛❧❧② s✐③❡❞ ❝r❛♥❡ ❛r✲
❡❛s✱ t❤❡ ❧❛tt❡r ❜❡✐♥❣ ❛ ✇✐❞❡s♣r❡❛❞ ♣♦❧✐❝② ✐♥ ♣r❛❝t✐❝❡✳ ❚❤❡ r❡s✉❧ts r❡✈❡❛❧ t❤❛t ❛♥ ♦♣t✐♠❛❧
r❡♣❛rt✐t✐♦♥✐♥❣ ♦❢ ❝r❛♥❡ ❛r❡❛s ❝❛♥ r❡s✉❧t t♦ s✐❣♥✐✜❝❛♥t s♣❡❡❞✲✉♣s ✐♥ tr❛✐♥ ♣r♦❝❡ss✐♥❣✳

✶✺



❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✇❛②s ✐♥ ♦r❞❡r t♦ ❜✉✐❧❞ ✉♣ ♦♥ t❤✐s st✉❞② ✐♥ ❢✉t✉r❡ r❡s❡❛r❝❤✳ ❖♥ t❤❡
♦♥❡ ❤❛♥❞✱ ♣❛rt✐t✐♦♥✐♥❣ t❤❡ tr❛♥ss❤✐♣♠❡♥t ②❛r❞ ✐♥t♦ ❝r❛♥❡ ❛r❡❛s ✐s ❤❡❛✈✐❧② ✐♥t❡r❞❡♣❡♥❞❡♥t
✇✐t❤ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❤♦r✐③♦♥t❛❧ ✭♣❛r❦✐♥❣ ♣♦s✐t✐♦♥ ❛❧♦♥❣ t❤❡ ②❛r❞✮ ❛♥❞ ✈❡rt✐❝❛❧ ✭tr❛❝❦
❛ss✐❣♥♠❡♥t✮ ♣♦s✐t✐♦♥s ♦❢ tr❛✐♥s✳ ❚❤✉s✱ ❢✉rt❤❡r ✐♠♣r♦✈❡♠❡♥ts ♦❢ tr❛✐♥ ♣r♦❝❡ss✐♥❣ ♠✐❣❤t ❜❡
❣❛✐♥❡❞ ❜② ❛❞❞✐t✐♦♥❛❧❧② ♦♣t✐♠✐③✐♥❣ t❤❡ ♣❛r❦✐♥❣ ♣♦s✐t✐♦♥s ♦❢ tr❛✐♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t
✇♦✉❧❞ ❜❡ ✈❛❧✉❛❜❧❡ t♦ q✉❛♥t✐❢② t❤❡ ❞✐s❛❞✈❛♥t❛❣❡s ✭✇✐t❤ r❡❣❛r❞ t♦ tr❛✐♥ ♣r♦❝❡ss✐♥❣ t✐♠❡s✮
♦❢ ✜①❡❞ ②❛r❞ ❛r❡❛s ❝♦♠♣❛r❡❞ t♦ ❛ ❞②♥❛♠✐❝ ❛ss✐❣♥♠❡♥t ♦❢ ❝♦♥t❛✐♥❡r ♠♦✈❡s t♦ ❝r❛♥❡s
✭s❡❡ ❙❡❝t✐♦♥ ✷✮✳ ❚❤✐s ❝♦✉❧❞ ♣r♦✈✐❞❡ ✈❛❧✉❛❜❧❡ ❞❡❝✐s✐♦♥ s✉♣♣♦rt ❢♦r ❛ss❡ss✐♥❣ ❞②♥❛♠✐❝
❛ss✐❣♥♠❡♥t ♣♦❧✐❝✐❡s✱ s♦ t❤❛t ②❛r❞ ♠❛♥❛❣❡rs ❝♦✉❧❞ ❡✈❛❧✉❛t❡ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡
❛❝❝❡❧❡r❛t✐♦♥ ♦❢ tr❛✐♥ ♣r♦❝❡ss✐♥❣ ❛♥❞ t❤❡ ✐♥✈❡st♠❡♥t ❝♦st r❡q✉✐r❡❞ ❢♦r ❛ s♦♣❤✐st✐❝❛t❡❞
♦♥❧✐♥❡✲❝♦♥tr♦❧ s②st❡♠✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆❜❛❝♦✉♠❦✐♥✱ ❈✳✱ ❇❛❧❧✐s✱ ❆✳✱ ✷✵✵✹✳ ❉❡✈❡❧♦♣♠❡♥t ♦❢ ❛♥ ❡①♣❡rt s②st❡♠ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥
♦❢ ❝♦♥✈❡♥t✐♦♥❛❧ ❛♥❞ ✐♥♥♦✈❛t✐✈❡ t❡❝❤♥♦❧♦❣✐❡s ✐♥ t❤❡ ✐♥t❡r♠♦❞❛❧ tr❛♥s♣♦rt ❛r❡❛✱ ❊✉r♦♣❡❛♥
❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ✶✺✷✱ ✹✶✵✕✹✶✾✳

❬✷❪ ❆❧✐❝❦❡✱ ❑✳✱ ✷✵✵✷✳ ▼♦❞❡❧✐♥❣ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r♠♦❞❛❧ t❡r♠✐♥❛❧ ▼❡❣❛ ❍✉❜✱
❖❘ ❙♣❡❝tr✉♠ ✷✹✱ ✶✕✶✼✳

❬✸❪ ❆❧✐❝❦❡✱ ❑✳✱ ❆r♥♦❧❞✱ ❉✳✱ ✶✾✾✽✳ ❖♣t✐♠✐❡r✉♥❣ ✈♦♥ ♠❡❤rst✉✜❣❡♥ ❯♠s❝❤❧❛❣s②st❡♠❡♥✱
❋ör❞❡r♥ ✉♥❞ ❍❡❜❡♥ ✽✱ ✼✻✾✕✼✼✷✳

❬✹❪ ❇❛❧❧✐s✱ ❆✳✱ ●♦❧✐❛s✱ ❏✳✱ ✷✵✵✷✳ ❈♦♠♣❛r❛t✐✈❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❡①✐st✐♥❣ ❛♥❞ ✐♥♥♦✈❛t✐✈❡ r❛✐❧✲
r♦❛❞ ❢r❡✐❣❤t tr❛♥s♣♦rt t❡r♠✐♥❛❧s✱ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❆ ✷✻✱ ✺✾✸✕✻✶✶✳

❬✺❪ ❇❛❧❧✐s✱ ❆✳✱ ●♦❧✐❛s✱ ❏✳✱ ✷✵✵✹✳ ❚♦✇❛r❞s t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❛ ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ❝❤❛✐♥
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