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A B ST R A C T

T h e  tw o  fac to rs  th a t de te rm in e  the  tim e com p lex ity  a sso c ia ted  w ith  m o d e l-d riv en  

in te rp re ta tio n  o f  ran g e  m aps are: I )  th e  p a rticu la r s tra tegy  u sed  fo r  th e  g en era tio n  o f  

o b jec t hypo theses; and  2) the  m an n er in  w h ich  bo th  the  m o d el a n d  th e  sen sed  d a ta  are  

o rgan ized , d a ta  o rg an iza tio n  be in g  a  p rim ary  d e te rm in an t o f  the  e ffic ien cy  o f  

verifica tion  o f  a  g iven  hypo thesis. In  th is  rep o rt, w e  p re sen t 3D -P O L Y , a  w o rk in g  sys

tem  fo r  re co g n iz in g  o b jec ts  in  the  p resen ce  o f  occlu sio n  an d  ag a in s t c lu tte red  b ack 

g rounds. T h e  tim e  co m p lex ity  o f  th is  sy stem  is on ly  O (n 2) fo r  s ing le  o b jec t re c o g n i

tion , w h ere  n  is  th e  n u m b er o f  fea tu res  on  the  ob ject. T he  m o st n o v e l a sp ec t o f  th is  sy s

tem  is  the  m a n n er in  w h ich  th e  fea tu re  d a ta  are  o rg an ized  fo r  th e  m odels. W e  u se  a  d a ta  

Structure ca lled  the fea tu re  sphere  fo r  the  purpose . W e w ill p re sen t e ffic ien t a lg o rith m s 

fo r  a ss ig n in g  a  fea tu re  to  its  p ro p e r p lace  on  a  fea tu re  sphere , an d  fo r  ex trac tin g  the 

ne ig h b o rs  o f  a  g iven  fea tu re  fro m  th e  fea tu re  sphere  rep resen ta tio n . F o r  h y p o th esis  

gen era tio n , w e  u se  lo ca lfea tu re  sets, a  no tion  s im ila r to  th o se  u sed  befo re  u s b y  B o lles, 

S h ira i and  o thers . T h e  com b in a tio n  o f  the  fea tu re  sphere  id e a  fo r  s tream lin in g  

verifica tion  and  th e  lo cal fea tu re  sets fo r  hypo thesis  gen era tio n  re su lts  in  a  sy stem  

w h o se  tim e  co m p lex ity  h as  a  p o ly n o m ia l bound .

In  ad d itio n  to  re co g n iz in g  ob jec ts  in  o cc lu d ed  env iro n m en ts , 3 D -P O L Y  also  

p o ssesse s  m o d e l lea rn in g  capab ility . M o d el lea rn in g  co n sis ts  o f  lo o k in g  a t a  m o d e l 

o b jec t fro m  d iffe ren t v iew s and  in teg ra tin g  the  re su ltin g  in fo rm atio n . T he  3 D -P O L Y

sy stem  a lso  co n ta in s  u tilities  fo r  ran g e  im age  segm en ta tion  an d  c lassifica tion  o f  scene  

surfaces.
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I N T R O D U C T I O N

T he g oa l o f  th is  re sea rch  is  to  d evelop  a  ro b o t v is io n  sy stem  th a t bah reco g n ize  

and lo ca te  o b jec ts  ran d o m ly  p o sitio n ed  and  o rien ted  h i 3-D  space , p o ss ib ly  o ccu rrin g  in  

heaps. Id e a ly , th e  cap ab ility  o f  such  a  v is io n  system  sh o u ld  ap p ro x im ate  th a t o f  the  

h u m an  v is io n  sy stem  [Met - 8 2 ] ,  w h ich  can  p e rfo rm  reco g n itio n  o f  a  w id e  v a rie ty  o f  

o b jec ts  in  rea l tim e  even  u n d e r p o o r lig h tin g  cond ition . W h ile  c o m p u te r v is io n  re sea rch  

in  th e  la s t 25  y ea rs  o r  so  has o n ly  p ro v ed  th a t such  a rea l-tim e  g en era l v is io n  sy stem  

rem ain s  a  d is tan t goal, by  u s in g  active  sensors i t  is p ossib le  to d ay  to  design  system s tha t 

can  h id e ed  id en tify  o b jec ts  and  com p u te  th e ir p o ses  and  d o  so w ith  a  m easu re  o f  ro b u s t

ness in  o cc lu d ed  en v ironm en ts .

In  genera l, o n e  m u st add ress the  fo llo w in g  issues w h en  d e s ig n in g  a  ro b o t v is io n  

system :

•  I h la g e  a c q u is i t io n :

T he q u estio n  h e re  is  w hat ty p es  o f  im ages o ne  shou ld  u se  and  h o w  they  should  be 

acqu ired .

•  F e a t u r e  e x tr a c t io n :

W h at fea tu re s  shou ld  b e  ex trac ted  from  an  im age  in  o rd e r to  d esc rib e  th e  shapes and  

geo m etrica l re la tio n  o f  the  o b jec t su rfaces seen  in  the  im age.

•  M o d e l  r e p r e s e n t a t io n :

H o w  o ne  sh o u ld  rep re sen t o b jec t k n o w led g e  th a t w o u ld  a llow  effic ien t re triev a l o f  

m o d e l data.

•  M a t c h in g  a lg o r i t h m :

H ere  th e  issu e  is  h o w  im ag e  fea tu res shou ld  be  m atched  w ith  o b jec t fea tu res.

I t sh o u ld  b e  e m p h as ized  th a t these  fo u r m ain  issu es  are  h ig h ly  in te rre la ted , in  th e  sense  

th a t th e  rep resen ta tio n s  an d  m eth o d s used  fo r  o ne  h av e  a  b earin g  o n  th e  rep resen ta tio n s  

and  m eth o d s u sed  fo r  o thers. T h e  reaso n  fo r  th is  in te rd ep en d en ce  is  th e  fac t th a t in  m o st 

cases  th e  o vera ll flow  o f  co n tro l in  th e  reco g n itio n  p ro cess  co rresp o n d s  to  w h a t is  

show n in  F ig . 0 .1 . C learly , how  fea tu res are ex trac ted  dep en d s to  som e ex ten t on  the 

type  o f  acqu ired ida ta .
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F ig u re  0 .1 . A  sy stem  d iag ram  o f  th e  fo u r basic  co m p o n en ts  o f  an  o b jec t reco g n itio n  

system .



G learlyj o b jec t reco g n itio n  ca lls  fo r th e  ex trac tio n  o f  scene  fea tu res, m easu rem en t

o f  th e ir  a ttribu tes , such  as shape  and  o th e r geom etrica l ch arac te ris tic s, and  the  re la tio n 

sh ips o f  the  fea tu res  to  o n e  another. S ince fea tu res  p lay  a  p iv o ta l ro le  in  reco g n itio n , 

w e  m u st ch o o se  th o se  fea tu res  th a t can  be d e tec ted  re liab ly  fro m  im ag es  and  th a t p o s 

sess su ffic ien t d isc rim in a to ry  p o w e r fo r  d is tingu ish ing  b e tw een  ob jects. In  add ition , 

since  w e  a lso  n eed  to  loca te  th e  o b jec ts , i.e . to  de te rm in e  th e ir  p o s itio n s  an d  o rien ta 

tions, th e  se t o f  fea tu res  shou ld  a lso  p ro v id e  spatial in fo rm atio n  ab o u t th e  o b j e c t  F o r 

these  reaso n s , 3 D -P O L Y  uses geom etric  fea tu res  th a t co n stitu te  th e  shapes o f  ob jects. 

G eom etric  fea tu res  in c lu d e  su rfaces, ed g es and  po in ts , and  each  o f  th em  is  specified  by  

a se t o f  a ttrib u tes  such  as shape, re la tio n  and positio n /o rien ta tio n .

It s tands to  rea so n  th a t the  d a ta  acqu ired  ab o u t a  scene m u s t a llow  us to  e x trac t 

these  geo m etric  fea tu res. F o r v a rio u s  reasons, 2 -D  reflec tance  im ag es  can  n o t be  u sed  

and  o ne  m u st take  reco u rse  to  range  m aps, w here  each  d a ta  e lem en t in  the  im a g e  is  a  

quan tized  rep re sen ta tio n  o f  d is tan ce  to  an  o b jec t p o in t fro m  a  re fe ren ce  p la n e  o r  po in t. 

A n  ex ten s iv e  su rv ey  o f  v a rio u s  techn iques fo r  acqu iring  ran g e  im ag es  can  be  fo u n d  in

[Ka - 8 5 ,  B e  -8 7 ] .  In  3D -P O L Y , ran g e  im ages are g en era ted  by  u sing  s tru c tu red  lig h t 

scanning .

A  stru c tu red  lig h t ran g e  sen so r consis ts  o f  a  lig h t p ro jec to r and  a  cam era; th e  p ro - 

Je c to r  cas ts  a  s tripe  o f  lig h t o n to  o b jec t su rfaces and  the  cam era  d e tec ts  th e  illu m in a ted  

stripes. T h e  ra n g e  to  any  illu m in a ted  su rface  p o in t is  co m p u ted  by  u s in g  trian g u la tio n  

fo rm u las . In  th e  first ch ap te r  o f  th is  repo rt, w e show  h ow  p e rsp ec tiv e  g eo m etry  can  be 

u sed  to  d e riv e  a  4x 3  ca lib ra tio n  m atrix  th a t d irec tly  co n v erts  an  im ag e  p o in t in to  its 

co rresp o n d in g  3 -D  coo rd ina tes . W e a lso  p re sen t a sim p le  to  u se  ex p erim en ta l p ro 

ced u re  th a t y ie ld s  th is  ca lib ra tion  m atrix . W e w ill u se  the  p h ra se  ‘ran g e  m a p ’ to  a lso  

re fe r  to  th e  (x ,y ,z) d a ta  o b ta in ed  fo r  a ll th e  illum inated  p o in ts  in  a  scene.

f t is  n ecessa ry  to  g o  th rough  severa l p ro cess in g  and  d e tec tio n  s teps befo re  

geom etric  fea tu res  can  be ex trac ted  fro m  a  ran g e  m ap. T h ese  a re  p re sen ted  in  C h ap ter 

2. W e  first d e sc rib e  a  p ro ced u re  fo r  the  com pu ta tion  o f  su rface  no rm als  fro m  ran g e  

im ages. O v e r sm ooth  su rfaces th is p ro ced u re  w orks lik e  the  trad itio n a l on es  in  th a t a 

su rface  n o rm al is  com pu ted  by  fitting  a p lan a r p a tch  to  the ran g e  m ap  o v e r a sm all w in 

dow . H o w ev er, in  the  v ic in ity  o f  edges b e tw een  d iffe ren t su rfaces, o u r  p ro ced u re  has 

th e  v irtu e  o f  p lac in g  th e  w in d o w s ad ap tiv e ly  in  such  a  m an n er th a t the  su rface  n o rm al 

co m p u ta tio n  d o es  n o t g e t co rru p ted  by  a ttem p ting  to  fit a p la n a r p a tch  across  an  edge  

b e tw een  tw o  d iffe ren t su rfaces. In  C h ap ter 2 , w e  a lso  d iscuss  th e  de tec tio n  and  the  

c lassifica tion  o f  th ree  p rim itiv e  su rface  types, nam ely , p lanar, cy lin d rica l and  con ica l.

C h ap ter 3 p resen ts  the h eart o f  3D -P O L Y . T h ere  w e have  d iscu ssed  h o w  the  sys

tem  g enera tes  and  verifies  hypo theses abou t o b jec t iden tities  and  po ses . T h e h y p o th e s is

3 chen/kak



g en era tio n  and  verifica tio n  stra teg ies  p re sen ted  th e re  red u ce  th e  o th e rw ise  ex p o n en tia l 

tim e  co m p lex ity  to  a  lo w -o rd er p o ly n o m ia l bound . F o r h y p o th esis  gen era tio n  su rface  

fea tu res  are  g ro u p ed  a ro u n d  v e rtices  in to  lo ca l fea tu re  sets. F o r  verifica tion , 3D -P O L Y  

u ses  a  spec ia l fea tu re  ca lled  p rin c ip a l d irec tio n  th a t p o sses  a  sep a ra te  defin ition  fo r  each  

d iffe ren t ty p e  o f  fea tu re . P rin c ip a l d irec tio n s  are  u sed  to  o rg an ize  th e  m o d e l d a ta  in to  a 

d a ta  s tru c tu re  c a lled  th e  fea tu re  sphere . I t  w ill b e  show n th a t u s in g  lo ca l fea tu re  sets fo r  

h y p o th esis  fo rm atio n  and  fea tu re  spheres fo r  v erifica tio n  a llow s 3 D -P O L Y  to  reco g n ize  

o b jec ts  w ith  v e ry  lo w  tim e  com plex ity .

T o  b e  co m p le te , an  o b je c t reco g n itio n  sy stem  m u s t have  th e  m ean s  to  Ieam  o b jec t 

m odels. 3 D -P O L Y  p o sses  such  capab ility , w h ich  is  d esc rib ed  in  C h ap ter 4. W e  

d esc rib e  th e re  a  m u lti-v iew  in teg ra tio n  p ro ced u re  fo r sy n th esiz in g  d ie  shape  o f  an 

o b jec t. T h e  m a jo r issu e  in  m o d e l m u lti-v iew  in teg ra tio n  fo r sh ap e  syn thesis  is  the  

d e tec tio n  o f  fe a tu re  co m m o n  to  d iffe ren t v iew s, a  p ro b lem  th a t is  m ad e  espec ia lly  

d iff icu lt b y  d ie  fa c t th a t th e  a ttrib u te  v a lu es  fo r th e  sam e fea tu re  m ay  b e  d iffe ren t in  d if

fe re n t v iew s.
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C H A P T E R !

M O D E L I N G  A N D  C A L I B R A T I O N  O F  S T R U C T U R E D  L I G H T  S C A N N E R S

In  th is  C h ap te r w e have  u sed  p ro jec tiv ity  th eo ry  to  m odel th e  p ro cess  o f  s tru c tu red  

lig h t scan n in g  fo r  3D  ro b o t v ision . T he p ro jec tiv ity  fo rm alism  is u sed  to  d e riv e  a 4 x 3  

tran sfo rm atio n  m atrix  th a t co n v erts  p o in ts  in  the  im age  p lan e  in to  th e ir co rresp o n d in g  

3D  w o rld  coo rd ina tes . C alib ra tion  o f  the  scan n er consis ts  o f  co m p u tin g  th e  co effic ien t 

o f  th is  m a trix  b y  show ing  to  th e  system  a  set o f  lines  g en era ted  b y  su itab le  o b je c t edges. 

W e e n d  th is  p a p e r  b y  show ing  h o w  the  m atrix  can  be u sed  to  co n v ert im ag e  p ix e l lo ca 

tions in to  th e  w o rld  co o rd in a tes  o f  the co rresp o n d in g  o b jec t p o in ts  u s in g  tw o  d iffe ren t 

scan n in g  stra teg ies.

L I .  I n t r o d u c t io n

S tru c tm ed  lig h t scan n in g  is a ru g g ed  app roach  to  ran g e  m ap p in g  a  scene  fo r 3D  

ro b o t v is ion . In  o rd e r to  take  fu ll ad van tage  o f  th e  flex ib ility  fo r  v iew p o in t selec tion  

m ad e  p o ssib le  b y  a s ix -deg ree-o f-freedom  ro b o t, w e  use a p o rtab le  s tru c tu red  lig h t un it 

th a t can  b e  p ic k ed  up  b y  the  ro b o t w hen  it w an ts  to  g a th er 3D  v is io n  d a ta  (F ig . 1.1). 

W ith in  th e  co n stra in ts  im p o sed  by  m an ip u la to r k inem atics , th e  u n it can  then  b e  o rien ted  

in  any  d irec tio n  d eem ed  d esirab le  by  the  ro b o t fo r  the  ta sk  a t hand , a n d  scan n ed  e ith e r 

in  a  tran s la tio n a l o r  a  ro ta tio n a l m ode  fo r da ta  co llection .

A  stru c tu red  lig h t u n it co n sis ts  b asica lly  o f  a  lig h t p ro je c to r and  a  cam era . T h e  

lig h t p ro je c to r th row s a  p lan e  o f  lig h t in  the  d irec tio n  o f  the  scene. T h e  in te rsec tio n  o f  

th is p lan e  w ith  an o b jec t c rea tes  a  stripe  o f  illu m in a ted  po in ts  on  th e  o b jec t su rface , the  

s tripe  b e in g  re c o rd ed  in  the  cam era  im age  p lane. I f  the  u n it is  p ro p e rly  calib rated ,’ the  

w o rld  co o rd in a tes  o f  th e  illu m in a ted  p o in ts  can  b e  ca lcu la ted  b y  u s in g  triangu la tion  fo r

m ulas, as  has  b een  d one  b y  A g in  [Ag -8 2 ] .  A g in  used  a 4 x 3  co llin ea tio n  m a trix  to  w rite  

do w n  a  geo m etric  re la tio n sh ip  b e tw een  the  illu m in a ted  p ix e l co o rd in a tes  and  th e  w o rld  

co o rd in a tes  o f  th e  co rresp o n d in g  o b jec t po in ts . T he  coeffic ien ts  o f  th is  m a trix  are  ex p li

c it fu n c tio n s  o f  th e  cam era  an d  p ro jec to r param eters . C alib ra tion  o f  the  sy stem  im p lies  

d e te rm in a tio n  o f  the  coeffic ien ts  o f  th is  m atrix , w h ich  req u ire s  tha t th e  cam era  an d  the 

p ro je c to r p a ram ete rs  be p rec ise ly  k n o w n  -  these  pa ram ete rs  b e in g  p o s itio n s  and  o rien 

ta tio n s  o f  the cam era  and  the  p ro jec to r, an d  the in te rna l m agn ifica tions o f  the  cam era



p r o j e c t o r

camera

cradle for'
the 3-D 
vision scanner

F ig u re  1.1 R o b o t e n g ag ed  in  scan n in g  a  scene  w ith  a d e tach ab le  s tru c tu red -lig h t 

scanner.



len s  system . B ecau se  o f  the  ex p lic it depen d en ce  o f  the  m atrix  coeffic ien ts  o n  such 

param eter? , A g a in  h ad  to  first ca lib ra te  the  ro b o t jo in ts  so  th a t the req u ired  po sitio n s  

co u ld  p in n e d  d o w n  p rec ise ly , and  th en  h e  h ad  to  in d iv id u a lly  ca lib ra te  th e  c am era  aim , 

cam era  sca le  a n d  the  p ro jec to r aim .

In  th is  rep o rt, w e  lo o k  a t the  ca lib ra tion  p ro b lem  fro m  a d iffe ren t p o in t Of v iew . 

T he  basic  ^ o a l o f  s truc tu red -ligh t ca lib ra tio n  is  to  find  a  fo rm u la  th a t co n v erts  th e  2-D  

co o rd in a tes  o f  a  re co rd ed  p ix e l in  the  im ag e  p lan e  to  the  w orld  co o rd in a tes  o f  the  

co rresp o n d in g  o b jec t po in t. O u r p o sitio n  is tha t i t  shou ld  b e  p o ss ib le  to  o b ta in  th is  re la 

tionsh ip  fo r  a  s tru c tu red  lig h t sy stem  w ith o u t h av ing  to  w o rry  ab o u t such  lo w -lev e l 

de ta ils  as th e  p rec ise  lo ca tio n s  and  a im ing  v ecto rs  fo r the  cam era  and  th e  p ro jec to r. 

H ow ever, w e  d o  n o t be lieve  th a t it  is  p o ssib le  to  d o  aw ay  w ith  th e  req u irem en t th a t the  

ro b o t i ts e lf  be  m ech an ica lly  ca lib ra ted  befo re  it c an  be u sed  in  co n ju n c tio n  w ith  a  s tru c 

tu red  lig h t system . In  fac t, th e  accu racy  o f  the  m ethods to  be  p ro p o sed  in  th is  re p o rt w ill 

b e  n o  b e tte r than  the  abso lu te  accu racy  o f  the  robo t.

N o te  th a t th e  p ro b le m  o f  d e riv in g  fo rm u las  th a t take  u s  fro m  3-D  w o rld  co o rd i

na tes  to  2 -D  im ag e  co o rd in a tes  and  v ice  v e rsa  a lso  a rises  in  s tra ig h tfo rw ard  cam era  

im ag ing . A s is  w ell k n o w n  [D & H -7 3 ] ,  it  is p o ssib le  to  w rite  d o w n  a  3x4  h o m o g en eo u s  

tran sfo rm atio n  m a trix  th a t fo r a  g iven  o b jec t p o in t y ie ld s  u n iq u e ly  its  co rresp o n d in g  

im ag e  p o in t; bu t, i f  w e d esire  a  tran sfo rm atio n  in  th e  rev e rse  d irec tio n , v iz , fro m  the  

im ag e  to  th e  w orld , it  is  on ly  p o ssib le  to  ca lcu la te  the  d irec tio n  to  th e  o b jec t p o in t -  

and  n o t its  loca tion  — by  using  a sim ila r m atrix .

In  S ec tio n  2 , w e  w ill show  th a t fo r  the  case  o f  s truc tu red  lig h t im ag in g  i f  w e app ly  

th e  th eo ry  o f  p ro jec tiv ity  to  re la te  the  p o in ts  in  the lig h t p lan e  w ith  the  co rresp o n d in g  

p o in ts  in  th e  im ag e  p lan e , it is  in d eed  p o ssib le  to  derive  a  4x 3 h o m o g en eo u s  tran sfo r

m atio n  m atrix  th a t is  reversib le . T his im p lies  th a t f o r  each  o b jec t p o in t o f  a prio ri 

k n o w n  lo catio n , w e can  u n ique ly  de term ine  its  cam era  im age p la n e  co o rd in a tes; and  fo r

each  im ag e  p o in t w e  can  u n iq u e ly  de te rm in e  th e  w orld  co o rd in a tes  o f  th e  co rre sp o n d 

in g  o b jec t po in t.

A s w e  w ill show , th e  transfo rm ation  m atrix  d e riv ed  fro m  the  p ro jec tiv ity  th eo ry  

m ak es u n n ecessa ry  the  p rec ise  ca lcu la tions o f  the  locations o f  th e  c am era  and  the  p ro 

je c to r  an d  th e ir  a im in g  angles. T herefo re , it  is n o  lo n g e r c ritica l th a t th e  ro b o t jo in ts  be

ca lib ra ted  p rec ise ly , a t le as t fro m  the  standpo in t o f  en h an c in g  th e  accu racy  o f  ran g e  
m app ing .

W e w ill a lso  show  th a t a lthough  fro m  a p u re ly  theo re tica l s tan d p o in t o n ly  fo u r 

o b jec t p o in ts  a t k now n  lo catio n s are  req u ired  fo r calib ra tion  -  m ean in g  the  com p u ta tio n  

o f  the  e lem en ts  o f  th e  tran sfo rm atio n  m atrix  -  the  p rac tica l d ifficu lty  co n sis tin g  o f

chen/kak



k n o w in g  w h ere  ex ac tly  th e  o b jec t p o in ts  are  lo ca ted  has c au se d  u s  to  seek  o th e r 

ap p ro ach es. W e  w ill d esc rib e  o u r p ro ced u re  w h ich  co n sis ts  o f  show ing  to  th e  ro b o t at 

le as t s ix  lin e s  g en era ted  by  su itab le  o b je c t ed g es in  th e  scene. In  th is  p ro ced u re , it  is  n o t 

n ecessa ry  to  k n o w  th e  ex ac t lo ca tio n s  o f  th e  b eg in n in g s  an d  th e  en d s  o f  th e  lin es , as 

lo n g  as th e ir  re la tiv e  separa tions are know n . S ec tion  3 p re sen ts  a  p ro ced u re  fo r co m 

p u tin g  th e  o p tim u m  v a lu es  o f  th e  ca lib ra tio n  m a trix  w hen  m o re  th an  six  lin es  are  show n  

to  th e  ro b o t.

O nce  a  s tru c tu red  lig h t sy stem  is  ca lib ra ted , th e  p ro cess  o f  scan n in g  fo r  th e  p u r

p o se  o f  ra n g e  m ap p in g  a  scene can  tak e  v a rio u s  fo rm s. W e  w ill ta lk  ab o u t tw o  

m ethods: ro ta tio n a l scan n in g  a n d  lin e a r scanning . In  S ec tio n  4 , w e  w il l  fo rm u la te  co o r

d in a te  tran sfo rm a tio n s  fo r  b o th  m ethods.

F in a lly , in  S ec tio n  5 , w e  w ill show  som e ca lib ra tio n  re su lts  an d  co m p are  o u r tech 

n iq u e  w ith  th e  tw o -p lan e  ca lib ra tio n  m ethod .
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1,2* P r o j e c t iv e  G e o m e t r y

F irst, w e  w ill define  th e  n o ta tio n  u sed  in  th is  repo rt.

X v U; p , M - ' -
A n  ita lic  u p p e r case  le tte r  re fe rs  to  a  p o in t w h ich  m ay  b e  o n  a line , o n  a  p lan e , o r 

in  3D  space . U sua lly , X,  Y,  Z  are  p o in ts  in  space , and  U, V  are  p o in ts  in  the

im a g e  p lane .

• * * - . :
A n  ita lic  u p p e r case  le tte r  w ith  a  su b sc rip t a lso  re fe rs  to  a  p o in t, b u t m  th is  case

th e  h o m o g en eo u s  co o rd in a tes  o f  th e  p o in t are  a lso  specified . T h e  subscrip t

d en o tes  th e  co o rd in a te  fram e  in  w h ich  th e  p o in t is defined .

X b,X s , ‘ * • '" v  .
B p ld  ita lic  u p p e r case  le tte rs  w ith  subscrip ts  are u sed  to  d en o te  th e  re g u la r  co o rd i

n a tes  o f  a  po in t. 

r, s , t,
A  b o l d  i t a l i c  l o w e r  c a s e  l e t t e r  i s  u s e d  t o  d e n o t e  a  l i n e  o r  a  p la n e .

P is , F b , ’ "  . . \
L e tte r  F  w ith  a  su b sc rip t is  u sed  fo r  rep resen tin g  a  c o o rd in a te  fram e. T h e  su b 

scrip t 2  specifies a tw o  d im en sio n al co o rd in a te  fram e.

