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Abs t rac t  

Restoration of noisy images has been an active area of 
research for many years. Most of the research and devel- 
opment carried in this area have been on the restoration of 
2-D images. Processing of image sequences brings a third 
dimension to the problem. In this paper, we develop two 
3-D median-based filtering algorithms that preserve the 
motion in the image sequence while attenuating noise ef- 
fectively. Some observations are made on the root signals 
in binary domain based on the positive Boolean functions 
corresponding to the filters. From the Boolean expres- 
sions the output distribution functions are derived. The 
performances of both filters under various noise types are 
examined theoretically and experimentally. The struc- 
tures are simulated on a video sequencer (DVSR 100) on 
real image sequences. Comparisons are made with other 
2- and 3-D algorithms from the literature based on mean 
square error, mean absolute error, and subjective criteria. 

1. I N T R O D U C T I O N  

Many applications in image processing require the 
processing of 3-D signals, namely image sequences. TV 
applications, target tracking, robot navigation, dynamic 
monitoring of industrial processes, study of cell motion 
by microcinematography, highway traffic monitoring, and 
video transmission are only a few examples where the sig- 
nal to be processed is 3-D, the third dimension being 
time. It has been shown in many cases that 1-D algo- 
rithms do not produce optimum results in image process- 
ing. In other words, while processing images, their 2-D 
nature has to be taken into account. Likewise, in process- 
ing image sequences, 1- or 2-D algorithms do not yield 
optimum results. Although similar in some respects, the 
extension of 2-D algorithms to 3-D signal processing is 

poor image quality. It is known that 2-D spatial process- 
ing gives better results in moving parts, whereas tempo- 
ral processing gives better results in still parts of the im- 
age sequence. This observation leads to the development 
of adaptive algorithms that require motion estimation or 
motion compensation to obtain acceptable image quality 
[2]. However, motion estimation and motion compensa- 
tion are critical processes which increase the complexity 
and the cost of processing. Therefore, it is highly de- 
sirable to have 3-D filters which would be insensitive to 
motion in image sequences. 

In image processing, median filters preserve edges and 
high frequency details in the image, resulting in improved 
image quality [3]. Here, we present two 3-D filtering algo- 
rithms, that are insensitive to the motion content of the 
image sequence, based on the multilevel median operation 
introduced in 141. The filtering structures are defined in 
Section 2. Section 3 gives some observations on the root 
signals in binary domain based on the Boolean expres- 
sions corresponding to the filters. The observations made 
in binary domain can be extended to multi-valued signals 
using the threshold decomposition property [5]. The out- 
put distributions of the filters are presented in Section 4 
for a given input noise distribution. The filters are applied 
to real image sequences and the results are presented in 
Section 5. Finally, Section 6 gives the conclusions. 

2. F I L T E R I N G  S T R U C T U R E S  

In this section, two new median-based 3-D filtering 
structures will be introduced. There are very few exam- 
ples in the literature of this kind [6]. In developing these 
filtering structures, the detail preserving property of the 
median operation has been made use of. 

2.1 3-D P l a n a r  Fi l ter  (P3D)  
not straightforward. The motion content of the image se- 
quence requires the time dimension to be approached in 
a different manner. 

The first 3-D algorithm is based on the multilevel me- 
dian structure introduced in [4]. The structure is shown 
in Figure 2.1. It consists of four standard median filters. - 
Each of the 5-point median operations in the first level 
operate on a different plane of the 3-D image sequence, 
i.e., on the x-y, x-t, and y-t planes. This is the reason why 
the filter is called the 3-D planar filter. Using the notation 
given in Figure 2.2 P3D can be defined as follows. First 

Temporal filters have been developed to make use of 
the information in the time dimension in many image pro- 
cessing problems [l]. However, temporal filters usually 
blur the moving parts of the image sequence, resulting in 
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Figure  2.1 The multilevel s t r u c t u r e  
3-D planar  filter ( P 3 D ) .  

for 

0 

FRAME 1 

ML3DR as usual. 

3. BINARY DOMAIN ANALYSIS 

Threshold decomposition property of the median op- 
eration makes it possible to analyze the behaviour of these 
filters in binary domain. Since multilevel median filters 
belong to the class of stack filters, there is a positive 
Boolean function (PBF) corresponding to each of the fil- 
ters defined in Section 2. Based on these PBF's, the fol- 
lowing observations can be made on the root signals of the 
filters. In binary domain we can distinguish three cases 
according to the motion content of the image sequence. 

I w 

Figure 2.2 3 x 3 x 3 cubic mask represent ing 
3 successive frames. 

t h e  
Case 1 : Eo = El = E2. This case represents static 

image sequences. In this case the outputs of the filters 
can be expressed as follows. 

2.2 3-D Multilevel Fi l ter  (ML3D) 

The second filter developed is based on the preserva- 
tion of different features in the first level of the multilevel 
structure. The first level consists of two 7-point median 
filters each preserving different features of the input im- 
age. The multilevel structure is shown in Figure 2.3. Us- 
ing the notation given in Figure 2.2, ML3D can be defined 
as follows. The first level 7-point filters are 

(2.2) 
m+ = M E D [ D ~ , E ~ , F ~ , B ~ , H ~ , E O , E ~ I  
m x  = MED[Ai,Ci,Ei,Gi,Ii,Eo,Ez], 

and the final output is 

Y = M E D [ m + , m x , E l ] .  

Median LAkZ Median Median 

Figure 2.3 T h e  multilevel s t r u c t u r e  for t h e  
3-D multilevel filter (ML3D).  

Usually the recursive versions of median-based filters 
have higher noise attenuations. It is possible to define the 
recursive versions of these filters, denoted by P3DR, and 

+ Fi +GI +Hi $11 ). 
The above expressions show that P3D preserves all high 
frequency details in a stationary sequence, i.e., all sta- 
tionary image sequences are root signals of P3D. The 3-D 
multilevel filter, ML3D, still eliminates an impulsive point 
even if it repeats in successive frames. As will be seen in 
the simulations, ML3D has the highest noise attenuation, 
which is expected. 

Case 2 : EO = E1 # E2 or EO # El = 4. In 
the second case, only two successive pixels out of three 
frames are equal. This may be considered as slow mo- 
tion in a binary image sequence. In this case, the out- 
put of P3D reduces to the 5-point standard median filter 
M E D [ B l ,  D1 , E l ,  Fl , Hi] .  Since the filter reduces to a 2- 
D algorithm, it is expected to preserve slow motion in the 
image sequence. On the other hand, the 3-D multilevel 
filter, MLJD, preserves the input pixel, E l ,  only if at least 
two other pixels in one of the substructures corresponding 
to + or x - shaped features are equal to the input pixel. 
This implies that the filter preserves all lines of arbitrary 
width under slow motion. 

Case 3 : EO # E1 # Q(Eo = Ez).  In the case of fast 
motion, all successive pixels in three frames are different. 
In the binary domain this corresponds to oscillation in the 
time dimension. In this case, the following observation 
can be made on the output of P3D. 

This implies that, under fast motion, the filter preserves 
vertical and horizontal lines of arbitrary width, and diag- 
onal lines that are at least two pixels wide. Under fast 
motion, the 3-D multilevel filter, MLSD, preserves the in- 
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put pixel only if at least 3 other pixels in one of the sub- 
structures corresponding to + or x - shaped features are 
equal to the current pixel, El. This implies that the filter 
preserves all features at least two pixels wide under fast 
motion. This reduction in resolution is not critical since 
the eye does not require high spatial resolution under fast 
motion. 

GAUSS. 
0.238 
0.117 
0.222 
0.119 
0.735 
0.735 
0.363 
0.298 
0.293 
0.152 
0.113 
0.101 

4. STATISTICAL ANALYSIS 

BIEXP. 
0.137 
0.061 
0.124 
0.059 
0.579 
0.579 
0.231 
0.181 
0.178 
0.083 
0.113 
0.100 

By using the Boolean expressions corresponding to 
the filters, it is possible to express the output probability 
distribution functions in terms of the input distributions. 
These can be expressed as follows. 

where F ( j )  is the input distribution function. The out- 
put probability density functions (pdf) can be obtained by 
taking the derivative of these expressions. Thus, the noise 
attenuation of the filters can be obtained for the homoge- 
neous parts of the image where the problem is to estimate 
a constant signal in additive white noise. For compari- 
son purposes, the output distributions of two other 3-D 
median-based filters that are introduced by Arce et al. are 
also derived. These are the unidirectional (UNI3D) and ' 
bidirectional (BI3D) multistage filters that are defined in 
161. 

F O N I S D ( j )  = F(.i)[l - (1 - F(.?3)101 
+ (1 - W ) )  W ) ' O  , 

- 2 2 4 ~ ( j ) ~  + 2 0 2 ~ ( j ) ~  + 1 2 0 ~ ( j ) ~  

F s r 3 ~ ( j )  = F ( j ) 3  [21 - 80F(j) + 1 6 6 F ( ~ ' ) ~  (4.2) 

+ 45F(j)6 - 11F(j)' + 2F(j)*]  . 
Although the analytical expressions are rather compli- 
cated, it is possible to make the statistical analysis by 
numerical methods. The probability density functions of 
the filters are plotted in Figures 4.1 and 4.2 for Gaussian 
and biexponential noise distributions. 