Tcb’ • ’ ‘
L e tte r  T  w ith  a  su b sc rip t rep resen ts  a tran sfo rm atio n  fro m  o n e  co o rd in a te  sy stem  

to  an o th er. T h e  first le tte r  o f  the  su b sc rip t d en o tes  th e  o rig in a l co o rd in a tes  system ,



w h ile  th e  seco n d  le tte r  d en o tes  th e  destin a tio n  co o rd in a te  system ,

1 -2 .1 . O n e  D im e n s io n a l  P r o j e c t iv i t y
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O n a  p lan e , g iv en  a cen te r o f  p ro jec tio n  P  an d  a n y  tw o  lines  * an d  r  n o t p ass in g  

th ro u g h  P ,  as show n  in  F ig . 1.2, a  on e-d im en sio n a l p ro jec tiv ity  is  defined  as fo llow s: 

U t X b e  a  p o in t on  Hne s, its  p ro jec tiv e  im ag e  X ' on  lin e  r  is  th e  in te rsec tio n  o f  lin e  P X

w ith  r. L e t A ,B , C ,D  be  any  fo u r  d is tin c t p o in ts  on  line  s, th e  cross ratio  o f  A B  w ith  

re sp ec t to  C, D  is

L e t o n  lin e  r  be , resp ec tiv e ly , th e  im ag e  p o in ts  o f  A , B , C, D  u n d e r the

p ro jec tiv ity  show n. A n  im p o rtan t p ro p erty  th a t fo llow s fro m  p ro jec tiv ity  is  th e  in v ari

ance  o f  th e  c ross-ra tio . T h is in v a rian ce  can  be ex p ressed  as

( A , 5 ; C , D )  =  ( A D' )  ( u _a)

o r

A C  B D  _ A ' C '  B ,D '

B C  A D  T  B 'C ' A 7D 7 ( L L b )

W ith  th is  re la tio n  e s tab lish ed  b e tw een  s  and  r ,  w e  can  find  the  im ag e  p o in t X '  o f  X  

u n d e r th is  p ro je c tiv ity  b y  su bstitu ting  X  fo r  D , and  X '  fo r  D

(A ,f l ;C ,X )  =  ( A ',5 ';C ',X 0  (1.2)

It^ is  o b v io u s  th a t th e  tw o  co rresp o n d in g  sets o f  trip le ts , {A, B , C )  and  

{A , B  , C  }, co m p le te ly  d esc rib e  the  p ro jec tiv ity  on  s  and  r  fro m  th e  p ro jec tio n  c en te r  

P. ■ O n e  m ay  ra ise  th e  fo llo w in g  q uestions a t th is  p o in t: C an  w e a lw ay s  find  a  p ro jec 

tiv ity  o n  a  p la n e  w h ich  co n v erts  a  se t o f  p o in ts  o n  o ne  line  to  a  set o f  p o in ts  on  an o th er 

Im e ? Is  th is  p ro jec tiv ity  un iq u e?  A nsw ers to  these  questions, w h ich  are  c ru c ia l to  the  

m a in  them e o f  th is  p ap er, are p ro v id ed  b y  the  fo llo w in g  th eo rem  [Ay —67]:

T h e F u n d a m e n ta iT h e o re m o f O m  D im ensional P rojectiv ity  

G iv en  th ree  d is tin c t p o in ts  o n  a lin e  an d  an o th er th ree  p o in ts  on  a  second  line, 

th e re  is o ne  an d  o n ly  o n e  p ro jec tiv ity  w h ich  carries  th e  first th ree  p o in ts  re sp ec 

tiv e ly  in to  th e  seco n d  th ree  po in ts .

T o  illu s tra te  th e  theo rem , w e first loca te  th ree  p o in ts  A, B , C  a t a rb itra ry  p laces  o n  a 

Im e s  and  an o th e r th ree  p o in ts  A ',  B \ C '  on  a l i n e r  (F ig  1.3-a). F o r  find ing  th e  un ique  

p ro jec tiv ity , w e  w ill fix the  lin e  s  in  the  p lan e  and  m ove aro u n d  th e  lin e  r  on  th e  p lan e
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F ig u re  1.2.

O n e  d im en sio n a l p ro jec tiv ity  is  illu s tra ted  here .
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A  B c
Tl - ■ ■

F igu re  1.3.

a) T h ree  p o in ts  defined  o n  each  o f  the  tw o  lines  th a t w ill be  u sed  fo r  d em o n stra t

in g  p ro jec tiv ity . b) I f  w e  fix lin e  s o f  (a) and  m ove a ro u n d  lin e  r  show n there , 

th ere  Will ex is t o n ly  o ne  p ro jec tiv ity  fo r w h ic h  A A ', B B '  an d  C C ' w ill m e e t a t a 

po in t.
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u n til th e  th ree  lin e s  A A ', B B ', C C  m e e t a t o ne  p o in t (F ig  1 .3 - b ) ;  th is  co m m o n  p o in t o f  

in te rsec tio n  is  the  p ro jec tio n  cen te r o f  th e  p ro jec tiv ity . A  m o re  d ifficu lt case  is  show n  

in  F ig . 1 .4 -a y  in  w h ich  th e  co rresp o n d in g  p o in ts  o n  lin es  s  an d  r  a re  o rd e red  d ifferen tly .

The p ro je c tiv ity  fo r  th is  case  is  show n  in  F ig u re  1.4 -b .

F o r rep re sen tin g  a  p o in t o n  a  line , w e  n e ed  to  define  a  co o rd in a te  sy stem  to  

ex p ress  its  p o s itio n  o n  th e  line . T he  fam ilia r co o rd in a te  sy stem  o n  a  lin e  is e s tab lish ed  

b y  se lec tin g  o n  th e  lin e  a  p o in t O  fro m  w h ich  all m easu rem en ts  a long  the  lin e  are  m ade, 

a  u n it o f  m easu re , and  a  sense  o f  d irec tio n , E ssen tia lly , th is  co n sis ts  o f  se lec ting  a  p o in t 

O i c a lled  th e  o rig in , and  U, c a lled  th e  u n it p o in t; to  th e se  tw o  p o in ts  w e  assign  th e  co o r

d in a te  v a lu es  0  and  I re sp ec tiv e ly . T h e  co o rd in a te  x  o f  a  p o in t X  o n  th e  lin e  is  th en  the  

d irec ted  d is tan ce  o f  X  from  0 .  I f  o n  th e  o th e r han d , a h o m o g en eo u s  co o rd in a te  system  

is  d esired , th a t can  b e  d o n e  b y  ass ig n in g  co o rd in a tes  (0 , 1) to  0 ,  ( 1, 1) to  U, and  ( x i ,  * 2) 

to  any  p o i n t X  such  th a tx  1 I x 2 =x. I t  is  ob v io u s th a t a p o in t  do es  n o t h av e  a  un iq u e  

rep re sen ta tio n  in  a  h o m o g en eo u s  coo rd in a te  system .

L e t’s say  th a t w e  h av e  c h o sen  an  o rig in  O  an d  a  u n it p o in t U  to  define  a  co o rd in a te  

sy stem  fo r  a l i n e  s  A lso , le t O '  and  U ' define  a  co o rd in a te  sy stem  fo r  an o th e r lin e  r. 

W e d o  n o t req u ire  th a t th e  u n it len g th  O U  o n  lin e  s  b e  e q u a l to  th e  u n it leng th  C U '  on  

lin e  r . W e  a lso  d o  n o t req u ire  th a t th e  p o in ts  O ' and  U ' b e  th e  im ag es  o f  th e  p o in ts  O  

and  U  u n d e r  any  p ro jec tiv ity . In  fac t, eq u atio n  (1 .2) is  in d ep en d en t o f  th e  co o rd ina te  

sy s tem s d e fin ed  o n  e ith e r lin es  in  th e  p ro jec tiv ity ; th is  is  a co n seq u en ce  o f  th e  fo llow ing  

th eo rem  th a t w e  p re sen t w ith o u t p roo f:

te rn  e s tab lish ed  o n  th e  line .

G iv en  a  p o in t x  on , say , th e  lin e  s, i t  is  a  s im ple  m a tte r to  d eriv e  a  fo rm u la  fo r  the  

c o rre sp o n d in g  p o in t on  lin e  r .  W ith  re sp ec t to  the  co o rd in a te  System  o n  line  s , le t the  

p o in ts  A, B , C, X  have  co o rd in a tes  a, b, c, x  re sp ec tiv e ly . S im ila rly  on  lin e  r ,  le t the  

p o in ts  A ',  B ',  C ', X '  have  co o rd in a tes  a ', b ',  c ' , x '  re sp ec tiv e ly . T h en  eq u a tio n  (1 .2) 

can  b e  rew ritten  as:

, (a ' - c ') 0

= a m l W ^ = p , w e

(1.3)
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A  B C
s

B ’
C ’ A ’
rr—- - -- - -- - -- - -- - -- - -- - -- - -- - -- - - - -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- - — — —  r

(a)

F ig u re  1.4.

a) A n  ex am p le  s im ila r to  th a t o f  F igu re  3 a  ex cep t th a t the  o rd e r o f  th e  th ree  po in ts  

o n  lin e  r  is o p p o site  to  the  o rd e r on  lin e  s. b) T he  u n iq u e  p ro jec tiv ity  tha t 

co rresp o n d s  to  the  case  show n  in  (a).
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f l u  X + « i 2  
x  =  -—---------------

- a 2 \ X  +  a 22

w h ere  a n = a a ' ~  $ b ', a 12 = a b '$  - a 'b a ,  a 21 = a - $ , a 2 2 = a $ - b a .  In  te rm s o f  

h o m o g en eo u s  co o rd in a tes , w e  have, by  s e t t in g s  = X 1 / x 2, a n d  jc =x  \ I x  2,

X f1 O11X 1 +(Iy2X 2 
--- — ------------—--- -
x '2 a 21x 1 + a 22x 2

p x \  = a  IiX  i +  « 12*2 

p x '2 = O 21X 1 + a 22x 2
, p*0

In  m a trix  fo rm , w e  h av e

d i i  a  12 

« 2 1  « 2 2

X i

X 2
(1.4)

N o te  th a t th e  ex is ten ce  o f  th e  free  v a riab le  p . S ince  a  p o in t in  h o m o g en eo u s  co o rd i

n a tes  do es  n o t h av e  a  u n iq u e  ex p ressio n , th a t is , x  = X 1 / X 2 = p x i / p x 2> W ith  th e  he lp  

o f  th is  free  v a riab le , w e  are  en su red  th a t reg a rd less  o f  th e  h o m o g en eo u s  coo rd ina tes  

ch o sen , th e  ab o v e  ex p ress io n  fo r  th e  p ro jec tiv ity  so lu tio n  w ill a lw ay s satisfy  eq uation  

(1 .4). A lso  n o te  th a t th e  ro le s  o f  X  and  X '  a re  ex changeab le . W e  co u ld  c o n sid e r X  as 

th e  im a g e  o f  X ',  an d  w e  w ill g e t th e  sam e fo rm  o f  m a trix  eq u a tio n  as (1 .3).

1 .2 .2 . T w o D im e n s io n a lP ro je c t iv i ty

W e  c an  e s tab lish  a  fo rm alism  fo r  tw o  d im en sio n a l p ro jec tiv ity  in  3D  space  th a t is  

s im ila r tp  th e  o n e  d im en sio n a l p ro jec tiv ity  in  a  p lane . L e t s  and  r  b e  tw o  p lan es  in  

space  an d  le t th e re  b e  a  p o in t P , w h ich  is  n e ith e r o n  s  n o r o n  r ,  to  b e  u sed  as the  cen te r 

o f  p ro jec tio n  (F ig . 1.5), F o r each  p o in t X  o n  j ,  its  im ag e  p o in t X '  o n  r  is  th e  in te rsec 

tio n  o f  lin e  P X  w ith  p lan e  r .  I t is o b v io u s  th a t th e  in v arian ce  o f  th e  c ro ss-ra tio  is  still 

v a lid  fo r  any  fo u r co llin ear p o in ts  o n  s  and  th e ir im ag es p o in t o n  r .  A lso , fo r  any  col- 

lin ea r p o in ts  o n  s, th e ir im ag e  p o in ts  a re  a lso  co llinear. E x ten d in g  th e  fu n d am en ta l 

th eo rem  o f  o n e  d im en sio n a l p ro jec tiv ity , w e  have:

The F undam ental Theorem  o f  Two D im ensional P rojectiv ity

G iv en  fo u r  d is tin c t n o n -co llin ea r p o in ts  o n  a  p lan e  an d  a n o th e r fo u r  d is tin c t non- 

C O ll in e a r  p o in ts  o n  th e  o th e r p lan e , there  is  o ne  an d  o n ly  o ne  p ro jec tiv ity  w h ich  

c a rrie s  th e  first fo u r p o in ts  re sp ec tiv e ly  in to  th e  second  fo u r  po in ts .
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\  \ T J

F ig u re  1.5.

E lem en ts  o f  tw o  d im en sio n a l p ro jec tiv ity .
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A  h o m o g en eo u s  co o rd in a te  sy stem  can  a lso  b e  e s tab lish ed  o n  a  p la n e  b y  a  sim ple  

ex ten sio n  o f  w h a t w as  d o n e  fo r  lin e  p ro jec tiv ity . S uppose  w e  ch o o se  a  p o in t (0, 0 , I )  

as th e  o rig in  in  a  p lan e  and  use  tw o  o rth o g o n a l u n it p o in ts , ( I ,  0 , I )  an d  (0 , I ,  I ) , to  lay  

o u t a  co o rd in a te  fram e  in  th e  p lane . T h e  h o m o g en eo u s  co o rd in a tes  o f  any  p o in t in  the  

p la n e  a re  g iv en  b y  (x i  X2 x s )  w ith  x 3 *  0; ( x i / x 3, X 2Ix 2,) a re  th e  re g u la r  co o rd in a tes  o f  

th e  p o in t. A n a lo g o u s  to  the  d e riv a tio n  o f  eq u a tio n  (1 .4), w e  can  g e t a  3x3  co n v ersio n  

m a trix  w h ic h  co n v erts  a  p o in t X  o n  p lan e  s  to  its  im ag e  p o in t X  o n  p la n e  r ,  b o th  p o in ts  

b e in g  e x p re ssed  u s in g  h o m o g en eo u s  coo rd ina tes:

x ' l a  11 #12 f l l3 X i

x '2 = 021 022 023 ♦ ‘ ' X 2

x 's 021 022 033 Xs

I t is  easy  to  v e rify  th a t th is  eq u a tio n  p re se rv es  co llin earity  and  in v a rian ce  o f  th e  cross- 

ra tio  A g a in , i f  w e  sw itch  th e  ro le s  o f  X  and  X ',  th e  above  generic  eq u atio n  is  s till va lid ,

i.e .,

■ ' ' " VV:'; . • X i «11 «12 «13 x ' i

p X 2 = «21 «22 «23 * x '2

v;
*3 «21 «22 «33

I--
-- H

(1 .5)

A  s tm c tu re d  lig h t scan n er can  b e  m o d e led  b y  u s in g  2D  p ro jec tiv ity  a s  fo llow s. W e 

u se  th e  cam era -fo cu s  as th e  c en te r o f  p ro jec tio n  P y an d  U eat th e  lig h t s tripe  p lan e  as 

p lan e  s  and  th e  cam era  im ag e  p lan e  as p lan e  r .  [T his m o d e l is  o n ly  v a lid  u n d e r th e  c o n 

d itio n  th a t i t  b e  p o ss ib le  to  u se  th e  p in -h o le  m o d e l fo r  th e  c am era  (F ig . 1.6).] A lthough  

th e  c o o rd in a te  sy stem  o n  th e  im ag e  p lane  can  b e  a rb iu a ry , a c o n v en ien t defin ition  c o n 

sists o f  u s in g  th e  ro w  in d ex  u and  co lu m n  in d ex  y o f  th e  d ig itized  im ag e  as its  tw o  co o r

d ina tes, a n d  ch o o sin g  th e  c en te r o f  im ag e  p lan e  as th e  orig in . W e  w ill d en o te  th is  co o r

d in a te  fram e  o n  th e  im age  p lan e  by  F  2c. A  p o in t U  in  th e  im ag e  p la n e  then  has co o rd i

n a tes  (u , v )  o r, in  a  hom o g en eo u s co o rd in a tes  system , (u, v, I )  w ith  re sp ec t I o F 2c.

W e  a lso  n e ed  to  define  a co o rd in a te  sy stem  on  th e  lig h t s tripe  p lane . B y  v irtu e  o f  

th e  p rev io u s  th eo rem , w h ich  says th a t th e  c ross-ra tio s  are  in d ep en d en t o f  th e  ch o ice  o f  

th e  co o rd in a tes  system , w e  have  co n sid e rab le  la titude  in  h ow  w e g o  abou t setting  up  

th is  co o rd in a te  fram e, W e th e re fo re  ch o o se  o ne  th a t can  b e  e as ily  re la ted  to  th e  th ree  

d im en sio n a l b a se  coo rd in a te  fram e  F b fo r  the  robo t. W e w ill u se  x , y ,z  to  rep re sen t the  

th ree  o rth o g o n a l axes in  F b. T h en  a  p o in t X b d efined  in  th e  fram e  F b w ill have  h o m o 

g en eo u s  co o rd in a tes  w  (x, y ,  z, I )  =  (wx, wy, wz, w ). I m a g in e a t t a n s la t io n a n d a r o ta -  

tion  th a t b rin g s  F b to  a  coo rd in a te  fram e  F s w h o se  cen te r is  o n  th e  p lan e  s  and  w h o se  xy 

p la n e  is a lig n ed  w ith  the  p lan e  s. S ince  F s is  defined  w ith  re sp ec t to  th e  base



F ig u re  1.6 . T h is  figu re  show s th a t th e  s truc tu red  lig h t im ag in g  p ro c e ss  can  be fit p re 

c ise ly  in to  2-D  p ro jec tiv ity . W e can  c o n sid e r th e  lig h t s tripe  p la n e  as 
p la n e  s  and  the  cam era  im ag e  p lan e  as p lan e  r  in  d raw in g  co rresp o n d en ce  

w ith  F ig u re  5. T h e  cam era  focus c en te r  becom es th e  c e n te r  o f  p ro jec tio n .
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co o rd in a te  fram e  F b, F s co n ta in s  a ll th e  in fo rm atio n  reg a rd in g  th e  tran s la tio n  and  ro ta 

tion . In h e ritin g  th e  co o rd in a te  sy stem  defin ed  o n  th e  xy  p lan e  o f  th e  fram e  F s , w e  can  

define  a  tw o  d im en sio n a l co o rd in a te  fram e  F  2s o n  the  p lan e  s. S u p p o se  a  p o in t X  on  

p la n e  s  is  a ss ig n e d  h o m o g en eo u s  co o rd in a tes  ( x Ii X 2 , X3) w ith  re sp ec t to  F 2s, w h ere  

Jc3 0 . W ith  re sp e c t to  th e  fram e  F s, w h ich  is  th ree  d im en sio n a l, th e  ho m o g en eo u s  

co o rd in a tes  o f  th e  sam e p o in t a re  U i t X i  0 , jc3 ). T h e  co n v ersio n  o f  X  from  its two 
d im en sio n a l h o m o g en eo u s  co o rd in a tes  in  F 2s to  its  th ree  d im en s io n a l h o m o g en eo u s  

co o rd in a tes  in  F s c an  then  b e  w ritten  as
-

*2

0

*3

1 0  0  

0  I 0 

0  0  0 

0 0  I

JCi 

x  2 

X 3

( 1 . 6 )

N o w  Ie tX s b e  th e  h o m o g en eo u s  co o rd in a tes  o f  X  w ith  re sp ec t to  th e  fram e F s . W e  can  

co n v ert Xs to  th e  h o m o g en eo u s  co o rd in a tes  rep re sen ta tio n  X b w ith  re sp ec t to  th e  base  

fram e  F b b y  m u ltip ly in g  X s w ith  F s , th a t is

X b = F s - X s (1 *7)

H ere  F s is  a  4 x 4  m atrix .

S u b s titu tin g  (u ,v , I )  fo r  ( x \ , x ' x ' 3) in  eq u a tio n  (1 .5) an d  co m b in in g  equations 

( 1.6) an d  (1 .7 ), w e  g e t a 4 x 3  co n v ersio n  m a trix  T cb th a t co n v erts  a  p o in t U  in  cam era  

im ag e  p la n e  to  a  lig h t stripe p o in t X bT n  th e  ro b o t b ase  coo rd in a te  fram e.

X b = T c b - U

o r

t i l  * 1 2  * 13

* 2 1  * 2 2  * 2 3

U

V

* 3 1  * 3 2  * 3 3
X

* 4 1  * 4 2  * 4 3

( 1 , 8 )

N ote  th a t w e  u se  su b sc rip t b  to  den o te  th a t X b is  in  h o m o g en eo u s  co o rd in a tes  w ith  

re sp ec t to  th e  b ase  coo rd in a te  fram e  F fc. A gain , w e  u se  th e  free  v a riab le  p  to  accoun t 

fo r  th e  n o n -u n iq u en ess  o f  h o m o g en eo u s  co o rd in a te  exp ressions.

1 .3 .  S o l v i n g  f o r  t h e  C o n v e r e io n  M a t r i x

W e  h av e  sh o w n  th a t eq. (1 .5 ) cap tu res  the g en era l e ssence  o f  tw o  d im en sio n a l p ro - 

je c tiv ity . F o r  o u r  p a rticu la r case  o f  tran sfo rm atio n s b e tw een  th e  cam era  im ag e  p lan e  

an d  th e  lig h t p lan e , th e  re la tio n sh ip  rep re sen ted  b y  eq. ( 1.8) is  h o w e v e r m o re  su itab le.
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nsQ iM ously^  th e  co n v ersio n  m atrix  Tcb in  eq. (1 .8) d epends upon  b o th  the  positio : 

^nd  th e  o rien ta tio n s  o f  th e  cam era  and  the  lig h t p lane  p ro jec to r. T h e  p u rp o se  o f  ca lib ra  

fton is  to  find  th is  m a trix  w ith o u t reco u rse  to  ac tua lly  m e asu rin g  th ese  p o s itio n s  and  

o rien ta tions. N o te  th a t becau se  o f  the free  v ariab le  p  in  eq u a tio n  (1.8), w e  can  set /43 in

Tcb eq u a l to  I an d  th e  equation  still ho lds. O u r ca lib ra tio n  is  to  d e te rm in e  th e  e lev en  

u nknow n  coeffic ien ts  in  Tcb.

W e ca rry  p u t o u r ca lib ra tio n  by finding  the 2-D  p ro jec tiv ity  th a t ex ists  b e tw een  the 

era  im ag e  p la n e  and  the  lig h t p lane . B y  the  fun d am en ta l th eo rem  p re sen ted  in  Sec- 

tion  2 .2 , w e  can  find  th is  p ro jec tiv ity —  in  p rin c ip le  a t leas t -  by  u s in g  fo u r  co p lan a r b u t
non-col Ii near nrnnte in th e *  IirrVii- __..._____ . .1 • . ; .

—  — py usm-g.iQur;qopi.anar,Dut ■

n o n -co llin ea r p o in ts  in  th e  lig h t p lan e  and  th e ir co rresp o n d in g  p o in ts  in  the im age

p lane . B y  ch o o sin g  fo u r illu m in a ted  o b jec t po in ts  as ca lib ra tio n  p o in ts , a ssu m in g  tha t 

th e ir 3 -D  co o rd in a tes  and  th e ir coo resp o n d in g  im age  co o rd in a tes  can  b e  m easu red  

co rrectly , w e  shou ld  be ab le  to  so lve  fo r  th e  m a trix  Tcb. W e  w ill n o w  sh o w  h ow  one

P ' _

X
T i

y — T i

z
, .■

n

1 T 4

an d  e lim in a tin g  th e  free  v a riab le  p , w e have  

X = T 1 V  /  T 4 V  

y  = T 2 V  I T 4 V  

Z = T 3 V  /  T 4 V  

o r eq u iv alen tly ,

T 1 V - X T 4 V  = O 

T 2 V  - y  T 4 V  = O 

T 3 V - Z T 4 V  = O

(1 .9)

( 1. 10)

T h u s each  ca lib ra tio n  p o in t p ro d u ces  a  set o f  th ree  lin ea r eq u a tio n s  in  te rm s o f  the  

e lev en  coeffic ien ts  o f  Tcb. F o u r ca lib ra tio n  p o in ts  w o u ld  th e re fo re  le ad  to  a set o f  

tw elve  eq u a tio n s  fo r  th e  e lev en  unknow ns. T h is n u m b er is  o n e  m o re  than  w h a t w e 

need . S ince  w e  co u ld  p ic k  any  e leven  equations o u t o f  the  tw elve  and  g e t a  so lu tion  fo r 

Tcb, w e  co u ld  o s ten s ib ly  g e t d iffe ren t Tcfc5S dep en d in g  on the  ch o ice  o f  th e  e lev en  eq u a 

tions; th is  w ou ld  ev id en tly  be in  con trad ic tion  to  the un iqueness im p lied  b y  the  fu n d a 

m en ta l th eo rem  o f  p ro jec tiv ity . H ow ever, w e shou ld  n o te  th a t th e  fu n d am en ta l theo rem



req u ire s  th e  fo u r  ca lib ra tio n  p o in ts  to  b e  cop lanar. T h ere fo re , th e  tw e lv e  3 -D  co o rd i

n a te  v a lu es  o f  th e  fo u r p o in ts  a re  n o t in d ep en d en t o f  o ne  ano ther, and , in  fac t, th ey  obey  

th e  co n stra in t o f  th e  co -p lan e  equation :

d e t [ X l x l X 3b X 4b ] = 0

T h a t is , Otte o f  th e  tw e lv e  co o rd in a tes  is  d e te rm in ed  by  th e  o th e r e lev en  va lues. S ince  

th e  ab o v e  co -p la n e  co n stra in t is in  fac t im p lic it in  eq u a tio n  ( 1.8), o n e  o f  the  tw elve  

eq u a tio n s  g en era ted  b y  th e  fo u r  ca lib ra tio n  p o in ts  is  red undan t. A s a  con seq u en ce , w e 

can  u se  any  e lev en  eq u a tio n s  an d  a rriv e  a t the  sam e u n ique  so lu tio n  fo r  Tcb.

1 .4 .  A  P r o c e d u r e  f o r  A u t o m a t ic  C a l ib r a t io n

In  p rac tice , u s in g  fo u r Object p o in ts  a t a p rio ri  k n o w n  lo ca tio n s  fo r com p u tin g  

th e  m a trix  T cb is  b e se t w ith  d ifficu lties fo r  th e  fo llo w in g  reasons:

1) T h e re  are  a lw ays som e e rro rs  a sso c ia ted  w ith  th e  m easu rem en t o f  lo ca tio n s o f  the  

fo u r ca lib ra tio n  p o in ts  in  th e  ro b o t b ase  fram e. O n a cco u n t o f  such  e rro rs , th e ir 

cb p lan a rity  c an  n o t b e  co m p le te ly  guaran teed .

2 ) I t is  u n rea lis tic  to  assum e th a t th e  cam era  can  b e  m o d e le d  p e rfe c tly  b y  a  p in -ho le . 

A  p in -h o le  m o d e l is  o f  q u estio n ab le  v a lid ity , e sp ec ia lly  w h en  zo o m  len ses  are  

u sed . W h e n  th e  p in -h o le  app ro x im atio n  b reak s dow n , th e re  m ay  b e  n o  un iq u e  

c e n te r  o f  p ro jec tion .

3) B ecau se  o f  th e  n o n -ze ro  th ick n ess  o f  th e  illu m in a tio n  s tripe  a n d  o th e r d ig itiza tio n  

a sp ec ts  o f  cam era  im ag in g , th ere  w ill a lw ays b e  so m e  n o n -ze ro  e rro r asso c ia ted  

w ith  th e  lo ca tio n  o f  th e  im ag e  p o in t co rresp o n d in g  to  an  o b je c t po in t.

S in ce  f o r  th e se  rea so n s  Tcb c an  n o t b e  fo u n d  ex ac tly , o u r  b e s t h o p e  is  to  e stim ate  it  

b y  m in im iz in g  som e e rro r c rite rio n  in  an  o v e r-d e te rm in ed  sy stem  o f  lin e a r equations. 

In  o th e r  w o rd s , g iven  m o re  th an  4  ca lib ra tio n  po in ts , w e w an t to  find  th e  Tcb w h ich  best 

fits th o se  ca lib ra tio n  po in ts . T he  Tcb th a t b e s t fits eq u a tio n  (1 .10) can  b e  fo u n d  b y  so lv 

in g  a  lin e a r le a s t square  p ro b lem , s im ila r to  th e  so lu tion  o f  cam era  ca lib ra tio n  in  

[ B & B -8 2 ]*

A t th is  p o in t the  read er p ro b ab ly  h as  th e  im p ressio n  tha t, in  o rd e r to  ca lib ra te  a 

s tru c tu red  lig h t system , One m u st first in s ta ll in  the  ro b o t w o rk  a rea  a. se t o f  o b jec t 

p o in ts  a t a  a p rio ri  k n o w n  locations. H o w ever, th a t is  n o t the  case  in  p rac tice . S ince  the 

ro b o t is  p ro g ram m ed  to  m o v e  th e  s tru c tu red -lig h t un it in  d isc re te  steps, i t  is  p o ssib le  

th a t th e  lig h t p lan es  em itted  fro m  any  o f  th e  a llo w ed  p o sitio n s  o f  th e  scan n er w ill n o t

* Alternatively, one can use the squared sum of the error distances of the calibration points in 

world coordinates for the error criterion.
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illu m in a te  the o b jec t p o in ts . O ne w ay  to  ge t a round  th is  d ifficu lty  is to  u se  ex ten d ed  

o b jec ts  in  th e  w o rk  area, th e  ob jec ts  be ing  o f  such  a  sh ap e  th a t a t le a s t fo u r  nQn- 

co llin ea r p o in ts  are  illu m in a ted  by  th e  ligh t p lan e  em itted  from  th e  p ro jec to r. A fte r the  

v is io n  d a ta  is  co llec ted , the  w o rld  co o rd in a tes  o f  these  o b jec t p o in ts  a re  m easu red  by  

m o v in g  to  th e ir  lo ca tio n s  the ro b o t end-effecto r. C learly , th is  m e th o d  w o u ld  o n ly  w o rk  

i f  th e  m ech an ica l ca lib ra tio n  o f  th e  ro b o t is accurate . T h is m e th o d  is  h a rd  to  au tom ate . 

B y  au to m atin g  a  v is ion  ca lib ra tio n  p ro ced u re  w e m ean  th e  fo llow ing : W e w an t to  p lace  

certa in  o b jec ts  a t s tra teg ic  lo ca tio n s in  the  ro b o t w o rk  area; then  by  s im ply  h av in g  the 

ro b o t reco rd  s tru c tu red -lig h t d a ta  on  these  ob jec ts  a t any  tim e  a ca lib ra tio n  i§ desired , i t  

should  be p o ss ib le  fo r  the  asso c ia ted  c o m p u te r to  figure  o u t th e  ca lib ra tio n  param eters .

W e w ill n o w  p ro p o se  a  p ro ced u re  th a t is e as ie r  to  au tom ate . A  fla t trapezo ida l 

o b jec t is  lo c a ted  p e rm an en tly  in  th e  w ork  area. T he o b jec t is  sh ap ed  in  such  a  m an n er 

th a t n o  tw o  ed g es o f  the  top -su rface  are  p a ra lle l to  each  o ther. T h e  en d  co o rd in a tes  o f  

th e  top  ed g es  o f  th ese  o b jec ts  are  k n o w n  to  the robo t; therefo re , o n e  m ig h t say  th a t the  

eq uations th a t define  the  lines  co rresp o n d in g  to these  ed g es a re  know n. C o n sid e r one  

such  line: S in ce  a  lin e  can  be  defined  as the  in te rsec tion  o f  tw o  p lan es , it  is  d esc rib ed  by  

the  fo llo w in g  tw o  eq u a tio n s  co rresp o n d in g  to  the  tw o  p lanes.

J  a \ x + b \ y  + c \ z  = d \

a2x +  b2y +  c ẑ = $2  (1*11)

W h en  th e  scan n er p ro jec ts  a  stripe  in te rsec tin g  th is  ca lib ra tio n  line , it  g enera tes  an  

illu m in a ted  p o in t w h o se  im ag e  coo rd ina tes  are  g iven  by, say , U. W h ile , o f  cou rse , w e 

can  re c o rd  the  im ag e  co o rd in a tes  o f  U, its  w o rld  co o rd in a tes  are  unknow n . In  th e  p ro 

ced u re  b e in g  desc rib ed , w e  h av e  n o  n eed  fo r th e  w o rld  co o rd in a tes  o f  th e  illu m in a ted  

o b jec t p o in t o n  th e  line . B y  substitu ting  th e  r ig h t hand  side o f  eq u a tio n s  (1 .9 ) fo r  the  

x ,y ,z  in  ( 1.11), w e  have

T Q\ T y U  + b \  T 2 ’U  + Ci T y U  =  d i  T ^-U

[ Ci2 T 1-U +  b 2 T 2 ‘U  + C2 T y U  = Ct2 T 4 U

I t sh o w s th a t each  ca lib ra tion  line  is  cap ab le  o f  p ro d u c in g  a  se t o f  tw o  eq uations in  

te rm s o f  th e  11 coeffic ien ts  o f  Tcb. T herefo re , i f  w e use  a t leas t six  ca lib ra tio n  lin es , w e 

w ill h av e  a sy stem  o f  o v er-de te rm ined  lin ea r equation  to  e stim a te  the  co n v ersio n  

m atrix . A s w e  w ill d esc rib e  be low , it  is n o t necessa ry  to  use  six  d iffe ren t ca lib ra tio n  

lines, a lth o u g h  o ne  co u ld  certa in ly  d o  so.

In  o u r  cu rren t im p lem en ta tio n  o f  th is  p ro ced u re , w e use  o n ly  tw o  d is tin c t o b jec t 

edges, w h ich  a re  n o t para lle l, fo r  g enera ting  tw o  ca lib ration  lin es  fro m  any  sing le  

v iew po in t. B y  m o v in g  the  s truc tu red  lig h t u n it to  d iffe ren t he igh ts  ab o v e  the  tab le , w e 

can  re c o rd  th e  im ag e  co o rd in a tes  o f  the sam e tw o  edges fo r  g en era tin g  as m any
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eq u atio n s  as w e  like . W e  w ill now  d esc rib e  a  step -by -step  d esc rip tio n  o f  th e  p ro cedure . 

F irs t n o te  th o u g h  th a t m o u n ted  in  th e  ro b o t w o rk  a rea  is  a  fla t o b jec t w h o se  top  su rface  

is  n o t p a ra lle l to  th e  lig h t p la n e  o f  th e  scanner. A fte r th is  in itia l setup , each  tim e  a  c a li

b ra tion  is  c a rrie d  o u t b y  th e  ro b o t, it  au to m a tica lly  carrie s  o u t th e  fo llo w in g  steps:

I )  T h e  ro b o t m o v es  the  scanner to  an in itia l po sitio n . T h e  co o rd in a te  fram e o f  the  

ro b o t to o l c en te r is  reco rded .

2) T h e  scan n er m ak es p ro jec ts  a  lig h t p la n e  o n to  th e  ca lib ra tio n  b lock . T h is g en 

e ra tes  b h  th e  b lo ck  a  seg m en t o f  the  lig h t s tripe , w h o se  tw o  e n d  p o in ts  m u st lie  on  

th e  tw o  ca lib ra tio n  lines  re spec tive ly .

3) F ro m  th e  d ig itized  im age , reco rd  th e  im ag e  co o rd in a tes  o f  th e  illu m in a ted  p o in ts  

c o rre sp o n d in g  to  the  tw o  ca lib ra tio n  lines. S ubstitu te  th e se  im ag e  co o rd in a tes  fo r  

JJ in  th e  tw o  lin e  equations; th is  g ives u s  fo u r lin ea r equations,

4 ) T o  acq u ire  m o re  ca lib ra tio n  lines, u s e  th e  ro b o t to  m o v e  th e  scan n er b y  (dx ,d y ,d z) 

•'. ^KteH'h’itew '.position  (F ig . 1 .7). 'N o w  th e  lin e  eq u a tio n s  will' b eco m e

U1 T 1- U + b 1 T 1 ' U + C1 T 3-U =

Jd1 -  a \ d x -  b \d y -  c \ d z) T ^ -U  

U 2  T 1-U  +  b 2 T 2‘U  +  c 2- T 3-U  =

( d 2 - u 2dx - b 2dy - c 2dz) T 4 -U

G o  b a c k  to  step  2).

5) M in im ize  ce rta in  e rro r c rite rio n  to  find  th e  b e s t e stim ate  o f  Tcb.

N o te  th a t th e  e stim ated  co n v ersio n  m a trix  is w ith  re sp ec t to  th e  scan n er a t the  in i

t ia l p o s itio n  on ly . W e  w ill rem o v e  th is  co n stra in t in  th e  nex t sec tion .

L 5 .  L i n e a r  a n d  R o t a t io n a l  S c a n n in g  

1 .5 .1 . F o r m u la t i o n

I f  th e  ran g e  m ap  o f  a  scene  is  desired , th e  scene m u st be  scanned  in  som e m an n er 

w ith  th e  s tru c tu red -lig h t un it. L in ea r scann ing  and  ro ta tio n a l scan n in g  are th e  tw o 

schem es u sed  in  o u r  lab. In  lin ea r scanning , th e  o rien ta tio n  o f  th e  scan n er is  fixed , on ly  

its p o s itio n  is  ch an g ed  eq u a lly  b e tw een  successive  lig h t s tripe  p ro jec tio n s , as show n  in  

F ig u re  1.8. In  ro ta tio n a l scann ing , th e  ro b o t ho lds th e  scan n e r a t a  fixed  p o sitio n , b u t 

ro ta te s  th e  scan n er in  equal an g u lar in crem en ts  ab o u t the  ax is  o f  th e  w ris t jo in t. T h e  

m o v em en t o f  th e  scan n er is  specified  by  the  p o sitio n  and  o rien ta tio n  o f  its  end  e ffec to r 

o n  w h ic h  th e  to o l-cen te r is  defined . L e t u s  define  th e  coo rd in a te  fram e  o f  th e  tool- 

cen te r as F t such  th a t th e  z ax is o f  F t a ligns w ith  th e  ax is  o f  th e  ro b o t’s w ris t jo in t. F o r
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c a l ib r a t io n  l in e  I

c a l i b r a t io n  l in e  2

<ru,
I 1

' <U'o

im a g e  p la n e

im a g e  p la n e

F ig u re  1.7. T o  acq u ire  m o re  calib ra tion  lines, the  ro b o t m o v es  the  sca n n e r by  
(dx ,dy ,dz ) to  a new  p o sitio n  and  m akes p ro jec tio n .



R O T A T I O N A L

S C A N

F ig u re  1.8. a ) In  lin e a r  scan n in g  show n here , the  o rien ta tio n  o f  th e  scan n e r is  k e p t 
fix ed  w h ile  th e  scan n er is tra n s la ted  a long  a line , b) In  ro ta tio n a l scan 

n in g , w h ile  h o ld in g  the  scan n e r a t a  fixed  p o s itio n  the  ro b o t ro ta te s  the
sca n n e r in equal an g u lar in c rem en ts  abou t the  ax is  o f  th e  w ris t jo in t.



the  ease  o f  lin e a r scann ing , w e  w ill exp ress  th e  tran sla tio n al m o v em en t fro m  p ro jec tio n

to  p ro jec tio n  b y  D  =  (dx ,dy ,d z). T h is  m ov em en t can  be w ritten  as a  tran sla tio n  

tran sfo rm atio n  m atrix :

/■ c h e h /k ^

I .0 0 .4 .

0 I 0 dy

0  0  I dz

0  0  0  I

S im ilarly , fo r  ro ta tio n a l scanning , i f  the  an g u lar in c rem en t b e tw een  Successive lo ta - 

tiona l p o sitio n s  o f  th e  scan n er is  8 , w e  can  w rite  d ow n  the  fo llo w in g  fo r  a ro ta tio n a l 

tran sfo rm atio n  m atrix

cosS  - s in d  0 0 

„  sinS cosS  0  0
K r  =

0  0  I 0

0  0  0  I

T h e  co n v ersio n  m atrix  Tcb, as ob ta in ed  fro m  th e  ca lib ra tion  p ro cess , is  defined  in  

th e  base  co o rd in a te  fram e  F b w ith  th e  scan n e r a t a  specific  po sitio n . L e t th e  to o l-cen te r 

coo rd in a te  fram e  u sed  fo r  ca lib ra tio n  be F tc. W h en  scann ing  a  scene, th e  p o s itio n  and  

o rien ta tio n  o f  th e  scan n er w ill d iffe r  from  th o se  u sed  d u rin g  ca lib ra tio n . T herefo re , 

d u rin g  scann ing , the to o l-cen te r coo rd ina te  fram e, as rep re sen ted  b y  F t, w ill be  d if

fe ren t fro m  F tc. A s a re su lt, the  Tcb m a trix  o b ta in ed  fro m  calib ra tion  can  n o t be

p lu g g e d  d irec tly  in  eq u a tio n  ( 1.8) fo r  th e  p u rp o se  o f  co m p u tin g  th e  ran g e  m ap  o f  a 

scene.

T o  g e t o v e r th is  p ro b lem , w e  can  co n v ert the  m a trix  Tcb to  a  m a trix  T ct, w h ich  is 

d efined  in  th e  to o l-cen te r coo rd in a te  fram e F tc. T h is  is d one  by

T ct = (F tc) 1 -T cb (1 .12)

T h is re la tio n  is d ep ic ted  in  F ig . 1.9. T hus Tct converts  an  im ag e  p o in t U  in to  the  

co rresp o n d in g  o b jec t p o in t in  hom o g en eo u s coo rd ina tes  w ith  re sp ec t to  fram e  F t . L e t 

Ffo th e  to o l-cen te r co o rd in a te  fram e  a t the  b eg inn ing  o f  a  scan  and  le t /  d en o te  the  

J th p ro jec tio n  in  a  scan. In  lin e a r scann ing , w e  have

F tj = F 0 • (Hdy

T herefo re , w e  g e t

X i = F t l - T ct U

= F t t j - { H y y - T ct - u  n  131



F ig u re  1.9. R e la tip h  am ong  co o rd in a te  fram es fo r lin e a r scann ing .



S im ilarly , fo r  ro ta tio n a l scanning , w e  have

X b = F t o - ( R t f - T c t ^ U  ■ ( L14)

1 .5 .2 ,  A n a I y s i^ d f  R a r ig e M a p s

E q u a tio n s  (1 .13) and  (1 .14) p ro v id e  u s  w ith  fo rm u las  fo r  c o m p u tin g  the  ran g e  m ap 

o f  a  scene; F o r  each  lig h t s tripe  p ro jec tio n  d u rin g  scann ing , w e  reco rd  th e  co lum n  

in d ex  v o f  th e  sam p led  illu m in a ted  o b jec t p o in t in  e ac h  ro w  o f  the  c am era  im ag e . B y 

ap p ly ing  eq u a tio n  (1 .13) o r  (1 .14), fo r  each  ro w  in d ex ed  b y  u  w e  have  th e  3-D  co o rd i

na tes  [x (n ) , y ( « ) ,  z (« )J  o f  the  o b jec t po in t. T hese  3-D  co o rd in a tes  a re  then  co llec ted  

in to  a  fangie m ap .

A t th is  tim e , a few  co m m en ts  ab o u t the  param etriza tio n  o f  the  o b jec t su rface  are  in  

Order. L e t ro w  in d ex  o f  th e  scene range  m ap be  the  sam e as the ro w  in d ex  ii o f  cam era  

im ag e  p lane; and  le t its  co lu m n  index  be the  index  j  a ssociated  w ith  su ccessiv e  p ro je c 

tions o f  th e  lig h t s tripes. T hus the  ran g e  m ap  can  be ex p ressed  as

[ x ( u , j ) , y ( u , j ) ,  z ( u , j ) l  F o r exam ple , i f  the  cam era  im age  p lan e  is  o f  4 8 0 x 5 1 2  re so lu 

tion , and  th ere  are 80  p ro jec tio n s  in  a scan , w e  w ill have  a  ran g e  m ap  o f  size  4 8 0 x 8 0 . 

N o w  co n sid e r th e  ran g e  m ap  o f  a  scene as the sam p lin g  o f  a  v is ib le  su rface , and  assum e 

th a t the  su rface  is  ex p ressed  as f = \ f x , f y , f zl  Its  ran g e  m ap

/  (u , j )  =  [fx (u, j ) ,  f y (u, j ) ,  f z (u, j )] is the  q u an tized  p a ram etriza tio n  o f  th is  v is ib le  sur- 

face. N o te  th a t th e  d irec tio n  rep resen ted  by  th e  j  index  is d irec tly  re la ted  to  the  m ove- 

m e n i Of th e  scan n e r fro m  p ro jec tion  to  p ro jec tion . W e w an t th is ‘ ‘m o v em en t d irec tion" 

to  b e  p e rp e n d icu la r  to  the  co lum n  d irec tio n  o f  th e  cam era  im age  p la n e  so  th a t ( u j )  w ill 

fo rm  an  o rth o g o n a l p a ram etriza tio n  o f  the  surface. T h is can  be  im p o rtan t fo r  la te r  p ro - 

cess in S o f  th e  ran g e  m ap . F o r exam ple, m o st 3 -D  ed g e  de tec tio n  op era to rs  a re  d e riv ed  

M th  th e  a ssu m p tio n  o f  o rth o g o n al p aram etriza tio n .

1 .6 .  E x p e r i m e n t a l  R e s u l t s  a n d  C o n c lu s io n

T he stru c tu red  lig h t scan n er used  in  o u r ex p erim en t co n sis ts  o f  a S o n y  D C -37 

C C D  c am era  and  an in fra red  p ro jec to r. F o r co n d u ctin g  a ca lib ra tio n  ex p erim en t, the  

ca lib ra tion  b lock  is  p laced  on  the  tab le  and the scan n er is m oved  to  its  in itia l p o s itio n , 

w h ich  is  ab o u t 2 0  in ch es  ab b v e  th e  tab le . A  scan  is  then  con d u cted  a lo n g  a lin e  tha t is 

h o rizo n ta l M th  re sp e c t to  the  w o rk  table; d u rin g  the  th e  ca lib ra tion  b lock  is  illu m in a ted  

by  th ree  stripes. T h is  p ro cess  is  rep ea ted  at fo u r d iffe ren t he igh ts , -  20 , 14, 8 and  2  

in ch es -  above  th e  w o rk  tab le , lead ing  to  ran g e  d a ta  o n  a to ta l o f  12 s tripes. T h is  da ta  

lead s  to  48 lin ea r eq u a tio n s  fo r the  com pu ta tion  o f  the  co n v ersio n  m atrix . T h e  to ta l 

tim e  ex p en d ed  in  the  co llec tio n  o f  calib ra tion  d a ta  is  abou t a m in u te  and  th e  co m p u te r

tim e fo r  p ro cess in g  th is  in fo rm atio n  is  abou t 3 seconds.



A lth o u g h  u ltim a te ly  the  ev a lu a tio n  o f  a  ca lib ra tio n  p ro ced u re  m u st b e  ca rried  o u t 

by  d e te rm in in g  th e  ab so lu te  accu racy  o f  th e  system , fo r  m an y  p u rp o ses  i t  is  su ffic ien t to  

co m p u te  th e  re la tiv e  accuracy . B y  abso lu te  accu racy  w e  m ean  the  p rec is io n  w ith  w h ic h  

th e  sy stem  lo c a te s  a  p o in t w ith  re sp ec t to  th e  o rig in  in  th e  ro b o t b ase  co o rd in a te  system ; 

and  b y  re la tiv e  accu racy  w e  m ean  th e  p rec is io n  w ith  w h ich  th e  sy stem  m akes a d im en 

sional m easu rem en t o f  an  o b jec t fea tu re  lo ca ted  in  th e  ro b o t area. In  o u r ex p erim en ta l 

e v a lu a tio n  o f  th e  p ro ced u re  d esc rib ed  in  th is  p ap er, w e  w ill o n ly  u se  re la tiv e  accuracies. 

T h is  is  p rim arily  o w in g  to  th e  fa c t th a t abso lu te  accu racy  ten d s  to  b e  a  fiihction  o f  the  

accu rac ies  o f  b o th  th e  v is io n  ca lib ra tio n  and  th e  ro b o t a rm  ca lib ra tio n , m ean in g  th a t a 

m easu rem en t o f  ab so lu te  accu racy  m ay  o r  m ay  n o t te ll u s  ab o u t th e  p e rfo rm an ce  o f  a  

v is io n  ca lib ra tio n  techn ique .

A fte r  ca lib ra tio n , th e  re la tiv e  accu racy  o f  th e  p ro ced u re  is ev a lu a te d  b y  th e  co m 

p u tin g  th e  d im en sio n s  W  and  H  o f  a  b lock , lik e  th e  o n e  show n in  F ig . 1 .10. A s 

exp ec ted , o u f  ex p erim en ta l re su lts  show  th a t the  accu rac ies  w ith  w h ich  th ese  tw o  m eas

u rem en ts  can  b e  m ad e  dep en d  u p o n  th e  d is tan ce  o f  th e  b lo ck  fro m  th e  s truc tu red -ligh t 

u n it an d  th e  o rien ta tio n  o f  th e  b lo c k  w ith  re sp ec t to  th e  scan  d irec tion . F o r th e  re su lts  

re p o rte d  h e re , th e  lo n g  ax is  o f  th e  b lo ck  w as k e p t ap p ro x im ate ly  p a ra lle l to  th e  scan  

d irec tio n . T h e  re su lts  are show n  in  T ab le  I .

T h e  re a d e r  m ig h t n o te  th a t w e  h av e  n o t tak en  in to  acco u n t any  n o n lin e a r lens d is 

to rtio n s  in  o u r  d ev e lo p m en t o f  th e  ca lib ra tio n  p ro ced u re . W e  h av e  seen  th a t th e se  d is 

to rtio n s  b e co m e  im p o rtan t fo r o b jec t p o in ts  th a t a re  fa r  aw ay  fro m  th e  cam era  lens, u su 

a lly  fa rth e r th an  tw o  feet. L en s  no n lin ea ritie s  m ay  b e  taken  in to  acco u n t by  a  v a rie ty  o f  

tech n iq u es  p re sen te d  by  T sa i [Tj - 86].
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F ig u re  1.10. T h e  w id th  and  the  h e ig h t o f  th e  b lock  are co m p u ted  fro m  th e  ra n g e  d a ta  in  
o rd e r  to  te s t th e  re la tiv e  accu racy  o f  calib ration .
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T ab le  L I  R ela tiv e  accu racy  te s t re su lts

d 8 inch 14 inch 20 inch

— < 0 .0 4  inch < 0 .0 5  inch

H s < 0 .0 3  inch < 0 .1 4  inch < 0 .3 0  inch

d: d is tan ce  fo rm  th e  scanner to  th e  b lo ck  top  su rface

W s  : d iffe ren ce  b e tw een  th e  co m p u ted  w id th  and  th e  rea l w id th

H s  : d iffe ren ce  b e tw een  th e  co m p u ted  h e ig h t and  th e  rea l h e ig h t

W  =  5 .6 6  inch H  =  6 inch



' C H A P T E R  2 ;

E X T R A C T IO N  O F  P R IM IT IV E  F E A T U R E S  F R O M  R A N G E  IM A G E S

In  th is  ch ap te r  w e  d esc rib e  th e  p ro cessin g  s teps th a t are  in v o k ed  fo r  ex trac tin g  

fea tu res  fro m  ra n g e  im ages. A s w ill be  c lea r fro m  th e  m o re  p rec ise  defin ition  in  

C h ap ter 3, a  fea tu re  in  o u r  sy stem  is  an an a ly tica lly  co n tinuous su rface , a  s tra igh t o r a  

cu rv ed  ed g e , o r  a  vertex . E ach  fea tu re  is ch arac te rized  by  a  se t o f  a ttrib u te -v a lu e  o f  

pa irs . Featinie ex trac tio n  is  basic  to  the  recogn ition  o f  o b jec ts  an d  estim atio n  o f  th e ir 

poses; it  is  a lso  b asic  to  th e  “ learn in g  by  show ing" app ro ach  to  th e  co n stru c tio n  o f  

o b jec t m odels , as  d iscu ssed  in  C h ap ter 4.

T h ere  are  th ree  m a in  p ro cess in g  steps d esc rib ed  in  th is  chap ter. T h e f i r s tu s e s  an 

adap tive  w in d o w  tech n iq u e  fo r  accu ra te  su rface  no rm al com pu ta tion ; o u r ap p ro ach  here  

is  p a rticu la rly  accu ra te  in  the  v ic in ity  o f  boundaries  b e tw een  d iffe ren t surfaces. In  the 

ad ap tiv e  w in d o w  techn ique , a  w indow , u sed  to  com pu te  the  b est local su rface  no rm al 

b y  fitting  a  p la n e  to  the lo cal range  po in ts , is  loca ted  ad ap tiv e ly  d e p en d in g  upon  a 

w e ig h ted  p lan a r-p a tch  fitting  erro r. O u r second  step  d esc rib es  h o w  to  seg m en t a  ran g e  

im ag e  in to  sm oo th  su rface  reg ions b ased  on  range  and  su rface  n o rm a l d isco n tin u itie s. 

F ina lly , w e  p re sen t a  schem e to  c lassify  segm en ted  reg io n s in to  th ree  types o f  p rim itiv e  

su rfaces, p lanar, cy lin d rica l and  con ica l, b y  fitting  p lan es to  th e  m ap p in g s  o f  th e  su rface  

no rm als  on to  G aussian  spheres.

2 .1 .  I n t r o d u c t io n

Our system uses the following three steps for feature extraction:

(a) P rep ro cess in g ; co m p u te  su rface  norm als. T h e  su rface  no rm al a sso c ia ted  w ith  a  

ra n g e  p o in t is  com p u ted  from  the  equation  o f  a  best fit tan g en t p la n e  to  a  s m a l l  

c lu s te r  o f  ran g e  p o in ts  in  the  v ic in ity  o f  th e  p o in t in  question .

(b> S egm en ta tion : seg m en t a ran g e  im age  in to  reg ions, each  rep re sen tin g  a sm ooth  

su rface. S eg m en ta tio n  is accom plished  by  first ex trac tin g  ra n g e  and su rface  n o r

m al d isco n tin u ity  po in ts  and  then  p e rfo rm in g  a  con n ec tiv ity  an a ly s is  on  th e  re s t o f  

the  ran g e  m ap.



(c) C lassifica tion : c la ss ify  seg m en ted  su rfaces in to  th e  th ree  p rim itiv e  types. T h e  

c lassifica tio n  o f  a su rface  is  acco m p lish ed  b y  first p ro jec tin g  th e  su rface  n o rm als  

co rre sp o n d in g  to  a  seg m en ted  su rface  o n to  a  G au ss ian  sphere  and  th en  fitting  a 

p lan e  to  th e  d is trib u tio n  o f  p o in ts  o n  th e  sphere  so ob ta ined . T h e  lo ca tio n  o f  the  

p lan e  fro m  th e  cen te r o f  the sphere  is  u sed  fo r  ch a rac te riz in g  th e  o b jec t surface.
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S in ce  in  o u r  sy stem  b o th  segm en ta tion  and  su rface  c lassifica tion  re ly  on  su rface  

n o rm als , a ccu ra te  su rface  n o rm al co m p u ta tio n  is  c ru c ia l to  th e  p e rfo rm an ce  o f  fea tu re  

extraction* B y  defin ition , th e  su rface  no rm al a t a  p o in t is th e  u n it v e c to r  n o rm a l to  the  

ta n g en t p lan e  a t th e  po in t. T h is  su rface  no rm al can  b e  co m p u ted  fro m  th e  c ro ss  p ro d u c t 

o f  tw o  in d e p en d e n t tan g en t v ec to rs  a t th e  poin t; th is  s tra ig h tfo rw ard  app roach  has been  

u sed  b y  P a rv in  a n d  M ed io n i [ P & M S 6 ]  and  B es l and  J a in  [ B & J - 86]. T h e  m ajo r 

d raw b ack  o f  th is  ap p ro ach  is  its  sensitiv ity  to  no ise  d ue  to  th e  d iffe ren tia tio n  invo lved  

in  th e  co m p u ta tio n . A n o th e r m e th o d  fo r co m p u tin g  su rface  n o rm als  co n sis ts  o f  fitting  

p la n a r  p a tch es  to  sm all c lu sters  o f  p o in ts  w ith in  a  w indow  an d  u s in g  fo r  the  su rface  n o r

m a l th e  n o rm a l to  th e  p la n a r  pa tch ; see, fo r exam ple , [M & B — 80], ■ [H & J — 87], 

[Y & K ^-89] H o w ev er, th is  approach , too , su ffers  fro m  u n d esirab le  d is to rtio n s , such  as 

th e  “ sm oo th ing" o f  su rface  n o rm a ls  in  th e  v ic in ity  o f  b o u n d aries  b e tw een  su rfaces, 

b ecau se  a t su ch  lo ca tio n s  th e  w in d o w  fo r  co m p u tin g  th e  p la n a r  p a tch  u su a lly  s tradd les 

th e  tw o  su rfaces. T o  o v erco m e th is  sho rtcom ing , w e  have  m o d ified  th is  tech n iq u e  by  

u s in g  a  n o tio n  first p ro p o sed  b y  N agao  and  M atsu y am a [N& M  —79] in  th e  co n tex t o f  

ad ap tiv e  sm o o th in g  in  2 -D  im ag e  p ro cessin g . T h ey  sh ow ed  h o w  th e  p lacem en t o f  a 

sm o o th in g  w in d o w  n e a r a  reg io n  b o u ndary  sh o u ld  be m ade  to  d ep en d  u p o n  e x ten t o f  

sm o o th n ess  acco m p lish ed  w ith in g  th e  w indow . In  S ec tio n  2 , w e  w ill ap p ly  th is  id e a  to  

su rface  n o rm al com pu ta tion .