5. SIMULATIONS 

0 9 . .  . . . . .  
INPUT ( - 1  ;!: 

! :  

Figure 4.1 T h e  pdf of t he  ou tpu t  of BISD, 
and  MLSD for zero mean, unit  
variance Gaussian noise. 

1.6, . , . . 1 

1.4-  I N P U T ( - )  4 

Figure 4.2 The pdf  of t h e  ou tpu t  of P3D, 
and UNISD for zero mean, unit  
variance biexp o ne n t  ial noise. 

a 4 frame (256 x 128), zero mean, unit variance noise se- 
quence. The same calculations itre carried out for Arce's 
filters, the 2-D 5-point median filter, which is given as 
y = M E D [ B l ,  D1, El ,  4, HI], and the linear averaging 
filter in a 3 x 3 square window. The results are given in 
Table 5.1. 

Table 5.1 Output variance of various filters when 
the input is zero mean, unit variance 
i.i.d. noise with Gaussian and biexpo- 
nential distributions. 

FILTER 
P3D 

P3DR 
ML3D 

ML3DR 
UNI3D 

UNI3DR 
BI3D 

BI3DR 
MEDIAN5 

MEDIAN5R 
LAVE 

LAVER 

The filters that are defined in Section 2 are simulated 
on a VTE DVSR 100 [7] image sequencer. Noise attenua- 
tions of these filters and their recursive versions are calcu- 
lated for both Gaussian and biexponential independent, 
identically distributed (i.i.d.) additive white noise using 

The same filters are also applied to still and moving 
image sequences with additive Gaussian, and impulsive 
noise. For impulsive noise, the probability of an impulse 
is 0.1 with equal probability for positive and negative im- 
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pulses. For additive Gaussian noise the variance is 30 and 
the mean is zero. The still image sequence is a 4 frame se- 
quence created using the image “BRIDGE”. The motion 
sequence is a 19 frame sequence called “COSTGIRLS”. 
The mean square error (MSE) and the mean absolute er- 
ror (MAE) between the original sequence and the filter 
outputs are given for the “BRIDGE” sequence with im- 
pulsive and Gaussian noise distributions in Table 5.2. 

~~ ~. 

UNI3DR 
BI3D 

BI3DR 
MEDIAN5 

Table 5.2 MSE and MAE between the original 
“BRIDGE” sequence and the outputs 
of the filters for various noise distribu- 
tions. For impulsive noise, the proba- 
bility of an impulse is 0.1 and for Gaus- 
sian noise. the variance is 30. 

6.347 833.632 21.045 666.403 
1.301 106.394 14.909 347.280 
1.011 58.936 14.028 308.323 
5.720 154.661 14.881 359.088 

I FILTER I IMP. I IMP. 1 GAUSS. 1 GAUSS. I 

MEDIANSR 
LAVE 

LAVER 

1 P3D 1 MAE 1 MSE 1 MAE 1 MSE 1 
0.989 37.641 12.544 251.794 

P3DR 0.954 22.322 10.619 186.492 
ML3D 1.242 34.314 12.368 244.233 

ML3DR 1.457 29.047 10.872 194.157 
UNI3D 6.347 833.632 21.045 666.403 

5.421 119.197 12.992 283.006 
15.184 422.844 12.440 270.612 
14.589 400.602 12.224 259.358 

For subjective evaluation part of the original sequence 
and the filter outputs are shown in Figure 5.1. 

. .  

( 4  ( 4  

Figure 5.1 Part of t h e  noisy “BRIDGE”  se- 
quence  a n d  t h e  fllter o u t p u t s  for 
impulsive noise wi th  probabi l i ty  
0.1. (a) Original image, (b) PSD,  
(c) MLSD, (d) UNISD output .  

6. C O N C L U S I O N S  

As the simulations show, the two proposed 3-D algo- 
rithms (P3D and ML3D) have higher noise attenuation 
than Arce’s unidirectional and bidirectional filters. Al- 
though the 2-D linear average filter seems to have the best 
noise attenuation, it is not preferable since it also filters 
the high frequency details in the image causing blurring. 
This is why it does not give good results when applied 
to real image sequences as can be seen from the results 
presented in Table 5.2. The simulations mate on moving 
image sequences show that the 3-D filters presented here 
do not disturb the motion content of the image. The only 
disadvantage of 3-D filters compared to their 2-D coun- 
terparts is that they require more memory, two frames 
in our case. However, with current VLSI technology, the 
algorithms can already be implemented at video rates [8]. 
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