A  n u m b e r o f  co n trib u tio n s  have  been  re p o rte d  on  the  su b jec t o f  ex trac tin g  p rim i

tive  su rfaces fro m  a  ran g e  m ap . M ilg rim  and  B jo rk lu n d  [M & B -8 0 ] ,  B h a n u [B /i-8 4 ] , 

B oyter[B < ?-84], P a rv in  an d  M ed ib n i [ P & M —86], an d  Y an g  and  K ak  [7& AT-86, 

Y & K - S 9 ]  e x tra c t p la n a r su rfaces on  th e  basis  o f  the  s im ila rity  o f  su rface  norm als. 

D e tec tio n  o f  cy lind rica l su rfaces in  ra n g e  m aps has b een  re p o rte d  in  [A & B -7 3 ] , 

[iV&B-7 7 ]  and  [B & F - 8 1]. F augeraus e t al. [ F & e t - 83] and  B esl an d  Ja in  [ B & / - 88]

show  h ow  an a ly tica lly  co n tin u o u s  su rfaces o f  ra th e r a rb itra ry  sh ap e  can  b e  ex trac ted  

fro m  ra n g e  m ap s  b y  fitting  q u ad ric  and  h ig h e r o rd e r su rface  fu n c tio n s  to  ra n g e  data. 

A n o th e r m e th o d , s im ila r in  sp irit to  th e  app roach  p re sen ted  in  th is  ch ap te r, is re p o rted  

b y  S e th i and  Jay aram am u rth y  [S & /- 8 4 ] ;  in  th e ir schem e ch arac te ris tic  co n to u rs  are  

u sed  to  d is tin g u ish  b e tw een  spheres, cy lin d ers  and  co n es (a  c h a rac te ris tic  co n to u r be ing  

th e  locus o f  c o n stan t d o t p ro d u c ts  b e tw een  su rface  n o rm als  and  any  fixed vecto r). T h e  

c h a rac te ris tic  c o n to u rs  o f  a  sphere, a cy lin d e r and  a  cone  are  a  set o f  con cen tric  c irc les, 

a  se t o f  p a ra lle l lin es , and  a se t o f  in te rsec tin g  lin es , re sp ec tiv e ly . In  the  m e th o d  o f



S e th i an d  Jay aram am u rth y , a  d ec is io n  t r e e i s  used  to  reco g n ize  th e p a t t e m  o f  the  

ch a rac te ris tic  co n to u rs  in  a  H o u g h  space.

T h e  E G I (E x tended  G au ssian  Im age), w h ich  in  th e  p a s t h as  been  u sed  b y  [Ik -8 3 J , 

and  t f f o - 8 4 ]  fo r  o b je c t rep resen ta tio n  in  3 -D  v is ion , c a n  a lso  b e  u sed  fo r  c iass ify in g  

surfaces. I t  is  ra th e r w e ll k n o w n  tha t th e  E G I o f  p lan ar, cy linderica l and  co n ica l su r

faces fo rm  spec ia l p a tte rn s  o n  the  G aussian  sphere; in  the  p la n a r  case , i t  is  a  sm all p a tch  

on  th e  su rface  o f  th e  sphere, fo r  a  cy lin d rica l surface, the  p o in ts  o n  th e  sphere  lie  o n  a 

g rea t c irc le  and , finally , fo r  a  co n ica l surface, th e  p o in ts  o n  the sphere  lie  on a m i n o r  

circ le . P rin tz  [ E r -8 7 ]  h as  show n  h ow  by  analyz ing  the  E G I p a tte rn  fo r  ap p ro x im ate  

sym m etries  o n e  can  e stim ate  the  ax is o f  a  cy lind rica l o r  a co n ica l surface. H e  ex p an d s 

th e  E G I d is trib u tio n  by  ex p ressin g  it as a  sum  o f  spherica l harm on ics  and  then  estim ates  

th e  sy m m etry  ax is by  co m p u tin g  the  eng invec to rs  o f  a  m atrix  w h o se  e lem en ts  are  fu n c

tions o f  th e  coeffic ien ts  o f  th e  spherica l harm on ics  rep resen ta tion . T h is  m ethod , though  

th eo re tica lly  e legan t, req u ire s  a la rg e  am oun t o f  com pu ta tion  and  tends to  be in accu ra te

because  o n ly  fin ite  te rm s o f  spherica l harm on ics  can  be used . [P rin tz  d id  n o t show  tha t

th e  n eg lec tio n  o f  h ig h er o rd e r te rm s in  a  spherica l harm on ic  ex p an sio n  o f  an E G I d istri- 

bu tion  d id  n o t d eg rad e  the  accu racy  o f  ca lcu la tions.] H eb ert and  P o n ce  [H & P-XZ]  p ro 

p o se  u sing  H ough  tran sfo rm  to  d e tec t the  th ree  E G I p a tte rn s  co rresp o n d in g  to  the  th ree  

p rim itiv e  surfaces. T h e ir H ough  space has tw o p a ram ete rs  w h ich  are  th e  tw o  spherica l 

an g les  o f  su rface  o rien ta tio n  (a su rface  o rien ta tio n  is  defined  fo r  p la n a r  su rfaces to  be  

th e  d irec tio n  o f  th e  n o rm al to  the  p lan es , and  fo r  cy lin d rica l and  co n ica l su rfaces to  be 

th e  d irec tio n  o f  the  axes o f  such  surfaces). It is n o t c lea r ho w  they  can  d is tin g u ish  all 

th e  th ree  E G I p a tte rn s  o n  a  2 -D  H ough  space since  acco rd in g  to  th e ir fo rm u la tio n  a 

co n e  needs th ree  p aram eters , tw o  fo r  the  ax is and o ne  fo r th e  an g le  o f  the  cone. M ore- 

over, th e  accu racy  o f  the  com p u ted  surface  o rien ta tio n  w ill be  lim ited  by  the  re so lu tio n  

o f  th e  H o u g h  space, le t a lone  th e  o verhead  o f  co n stru c tin g  the  H o u g h  space.

W h ile  o u r a im  is  a lso  to  d e tec t an d  c lassify  th e  th ree E G I p a tte rn s  co rresp o n d in g  

to  th e  th ree  p rim itiv e  su rface  types, w e have  avo ided  th e  use o f  H ough  transfo rm s. T he  

m e th o d  is  b ased  o n  th e  observation  tha t p la n a r and cy lind rica l su rfaces are  ac tu a lly  tw o  

spec ia l cases  o f  a  con ica l su rface, e spec ia lly  fro m  the  s tan d p o in t o f  th e  E G I p a tte rn s  

they  p ro d u ce , t h e r e  are  tw o  w ays to  look  a t th is  observation . A  p la n a r  su rface  p ro 

duces a  sm all p a tch  o n  the  G au ssian  sphere, w hereas the  E G I p o in ts  co rre sp o n d in g  to  a 

g enera l co n ica l su rface  lie  on  a  m in o r c irc le  and, finally , fo r  a  cy lin d rica l su rface  o n  a  

m a jo r c irc le . T h erefo re , i f  w e fit a  p lan e  to  th e  E G I p o in ts  fo r all th ree  cases, fo r the  

case  o f  a  p la n a r  o b jec t su rface  th e  fitted  p lan e  w o u ld  h av e  to  b e  tan g en tia l to  the  G aus- 

sian  sp h ere  and  hence  its  p e rp en d icu la r d is tan ce  from  the c en te r  o f  th e  G au ssian  sphere  

w ou ld  equal I . O n the  o th e r hand , the fitted p lane  fo r a con ica l o b jec t su rface  w ou ld  be 

lo ca ted  at a  d is tan ce  be tw een  O and I. A nd , finally , fo r  a cy lin d rica l o b jec t su rface , the
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fitted  p la n e  w o u ld  m u st p ass  th ro u g h  th e  c en te r o f  th e  G au ssian  sphere . T h is  o b serv a 

tio n  a llow s us to  co n stru c t a  un ified  ap p ro ach  to  th e  c lassifica tion  o f  p rim itiv e  su rface  

types. T h is  u n ified  ap p ro ach  w ill b e  p re sen te d  in  S ection  4  o f  th is  chap te r.

2 2 *  C o m p u tin g  S u r fa c e  N o rm a ls  v ia  A d a p tiv e ly  L o c a te d  W in d o w

In  gen era l, a  ran g e  m ap  o f  a  scen e , g en era ted  by  a  s tru c tu red  lig h t scanner, c an  be  

re p re se n te d  b y  th e  p a ram etric  f o r m p i j  = p ( i , j ) ,  w h e re /?  s tands fo r  th e  [x ,y ,z ] co o rd i

n a tes  b f  the  Object p o in t illu m in a ted  b y  th e  ith  s tripe , th e  in d ex  j  s tan d in g  fo r sam pling  

in d ex  a lo n g  th a t stripe.

S in ce  th e  su rface  n o rm al a t a su rface  p o in t is  a  u n it v e c to r n o rm al to  th e  tan g en t 

p la n e  a t th e  p o in t, th e  su rface  no rm al m ay  b e  com pu ted  by

d p  x  dp_

di d j

l ^ - x  
' 3 /

d p

d j

F in ite  d iffe ren ce  opera to rs  can  b e  u sed  to  co m p u te  th e  tw o  p a rtia l d e riv a tiv es  and
- ’ ; - . ■ ‘ . ->• ' •

— . T h e  m a jo r  d ifficu lty  w ith  th is  m e th o d  is th a t i t  is  v e ry  sen sitiv e  to  no ise  d ue  to  the
d j

d iffe ren tia tio n  opera tion . In  o rd e r to  overco m e th e  no ise  p ro b lem , th e  ra n g e  d a ta  usu- 

a lly  has to  be sm o o th ed  ex ten siv e ly  [B & J—86], w h ich  in  m an y  cases  tends to  d is to rt the  

ran g e  da ta , e sp ec ia lly  in  the  v ic in ity  o f  edges.

A n  a lte rn a tiv e  m ethod , w h ich  is  le ss  n o ise-sen sitiv e , is  to  e stim ate  th e  tan g en t 

p lan e  a t each  su rface  p o in t b y  fitting  a p lan e  eq u a tio n  to  th e  su rface  p o in ts  in  a  n e ig h 

b o rh o o d  o f  th e  p o in t in  question . T h e  eq u a tio n  o f  the  fitting  p lan e  c an  b e  ex p ressed  as

f ( x , y , z )  = ax  +  b y ■■+ c z - d  = 0.

w ith  a 2+ b2+ c 2 = I . T h e  n o rm a l v e c to r to  th e  p lan e , d en o ted  b y  /i is  [q ,h ,c ] ;  T he  

n e ig h b o rh o o d  o v e r  w h ich  th e  p lan e  is  fitted  b y  th is  m e th o d  is  u su a lly  an  N x N  w indow  

cen te re d  a t P ij .  W e  w ill d en o te  th e  w in d o w  by  W ij .  T h e  b e s t fit p la n e  is  fo u n d  by  

m in im iz in g  th e  fitting  error:

I t / (X kJ r y ^ z kj) 1 (2 .1)

WeWij .

=  E  ( n p h - d ) 2 
.. : /  W e W u

w ith  the  co n stra in t a 2+ b2+ c2 = I ,  w here  p kj  -  [xkj ,  y ^ ,  zkj] .  T h is  co n stra in ed  

m i n i m i z a t i o n  can  b e  acco m p lish ed  b y  tak in g  the p a rtia l d e riv a tiv es  o f  th e  fo llow ing
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L ag ran g e  func tion :

X  ( n p ^ i - d f  + X ( I - H n t)
WeWij

w ith  re sp ec t to n , d  and  X and  setting  them  to  zero. E x p an d in g  o u t th e  ex p ress io n  fox L ,  
w e o b ta in

L  ~  E  I n P i i P k j n t - I d P k t lUt] +  N 2 d 2 + X ( I - U n t)
f  k^ wU ;

=  « (  E  P tK l P K d n t -  2 d  ( X  P * , / ) " '  +  N 2 <i2 +  3 1 ( 1 - * « ' )
V: ^ lewU KlsWiJ

D e f in e a n e w m a t r ix a n d a n e w v e c to r a s  

Q  = X  P tKlPKl
■ WeWiJ ;

-  E  Pk i
KlsWiJ

L  can  th e re fo re  b e  w ritten  as

L  = n Q  Ut -  I d q n t +  N 2 d 2 + X  ( I  -  n Ht)

W e n o w  se t th e  fo llo w in g  p a rtia l d eriva tive  to  zero :

dL  '■ .
: = 2  n  Q  — 2 d  q  — 2  n  X = O

= - 2  n  q l + 2 N 2 d  =  O

'■ a L  „

W = 1 - " " = O

F ro m  (2 .3 ), w e  have

-I t
d  = - T f n q 1 - 

■■ n 2

S u b stitu tin g  th is  re su lt in  (2 .2), w e  ob ta in

2 n Q ~  S r  ( n q f) q  -  2 n X  = 0
, N  ,

or, eq u iv alen tly ,

n  R  =  n X

w here

( 2 . 2 )

(2 .3)

(2 .4)

(2 .5)

( 2 . 6 )

R  ^  N 2  Q q  ~  KleWi Pk'lP k '1 ~  PKl  • X .  ^
KleWiJ KleWij



E q u a tio n  (2 .6) im p lie s  th a t th e  n o rm al v e c to r n  to  th e  b e s t fit p lan e  is  an  e ig en v ec to r o f  

th e  m a trix  R ,  an d  X is  the  co rresp o n d in g  e ig en v a lu e . S ince  R  is a  3 x 3  m a trix  and, 

therefo re , in  genera l, w ill p o ssess  3 e ig en v ec to rs , th e  q u estio n  a rises  is  w h ich  o f  th ese  

co rre sp o n d s  to  th e  d esired  n ‘7 I t  is  easy  to  v e rify  th a t th e  p lan e  fitting  e rro r  a sso c ia ted  

w ith  a  p a rtic u la r  e ig en v ec to r n  is equal to  the  co rresp o n d in g  e ig en v a lu e  b y  substitu ting  

d  ex p re ssed  b y  eq u a tio n  (2 .5) in  eq u a tio n  (2.1). S ince  w e  w ish  to  m in im ize  th e  fit e rro r 

E(Wi ])’ th e  e ig en v ec to r to  ch o o se  co rresp o n d s  to  th e  sm allest e ig enva lue .

L e t [<*',£', o'] b e  the  e ig en v ec to r so  co m p u ted  (assum e it h as  b een  n o rm a lized  too). 

S in ce  th e  e s tim a te d  su rface  n o rm al can  take  th e  v a lu e  e ith e r [ a ' ,b \c ’}1 o r  [ - a ' , - b ' , - c ' ] f , 

in  o rd e r to  re so lv e  th e  am bigu ity , w e  assign

J  m j  =  [a ',b ',c '\ i fv [a ' ,b ' ,c ']< Q

" HiJ  = [ - a ' - b ' - c ' ]  else

w h ere  v  is  th e  v iew in g  d irec tio n  o f  the ran g e  sensor.

T h e  p e rfo rm an ce  o f  th is  p lan e  fitting  m e th o d  depends o n  th e  w in d o w  size  N x N  to  

som e ex ten t. I f  th e  size  is  to o  sm all, say 3 x 3 , the  co m p u ted  n o rm a l w ill b e  suscep tib le  

to  n o ise  a n d  q u an tiza tio n  e rro r a sso c ia ted  w ith  ran g e  v a lues. O n  th e  o th e r h an d , la rg e  

s ized  w in d o w s cau se  sm oo th ing  d is to rtio n s in  th e  co m p u ta tio n  o f  su rface  no rm als , 

e sp ec ia lly  w h e n  th e  w in d o w s s tradd le  bo u n d aries  b e tw een  tw o  sm ooth  surfaces; the  

reg io n s  w h ere  su ch  d is to rtio n s  o ccu r are  o f  s ize  p ro p o rtio n a te  to  th e  size  o f  w indow s 

u sed  fo r  co m p u ta tio n . F ig . 2.1 illu stra tes  th ree  p o ssib le  p lacem en ts  fo r a  5x 5  w indow , 

w ith  th e  p lacem en ts  W a and  W c lo ca ted  en tire ly  w ith in  th e  sm oo th  su rfaces o f  the  

o b jec t, w h ile  th e  p lacem en t W b is  s tradd ling  th e  b o undary  b e tw een  tw o  surfaces. I f  

w in d o w  p la ce m e n t is  such  th a t i t  is  lo ca ted  en tire ly  w ith in  a  sm oo th  su rface  o f  the  

ob jec t, a  p la n e  fitting  m e th o d  shou ld  p ro v id e  satisfac to ry  su rface  n o rm als , ev en  w h en  

th e  su rface  is  so m ew h a t cu rved . H ow ever, i f  th e  w in d o w  lies  acro ss  a  ju m p  o r  crease  

bou n d ary , th e  co m p u ted  su rface  n o rm a l w ill be  d is to rted  b ecau se  th e  fitted  ran g e  da ta  

ac tu a lly  c o m e  fro m  tw o  d iffe ren t surfaces. T h e  e ffec t o f  th is  d is to rtio n  is  th a t no rm als  

w ill n o t b e  w h o lly  d isco n tin u o u s  in  trav e lin g  o v e r an  edge  b u t w ill sm oo th ly  change.

T h is  sm o o th in g  d is to rtio n  can  b e  v irtu a lly  e lim in a ted  by  ad ap tiv e  p lacem en t o f  

w in d o w s in  th e  v ic in ity  o f  edges. T h e  k ey  id ea  is  to  ad ap tiv e ly  p o s itio n  th e  fitting  w in 

d o w  a ro u n d  th e  ran g e  p o in t in  qu estio n  such th a t the  w in d o w  en clo ses  th e  p o in t w ith o u t 

c ro ssin g  an y  edges. T o  illu s tra te  o u r po in t, c o n sid e r th e  co m p u ta tio n  o f  su rface  n o rm al 

a t a  su rface  p o in t P i j  ly ing  on  th e  v ic in ity  o f  a  crease  edge  b y  u s in g  a 5 x 5  fitting  w in 

d ow  as sh o w n  in  F ig . 2 .2 . T he  c rease  edge  d iv id es th e  ran g e  p ix e ls  in to  tw o  reg io n s  R  i 

an d  /?2 rep re sen tin g  tw o  d iffe ren t su rfaces, th e  ran g e  p ix e l in  q u estio n , p t j ,  b e in g  on 

su rface  R  i . W ith  a  w in d o w  size  o f  5x 5 , there  w ill be  25 w indow s,
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F igu re  2.1. F ittin g  w in d o w  o v e r a crease  edge  causes the  "sm ooth ing" d is to rtion .



38 chen/kak

ju m p  o r  c rease  ed g e

w ro n g  w indow
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b e st f i t  w in d o w

F ig u re  2 .2 . T h e  ran g e  p ix e l p i j  h as  N y N  c an d id a te  w indow s; th e  ad ap tiv e  o ne  sh ou ld  

lie  en tire ly  o n  reg io n  R  i and  be as c lo se  as p o ss ib le  t o p i j .
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{ w kJ I i -2< k< i+ 2 , j - 2 < i< j+ 2 } ,

th a t can  en c lo se  the  ran g e  p ix e l p tj .  In  co m p u tin g  the  surface  n o rm a l o f  P ij ,  w e  w an t 

to  ch o o se  a  w indow  o f  its ne ig h b o rin g  ran g e  p ix e ls  th a t b est e s tim a te  the  tan g en t p lan e  

a t PiJ-  O b v io u sly , any  w indow  th a t inc ludes the  edge , such  as Wi j , w ill g ive  a d is 

to rted  re su lt b ecau se  it w o u ld  con ta in  ran g e  p ix e ls  fro m  the  o th e r su rface  R 2- T o  ob ta in  

a  m ean in g fu l re su lt, w e  m u st in s is t th a t the  fitting  w indow  lie  en tire ly  o n  th e  sam e  side 

o f  th e  c rease  ed g e  w ith  p ^ .  T hus, in  th is  ex am p le  th ere  are  on ly  five w in d o w s can  be 

co n sid e red  fo r  th e  co m p u ta tio n  o f  th e  su rface  no rm al a t the ran g e  p ix e l ( U ) , th ese  w in 

do w s b e in g  W ,+1>7_2 , ^ + 2,7- 2» ^* + 2,7- 1» ^ » + 2,7• T o  se lec t fro m  am o n g st

these  w in d o w s, w e  b ea r in  th e  m in d  th e  req u irem en t th a t th e  c en te r o f  th e  se lec ted  w in 

d ow  sh o u ld  be  a s  c lo se  to  ran g e  p ix e l ( i j )  as possib le . O n  th is  co n sid e ra tio n , o f  the  five 

w indow s, o n ly  qualifies. T h is stra tegy  fo r  w indow  se lec tio n  ra ises  th e  ques-

tion  Of h o w  to  p u t the  tw o  c rite ria  in to  a  m a th em atica l fo rm  su ch  th a t w e  Can ev a lu a te  

each  can d id a te  w in d o w  acco rd ing ly , the tw o  crite ria  b e ing  th a t th e  w in d o w  n d t cro ss  

any  ed g es and  th a t th e  c en te r  o f  the  w indow  b e  as c lo se  as p o ssib le  to  th e  ra n g e  p ix e l in  

question .

T o  dev e lo p  th is  m a th em atica l fo rm  fo r ev a lu a tin g  p o ten tia l w in d o w s fo r  su rface  

no rm al co m pu ta tion , w e  n o te  th a t th e  p la n a r p a tch  fitting  e rro r is  la rg e r a t th o se  w in 

do w s w h ich  c ro ss  an  edge  com pared  to  those  w in d o w s w hich  d o  no t; th is  is  in  k eep in g  

w ith  th e  o b serv a tio n  m ad e  b y  [B & F -8 1 ] , H ence , th e  fitting  e rro r a sso c ia ted  w ith  each  

W indow  c an  p ro v id e  a  in d ica tio n  o f  w hether o r  n o t the  w indow  has ru n  o v e r  an  edge. 

T h is o b serv a tio n  tran s la tes  in to  th e  fo llo w in g  m ath em atica l fo rm  fo r  ev a lu a tin g  a  w in 

d ow  W ^ i  fo r  co n sid e ra tio n  at ran g e  p ix e l ( i j )

w ( i , j ,k , l )  E(Wk j ) (2.7)

w h ere  w(i,j,Jc,l)  is  a  w e ig h tin g  fu n c tio n  in v erse ly  p ro p o rtio n a l to  th e  d is tan ce  be tw een  

th e  p a ra m e te r  space  lo ca tio n  ( i , j) ,  w h ich  co rresponds to  the  ran g e  p ix e l p i j ,  an d  the  

location  (k , l)  co rre sp o n d in g  to  the  cen te r o f  w indow  WKh and  Z(Wk j ) is  the  fitting  e rro r 

o v e r w in d o w  Wkti. W e ch o o se  th a t w indow  th a t m in im izes (2 .7) am o n g  all such  cand i- 

d a te  w in d o w s, m ean in g  all those  w indow s tha t in c lu d e  the ran g e  p ix e l p ( i , j ) .  T h ere  are  

severa l w ay s to  define  the  d is tan ce  be tw een  tw o  p ix e ls  in  a  2 -D  a rray  (see [R&K-%2]). 

In  o u r  im p lem en ta tio n , w e  h av e  chosen  to  u se  th e  c ity  b lock  d is tan ce , so  th e  w e ig h tin g  

func tion  w  is  d efined  as

W ( U X l )
I

c + 1i —k  1 + 1 j - l  I
o l

H ere  th e  co n stan t c is  chosen  such  th a t the  d is tance  w eigh ting  w ill be  th e  d o m in an t fa c 

to r  in  the  ex p ress io n  (2 .7) i f  a ll th e  w indow s are  w ith in  the  sam e co n tin u o u s  o b je c t su r

face. O n  th e  o th e r  hand , i f  the  p la n a r  p a tch  fitting  e rro r is la rge , w e  w an t the  second



te rm  in  ex p ress io n  (2 .7) to  dom ina te . T h e  a lg o rith m  in  a p seu d o  lan g u ag e  is  ske tched  

be low . ■
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c o m p u te_ su rface_ n o rm a l () {

fo r  each  i , j  in  th e  im ag e  array

c o m p u te  E(WiJ )  o f  th e  b e s t fit p lan e  

triij = n o rm al o f  th e  b e s t fit p lan e

fo r  each  i , j  in  th e  im ag e  a rray  

am o n g  a ll k , l  e  W ij

find  k, I th a t m in im izes (w  (i,j, k, I) e(W ^ /))

n i j  = tn£i

Y

W e  can  see th a t the  first p a rt o f  th e  a lgo rithm  is  b asica lly  th e  co n v en tio n a l app roach  

e x cep t th a t th e  fitting  erro rs, e (W ), are reco rd ed  a t a ll th e  ra n g e  p ixe ls , m ean in g  fo r  a ll 

th e  w in d o w s. T h e  second  p a rt o f  th e  a lg o rith m  then  looks a t a  c e r ta in  n e ig h b o rh o o d  o f  

each  ra n g e  p ix e l, and  assigns th a t su rface  n o rm al to  it w h ich  co rresp o n d s  to  the  

m i n i m u m  o f  th e  eva lu a tio n  func tion . N o te  th a t th e  o n ly  o v e rh ead  in v o lv ed  in  th is  add i

tio n a l w o rk , co rre sp o n d in g  to  th e  seco n d  p a rt o f  th e  a lg o rith m  w here  th e  b e s t w in d o w  is  

found , lie s  in  th e  d e te rm in a tio n  o f  a  m in im u m  fro m  a m o n g st N x N  va lues; th is  can  be  

d o n e  b y  m ak in g  lo g 2(N x N ) com parisons.

W e  w ill n o w  sh o w  o n  ex p erim en ta l d a ta  th e  im p ro v em en ts  m ad e  p o ssib le  w ith  the  

ad ap tiv e  p la ce m e n t o f  w indow s. F ig . 2 .3  show s a scene co n ta in in g  a w o o d en  o b jec t 

illu m in a ted  w ith  85 stripes. T h e  re so lu tio n  o f  the  cam era  u sed  in  th is  ex p erim en t w as 

4 8 0 x 5 1 2 , re su ltin g  in  a  4 8 0 x 8 5  a rray  o f  o ffse t data, w ith  each  Offset v a lu e  b e tw een  0  

and  511 . S in ce  th e  re so lu tio n  in  ro w  d irec tio n  is  m uch  h ig h e r than  th a t in  th e  co lu m n  

d irec tio n , a n d  since  i t  rea lly  does n o t m ake  m u ch  sense to  w o rk  w ith  unequal re so lu 

tions in  th e  tw o  o rth o g o n a l d irec tio n s , w e  co m p ress  every  th ree  ro w s o f  th e  a rray  in to  

o ne  and th en  co m p u te  a  160x85  ran g e  im ag e  fro m  th e  re su ltin g  data; th e  de ta ils  o n  how  

th e  o ffse t in fo rm atio n  is  co n v erted  in to  a  ran g e  m ap  are  d esc rib ed  in  \C&K-% 1]  and  

can  b e  fo u n d  in  th is  re p o rt in  C h ap ter I . N o te  th a t a lthough  th e  a rray  size is  ‘rec tan g u 

la r ’, b e in g  m ad e  o f  160 row s and  Only 85 co lum ns, the  spatia l re so lu tio n  is  ap p ro x i

m a te ly  th e  sam e  in  b o th  d irec tions, the  rea so n  b e in g  th a t th e  c am era  lo o k s  a t ‘lo n g e r’ 

e x ten t sp ace  in  the  d irec tio n  th a t co rresponds to  co lum ns.
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F ig u re  2 .3 . A  stripe  im ag e  o f  an o b jec t tak en  w ith  85 scans b y  a  s tru c tu red  l ig h t ra n g e  

senso r.



T o  co m p are  su rface  n o rm al co m p u ta tio n  re su lts  w ith  an d  w ith o u t th e  adap tive  

techn ique , w e  show  a  need le  d iag ram  in  F ig . 2 .4  o b ta in ed  w ith  5 x 5  w in d o w s u s in g  the  

trad itio n a l ap p ro ach  (the  n o n -ad ap tiv e  app roach ). O n  the  o th e r han d , w h en  th e  adap tive  

ap p ro ach  is  u sed , w e  g e t th e  need le  d iag ram  in  F ig . 2 .5 . I t  is easy  to  see th a t the  

sm o o th in g  d is to rtio n s  h av e  b een  v ir tu a lly  e lim in a ted  w ith  th e  ad ap tiv e  m ethod .

2 .3 .  R a n g e I m a g e  S e g m e n t a t io n

In  th is  sec tion , w e  w ill p re sen t a  reg io n  g ro w in g  ap p ro ach  to  th e  segm en ta tion  o f  

ran g e  im ages. O u r a lg o rith m  is  v e ry  s im ila r to  th e  o ne  p re sen te d  e a rlie r  b y  S n y d er and  

B ilb ro  [S & B - S 5 ] *

A  seg m en ta tio n  a lg o rith m  m u st seg m en t a  ran g e  im ag e  in to  reg io n s  tha t 

co rre sp o n d  to  sm o o th  o b jec t su rfaces. B y  defin ition , sm oo th  su rfaces are  b o u n d ed  by  

c rease  ed g es  w h ere  su rface  n o rm al d isco n tin u ities  occur. In  a  ran g e  im age , sm ooth  

o b jec t su rfaces m an ifest them selves as reg io n s  o f  ran g e  p ix e ls  b o u n d ed  b y  c rease  edges 

an d  ju m p  edges. S uppose  w e  are  ab le  to  d e tec t a ran g e  p ix e l co rre sp o n d in g  to  o ne  o f  

th ese  su rfaces in  a  g iven  ran g e  im age. T o  g row  ou tw ard s fro m  th is  p ix e l, w e  m u st p ro 

v id e  te rm in a tio n  co n d itio n s  th a t in d ica te  the  o ccu rren ce  o f  ju m p  o r  c rease  edges. A  

ju m p  e d g e  Occurs i f  th e re  is  a  ran g e  d isco n tin u ity  b e tw een  tw o  ad jacen t p ix e ls . W e  can  

d e tec t a  ju m p  e d g e  b y  u s in g  the  fo llo w in g  p red ica te :

Ip i j  - P k tI I >  range J h re s h o ld t

W here Pk,i is  ad jacen t to  P i j .  T h is  ran g e  th resh o ld  shou ld  b e  a  fu n c tio n  o f  scann ing  

re so lu tio n  (sp ac in g  b e tw een  tw o  ad jacen t scans) and  shou ld  b e  c h o sen  p ro p e rly  so tha t 

tw o  ran g e  p o in ts  o n  a  slan ted  su rface  w o u ld  n o t b e  m is tak en  fo r  a  ju m p  edge. W e have  

ch o sen  th e  ra n g e  th resh o ld  to  b e  3 tim es th e  scan n in g  reso lu tio n .

A  c rease  ed g e  i s  w here  su rface  no rm als  sudden ly  ch an g e  d irec tio n s  in  th e  ran g e  

im age . In  o rd e r  to  d e tec t the  o ccu rren ce  o f  su rface  n o rm al d isco n tin u itie s, w e  m u st re ly  

o n  th e  c h an g e  ra te  o f  su rface  no rm al fro m  o n e  p ix e l to  th e  nex t. T h is  ch an g e  ra te  m ay  

b e  re g a rd ed  as a  fo rm  o f  n o rm al cu rv a tu re  m easu rem en t [ 0 - 6 6 ] .  T h e  fo llo w in g  p red i

ca te  C aptures th e  ra te  o f  ch an g e  o f  su rface  n o rm als  and  can  b e  u sed  as a  s topp ing  c ri

te rio n  fo r  th e  d e tec tio n  o f  c rease  edges.

W e  a p o lo g i z e  t o  t h e  r e a d e r  f o r  m is u s in g  th e  p h r a s e  ‘ r e g io n  g r o w in g . ’ W h a t  w e  h a v e  d o n e  c a n  

b e  s im p ly  im p le m e n t e d  b y  f ir s t  d e t e c t in g  e d g e s  in  a  r a n g e  im a g e ,  f o l l o w e d  b y  c o n n e c t iv e  a n a ly s i s  

o f  t h e  n o n - e d g e  p ix e l s .  T h e  c o n n e c t iv i t y  a n a ly s i s  c o u ld  b e  im p le m e n t e d  e f f i c i e n t l y  in  th e  

p a r a m e te r  s p a c e  . ( U j )  d ir e c t ly .  W e  f e l t  c o m p e l l e d  t o  u s e  th e  p h r a s e  ‘r e g io n  g r o w in g ’ in  

c o n n e c t io n  w i t h  o u r  a lg o r i th m  s i n c e  o u r  a lg o r i th m  i s  v e r y  s im i la r  t o  t h e  s o - c a l l e d  r e g io n  g r o w i n g  

m e t h o d  d e s c r ib e d  in  [S&B —85].
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F igu re  2 .4 . A  n eed le  im ag e  o f  the  ob ject, each  n eed le  rep re sen ts  th e  su rface  n o rm a l at 

a  ran g e  p ix e l co m p u ted  by fitting  a p la n e  e q u a tio n  to  a  5x 5 w in d o w  o f  

n e ig h b o rh o o d . N o tice  the sm o o th in g  d is to rtio n s in  th e  v ic in ity  o f  edges.
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F ig u re  2 .5 . A  n eed le  im ag e  o f  the o b je c t o b ta in ed  by  u s in g  th e  adap tive  w in d o w  

m e th o d . N o tic e  th e  sm o o th in g  d is to rtio n s have  b een  v ir tu a lly  e lim ina ted .
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lA j  ~Pk,i  I
>  curvature threshold.

T h eo re tica lly  speak ing , as the  p o in ts  p i j  and  g e t c lo se r the p red ica te  app roaches 

th e  n o rm al cu rv a tu re  a t o ne  o f  the  tw o  po in ts . [N ote  th a t th e  n o rm al cu rv a tu re  

co rresp o n d s  to  the  cu rv a tu re  assoc ia ted  w ith  the  cu rve  o b ta in ed  b y  “ cu ttin g "  an  o b jec t 

su rface  w ith  a  p lane . In  the  cu rva tu re  m easu re  show n here , th e  cu ttin g  p lan e  is tha t 

p lan e  w h ich  p asses  th ro u g h  the  p o in ts  p wj a n d p KX on  th e  o b jec t surface. T h e  th ird  c o n 

stra in t on  th e  cu tting  p lan e  is th a t the su rface  no rm al a t e ith e r p i;j  o r  p*./ a lso  be c o n 

ta ined  w ith in  th e  p lane.] T h is cu rv a tu re  th resho ld  u sed  sh o u ld  ex ceed  the  m ax im u m  o f  

tiie m ax im al c u rv a tu re  o f  any  o f  the  sm oo th  su rfaces ex p ec ted  to  be en co u n te red  in  the  

scene. F o r  e x am p le , assu m e  th a t th e  m ost Curved surface  in  th e  scene  co rresp o n d s  to  a 

sphere  o f  rad iu s  3", th en  th e  cu rva tu re  th resho ld  shou ld  be n o  le ss  th an  1/3, th e  n o rm al 

cu rv a tu re  o f  a  sphere  o f  rad iu s  r  be in g  I Ir.

R an g e  im ag e  segm en ta tion  p ro ceed s  by  g ro w in g  a  reg io n  in  a ll d irec tio n s  by  

recu rs iv e ly  m erg in g  n e ig h b o rin g  ran g e  p ix e ls  d ep en d in g  up o n  the  tw o  p red ica tes  

defined  above. S egm en ta tio n  resu lts  on  the ran g e  im ag e  show n in  th e  p rev io u s  sec tion  

are illu s tra ted  in  F ig . 2 .6 . In  general, th e  perfo rm an ce  o f  th is  g ro w in g  p ro ced u re  is 

h ig h ly  d e p en d e n t o n  th e  q u a lity  o f  ran g e  d a ta  arid surface  n o rm als  b ecau se  o n ly  lo ca l 

in fo rm atio n  is  used . H ow ever, since o u r adap tive  w indow  tech n iq u e  is  cap ab le  o f  p ro 

d u c in g  c lear, n o n d is to rted  su rface  norm als, th is  sim ple  reg io n  g ro w in g  m eth o d  p re 

fo rm s q u ite  w ell fo r  th e  types o f  scenes w e  have  w o rk ed  w ith  in  co n n ec tio n  w ith  th is 

research .

W e c an  a lso  ex trac t ve rtices  and  ed g es fro m  a  seg m en ted  im age . T o  d o  so, w e 

traCe th e  b o u n d ary  o f  each  segm en ted  reg ion  c lo ck w ise  and  m o n ito r the lab e ls  o f  its 

n e ig h b o rin g  reg io n s . A  ch an g e  o f  the  lab els  s ignals  the  p resen ce  o f  a  v e rtex , and  any  

tw o  ad jacen t v e rtices  define  an edge. T h e  type  (crease , o cc lud ing , o r  occ lu d ed ) o f  each  

ed g e  can  b e  d e te rm in ed  by  co m p arin g  the  ran g e  v a lu es o n  the  tw o  sides o f  th e  edge. 

O n ly  a  c rease  b o u n d ary  is  regarded  as a  rea l edge. T he  ad jacen cy  re la tio n sh ip s  be tw een  

su rfaces are  a lso  reco rd ed  d u rin g  th is boundary  track ing .

2 .4 .  C la s s i f i c a t io n  o f  S u r f a c e s

G iv eu  a p ro cessed  ran g e  im age , w e w an t to  c lassify  each  seg m en ted  reg io n  in to  

o n e  o f  th ree  ty p es  o f  surfaces, nam ely  p lanar, cy lin d rica l o r  con ica l; o f  cou rse , i f  a  

reg io n  does n o t fit the  c rite ria  fo r  any  o f  these  th ree  ca tego ries , w e  w ou ld  like  the 

reg io n  to  be c lassified  as unknow n . T heo re tica lly , b y  fitting  a  q u ad ric  fu n c tio n  to  the  

ran g e  d a ta  o f  a  segm en ted  reg io n  and  exam in in g  the  coeffic ien t o f  th e  b est fit qu ad ric  

function , w e  can  d e te rm in e  w h ich  type  o f  su rface  the  reg io n  is. H o w ev er, as no ted  by
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F ig u re  2 .6 . T h e  seg m en ta tio n  re su lt fro m  the  need le  im ag e  in  F ig . 2 .5



H o ffm an  and  Ja in  [H& J  87], in  p rac tice , those  coeffic ien ts  a re  v e ry  sen sitiv e  to  no ise . 

In  th is  sec tio n  w e  p re sen t an e ffic ien t m ethod  to  c lassify  seg m en ted  reg io n s  in to  the  

th ree  su rface  ty p es  b ased  o n  th e  ch arac te ris tic s  o f  th e ir ex ten d ed  G a u s s i a n  I r n a g e g

T he ex ten d ed  G au ssian  im age  o f  a  su rface  is  ob ta ined  by  m ap p in g  th e  su rface  n o r

m al a t ev ery  p o in t o f  th e  su rface  o n to  a  G au ssian  sphere  [ /£ - 8 3 ]  [H o -8 4 ] .  F o r  a  p la n a r 

surface, th e  E G I is  a  sm all p a tch  w h o se  o rien ta tio n  o n  th e  G au ssian  sp h ere  co rresponds 

to  th e  n o rm al to  the p lan e  (see F ig . 2 .7 -a). F o r a cy lin d rica l su rface , its  E G I is  a g rea t 

c i rd e  w h o se  ax is  is  p a ra lle l to  the  ax is o f  th e  cy lin d e r (see  F ig . 2 .8 -a ), by  the  ax is  o f  the 

c irc le  is  m ean t a  u n it v ec to r p e rp en d icu la r to  th e  p lan e  o f  th e  c irc le  an d  p ass in g  th rough  

its  cen ter. A n d  fina lly , fo r  a co n ica l su rface, its  E G I is  a m in o r c irc le  o f  rad iu s  less than  

one, the  ax is  o f  th e  m in o r c irc le  b e in g  again  p a ra lle l to  the  ax is o f  th e  co n ica l surface, 

as show n  in  F ig . 2 .9 -a . In  add ition , as illu s tra ted  in  F ig . 2 .1 0 , th e  d is tan ce  fro m  the  

cen te r o f  th e  sphere  to  the  p lan e  con ta in ing  the c irc le  in  each  case  is g iven  by

d = s in (0)

w h ereas th e  rad iu s  o f  th e  c irc le  is  g iven  by

r= c o s (0), -

0 b e ing  th e  co n e  angle. I t is u sefu l to  th in k  o f  p la n a r an d  cy lin d rica l su rfaces  as tw o 

spec ia l cases  o f  a  co n ica l surface. W e  can  easily  v isu a lize  a co n e  b eco m in g  a  p la n e  by  

le ttin g  th e  co n e  ang le  0  app ro ach  n i l .  T o  see h o w  a  cone  d e fo rm s in to  a  c y lin d e r o f  

rad ius  r , w e first fix  an  o rth o g o n al sec tion  o f  the cone  w here  th e  rad iu s  eq u als  r  and  

then  le t 0 app roach  0 by  p u llin g  the  tip  o f  the  cone  aw ay  fro m  th e  section . T h e  e ffe c t o f  

d e fo rm in g  a  cone  in to  a  cy lin d e r o r  a  p lan e  can  can  a lso  b e  seen  in  its  E G I. A s th e  cone  

ang le  0 app ro ach es  0 , the  c irc le  on  the  G aussian  sphere  b ecom es a g rea t c irc le , an d  as 0 

ap proaches tc/2  th e  c irc le  sh rinks to  a  po in t. In  o th e r w ords, w e can  re g a rd  th e  E G F s  o f  

p la n a r an d  c y lin d rica l su rfaces as th e  tw o  ex trem e cases  o f  the  E G I o f  a cone.

B ased  o n  the  above  observation , w e  can  c lass ify  a  reg io n  o f  ran g e  d a ta  b y  u sin g  

th e  p ro ced u re  sketched -be low . F irst, w e test w h e th er the E G I o f  th e  reg io n  fits a "g en 

eric  circle* I f  i t  d o e sn ’t, th e  reg io n  shou ld  be c lassified  as un k n o w n  su rface ; o th e rw ise , 

w e  co m p u te  d, th e  d is tan ce  o f  the  p lan e  co n ta in in g  th e  c irc le  fro m  the  c en te r  o f  the  

sphere , and  c lass ify  the reg io n  in to  o ne  o f  th e  th ree  types acco rd in g  to  th e  d is tance . O f 

cou rse , in  p rac tice , fo r  any  o f  th e  three surface  types, po in ts  on  the  sphere  m ay  n o t be 

av ailab le  ev ery w h ere  o n  the  c irc le . T herefo re , an  assum ption  in  o u r  w o rk  is  th a t a 

suffic ien tly  la rg e  arc  seg m en t o f  the  c irc le  is  availab le  in  o rd e r th a t w e  m ay  find  the 

p lan e  th a t co n ta in s  th e  c irc le .

C learly , o u r p ro ced u re  fo r su rface  c lassification  req u ires  th a t w e d e te rm in e  

w h e th e r o r  n o t the  p o in ts  on  the  E G I fa ll o n  a c ircu la r arc and, i f  th ey  do , then  w e  m u st
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T h e  s u r f a c e  n o r m a l s  a r e  m a p p e d  o n t o  

a  s m a l l  p a t c h  o n  t h e  G a u s s i a n  s p h e r e

A  p la n a r  s u r f a c e  

w i t h  i t s  s u r f a c e  n o r m a l s

F i t t i n g  a  p l a n e  t o  t h e  p o i n t s  

o n  t h e  G a u s s i a n  s p h e r e

F ig u re  2 .7 . T h e  E G Is o f  a p lan a r su rface  and  th e  fitting  p lan e  o n  the  G au ss ian  sphere.
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A c y l i n d r i c a l s u i f a c e  T h e  s u r f a c e  n o r m a l s  a r e  m a p p e d  o n t o

w i t h  i t s  s u r f a c e  n o r m a l s  a  g r e a t  c i r c l e  o n  t h e  G a u s s i a n  s p h e r e

A

K  \

F i t t i n g  a  p l a n e  t o  t h e  p o i n t s  

o n  t h e  G a u s s i a n  s p h e r e

Figxire  2 .8 . T h e  E G Is o f  a  cy lind rica l su rface  and  the  fitting  p la n e  o n  th e  G aussian  

sphere.
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A  c o n e  w i t h  i t s  s u r f a c e  n o r m a ls t h e  s u r f a c e  n o r m a ls  a r e  m a p p e d  o n t o  

a  s m a l l  c i r c le  o n  t h e  G a u s s ia n  s p h e r e

F i t t i n g  a  p la n e  t o  t h e  p o in t s

o n  t h e  G a u s s ia n  s p h e r e ;  h e r e ,  0 < d < l

F ig u re  2 .9 . T h e  E G Is o f  a  co n ica l su rface  an d  th e  fitting  p la n e  o n  th e  G au ss ian  sphere.
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F ig u re  2 .10 . T h e  rad iu s  Of th e  c irc le , w h ich  is the  E G I o f  a co n ica l su rface , is  eq u a l to  

c o s (0); th e  d is tan ce  fro m  the  sphere  cen te r to  th e  c en te r  o f  th e  c irc le  is  

g iven  b y  sin(O), w here  0 is the  cone  angle.
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co m p u te  th e  d is tan ce  o f  th e  p lan e  co n ta in in g  th a t c irc le  fro m  th e  c en te r  o f  th e  sphere. 

O b serv e  th a t any  p o in t n  o f  a  p e rfec t c irc le  on  a  G au ss ian  sp h ere  w ith  ax is  a  and  p e r

p e n d icu la r  d is tan ce  d  m u st satisfy  the  fo llo w in g  eq u a tio n  :

n  -a -  d  =  0. (2 -8)

T h is  tu rn s  o u t to  b e  a  p lan e  eq u a tio n  w ith  n o rm al a  and  d is tan ce  fro m  th e  cen te r eq u a l 

to  d .  T h u s  th e  c irc le  can  b e  in te rp re ted  as th e  in te rsec tio n  o f  th e  p la n e  w ith  th e  G au s

sian  sphere . T h e re fo re , i f  w e  f it  a  p lan e  to  th e  E G I p o in ts  fo r  a ll th ree  cases, fo r  the  

case  o f  a  p la n a r  o b je c t su rface  th e  fitted  p lan e  w o u ld  h av e  to  b e  tan g en tia l to  th e  G au s

sian  sphere  an d  hen ce  i ts  p e rp e n d icu la r  d is tan ce  fro m  the  c e n te r  o f  th e  G au ss ian  sphere  

w o u ld  e q u a l I ,  as show n  in  F ig . 2 .7 -b . O n  th e  o th e r hand , th e  fitted  p lan e  fo r a cy lin d ri

ca l o b jec t su rface  m u st p ass  th ro u g h  th e  c en te r  o f  th e  G au ssian  sp h ere  (see  F ig  2 .8-b). 

A nd , fina lly , fo r  a  co n ica l o b jec t su rface, th e  fitted  p lan e  w o u ld  b e  lo ca ted  a t a  d is tance  

b e tw een  Q an d  I (see  F ig . 2 .9 -b ). T o  acco m p lish  th is  p lan e  fitting , w e  m in im ize  th e  fo l

lo w in g  e rro r  fu n c tio n

e -  £  (n i j ’ a - d )2
i , j e  region

A t th is  p o in t, th e  re a d e r  w o u ld  n o te  th a t th is  m in im iza tio n  p ro b lem  is  ex ac tly  th e  sam e 

as th e  p la n e  fitting  p ro b lem  d iscu ssed  in  S ec tion  2. A gain , a  and  d  can  be  fo u n d  by  

so lv in g  th e  e ig en v ec to r o f  a  m a trix  R  w h ich  is  a  fu n c tio n  o f  j  as defined  in  S ec tio n  2. 

I f  th e  E G I o f  a  su rface  is in d e ed  an  arc on  a  c irc le , th en  th e  e s tim a ted  a  and  d  shou ld  

y ie ld  v e ry  sm all fitting  e rro r e. O n  th e  o th e r hand , i f  th e  E G I o f  th e  reg io n  is n o t p a rt o f  

a  c irc le , m e an in g  th a t th e  su rface  is  n o n e  o f  th e  th ree  p rim itiv e  ty p es, w e can  ex p ec t a 

s ign ifican tly  la rg e r fitting  e rro r e. T h u s  by  p ro p e rly  th resh o ld in g  th e  p e rp en d icu la r d is 

tan ce  d  w e c an  d e te rm in e  w h e th e r o r n o t the  reg io n  is  a  generic  cone. T h e  com ple te  

a lg o rith m  in  p seu d o  lan g u ag e  is  g iven  below :

c lass ify _ reg io n  ( / ? * ) {

find  a ,  d  w hich  m in im izes  e  =  £  ( n i , j ' a  ~ d ) 2

UipRk.

co m p u te  e
A

£
i f  ——— > u n k n o w n  th resh o ld

V / m
re tu rn  (unknow -type) 

e lse  i f  d >  p lan e_ th resh o ld  

n o rm al =a 

re tu rn  (p lane)

e lse  i f  d  <  cy lin d er_ th resh o ld
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cy lin d er_ ax is  =  a  

re tu rn  (cy linder)

e lse

con e_ ax is  =  a  

co n e_ an g le  = sin -1 (d)  

re tu rn  (cone)

}

N o te  th a t th e  con d itio n s w e use  fo r surface  ca teg o riza tio n  are  n ecessa ry  b u t n o t 

sufficient. F o r  ex am ple , a  m a jo r c irc le  o n  an  E G I w ill be  p ro d u ced  n o t on ly  by  a  

cy lin d e r b u t a lso  b y  a ru le d  surface.



C H A P T E R  3  '

3D-P0LY: A ROBOT VISION SYSTEM FOR RECOGNIZING 

3-D OBJECTS IN LOW-ORDER POLY^M iAL TM e

3 .1 .  I n t r o d u c t io n

T he ta sk  a t h an d  is  to  loca te  and  id en tify  instances o f  k now n  m odel o b jec ts  in  a  

ran g e  im age . T h e  o b jec ts  a re  a ssu m ed  to  be rig id . T h is  ta sk  can , in  genera l, b e  acco m 

p lish ed  b y  m atch in g  fea tu res  ex trac ted  fro m  th e  im age  (scene  fea tu res) w ith  those  

d esc rib in g  m o d e ls  (m odel fea tu res). W e  w ill assum e th a t the  fea tu res  are  g eom etric  in  

n a tu re  a n d  can  b e  c h a rac te rized  b y  shape, p o sitio n  an d  o rien ta tion ; such  fea tu res  m ay  

in c lu d e  su rfaces, edges, p o in ts , etc.

W h at a re  th e  d esirab le  tra its  o f  a  goo d  system  fo r  o b jec t reco g n itio n  an d  location?  

C learly , i t  shou ld  b e  ro b u s t en o u g h  to  w o rk  in  m u lti-o b jec t scenes w h ere  th e  ob jec ts  

m ay  b e  o cc lu d in g  o ne  another. T h e  com p lex ity  o f  th e  sy stem  shou ld  e x h ib it a  low - 

o rd e r p o ly n o m ia l d ep en d en ce , on , say, the  n u m b er o f  fea tu res  invo lved . T h e  system  

shou ld  a lso  be easy  to  tra in , m ean in g  th a t it  shou ld  be am en ab le  to  " learn in g  b y  show 

ing ."  In  o u r  co n tex t, th a t m ean s th a t i f  w e  show ed  th e  sy stem  an  o b jec t in  a ll its  ex te rn a l 

en tire ty  then  th e  sy stem  sh o u ld  au tom atica lly  ex trac t the  re le v an t in fo rm atio n  th a t it  

w o u ld  su b seq u en tly  use  fo r  reco g n itio n  and location  de term ination .

A  system  w ith  these  tra its  is  in  opera tion  in  the  R o b o t V isio n  L ab  a t P u rdue . T he  

system , ca lled  3D -P O L Y , h as  b een  te sted  on  scenes co n sis tin g  o f  m u tu a lly  o cc lu d in g  

ob jects; F ig . 3.1 is  an ex am p le  o f  such  a  scene w hich  is m ade  o f  tw o  d iffe ren t types o f  

o b jec ts  sh o w n  in  F ig . 3 .2 . E v iden tly , these  ob jects, w h o se  su rfaces a re  o f  p la n a r  and  

co n ica l ty p es  in  co n v ex  and  co n cav e  ju x tap o sitio n s, do  n o t ex em p lify  the  m o st d ifficu lt 

th a t can  b e  fo u n d  in  th e  in d u stria l w orld ; how ever, th e ir reco g n itio n  in  o cc lu d ed  

en v iro n m en ts  rep resen ts  a  sign ifican t advance  in  o u r  op in ion . T h e  v a rio u s  fram es in  

F ig . 3 .3  illu s tra te  a  successfu l de te rm in a tio n  o f  lo ca tio n  and  iden tifica tion  o f  o n e  o f  the  

o b jec ts  w h o se  su rfaces a re  suffic ien tly  v is ib le  in  the  scene  o f  F ig . 3 .1 , and  th e  m an ip u 

la tio n  o f  th is  o b jec t b y  th e  robo t. F o r  the  ob jects  in  the  heap , the  m o d e ls  w ere  au to m a ti

ca lly  g en era ted  by  th e  s y s te m —  w e ca ll th is  lea rn in g  by  sh o w in g  —  b y  p lac in g  each  

o b jec t in  a  co m p u te r co n tro lled  scanner; each  o b jec t w as  show n  in  m an y  d iffe ren t
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F ig u r e  3 .1 .  A  s c e n e  o f  a  p i l e  o f  o b je c ts .



(a)

F ig u re  3.2 . T h e  tw o  ob jec ts  th a t m ake  up  the  p ile  in  the  scene show n in  F ig  3 .1.



-CO .3 . A  s e q u e n c e  o f  fr a m e s  s h o w s  th e  r o b o t  s u c c e s s f u l ly  p ic k in g  u p  a  r e c o g 

n iz e d  o b je c t .



configu ra tions so  th a t th e  system  co u ld  b u ild  an  in teg ra ted  "w hole  v iew " m o d e l o f  the  

ob ject. T he  d e ta ils  o f  th e  "learn ing" system  w ill be  p re sen ted  in  C h ap te r 4.

T h e  a im  o f  th is  ch ap te r  is  n o t to  d escrib e  the  en tire  sy stem  th a t re su lts  in  th e  ty p e  

o f  sen so r-g u id ed  m an ip u la tio n  show n in  F ig . 3 .3 , b u t o n ly  those  a sp ec ts  th a t d e a l w ith  

stra teg ies  fo r  h y p o th esis  g enera tion  and  th e  m a n n er in  w h ich  th e  m o d e l in fo rm atio n  is 

o rg an ized  to  fa c ilita te  verifica tion . In  th e  n ex t section , w e  w ill s ta te  m o re  fo rm ally  the  

p ro b lem  o f  d e te rm in in g  th e  id en tity  and  location  o f  an  ob ject. A g a in s t a  b ack g ro u n d  o f  

th is p ro b lem  sta tem en t, in  S ec tion  3 w e  w ill d iscuss  th e  lite ra tu re  re la ted  to  o u r 

research . F ina lly , th e  re s t o f  th is  ch ap te r w ill then  p re sen t th e  m a in  th em e  o f  th is  artic le .

3 .2 .  P r o b l e m S t a t e m e n t

B efo re  w e  fo rm ally  state  th e  p ro b lem  o f  o b jec t reco g n itio n , w e  w o u ld  lik e  to  

define the  m o re  im p o rtan t sym bo ls  u sed  in  o u r p resen ta tion .

•  S  o r  Si'. A  scene  fea tu re  w ill b e  den o ted  by  S.  W hen  m ore  th an  o n e  fea tu re  is u n d e r 

d iscu ssio n , th e  i th fea tu re  w ill be  d en o ted  by  S,-.

•  M  ox M j  w ill d en o te  m odel fea tu res.

•  Os w ill d en o te  a  scene  ob jec t. F o r the  pu rp o se  o f  ex p la in in g  o u r  h y p o th esis  g en era 

tion  stra teg ies  and  verifica tion  p rocedures , w e w ill assum e th a t th e  scene  c o n sis t o f  

a  s ing le  ob jec t. H o w ever, as w ill b e  p o in ted  o u t in  Section  7 , th e  en tire  m e th o d  is 

eas ily  g en era lizab le  to  m u lti-o b jec t scenes. (O f cou rse , its  su ccess  in  m u lti-o b jec t 

scenes w o u ld  d ep en d  upo n  th e  ex ten t to  w h ich  an o b jec t is  v is ib le .)

•  Om w ill d en o te  a  can d id a te  m odel ob ject. S e lection  o f  a  m o d e l o b jec t fro m  the  

lib ra ry  o f  o b jec ts  availab le  to  the  system  is  p a rt o f  h ypo thesis  generation .

•  n  w ill d en o te  th e  n u m b er o f  fea tu res  ex trac ted  fro m  th e  scene  ob ject.

•  m  w ill d en o te  th e  n u m b e r o f  fea tu res  in  th e  m o d el ob ject.

•  T r  w ill re p re se n t th e  lo ca tio n  (o rien ta tion  and  position ) o f  th e  scen e  ob ject; it is  in  

fa c t a  tran sfo rm atio n  co n sis tin g  o f  a ro ta tio n  R  and  a  tran sla tio n  T h e  tran sfo rm a

tion  tak es th e  o b jec t fro m  th e  m odel coo rd ina te  sy stem  to  its  ac tua l lo ca tio n  in  the  

w o rld  co o rd in a te  sy stem  (see F ig  3 .4). A ctually , th e  m odel co o rd in a te  sy stem  is  the  

sam e as th e  w o rld  coo rd in a te  system , the  o n ly  d ifference  b e in g  th a t in  th e  fo rm er a ll 

m o d e l o b jec ts  a re  supposed  to  re s id e  a t the  o rig in  in  som e standard  o rien ta tion . 

W h en  w e say  a  m o d e l o b jec t resid es  a t the  o rig in , w e m ean  th a t som e re fe ren ce  

p o in t o n  th e  o b jec t is  co in c id en t w ith  the  orig in .

t  W e  w i l l  a l s o  u s e  Tr  t o  d e n o t e  t h e  s e t  o f  a l l  p o s s ib le  s o lu t io n s  f o r  t h e  lo c a t io n  o f  a n  o b j e c t  

g iv e n  t h e  c u r r e n t ly  k n o w n  c o n s tr a in t s .  T h e  t y p e  o f  u s a g e  s h o u ld  b e  c l e a r  f r o m  t h e  c o n t e x t .
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A  s c e n e  o b j e c t

A  m o d e l  o b j e c t

/  o b j e c t - c e n t e r e d  

j  c o o r d i n a t e  s y s t e m

w o r l d  c o p m in a t e ^ .

F ig u re  3 .4 . T h e  re la tio n  b e tw een  th e  o b jec t-cen te red  co o rd in a te  sy stem  fo r  th e  m o d e l 

d a ta , th e  w o rld  coo rd ina te  sy stem  u sed  fo r th e  scene  d a ta  and  the tran sfo r

m a tio n  th a t specifies th e  p o se  o f  ob ject.



•  c  Will den o te  a  o n e-to -o n e  m ap p in g  func tion  b e tw een  the  scene  fea tu res  and  the  

m o d e l fea tu res. In  th is  p ap er, w e  w ill assum e a  o n e-to -o n e  m a p p in g  b e tw een  the  

scene fea tu res  an d  th e  m odel fea tures. A lthough  th e re  can  certa in ly  b e  s itua tions 

w h ere  a  o n e-to -o n e  m ap p in g  m ay  n o t b e  app rop ria te  —  fo r  ex am p le , w h en  scene  

edges are  b ro k en , o n e  m a y  have  to  m ap  m o re  than  o n e  scene  ed g e  to  th e  sam e 

m o d e l ed g e  —  Our segm enta tion  a lgo rithm s d o  m an ag e  to  p ro d u ce  fea tu res  a t 

a lm o st th e  sam e lev e l o f  co n n ec tiv ity  as th e  m odel fea tu res, a t le a s t fo r  th e  ty p es  o f  

scenes d ep ic ted  in  F igs. 3 .1. F o r exam ple, F ig . 3 .5 show s th e  ed g e  a n d  su rface  

fea tu res  o f  th e  o b jec ts  in  a  heap .

W ith  th is  no ta tion , a  scene  o b jec t m ay  be rep re sen ted  by  

Os =  IS i I i = 

and  a  m o d e l o b je c t by

Om =  {Mj \ j  = 1 , . . .  ,m )

w h ere  the  o rd e rin g  o f  th e  fea tu res  is u n im p o rtan t a t th is  tim e; w e  w ill have  m o re  to  say 

ab o u t th e  su b jec t o f  o rd e rin g  la te r, s ince  i t  p lay s  an im p o rtan t ro le  in  th e  in te rp re ta tio n  

o f  m u lti-o b jec t scenes.

S in ce  a ll o b jec ts  w ill b e  assum ed  to  b e  rig id , i f  o b jec t Os is  a n  in s tan ce  o f  m odel 

Om p la c e d  a t lo ca tio n  Tr  in  3-D  space, then  every  o b se rv ed  scene  fea tu re  o f  Os m u s t be  

ah  in s tan ce  o f  som e m o d e l fea tu re  o f  Om tran sfo rm ed  by  the  ro ta tio n  and  tran s la tio n  

specified  b y  T r. O ne m ay  n o w  state  o u r p ro b lem  m ore  fo rm ally  b y  say in g  th a t th e  a im  

o f  o u r  sy stem  is  to  find  a  m o d el ob ject, Om, d e te rm in e  its  p o s itio n  and  o rien ta tion  

tran sfo rm  T r  an d  estab lish  a  co rresp o n d en ce  c  : Os -^ O m such  th a t

Si <=> T r  • M c(i) (3 . 1)

fo r  a ll S i e  Os . H ere  < = >  sym bolizes a  m atch  be tw een  th e  tw o  fea tu res  Si an d  M c(i). 

T h e  c rite ria  u n d e r w h ich  tw o  fea tu res  m ay  be co n sid e red  to  m a tch  w ill, in  general, 

d ep en d  o n  fac to rs  such  as the  types o f  fea tu res  u sed , capab ilities  o f  th e  sensor, o cc lu 

sion , n o ise , e tc ., an d  w ill b e  ad d ressed  la ter. F q u a tio n  (3 .1) p ro v id es  a  fram ew o rk  fo r  

d iscu ss in g  th e  p ro b lem  o f  fea tu re  m atch ing  in  g enera l term s.

T h e  p ro b lem  o f  reco g n itio n  and  lo ca liza tio n  o f  a  scene o b je c t m a y  b e  d eco m p o sed  

in to  th e  fo llo w in g  th ree  subprob lem s:

(a) S e lec t a  can d id a te  m o d el Om fro m  th e  lib rary ; th is  gen era tes  th e  o b jec t 

iden tifica tion  hypo thesis.

(b) D e te rm in e  (estim ate) the  location  Tr, th is is  th e  location  h y po thesis .

(c) E s tab lish  a  co rresp o n d en ce  c  be tw een  Os and  Om th a t satisfies eq u a tio n  (3 .1). 

S u ch  a co rre sp o n d en ce  co n stitu tes  verifica tion  o f  th e  hypo thesis .
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F ig u re  3 .5 . T h is  p ro cessed  ran g e  m ap  o f  th e  scene  o f  F ig . 3.1 show s th e  seg m en ted  

reg io n s . T h e  need le  o rien ta tio n s  sh o w  the  co m p u ted  lo ca l o rien ta tio n s  o f  

th e  su rfaces.
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T h e  size  o f  th e  so lu tio n  space  fo r  th e  first subp rob lem  is  p ro p o rtio n a l to  th e  n u m b e r o f  

m o d e l o b je c ts  in  th e  m odel lib rary . F o r  the  second  subp rob lem , o ne  h as  to  co n ten d  

w ith  th e  six  d eg rees  o f  freed o m  asso c ia ted  w ith  th e  tran sfo rm atio n  Tr, th ree  o f  these  

b e in g  asso c ia ted  w ith  the  p o sitio n  v ec to r t  and  the  o th e r th ree  w ith  th e  o rien ta tion  

m atrix  R .  I f  w e  u se  R Tr to  d en o te  th e  so lu tion  space  asso c ia ted  w ith  th e  second sub- 

p ro b lem , i t  is  g iv en  by

■ [ . / [ ; =  2R 3x [0 , 2 j i ] x [0 ,  2 t c] x [0 ,  t c]

w h ere  R  s tands fo r  th e  rea l line , and , therfo re , R 3 stands fo r  th e  so lu tion  space  

co rresp o n d in g  tp  a ll p o ssib le  so lu tio n s fo r the tran sla tio n al v e c to r t. T h e  so lu tion  space  

a sso c ia ted  w ith  the  th ird  sub p ro b lem  is  obv iously  o f  size m " , s ince, in genera l, one 

m u s t a |lo w  fo r  a ll p o ssib le  w ays in  w h ich  th e  n  scene  fea tu res  can  b e  m a tch ed  w ith  the 

m  m o d e l fea tu res. T herefo re , w e  can  w rite  the  fo llo w in g  ex p ress io n  fo r th e  so lu tion  

space asso c ia ted  w ith  the  p ro b lem  rep resen ted  by  equation  (3 .1):

# j y f  jn o d e ls  x R Tr x  m n

W e d o  n o t w ish  to  g iv e  the  re a d e r an im pression  th a t s tra teg ies  fo r  ran g e  im ag e  

in te rp re ta tio n  m u st b e  fo u n d ed  on  the p ro b lem  deco m p o sitio n  show n here , o n ly  th a t it  

is  a  p re fe rred  ap p ro ach  fo r  us (and  a few  o th e r  re sea rch ers  in  o th e r  labo ra to ries). 

A pp ro ach es th a t d o  n o t co n fo rm  to  o u r p ro b lem  d eco m p o sitio n  d o  e x is t an d  som e o f  

these  h av e  been  ex ten siv e ly  investiga ted . In  o u r lite ra tu re  su rvey  in  S ec tion  3, w e  have  

a llu d ed  to  these  co m p etin g  approaches.

fit genera l, any  so lu tion  to  the  p ro b lem  o f  m atch ing  a  scene  o b jec t Os w ith  a  can 

d id a te  m odel Om can , fo r  the  p u rp o ses  o f  analyz ing  co m p lex ity  an d  e ffic iency  re la ted  

issues, be  co n ce iv ed  o f  as a  tree  search , as fo r ex am p le  show n in  F ig . 3 .6. A  trav e rsa l 

th ro u g h  th e  search  tree  m ay  be re fe rred  to  as a  recogn ition  p ro cess , each  a rc  in  the  

trav e rsa l re p re se n tin g  an  a ttem p t a t sco ring  a  m atch  b e tw een  a  scene  fea tu re  an d  a  

m o d e l fea tu re . E ach  n o d e  in  a  trav e rsa l m ay  be co n sid ered  to  rep re sen t th e  c u rren t sta te  

o f  th e  reco g n itio n  p ro cess , w h ere  th e  cu rren t state  is  specified  b y  ( c * ,T r * )  w ith  c*  

b eing  a  p a rtia l co rresp o n d en ce  lis t estab lish ed  so  fa r  and  Tr * rep re sen tin g  th e  p a rtia l 

so lu tion  to  th e  d e te rm in a tio n  o f  o b jec t location . C learly , th e  in itia l state  o f  tree  search , 

rep re sen ted  b y  th e  roo t, sh o u ld  b e  (c*  =  0 ,  Tr* = R l r ). T h ro u g h  th e  tree  search , w e 

in c re m e n tly c o n s tru c t the  co rresp o n d en ce  c*  on  th e  o ne  hand  and  co n trac t th e  so lu tion  

space  o f  T r  o n  th e  o ther. A  m o d el o b jec t is co n sid e red  to  b e  an  accep tab le  in te rp re ta 

tion  o f  a  scen e  o b je c t i f  th e  traversa l reach es  o ne  o f  the  te rm in a l n o des. S ince  reach in g  

a  te rm in a l n o d e  m ere ly  m ean s  th a t a ll o f  the n  scene  fea tu res  h av e  been  m atch ed , it 

c lea rly  do es  n o t co n stitu te  a  suffic ien t cond ition  fo r  o b jec t reco g n itio n ; all th a t can  be 

sa id  is  th a t th e  m o d e l is  an  accep tab le  in te rp re ta tion . I f  no  traversa l in  th e  tree  search  is  

ab le  to  arrive  a t a  te rm ina l n o d e  then  the  cand ida te  m o d el o b jec t m u st b e  re jec ted . N o te
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s: scene  fea tu re  

m : m o d e l fea tu restart

s l= m i s l= m ns l= m 2s l= m l

s2= m ns2= m 2s2= m l

F ig u re  3 .6 , D a ta  d riv en  tree  search .
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th a t th e  tree  sea rch  d ep ic ted  in  F ig . 3 .6  rep resen ts  d a ta -d riv en  ap p ro ach  to  th e  reco g n i

tion  p ro cess , th e  search  b e ing  d a ta  d riven  because  th e  sequence  o f  m a tch es  is  con tro lled  

b y  th e  o rd e r  o f  th e  scene fea tures. A lte rna tive ly , the  reco g n itio n  p ro cess  m ay  be cas t in  

a  m o d e l-d riv en  fram ew o rk , as show n in  Fig. 3 .7, w here  the  sequence  o f  m a tch es  is  c o m  

tro lled  b y  the  o rd e r  in  w h ich  th e  m odel fea tu res  are  invoked . T h e  tim e  co m p lex ity  

a sso c ia ted  w ith  m o d e l-d riv en  search  is 0  (n m). F o r reco g n iz in g  iso la ted  s in g le  ob jects, 

since  n  w ill b e  ap p ro x im ate ly  eq u a l to  m i l ,  re flec ting  th e  p o ssib ility  th a t on ly  h a lf  the  

fea tu res  w o u ld  itt m o st cases  b e  v is ib le  from  a  v iew po in t, and  s in ce  m  j s je ss than  

(m /2)w , o n e  c an  a rgue  th a t fo r  such  cases  a  d a ta -d riv en  search  m ig h t b e  m o re  e ffic ien t 

than  a  m o d e l-d riv eh  search .

G o in g  b ack  to  th e  d a ta -d riv en  tree  search  show n in  F ig . 3 .6 , since  each  p a th  in  the  

tree  co rresp o n d s  to  a  p o ssib le  so lu tion  to  the  co rresp o n d en ce  c, an d  since  in  th e  w o rs t 

case  th e  search  m ay  h av e  to  sw eep  th ro u g h  the  en tire  space  (via, say , b ack track ing ), 

and  s in ce  the  to ta l n u m b er o f  nodes in  the  space is  o f  the  o rd e r o f  m ” , th e  tim e  c o m 

p lex ity  o f  an  ex h au stiv e  search  on  th e  tree  is  eq u a l to  O  (m "). T h is  ex p o n en tia l co m 

p lex ity , w h ich  is  u n accep tab le  fo r  p rac tica lly  all app lica tions, can  b e  substan tia lly  

re d u ced  by  u s in g  co n stra in t p ro p ag a tio n , o f  w h ich  h y p o th esis-an d -v erify  is  o n e  exam - 

p le . In  th is  p ap er, w e  w ill show  th a t i t  is  p o ssib le  to  estab lish  a  h y p o th esis-an d -v erify  

app roach  in  such  a  m an n er th a t th e  tim e  com plex ity  red u ces fro m  th e  e x p o n e n t i a l  to  a 

lo w  o rd e r p o ly n o m ia l.

3 .3 .  R e la t e d  L i t e r a t u r e

O sh im a and  S h ira i [O& S  -8 3 ]  [S/t -8 7 ]re p re s e n t bo th  the  scene  and  th e  m o d e ls  by  

g raphs w h o se  no d es rep re sen t p lan a r o r  sm oo th ly  cu rv ed  su rfaces to g e th e r w ith  th e ir 

a ttribu tes , a n d  w h o se  arcs rep re sen t re la tio n s  be tw een  su rfaces, th e  re la tio n s  b e in g  o f  

ty p e  ad jacen cy , co n v ex ity  o r  con cav ity  o f  co m m o n  edges, d ih ed ra l ang les , d is tance  

b e tw een  th e  cen tro id s , etc. T h e  a ttribu tes  o f  th e  su rfaces a t the no d es in c lu d e  p e rim e te r, 

area, m ean  reg io n  rad ii, e tc . In  fac t, fo r  the  m o d e ls  a  separa te  g raph  m a y  be used  fo r 

each  " typ ical v iew  o f  the  ob jec t;"  th e  au thors d o  n o t m ak e  c le a r  w h a t th e y  m ean  b y  a 

"typ ical v iew ."  G iv en  a  ran g e  im ag e  o f  u nknow n  ob jec ts , th e ir sy stem  first se lec ts  a  

"kernel", w h ich  co n sis ts  o f  o ne  o r  tw o  m o st re liab le  su rfaces fo r  reco g n itio n , th en  p e r

fo rm s an  ex h au stiv e  search  o f  a ll m odel g raphs to  find  all co m p atib le  m o d e l kerne ls . 

F ina lly , file sy stem  p e rfo rm s a m o d e l-d riv en  d ep th  first search  and  a ttem p ts  to  find  a  

co rresp o n d en ce  be tw een  th e  rem ain in g  scene su rfaces and  the  m o d e l su rfaces. T h is  

app roach  is an  ex am p le  o f  h ypo thesis  genera tion  and  verifica tion , a  h y p o th esis  be in g  a 

m odel o b jec t in  a p o se  co rresp o n d in g  to  w hat they  ca ll a  typ ica l v iew .
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s: scene  fea tu re  

m : m o d e l fea tu re

m l= s i m l= n i lm l= s 2m l = s l

P V  N

m 2= nilm 2= s2m 2= s l

F ig u re  3 .7 . M o d e l d riv en  tree  search.



F an , M ed io n i an d  N e v a d a  [F& et - 88] p re sen t a  schem e fo r  e stab lish in g  the  

co rresp o n d en ce  o f  o b jec ts  and  o b jec t su rfaces be tw een  tw o  ran g e  im ag es rep re sen tin g  

tw o  v iew s o f  the  ob jects. N o te  th a t th is  p ro b lem  is s im ila r to  th e  o n e  ad d ressed  by  

O sM m a a n d  S h irai, in  w h ich  a  m o d e l is  ac tua lly  a typ ica l v iew  o f  its  e o tre sp o h d ih g  

ob jec t. T h e y  a lso  d esc rib e  scenes by  g raphs as O sh im a an d  S h irai d id . H bw eveivT h  

th e ir ap p roach , be fo re  fea tu re  m a tch in g  starts, each  g raph  is  segm ented, in to  a  set o f  

subgraphs, each  su b g rap h  rep resen tin g  a  can d id a te  o b jec t to  b e  m atched . T h is  o b jec t 

segm en ta tion  is  d o n e  by  g ro u p in g  su rfaces m ain ly  lin k ed  b y  co n v ex  and  co n cav e  b o u n 

daries. B esid es, they  u se  a  r ic h e r se t o f  surface  d escrip to rs, such  a s  av e rag e  p rin c ip a l 

cu rva tu res, 3 -D  areas, e tc ., an d  u se  tran sfo rm atio n  co n stra in ts , w h ich  are  g loba l co n 

stra in ts , in  ad d itio n  to  the  in te r-su rfaces constra in ts  fo r  g raph  m atch in g

T onaita an d  K an ad e  \T & K — 84] p resen t an  ed g e-b ased  v is io n  sy stem  fo r  re c o g n i

tion  a n d  lo ca liza tio n  o f  3 -D  ob jects. A n  in p u t ran g e  im age  is  segm en ted  in to  p la n a r  o r  

co n ic  su rfaces  an d  each  su rface  is  then  desc ib ed  b y  its  b o u n d ary  segm en ts . E ach  o b jec t 

m o d el is  d esc rib ed  in  th e  sam e m a n n er from  ran g e  im ag es acq u ired  d u rin g  a lea rn in g  

phase . B y  m atch in g  b o u n d ary  co m ponen ts  th rough  an  ex haustive  search , a  tran sfo rm a

tion  is  then  h y p o thesized . T h e  can d id a te  tran sfo rm atio n  is  then  te sted  by  m a tch in g  the  

OthCT b o u n d ary  segm en ts fo r  verifica tion , the  m a tch in g  in v o k ed  d u rin g  th e  verifica tion  

p h ase  b e in g  co n tro lled  b y  re liab ility , p lausib ility , etc.

B o lies  arid H o rau d  [B & H — 86] in  th e ir 3 D P 0  system  em p h asize  th e  im p o rtan ce  o f  

fea tu re  o rd e rin g  in  red u c in g  th e  com p lex ity  o f  m atch ing . T h e ir  m a tch in g  s tra teg y  starts 

w ith  a  d is tin c tiv e  ed g e  fea tu re , and  then  g row s a  m a tch  by add ing  co m p atib le  fea tu res, 

o ne  a t a  tim e. O nce  a  su ffic ien t n u m b er o f  com p atib le  fea tu res  h as  b een  d e tec ted  to  

a llo w  a  hy p o th esis  to  b e  fo rm ed , th e  verifica tion  p ro ced u re  eva lu a tes  i t  b y  co m p arin g  

th e  m easu red  ran g e  d a ta  w ith  th e  d a ta  p red ic ted  acco rd ing  to  th e  hy p o th esis . T h e  o rd 

erin g  o f  fea tu res  to  b e  m a tch ed  is  p red e te rm in ed  b y  an  in te rac tiv e  fea tu re -se lec tio n  p ro 

cess, the  o rd e rin g  b e in g  d o n e  o n  th e  b asis  o f  un iqueness, c o s t o f  d e tec tin g  it, lik e lih o o d  

d f  its  d e tec tion , e tc . S e lec tion  o f  a  b ranch  a t a  n ode  o f  the  search  tree  is  h a rd -w ired  in  

th is  system . In  o th e r  w ords, th e  sequence  in  w hich  the  scene an d  o b jec t fea tu res  are  

m a tch ed  is  p reco m p iled  by  the  hum an  opera to r.

Dceuchi [ /£ - 8 7 ]  p re sen ts  a  p ro ced u re  fo r  d e te rm in in g  the  u n k n o w n  a ttitu d e  o f  an  

o b jec t fro m  3 -D  m easu rem en ts; the  p ro ced u re  u ses  an  in te rp re ta tio n  tree  to  g u id e  the  

p ro cess  o f  m a tch in g  scene fea tu res  w ith  m o d el fea tures. U p p er lev e ls  o f  th e  in te rp re ta 

tion  tree  seek  to  ca teg o rize  th e  a ttitude  o f  the  o b jec t w ith  re sp ec t to  o n e  o n  its aspects  

(w ith  re sp ec t to  a  g iv en  v iew p o in t, an  aspec t is a  g ro u p in g  a ll th e  a ttitu d es th a t ap p ear 

to p o lo g ica lly  s im ila r fro m  th a t v iew po in t). A ttitu d e  ca teg o riza tio n  tak es in to  acco u n t 

v is ib le  d o m in an t su rfaces and  th e ir  in terre la tionsh ips. S ta rting  w ith  th e  k n o w led g e  o f



th e  a sp ec t lo w e r lev els  o f  Ik e u c h i’s in te rp re ta tio n  tree  th en  try  to  ca lcu la te  m o re  p re 

c ise ly  th e  o b je c t a ttitude . In  th e  w o rk  re p o rte d  in  [Zfc-87], th e  in te rp re ta tio n  tree  w as 

specified  b y  a  hu m an ; h o w ev er, w e  b e liev e , i t  is  n o w  p o ssib le  to  co m p ile  i t  au to m ati

c a lly  fro m  th e  C A D  m o d e ls  o f  an  ob jec t. T h e  re a d e r sh o u ld  n o te  th e  im p o rtan t d iffe r

en ce  b e tw een  an  in te rp re tio n  tree  an d  th e  sea rch  tree  show n in  F ig . 3 .6 . W h ereas  the  

la tte r  is  a  search  space  asso c ia ted  w ith  th e  p a irin g s  o f  scene  an d  m o d e l fea tu res , the  

fo rm er is  a  d e lin ea tio n  o f  th e  steps o f  a  p ro ced u re  th a t m u st b e  in v o k ed  fo r  in te rp re ta 

tio n , th e  a lte rn a tiv e  ch o ices  o f  th e  s teps o f  the  p ro ced u re  b e in g  co n v en ien tly  

rep re sen ted  b y  th e  b ran ch in g  o f  a  tree .

H an sen  a n d  H en d erso n  [ / M t f -8 7 ]  a lso  p ro p o se  a  m e th o d  fo r th e  au tom atic  g e n 

e ra tio n  o f  re c o g n itio n  a lgo rithm s, a lso  in  th e  fo rm  o f  in te rp re ta tio n  trees, b a sed  o n  the  

g eom etric  p ro p e rtie s  o f  o b jec t shapes. T h ey  se lec t an d  o rd e r fea tu res  in  th e  in te rp re ta 

tio n  tree  b ased  o n  fo u r q ua lities , nam ely , ra rity , ro b u stn ess , c o m p u ta tio n a l expense  , 

co m p le ten ess , an d  co n sis ten cy . T h e  sy n th esized  in te rp re ta tio n  tree  h as  tw o  p a rts , the  

firs t p a r t is  fo r  m a tch in g  th e  s tro n g est se t o f  v iew  in d ep en d en t fea tu res; th e  seco n d  p a rt 

th en  finds co rro b o ra tin g  ev id en ce  in  sup p o rt o f  th e  hy p o th esis  g en era ted  b y  th e  first p a rt

an d  thus c o m p le tes  th e  d e te rm in a tio n  o f  th e  o b je c t’s pose.

F au g e ra s  an d  H eb ert [ / M t f -8 3 ] ,  [ F & / / - 86] p re sen t a  3 -D  o b je c t reco g n itio n  and  

lo c a liza tio n  System  b ased  o n  geo m etrica l m a tch in g  b e tw een  p rim itiv e  Surfaces. P rim i

tiv e  su rfaces  in  a  scene  are  seg m en ted  b y  reg io n  g row ing  b a se d  o n  p la n a r  o r  quad ric  

su rface  fit. E a c h  m o d e l o b jec t is  a lso  rep re sen ted  by  a  lis t o f  p r im itiv e  su rfaces. T h e  

reco g n itio n  p ro cess  consis ts  o f  first se lec ting  fro m  the  m o d e l o b je c t a  fea tu re , su ch  as 

an  e d g e  o r  a  su rface ; th e n  th ey  lo o k  fo r a  scene  fea tu re  to  m a tch  th e  se lec ted  m odel 

fea tu re . T h e  n e x t s tep  co n sis ts  o f  th e  se lec tio n  o f  an o th er m o d e l fea tu re , such  th a t th is  

ap d  th e  p re v io u s  m o d e l fea tu res  co m p le te ly  co n stra in  th e  p o se  o f  th e  m o d e l o b jec t 

(c learly , i f  th e  tw o  m o d e l fea tu res  a re  edges, they  c an n o t b e  para lle l; o r, i f  o ne  m o d e l 

fea tu re  is  a  cy lin d rica l su rface  an d  th e  o th e r a  p lan a r su rface , th e  p rin c ip a l axes o f  the  

tw o  c an n o t b e  o rth o g o n a l). T h e  sy stem  lo o k s  fo r  a  scene  fea tu re  to  m a tch  th e  second  

m o d e l fea tu re . T h e  tw o  scene  fea tu res  thus fo u n d  generate  a  h y p o th esis  fo r th e  tran fo r- 

m a tio n  m a trix  fo r  th e  scene  ob jec t. T h e  verifica tio n  o f  th e  h y p o th esis  co n sis ts  o f  m a tch 

in g  th e  re m a in in g  m o d e l fea tu res  w ith  th e  availab le  scene fea tu res  tak in g  in to  acco u n t 

th e  p o s itio n  transfo rm ation . T h e  verifica tion  stage  carrie s  o u t th e  m in im iza tio n  o f  an  

e rro r m easu re , th e  m easu re  b e in g  a  sum  o f  th e  e rro rs  b e tw een  th e  p re d ic ted  p o s itio n s  

an d  o rien ta tio n s  o f  th e  m o d e l fea tu res  and  th e ir actua l p o sitio n s  and  o rien ta tio n s  in  the  

scene; T h e  co n stru c tio n  o f  th is  e rro r m easu re  is  fa c ilita ted  b y  o rg an iz in g  th e  scene  

fea tu res  o n  a  u n it sphere  w h ich  cap tu res  the  re la tiv e  o rien ta tio n s  o f  th e  fea tu res  and  

a llo w s q u ick  co m p ariso n  w ith  the  tran sfo rm ed  m o d e l fea tu res.
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G rim so n  and  L o zan o -P erez  [G & L— 84] address th e  ta sk  o f  m a tch in g  a  se t o f  

o b serv ed  ran g e  po in ts , to g e th e r w ith  the  m easu red  local su rface  n o rm al, w ith  th e  sur

faces o f  p o ly h ed ra l ob jects. M atch in g  co n sis ts  o f  a ss ig n in g  o b serv ed  p o in ts  to  o b jec t 

su rfaces u n d e r th e  co n stra in ts  co rresp o n d in g  to  the  u p p er and  lo w e r b o u n d s  o n  p a ra m e 

ters  such  as th e  d is tan ces  b e tw een  tw o  ob serv ed  p o in ts , th e  ang les  b e tw een  th e ir  

ass ig n ed  su rfaces, e tc . W hen  a  g iven  se t o f  surface  ass ig n m en ts  satisfies a ll th e  lo ca l

constra in ts , a  fea s ib le  in te rp re ta tion  o f  th e  m easu rem en ts  is g en era ted  —  a feasib le  

in te rp re ta tio n  is lik e  a  h y p o th esis  th a t m u st be verified  subsequen tly . L o ca l co n stra in ts  

co n stitu te  n ecessa ry  b u t n o t su ffic ien t con d itio n s fo r  th e  c o rre c t assig n m en t o f  su rfaces 

to  th e  m easu red  ran g e  p o in ts . A n o th e r w ay  o f  ex p ressin g  th e  sam e id e a  is th a t ev en  i f  

lo ca l co n stra in ts  'are. satisfied , th ere  m ay  n o t ex is t a  v a lid  g lo b a l tran sfo rm atio n  tha t 

ag rees  w ith  th e  g en era ted  assignm en ts  o f  su rfaces to  the  m easu red  po in ts . T h is is  illu s 

tra ted  b y  F ig . 3 .8 , T h e  m easu red  p o in ts  P 1, P 2, and  P 3 can  sa tisfy  all the  u su a l lo ca l 

constra in ts  w ith  re g a rd  to  a ssignm en ts  ( P i J l ) , (P 2 ,/ 2 ) ,  (P 3 J 3 ), w h e r e / x, / 2 , a n d /3  

are  th ree  m o d e l surfaces. H ow ever, there  do es  n o t ex is t a  g lo b a l tran sfo rm atio n  th a t 

w o u ld  ag ree  w ith  the  a s s ig n m e n t D u rin g  verifica tion  phase , fo r  ev ery  tw o  m easu red  

p o in ts  and  th e  n o rm a ls  o f  th e ir assigned  su rfaces, a  ro ta tio n  m a trix  is  estim ated ; and,

ev en tua lly , th e  cen tro id  o f  a ll such  ro ta tio n  m atrices  is ca lcu la ted  to  serve  as a  ro ta tio n  

tran sfo rm atio n  to  b rin g  the  m o d el and  the  scene  ob jec ts  in to  co incidence . In  a  sim ila r 

m an n er, fro m  ev ery  th ree  m easu red  po in ts , a  transla tion  m a trix  is  co m p u ted  and , ev en 

tua lly , th e  cen tro id  o f  a ll such  transla tion  m atrices  found . T h e  av erag e  ro ta tio n  and  

tran s la tio n  m a trice s  thus co m p u ted  are  app lied  to  tran sfo rm  th e  m o d e l o b je c t in to  th e  

scene  space. F in a lly , th e  v a lid ity  o f  th e  average  tran sfo rm atio n s is  co m p u ted  b y  p ro je c t

in g  th e  m easu red  p o in ts  o n to  th e  co rresp o n d in g  m odel su rfaces. D u rin g  th is  p ro cess , the  

sy stem  ca lcu la tes  th e  no rm al d is tance  b e tw een  a  m easu red  p o in t a n d  its a ss ig n ed  su r

face; and , a lso , th e  sy stem  p ro jec ts  the  p o in t o n to  th e  ass ig n ed  su rface  to  carry  o u t an  

“ in sid e-o u tsid e"  co m pu ta tion . I f  th e  p ro jec tio n  is  fo u n d  to  be o u ts id e  th e  a ss ig n e d  su r

face , th a t is  a n  in d ica tio n  th a t th e  feasib le  in te rp re ta tio n  u n d er te s t m a y  n o t b e  so  fea si

b le  a fte r all.

In  a  m o re  re c en t rep o rt, G rim son  and  L o zano-P erez  have  re p o rte d  an ex ten sio n  o f  

th e ir sy stem  in  w h ich  co n stra in t p ro p ag a tio n  is u sed  in  co n ju n c tio n  w ith  th e  lo ca l c o n 

stra in t sa tisfac tio n  [G A L -8 7 ] .  T h e  b asic  id ea  here  w ill be  ex p la in ed  w ith  th e  he lp  o f  

F ig . 3 .9 . W e  w ill assum e th a t w e  have  tw o  ran g e  m easu rem en ts  a n d  th e  a sso c ia ted  su r

face  no rm al m easu rem en ts, as rep resen ted  by  th e  p o in ts  P l  and  P 2  in  F ig . 3 .9 . F ro m  

th ese  m easu rem en ts , w e  can  co m p u te  th e  d is tan ce  d  an d  th e  ang le  0. L e t u s fu rth er 

assum e th a t o n  th e  b asis  o f  th e  m easu red  su rface  no rm als  w e  h av e  se lec ted  th e  tw o  

m o d e l su rfaces show n  in  the  figure. In  the  m odel da tabase , w e  w ill asso c ia te  a  “ b ase  

po in t"  w ith  each  su rface , as d ep ic ted  b y  the  p o in ts  B I  an d  B 2 in  th e  figure. O n e  can  

no w  show  th a t th e  tw o  m easu red  po in ts  Can occu p y  on ly  p a rtic u la r  p o sitio n s  w ith
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f l

model

scene

F ig u re  3.8 . t h i s  figure  show s th a t sa tisfy in g  lo ca l co n stra in ts  do es  n o t g u aran tee  

g loba l tran sfo rm atio n  b e tw een  th e  m o d e l o b jec t an d  th e  scene  ob ject.
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V iew point fo r m ak ing  

ran g e  m easu rem en t

F ig u re  3.9 . I f  w e  k n o w  th e  ran g e  va lues to  the  tw o  po in ts , P l  an d  P 2 , show n  in  the  

figu re  and  the  lo cal surface  norm als, w e can  then  co m p u te  th e  d is tance  d  

a n d  th e  ang le  0. T h ese  tw o  p a ram ete rs  are  u sed  in  a co n stra in t p ro p a g a 

tio n  ap p ro ach  to  o b jec t in te rp re ta tion .



re sp ec t to  th e  b ase  p o in ts  o n  th e  re sp ec tiv e  su rfaces. In  o th e r w o rd s, a fte r th e  m easu red  

p o in t P l  is a ss ig n ed  a  lo ca tio n  o n  su rface  I w ith  re sp ec t to  base  p o in t B I ,  th en  o n  su r

fa c e  2  th e  m e asu re d  p o in t P 2  m u s t lie  a t a  fixed  lo ca tio n  w ith  re sp ec t to  base  p o in t B 2 

-—- s tric tly  sp eak in g , th is  b e in g  true  o n ly  in  th e  absence  o f  no ise . In  th e  p re sen ce  o f  

n o ise , o n e  co u ld  p re d ic t an  in te rv a l in  w h ich  th e  second  m easu rem en t m u st lie . Xhe id ea  

in  c o n s tra in t p ro p ag a tio n  is  to  co m p u te  th is  p e rm issib le  in te rv a l as o n e  goes d o w n  the  

in te rp re ta tio n  tree  and , o f  co u rse , w h en  th e  p e rm issib le  in te rv a l fo r  any  a ss ig n m en t goes 

to  zero , o n e  n e ed  go  n o  fu rth e r a long  th a t p a th  in  th e  tree . W e  b e liev e  th a t th is  very  

e leg an t id e a  is  q u ite  co m p lex  to  im p lem en t fo r  th e  case  o f  3 -D  o b jec ts  b ecau se  o f  the  

a lg eb ra ic  d ifficu lties  w ith  th e  rep re sen ta tio n  o f  a rb itra ry  sh ap ed  p o ly g o n s  in  te rm s o f  

p a ram ete rs  th a t can  b e  b o u n d e d  fo r  th e  p u rp o ses  o f  co n stra in t p ro p ag a tio n . H ow ever,

b asica lly , th e  id e a  is p o w erfu l an d  m erits  fu rth e r investigation .

In  th e ir  o b jec t reco g n itio n  app roach , B esl and  J a in  \_B&J—86] u se  th e  id ea  th a t a 

sm oo th  su rface  can  b e  c h a rac te rized  b y  its  G au ss ian  and  m ean  cu rv a tu res, w h ich  are  

in v a rian t to  ro ta tio n s  and  transla tions. B ach  su rface  p o in t is  c lassified  in to  o ne  o f  e ig h t 

ca teg o ries  acco rd in g  to  th e  signs o f  its  G au ssian  and  m ean  cu rv a tu res. T h e ir  re c o g n i

tio n  p ro c e d u re  first ex trac ts  c ritica l po in ts  fro m  a  ran g e  im age , a  c ritic a l p o in t be ing  

d e fin ed  b y  th e  in te rsec tio n  o f  zero -cro ssin g s o f  th e  tw o  p a rtia l first d e riv a tiv es  o f  a  

ra n g e  m ap  w ith  re sp ec t to  th e  tw o  p a ram ete rs  o f  su rface  p a ram etriza tio n . O n ly  c ritica l 

p o in ts  w ith  p o s itiv e  G au ssian  cu rva tu re  a re  u sed . F ina lly , a  c ritic a l p o in t to g e th e r w ith  

its  n e ig h b o rh o o d , w h ich  carrie s  th e  s ig n ed  in fo rm atio n  ab o u t the  G au ss ian  and  m ean  

cu rv a tu res , is  u se d  as a  shape  d esc rip to r fo r  th e  pu rp o se  o f  o b je c t ch arac te riza tio n . O ri

g inally ; th e  a im  o f  th ese  au tho rs  w as to  u se  such  shape  d esc rip to rs  as v iew -in d ep en d en t 

fea tu res , s in ce , a f te r  a ll, th e  G au ssian  and  m ean  cu rv a tu re  co m p u ta tio n s  are  v iew  

in d ep en d en t. H o w ev er, as th e  au thors n ow  re a lize  [Ja —88], th e  c h o ice  o f  th e  critica l 

p o in ts  is  e x trem ely  sensitive  to  v iew p o in t selection . F o r th a t reaso n , th is  s tra teg y  m ay  

n o t y ie ld  accep tab le  re su lts  in  p rac tice .

B h an u  [Bh - 8 4 ]  u ses stochastic  re lax a tio n  fo r lab e lin g  th e  su rfaces in  a ran g e  m ap . 

O b jec t su rfaces a re  ap p ro x im ated  b y  co n v ex  p o ly g o n  faces, and  th e  n e ig h b o rs  o f  each  

face  are  ra n k e d  acco rd in g  to  th e ir a reas. F u n d am en ta l to  any  re lax a tio n  lab e lin g  is  the  

defin ition  o f  a  co m p atib ility  m easu re  w h ich  m easu res  th e  ap p ro p ria ten ess  o f  a ss ig n in g  a 

m o d e l la b e l to  a  scene su rface  g iven  a lab e l assig n m en t a t a  n e ig h b o rin g  surface. In 

B h a n u V  W ork, th is  m easu re  is  defined  as a  fu n c tio n  o f  th e  d is tan ces  b e tw een  th e  c en 

tro id s  o f  th£  scene  su rfaces o n  the  o ne  h an d  an d  b e tw een  th e ir a ss ig n ed  lab e ls  on  the 

o ther; o f  ra tio s  o f  th e  areas  o f  th e  su rfaces co m p u ted  in  a s im ila r fash ion ; e tc . C o m p u 

ta tio n  co n sis ts  o f  tw o  ite ra tiv e  stages. In  th e  first stage, o n ly  a  p a irw ise  co m p atib ility  

fu n c tio n  is  u sed , m ean ing , fo r  ex am p le , th a t th e  co m p atib ility  fu n c tio n  is  a  fu n c tio n  o f  

som e a ttrib u te  o f  tw o  n e ig h b o rin g  su rfaces and  th e ir tw o  co rre sp o n d in g  labels. In  the
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second  stage, th e  co m p atib ility  fu n c tio n  d ep en d s  upo n  th ree  o b je c t su rfaces  an d  th e ir 

th ree  co rresp o n d in g  labels  a t the  sam e tim e. In  each  stage, a t  th e  e n d  o f  th e  ite ra tive  

co m pu ta tion , th o se  lab e ls  are  re ta in ed  th a t m ax im ize  th e  o v era ll co m p atib ility  o f  the  

a ss ig n ed  labels.

A n o th e r in te restin g  app roach  ca lled  "pose c lustering" o r  "g enera lized  H o u g h  

tran sfo rm  is  p ro p o sed  b y  S tbcknaan [S it—87]. H e  uses a H o u g h  space  o f  12 p a ram ete rs  

w h ich  a re  th e  12 unknow ns o f  a  4 x 4  tran sfo rm atio n  m atrix . T he  basic  id ea  in  th is  

app roach  i s  as fo llow s: S uppose  w e  m atch  a p la n a r scene  su rface  w ith  a  s im ila r m o d e l 

surface, in  g enera l th is w o u ld  n o t genera te  a  u n ique  tran sfo rm atio n  b ecau se  o f  the  

rem ain in g  th ree  d eg rees  Of freedom , m ean in g  th a t a fte r the  tw o  su rfaces a re  b ro u g h t 

in to  co in c id en ce , i t  w ill s till b e  p o ssib le  to  transla te  and  ro ta te  o n e  w ith  re sp ec t to  the  

o ther. A lth o u g h  a  u n iq u e  transfo rm ation  is  n o t generated , such  a  m a tch  do es  co n stra in  

th e  p o ss ib le  transfo rm ations; im p ly in g  th a t in  the  p a ram ete r space  such  a  m a tch  w o u ld  

le ad  to  a  sub reg ion  w h ich  m u st co n ta in  th e  co rrec t transfo rm ation . B y  d iv id in g  the  

p a ram ete r space  in to  b in s  and  k e ep in g  track  o f  co n trib u tio n s m ad e  to  each  b in  b y  d if

fe ren t m atchesi, a n d  re ta in in g  th e  b in  w ith  a m ax im al en try , it sh o u ld  th eo re tica lly  be 

po ssib le  to  d e te rm in e  th e  c o rrec t transfo rm ation . In p rac tice , a  d irec t im p lem en ta tio n  o f  

th is  id ea  is  d ifficu lt b ecau se  o f  b in  co u n tin g  in  h ig h  d im en sio n a l spaces. T o  g e t a ro u n d  

th is  d ifficu lty , S tockm an  m atches a  p a ir  o f  n o n -co p lan ar ed g es  fro m  the  scene  w ith  a  

p a ir  o f  ed g es  fro m  th e  m odel, such  a m atch  g enera ting  a  sing le  p o in t in  th e  p a ram ete r 

space, since  th e re  Can o n ly  e x is t o ne  transfo rm ation  m atrix  cap ab le  o f  tak in g  tw o  non- 

co p lan a r ed g es  fro m  the  scene  in to  tw o  n o n -co p lan ar edges fro m  th e  m odel. S tockm an  

then  ap p lies  a  c lu ste rin g  a lg o rith m  to  the  re su ltin g  p o in ts  in  th e  p a ra m e te r space  to  find  

th e  m o s t p lau sib le  tran fo rm ation . T h e  c lu sterin g  a lg o rith m  co n sis ts  o f  ex am in in g  ev ery  

p o in t g en era ted  in  th e  p a ra m e te r space, co n stru c tin g  n e ig h b o rh o o d  aro u n d  such  po in ts , 

and  co u n tin g  th e  n u m b er o f  n e ighboring  such  p o in ts  in  each  n e ig h b o rh o o d . T h e  p o in t 

w ith  th e  la rg e s t n u m b e r o f  ne ig h b o rs  is the d es ired  u n ique  transfo rm ation . T h e  im p o r

tan t issu es in  th is  com p u ta tio n  are  th o se  th a t d ea l w ith  the  ch o ice  o f  th e  size  o f  n e ig h 

bo rhood , and  th e  th resho lds to  be u sed  fo r  re jec tin g  the  m o st d en se  n e ig h borhoods.

In  th e  lite ra tu re  c ita tio n s  above, a ll th e  re sea rch ers  have  first ex trac ted  fea tu res, 

such  as edges, p lan ar, qu ad ric  an d  o th e r surfaces, e tc ., from  ra n g e  im ag es and  then  

m atch ed  th ese  fea tu res  w ith  th o se  o f  m odels. T h e re  d o  ex is t o th e r m e th o d s  in  w h ich  

m atch in g  is  n o t p reced ed  b y  fea tu re  ex traction . F o r exam ple , in  th e  ex ten d ed  G aussian  

im ag e  ap p ro ach  o f  H orn  [H o -S 4 ]  and  Ikeuch i [ /£ - 8 3 ] ,  su rface  n o rm a ls  m easu red  fro m  

a  scene a re  m ap p ed  d irec tly  on to  a  u n it sphere  and  the  re su ltin g  E G I is  then  c o m p ared  

w ith  th a t o f  th e  m odel. T h e  E G I app roach  has a lso  b een  used  in  [M A T - 86] and  

[y<£AT-86] fo r  d e te rm in in g  the  iden tify , p o s itio n  and o rien ta tion  o f  th e  to p m o st o b jec t 

in  a  p ile  o f  s im p le -sh ap ed  ob jects.



T h en , th e re  e x is t app roaches w h ere  fo r ev ery  p o ss ib le  v iew p o in t an  in teg ra ted  

v a lu e  o f  som e g eo m etrica l p a ram ete r is  rep re sen ted  o n  a  u n it sp h ere  fo r  co m p ariso n  

w ith  a s im ila r rep re sen ta tio n  o f  a  m odel. F o r ex am ple , in  th e  w o rk  o f  F ek e te  and  D av is  

[F&D  - 8 4 ]  a n d  K o m  an d  D y e r [K & D -87], an  in teg ra ted  v a lu e  o f  som e su rface  p ro 

p e rty  seen  fro m  d iffe ren t v iew p o in ts  is  re c o rd ed  o n  a  sphere  and  u sed  fo r  the  e stim atio n  

o f  o b je c t p o se . N o te  th a t th e  fea tu re  sphere  id e a  ad v an ced  in  o u r w o rk  h e re  b ea rs  no  

re sem b lan ce  to  th is  p r io r  w ork . A n o th e r in te re stin g  ap p roach , c a lled  g eom etric  h a sh 

in g , is  p ro p o se d  b y  L am d an  an d  W o lfso n  [L & W -88]. In  th a t app roach , ev ery  m o d e l 

fea tu re  is  m ad e  access ib le  th ro u g h  a  h ash in g  tab le , th e  h ash in g  fu n c tio n  b e in g  d e riv ed  

fro m  th e  p o sitio n s /o rien ta tio n s  o f  th e  fea tu res  in  re la tio n  to  a  co o rd in a te  sy stem  defined  

o n  a  b a se  w h ich  co n sis ts  o f  a  m in im al se t o f  fea tu res  fo r  d e te rm in in g  an  o b je c t pose.

F in a lly , th e re  are m an y  app ro ach es d es ig n ed  fo r  the  reco g n itio n  o f  3 -D  o r  2-D  

o b jec ts  Using 2 -D  im agery , e .g . th e  ru led -b ased  A C R O N Y M  sy stem  [B r -8 3 ] ,  the  

ch a rac te ris tic  v iew s app roach  [C& F  - 8 2 ] ,  and  the  au tom atic  p ro g ram m in g  app roach  

[Go - 8 3 ] ,  ju s t  to  n am e  a  few . T h e  re a d e r  is  re fe rre d  to  th e  re v ie w  artic les  b y  C h in  and  

D y e r [C&D  - 86] and  B esl and  Ja in  [B & J-S 5 ]  fo r g eneral su rveys o f  th e  sub jec t.

3 .4 .  F e a t u r e s  f o r  O b j e c t  R e c o g n i t i o n

T h e  C oncept o f  a  fea tu re  n o rm ally  im p lie s  som e saliency  w h ich  m ak es  it  e sp e 

c ia lly  e ffe c tiv e  in  d esc rib in g  o b jec ts  and  in  m atch ing . S ince  th e  reco g n itio n  o f  ob jec ts  

w ill b e  so le ly  based  o n  shape, o f  p rim ary  in te re s t are  g eom etric  fea tu res , such  as edges, 

v e rtices , su rfaces  to g e th e r w ith  th e ir m a th em atica l fo rm s, e tc . S u ch  fea tu res  specify  

th ree  d im e n s io n a l shape, in  c o n tra s t w ith  fea tu res  lik e  su rface  tex tu re , co lo r, e tc . T hese  

la tte r  fea tu res , a lthough  im p o rtan t fo r  reco g n itio n  o f  o b jec ts  b y  h um ans, w ill n o t be  

ad d ressed  in  th is  p ap er, s ince  they  can  n o t b e  d e tec ted  in  ran g e  im ages. In  3D -P O L Y  

w e  co n s id e r o n ly  those  g eom etric  fea tu res  w ith  w h ich  w e  can  asso c ia te  p o sitio n s  o r 

o rien ta tio n s. F o r  ex am ple , a  v e rtex  fea tu re  h as  a sso c ia ted  w ith  i t  a  p o s itio n  v ecto r, 

w h ich  i s  th e  v e c to r fro m  th e  o rig in  to  th e  vertex . S im ilarly , a  C y lindrical-surface 

fea tu re  h as  a sso c ia ted  w ith  it  an  o rien ta tion , w h ich  is  th e  u n it v e c to r  p a ra lle l to  th e  ax is 

o f  th e  C ylinder. W e  w ill c a teg o rize  th e  g eo m etrica l fea tu res  in to  th re e  d iffe ren t c lasses: 

p r im itiv e  su rfaces, p rim itiv e  ed g es , an d  p o in t fea tu res.

P rim itiv e  su rfaces in c lu d e  p la n a r surfaces, cy lin d rica l su rfaces  an d  con ic  su rfaces, 

w h ich  a re  th ree  spec ia l cases  o f  q uad ric  su rfaces. P rim itiv e  ed g es  re fe r to  s tra igh t-line  

fea tu res  o r  e llip so id a l-cu rv e  fea tu res. P o in t fea tu res  co n sis t m a in ly  o f  o b je c t v e rtices  

and  th o se  su rface  p o in ts  th a t h av e  d is tin c tiv e  d iffe ren tia l-g eo m e trica l p ro p ertie s; sur

face  p o in ts  fa llin g  in  th e  la tte r ca teg o ry  ex h ib it m ax im al o r  m in im a l cu rv a tu res  o r  can  

b e  sad d le  p o in ts . T h ese  th ree  c lasses  o f  fea tu res  are  e ffec tiv e  in  d e sc rib in g  th e  shape o f
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an  o b jec t, and , w h a t is  m ore , they  can  be re liab ly  ex trac ted  fro m  ran g e  im ages. N o te  

th a t w e  are  o n ly  u s in g  s im ple  geo m etrica l fea tu res, as  co m p ared  to  m o re  co m p lex  ones, 

lik e  g en era lized  cy lin d ers  [ N & B - l l ]  and  p rim itiv e  so lids [ k e -8 0 ] ,  th a t a re  o ften  

d ifficu lt to  ex trac t fro m  ran g e  im agery .

3 .4 .1 .  A t t r ib u t e s  o f  F e a t u r e s

W e rep re sen t a fea tu re  by  a  se t o f  a ttrib u te -v a lu e  pa irs , each  p a ir  b e in g  d en o ted  by  

<a  :v > , w h e re  a  is  th e  n am e  o f  the  a ttrib u te  an d  v its va lue . T h e  v a lu e  o f  ah  a ttribu te  

can  b e  a  n um ber, a  sym bo l, a  se t o f  lab els  o f  o th e r fea tu res, o r  a  Ust o f  som e o f  these , 

d ep en d in g  o n  th e  n a tu re  o f  the  a ttribu te . F o r exam ple , the  su rface  fea tu re  s i  o f  the  

m o d e l o b jec t in  F ig . 3 .10  m ay  b e  d esc rib ed  by

< s w fa c e jy jk :

< radius: 3 > ,

< a x is : (0 .0 , 0 .0 , 1.0)> ,

< area: 3 > ,

< poin t_on_axis : (0 .0 , 0 .0 , 0 .0 ) > ,

< a d jacen t_reg ion : { s i ,  $ 3 , ^ 4 } > , • • •

T he  a ttrib u tes  o f  a  fea tu re , acco rd in g  to  th e ir geom etric  and  to p o lo g ica l ch arac te ris tic s , 

can  b e  ca teg o rized  on  th e  bases  o f  shape, re la tio n s  an d  p o s itio n /o rien ta tio n . F a c h  o f  

these  ca teg o ries  w ill be  d iscu ssed  in  g rea te r de ta il below . •

•  S h a p e  a t t r ib u t e s :

A  shape  a ttribu te , d en o ted  b y  sa, describes  th e  lo cal g eo m etric  sh ap e  o f  th e  fea tu re , 

F o r ex am ple , "su rface_ type", "rad ius", and  "area" are  so m e  o f  th e  p o ss ib le  shape  

a ttribu tes  o f  su rface  fea tu re  s  2. Idea lly , a  shape  a ttribu te  sh o u ld  b e  tran sfo rm atio n  

in v arian t, i.e . in d ep en d en t o f  th e  o b je c t’s p o sitio n  and  o rien ta tio n , in  p ra c tice  w hen  

a  fea tu re  is  seen  th ro u g h  a  sensor, som e o f  its  shape  a ttrib u tes  m ay  "look" d iffe ren t 

fro m  d iffe ren t v iew p o in ts . T herefo re , w e  m ak e  a  d is tin c tio n  b e tw een  tw o  d iffe ren t 

ty p es  o f  shape  a ttribu tes , those  th a t a re  v iew p o in t in d ep en d en t an d  th o se  th a t are  

no t. F o r  ex am p le , th e  a rea  o f  a  su rface  and  th e  leng th  o f  an  ed g e  a re  v iew p o in t 

dep en d en t, becau se  they  m ay  v a ry  w ith  v iew in g  d irec tio n  d u e  to  occlu sion . O n  the  

o th e r hand , th e  a ttribu tes  su rface-type  and  rad iu s  a re  v iew p o in t in dependen t. [O f 

co u rse , w e  d o  rea lize  th a t in  h ig h -n o ise  and  h igh -o cc lu sio n  s itua tions, a  p re c ise  e s ti

m a tio n  o f, say , th e  rad iu s  o f  a  cy lind rica l su rface  m ay  b e  d ifficu lt an d  m ay  ev en  

b eco m e v iew p o in t dependen t.] C learly , w hen  co m p arin g  shape  a ttribu tes  fo r 

m a tch in g  a  scene  fea tu re  to  a  m odel fea tu re , w e should  take  th is  v iew po in t- 

d ep en d en cy  in to  co n sid era tio n .
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A scene object

A  m o d e l  o b j e c t

F ig u re  3 .10 . L ab e ls  o f  the  p rim itiv e  su rfaces, p rim itiv e  ed g es  and  th e  v e rtices  o f  the

o b je c t show n in  F ig  3 .4 .



. 7 6  ch en /k ak

•  R e la t io n  a t t r ib u t e s :

A  re la tio n  a ttribu te , d en o ted  by  ra, in d ica tes  h o w  a  g iv en  fea tu re  is to p o lo g ica lly  

re la ted  to  o th e r  fea tu res. F o r ex am ple , fo r  th e  su rface  fea tu re  s 2 ,  th e  a ttribu te  

"< ad ja cen t_ to : {s I ,  s 3, $ 4 } > "  in d ica tes  its  ad jacency  With th ree  Other surfaces. 

R e la tio n  a ttrib u tes  shou ld  a lso  be in d ep en d en t o f  transfo rm ation . A n  a ttribu te  

"< °n _ to p _ o f: s l > ” is  n o t a  p ro p e r re la tio n  a ttribu te  fo r fea tu re  s 2  b ecau se  it 

d ep en d s  o h  t y  pbsC o f  th e  ofejeci.

•  P o s i t io n /o r ie n t a t io n  a t t r ib u t e s :

A  p o sitio n /o rien ta tio h  a ttribu te , d e n o ted  b y  la, specifies p o s itio n  and/O r o rien ta tio n  

o f  a  fea tu re  With re sp ec t to  som e coo rd in a te  system . In  genera l, the  

p o s itio n /o rien ta tio n  a ttribu tes o f  U scene fea tu re  a re  m easu red  With re sp ec t to  a 

w o rld  co o rd in a te  system , and  those  o f  a  m o d el fea tu re  are  m easu red  w ith  re sp ec t to  

a  m o d e l-cen te red  co o rd in a te  system . A s w ith  sh ap e  a ttrib u tes , som e 

p d sitio h /b rieh ta tio h  a ttribu tes  m ay  be v iew p o in t-d ep en d en t, such  as th e  cen tro id  o f  

a  su rface , o r  th e  m id p o in t o f  an edge; w h ile  o thers m ay  b e  v iew p o in t-in d ep en d en t, 

as w ith  the  a ttribu tes su rface-no rm al o f  a p la n a r surface, o r  th e  ax is  o f  a  cy lin d rica l 

su rface , e tc . T h e  v iew p o in t-d ep en d en t p o s itio n /o rien ta tio n  a ttrib u tes  sh o u ld  be 

av o id ed  in  th e  estim atio n  o f  Tr  d u rin g  hypo thesis  g enera tion  (see  n ex t sec tion  ), 

h o w ev er, they  can  be  u se fu l fo r  rap id ly  e lim in a tin g  th e  u n m a tch ed  fea tu res  d u ring  

th e  verifica tion  p rocess .

S ince  a  fea tu re  m ay  po ssess  m o re  than  o n e  shape  a ttribu te  —  fo r  ex am p le , the  

fea tu re  s  2  in  F ig . 3 .10  possesses  the  shape  a ttribu tes  su rface-type , a rea, rad iu s , e tc . —  

w e w ill u se  th e  sym bo l SA  to  d en o te  the  se t o f  shape  a ttrib u tes  a sso c ia ted  w ith  a  

fea ture . S im ila rly , w e  Will use  sym bo ls  RA  and  L A  to  d en o te  th e  sets o f  re la tio n  and  

positio n /o rien ta fid h  I tM b u te s  o f  a  fea tu re , respec tive ly . T herefo re , th e  fea tu re  e d g e  e 2  

o f  th e  o b jec t in Fig . 3 .10  m ay  b e  d e sc rib ed 'b y

S A ie  2) = [< sh a p e : stra ight > ,< len g th : 3 > , • • • },

L A ie 2) =  {< d irection : (0 .0 ,1 .0 ,0 .0 )> ,< p o m /_ £ )n _ e d g e : (1 .0 ,0 .0 ,3 .0 )> , • • • }, 

an d

R A ( e 2) =  [< (thd_veriex\v  1> , • • • }.

In  p rac tice , w e  m ay  n o t n eed  to  u se  a ll th e  th ree  ca tego ries  o f  a tM b u tes  b u t o n ly  those  

u se fu l f o r a  p a rtic u la r  app lication . F o r exam ple, F augeras  an d  H e b e rt in  th e ir  geom eM c 

m atch in g  app ro ach  \F& H -% 6]  have  u sed  o n ly  shape  and p o sitio n /o rien ta tio n  a tM butes. 

T he  se t o f  a tM b u tes  u sed  in  d esc rib in g  fea tu res  shou ld  a lso  d ep en d  o n  th e  sen so r cap a

b ility  and  the  p e rfo rm an ce  o f  the fea tu re  ex tracto rs. U sing  a tM b u tes  w h ich  can  n o t be 

re liab ly  d e tec ted  o r  m easu red  b y  a  sen so r w ill n o t co nM bute  m u ch  to  so lv ing  the  p ro b 

lem  o f  o b je c t fCCognitidn. I n a n y  even t, a m in im al req u irem en t in  d ec id in g  w h ich  a tM 

butes to  u se  fo r  d esc rib in g  fea tu res  is th a t no  tw o  featu res in  an im ag e  o r  in  a m o d e l be



a llo w ed  to  h av e  th e  sam e  se t o f  a ttrib u te -v a lu e  pa irs . T h is, o f  co u rse , do es  n o t im p ly  

th a t a, m o d e l o r  a  scen e  n o t con ta in  m u ltip le  in s tan ces  o f  a  p a rtic u la r  fea tu re  type . T o  

e lab o ra te , th e  v e rtex  fea tu res  v I and  v 2  fo r  th e  m o d e l o b jec t in  F ig . 3 .1 0  a re  id en tica l, 

b u t th e ir  a ttrib u te -v a lu e  p a irs  w ill b e  d iffe ren t becau se  o f  th e  d iffe ren ces  in  th e ir  

p o s itio n /o rien ta tio n  a ttribu tes.

3 .4 .2 .  P r i n c ip a l  D ir e c t io n s  o f  M o d e l  F e a t u r e s

E m p irica l o b serv a tio n s  show  th a t an  im p o rtan t ch arac te ris tic  a sso c ia ted  w ith  an 

o b je c t fea tu re  is w h a t w e  c a ll its  p rin c ip a l d irec tion . In  an  o b jec t-cen te red  co o rd in a te  

sy stem , th e  p rin c ip a l d irec tio n  o f  a  fea tu re  g ives u s  a  fix o n  th e  d irec tiona l p o sitio n  

an d /o r o rien ta tio n  o f  th e  fea tu re  w ith  re sp ec t to  th e  o th e r fea tu re s  o n  th e  ob ject. S ince , 

o n e  m u s t first e s tab lish  a n  o b jec t-cen te red  co o rd in a te  fram e, a  p rin c ip a l d irec tio n  can  

o n ly  b e  a ss ig n ed  to  a  m o d e l ob jec t, o r  to  a scene  o b jec t w h ich  has b een  em b ed d ed  in  an 

o b je c t-ce n te re d  co o rd in a te  fram e  v ia  p r io r  m a tch es  w ith  som e fea tu res.

In  S ec tio n  5 , w e  show  h o w  a  u sefu l d a ta  s truc tu re  —  w e  ca ll th em  fea tu re  spheres

__ can  b e  d e fin ed  u s in g  th e  co n cep t o f  p rin c ip a l d irec tions. H ere , w e w ill define  the

p rin c ip a l d irec tio n s  m o re  fo rm ally  and  m ak e  th e  re a d e r aw are  o f  th e  fac t th a t the  

m a n n e r in  w h ic h  such  defin itions are  m ad e  are  d iffe ren t fo r  d iffe ren t c lasses  o f  fea tu res, 

an d  W ithin each  c lass , fo r  d iffe ren t ty p es  o f  fea tu res. A s w as  m en tio n ed  b e fo re , d if

fe re n t c la sses  o f  fea tu res  co rre sp o n d  to  p rim itiv e  su rfaces, p r im itiv e  ed g es and  p rim i

tive  p o in ts . W ith in  th e  c lass p rim itiv e  su rfaces, w e  m ay  h av e  d iffe ren t ty p es  o f  fea tu res  

such  as cy lin d rica l, p lan ar, spherica l su rfaces, and  so  on . W h ile  fo r  som e c lass  and  type  

o f  fea tu re s , th e  p rin c ip a l d irec tio n  rep resen ts  th e ir  o rien ta tio n s, fo r  o th e rs  it  rep re sen ts  

th e ir  d ire c tio n a l p o s itio n  o n  th e  ob jec t.

W e  W ill n o w  fo rm ally  define  th e  p rin icp a l d irec tio n , d e n o ted  b y  O , fo r th e  th ree  

c lasses  o f  fea tu re s  and  fo r ty p es  w ith in  each  class:

( I )  P rim itiv e  su rfaces:

•  P la n a r  s u r f a c e :

O  =  The direction o f  the outw ard  surface norm al

•  C y l i n d r ic a l  s u r f a c e  o r  c o n i c  s u r f a c e :

=  TTie direction o f  the axis. T h e  180° am bigu ity  a sso c ia ted  w ith  th is  d irec 

tio n  is  re so lv ed  b y  choosing; th a t d irec tio n  w h ich  su b ten d s  an  acu te  ang le  w ith  

th e  p o s itiv e  z-ax is. F o r axes th a t are  p e rp en d icu la r to  th e  z -co o rd in a te , th a t 

d irec tio n  is  re ta in ed  w h ich  is  c lo ses t to  th e  x -co o rd in a te . A nd , th e  ax is  is  p e r

p e n d icu la r  to  bo th  z and  x, th en  w e  c h o o se  the  + y  d irec tio n .

•  S p h e r ic a l  s u r f a c e :

L e t o  b e  th e  p o sitio n  v e c to r to  th e  c en te r  o f  th e  sp h ere  in  th e  o b jec t-cen te red
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co o rd in a te  system . T h e  p rin c ip a l d irec tion  is  defined  b y  the  n o rm a lized  fo rm  

o f  th is  p o s itio n  vector:

®  =
o

T o T

N o te  th a t th is  p rin c ip a l d irec tio n  is d iffe ren t in  c h a rac te r  fro m  th a t d efined  fo r 

a  cy lin d rica l surface. W e ch o o se  th is  fo rm  fo r  because  it is n o t p o ssib le  to  

asso c ia te  an  O rientation v e c to r w ith  a spherica l surface.

• Q u a d r i c  s u r f a c e :

A  q u ad ric  su rface  has the  fo rm  x 'A x + x-B + C  = 0.

aP

w h ere  ap is  the  p rin c ip a l e ig en v ec to r o f  th e  m a trix  A .

In  genera l, e ig en v ec to r associated  w ith  th e  la rg est e ig en v a lu e  is  the  p rin c ip a l 

e ig en v ec to r o f  A  and  the  d irec tio n  assoc ia ted  w ith  th is  e ig en v ec to r u sually  

defines th e  m a jo r ax is  o f  a  su rface. S ince  a  q uad ric  d esc rip tio n  in c lu d es  the  

cases  o f  p lan ar, cy linderica l and  spherica l su rfaces d e fin ed  above; the  

defin ition  o f  the  p rin c ip a l ax is  he re  m u st b e  u sed  w ith  care . T h e  quad ric  

defin ition  is  u sed  o n ly  i f  a  surface  can n o t be c lassified  as b e in g  e ith e r p lan ar, 

cy lin d rica l o r  spherical.

(2) P rim itiv e  cu rves:

•  S t r a ig h t  l in e :

i s  tine direction

T h e  180° am bigu ity  a sso c ia ted  w ith  the  d irec tio n  o f  a  lin e  is  re so lv ed  u s in g  th e  

sam e c rite rio n  as fo r  th e  ax is  o f  a  cy linder.

•  C i r c u la r  o r  e l l ip s o i d  c u r v e :

O  =  surface norm al o f  the curve's p lane

T h e  180° here , too , is  reso lved  as fo r th e  case  o f  the  ax is  o f  a  cy linder.

(3) P o in t fea tu res:

L e t p  b e  th e  p o s itio n  v e c to r o f  a  po in t fea tu re  w ith  re sp ec t to  th e  o b jec t-cen te red  

co o rd in a te  system . T h e  p rin c ip a l d irec tion  is  defined  by  n o rm aliz in g  th e  p o sitio n  

vecto r:

T h e  im p o rtan t th in g  to  n o te  is th a t th e  param eters  u sed  in  th e  d efin itions o f  p rin c i

p a l d irec tio n s  are  a ll ex trac ted  w ith  re la tiv e  ease  fro m  ran g e  m aps. F o r ex am p le , i f  fro m  

a  g iven  v iew p o in t in  a  ran g e  m ap  abou t 4 0  p e rcen t o f  the  ro u n d  p a rt o f  a cy lin d rica l



su rface  is  v is ib le , in  m o s t cases  it is p o ssib le  to  m ak e  a  goo d  estim a te  o f  th e  d irec tio n  o f  

th e  ax is  o f  th e  cy linder.

3 .4 .3 .  C r i t e r i a  f o r  F e a t u r e  M a t c h in g

W e  w ill h o w  p ro v id e  m atch in g  c rite ria  fo r  th e  m a tch in g  p ro b le m  ex p ressed  in  

equation (3 .1 ) a n d  ex p ress  th ese  in  te rm s o f  th e  th ree  a ttrib u te  c lasses . In  o th e r w ords, 

We w ill ex p re ss  th e  con d itio n s fo r  each  a ttrib u te  c lass, co n d itio n s  th a t m u s t b e  satisfied  

fo r  a  scene  o b je c t to  m a tch  a  m o d e l ob jec t. O u r co n d itio n s  a re  ap p licab le  s tric tly  o n ly  

u n d e r th e  n o ise less  case . F o r  ac tua l m easu rem en ts , th e  co m p ariso n s  im p lied  b y  o u r  c o n 

d itio n s  w o u ld  h a v e  to  trea ted  in  re la tio n  to  som e u s e r  specified  th resh o ld s, th e  m ag n i

tu d es  o f  th e  th resh o ld s  dep en d in g  u p o n  th e  no ise  and  o th e r u n ce rta in tie s  in  the  system .

•  M a t c h i n g  C r i t e r i a  f o r  S h a p e  A t t r ib u t e s :

T h e  re a d e r  w ill reca ll th a t w e  h av e  tw o  d iffe ren t ty p es  o f  shape  a ttribu tes , th o se  tha t 

a re  v ie w p o in t in d ep en d en t an d  th o se  th a t are  not. A  v iew p o in t in d ep en d en t shape 

a ttrib u te  sa  o f  a  scene  o b jec t fea tu re  is  sa id  to  m a tch  th e  co rre sp o n d in g  shape  a ttri

b u te  o f  a  m o d e l o b jec t fea tu re  i f

sa  (Si) =  Sa(M cQ)). (3 .2)

w h ere  th e  fu n c tio n  sa(.) re tu rn s  th e  v a lu e  o f  th e  a ttribu te  sa  fo r  th e  fea tu re  th a t is  its  

a rgum en t; S i is  a  fea tu re  fro m  th e  scene and  M c^  is  th e  c an d id a te  m o d e l fea tu re  

th a t is  u n d e r te s t fo r  m a tch in g  w ith  th e  scene fea ture . T h e  above  eq u a lity  m u st be  

satisfied  fo r  each  s a e S A  (Si). F o r  v iew p o in t d e p en d en t shape  a ttrib u tes , c lea rly  w e 

c an n o t in s is t u p o n  a n  eq u a lity  in  th e  above  equation . In  genera l, fo r  such  a ttribu tes, 

w e  re q u ire

S a (S i) < sa(M c(i))-

N o te  th a t s ince  a ll th e  v iew p o in t d e p en d en t shape  a ttribu tes a re  n u m erica l in  na tu re , 

w e  o n ly  h a v e  to  u se  n u m erica l in eq u a litie s  and  not, say , subsets , a s  w o u ld  b e  case  

fo r  Sym bolic fea tu res. F o r ex am p le , w e  w o u ld  ex p ec t th e  len g th  o f  a  scene  ed g e  be  

eq u a l to  o r  le ss  than  the  len g th  o f  th e  co rresp o n d in g  m o d e l ed g e  d ue  to  p o ssib le  

occlu sion , th e re fo re , th e  m a tch in g  c rite rio n  fo r  th is  a ttrib u te  can  o n ly  b e  ex p ressed  

as

e d g e le n g th  (Si) < e d g e le n g th  (M cQ)),

•  M a t c h i n g  C r i t e r i a  f o r  R e la t io n  A t t r ib u t e s  :

R ela tio n  a ttribu tes  are  a lso  tran sfo rm atio n  in v arian t, thus i f  a scene  fea tu re  S i has 

re la tio n  ra  w ith , say, scene  fea tu re  S /, then  th e  m o d e l fea tu re  M c^)  m u s t h av e  the  

sam e re la tio n  ra  w ith  th e  m o d e l fea tu re  M cQy M o re  p rec ise ly , fo r  every  

ra  e  R A (S i)
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C ira(Si)) ^  ra (M c(i)). (3 .3)

T o ju s t if y  the  n a tu re  o f  th is  com parison , c o n sid e r th a t the  m o d e l o b jec t is  as show n 

in  F ig . 3 .10. F u rth er, suppose  th a t in  the  scene th e  m odel su rfaces s2  an d  s3 a re  v is i

b le  and  h av e  been  lab e led  as, say, Sa and  Sb, re sp ec tiv e ly . T hen , fro m  th e  m odel 

( ie ^ r ip tio n , w e h a v e

a d ja c e n t jo ( s 3 )  = { s 2 , s  A}

and , fro m  th e  scene  in fo rm ation ,

adjacen tJ o ( S b) = [Sa ]

L e t’s say  th a t d u rin g  the  hy p o th esis  g enera tion  phase , an  e stim ate  w as  m ad e  fo r  the  

tran sfo rm atio n  th a t takes th e  m odel o b jec t in to  th e  scene  ob ject. L e t’s fu r th e r say  

th a t u s in g  th is  tran fo rm ation , w e  h av e  a lready  estab lish ed  th e  co rresp o n d en ce  off the  

scene su rface  Sa w ith  the  m odel su rface  s  2, and , now , w e  a re  te s tin g  th e  eo rrespon- 

den ce  o f  the  scene  su rface  Sb w ith  the  m o d el su rface  53 . W e  see  th a t s ince  

O d ja c e n tjo (S b) = Sa, an d  since  c (S a) = s 2, a  substitu tion  in  eq u a tio n  (3 .3) y ie ld s  

fo r ra  = ad jacen t to

{ $ 2 } £  { ^ 2 , 5 4 }

w h ich  b e in g  true  im p lie s  th a t the  scene  su rface  Sb c an  in d eed  b e  m a tc h ed  w ith  the  

m o d e l su rface  s  3 , a t le as t fro m  the stan d p o in t o f  sa tisfy in g  re la tio n a l constra in ts. 

T h e  p o in t to  n o te  is th a t in  th e  m a tch in g  c rite rio n  o f  eq u a tio n  (3 .3) th e  fea tu res  p a r

tic ip a tin g  in  a  re la tio n  a t a  g iven  scene fea tu re  S i shou ld  b e  a  su b se t o f  th e  fea tu res  

p a rtic ip a tin g  a t co rresp o n d in g  m odel fea tu re  M c^y, i t  is  n o t p o ss ib le  to  rep lace  the  

"subset" co m p ariso n  w ith  a  s tric t equality  because  n o t a ll o f  th e  m o d el su rfaces m ay  

b e  v is ib le  in  the  scene.

•  M a t c h in g  C r i t e r i a  f o r  P o s i t io n /O r ie n t a t i o n  A t t r ib u t e s :

F o r a  v iew p o in t in d ep en d en t p o s itio n /o rien ta tio n  a ttribu te  la, such  as th e  lo ca tio n  o f  

a  v e rtex  o r  th e  d irec tion  o f  an  edge, the  m a tch in g  crite rion  is  d esc rib ed  by

y y Ia(S j) =-R'la.(Mc(i)) i f  la is an orientation  vector, (3.4 -a)

Id (S i) = R -la (M c (/>) +  * \ f  la  is a  position  vector. (3 .4 -b)

fo r  ev ery  la  e  L A (S i). T h ese  c rite ria  p lay  a  v ita l ro le  in  th e  lo ca liza tio n  o f  a  scene: 

ob jec t. R eca ll th a t th e  m a tch in g  p ro cess  starts w ith T r = M 7r and  sh o u ld  en d  up  w ith  

a  u n iq u e  so lu tion  w h ich  is the  lo ca tio n  o f  th e  scen e  ob jec t, e lse  i t  sh o u ld  fail. 

B efo re  T r  has c o n v erg ed  to  a  u n ique  so lu tion  eq u atio n  (3 .4-a) o r  (3 .4 -b ) p ro v id e  a  

sy stem  o f  eq u a tio n s  to  so lve  fo r Tr., bu t a fte r tha t, they  are  n o th in g  b u t tw o  p red i

ca tes  w h ich  confirm  o r  re jec t a  m atch  betw een  th e  scene and  m o d e l fea tu res.
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M aiiy  im p o rtan t p o s itio n  a ttribu tes  are  n o t v iew p o in t in d ep en d en t, y e t th ey  are  

im portan t. F o r  ex am p le , th e  p o sitio n  a ttribu tes poin t_on_axis  and  point_on_edge  

show n  in  S ec tion  4.1 are  bo th  v iew p o in t d ep en d en t since  th ese  p o in ts  can  b e  a t a rb itra ry  

lo ca tio n s  a lo n g  th e ir  re sp ec tiv e  d irec tions. D esp ite  th e ir a rb itra ry  lo ca tio n s, th ese  p o in ts  

p la y  a  v ita l ro le  d u rin g  th e  verifica tio n  p h ase  o f  m atch ing . F o r  illu s tra tin g  th is  im p o r

tan t p o in t, le t ’s say  a  scene  ed g e  is  u n d e r co n sid e ra tio n  fo r  m a tch in g  w ith  a  m odel ed g e  

u n d e r a  g iv en  p o se  tran sfo rm atio n . N ow , i f  th e  d irec tio n s  o f  th e  tw o  are  id en tica l, th a t’s 

n o t a  stiffid ient c rite rio n  fo r  th e  m a tch  to  b e  va lid , since  th e  id en tity  o f  d irec tions 

m ere ly  im p lie s  th a t th e  scene  ed g e  is  p a ra lle l to  th e  m odel edge. T o  im p o se  th e  ad d i

tio n a l c o n stra in t th a t the  tw o  ed g es  b e  co llin ear, w e  n e ed  th e  point_on_edge  a ttribu te  

ev en  i f  th e  p o in t is  a rb itra rily  lo ca ted  o n  th e  edge  in  th e  m o d e l space. T h e  

p o i n t o n e d g e  a ttrib u te  is  u sed  in  th e  fo llo w in g  fash ion : F irs t th e  d iffe ren ce  v ec to r 

b e tw een  th e  v e c to r  to  point_on_edge  an d  a  v e c to r  to  som e a rb itra ry  p o in t o n  th e  scene 

ed g e  is  co m p u ted . T h en  th e  c ro ss-p ro d u c t o f  th e  d iffe ren ce  v e c to r  w ith  th e  direction  

a ttrib u te  o f, say , th e  m odel edge  is ca lcu la ted . T h e  m ag n itu d e  o f  th is  c ro ss-p ro d u ct 

sh o u ld  b e  c lo se  to  zero  fo r  th e  m a tch  to  b e  accep tab le . N o te  th a t w h ile  th e  c ro ss-p ro d u ct 

b e in g  zero  gu aran tees  th e  co llin ea rity  o f  th e  m o d e l an d  scene  ed g es , it  s till a llow s o n e  

d e g ree -o f-ffeed o m  b e tw een  th e  tw o . I t  is  im p rac tica l to  co m p le te ly  co n stra in  th is  

re m a in in g  d eg ree -o f-ffeed o m  since  in  th e  p resen ce  o f  o cc lu s io n s  th e  m o d e l ed g e  m ay  

n o t b e  c o m p le te ly  v is ib le  in  th e  scene.

B efo re  co n c lu d in g  th is  subsec tion , w e  shou ld  m en tio n  th a t, in  a  m a n n er s im ila r to  

edges, th e  p o s itio n  a ttrib u te  a sso c ia ted  w ith  a  p lan a r su rface , specified  b y  g iv ing  the  

co o rd in a tes  o f  a n  arb itray  p o in t o n  th e  su rface , can  b e  u sed  to  m ak e  sure th a t a  m o d e l 

su rface  is  c o p lan a r w ith  th e  co rresp o n d in g  su rface  fro m  the  scene; ag ain , the  id en tity  o f  

su rface  o rien ta tio n s  is  n o t suffic ien t, and  to  co p e  w ith  occ lu s io n s , it. is  n o t p o ssib le  to  

co n stra in  th e  tw o  any  further.

3 .5 .  M a t c h i n g S t r a t e g y

A s m e n tio n e d  in  th e  in tro d u c tio n , the  reco g n itio n  m eth o d  em p lo y ed  in  3D -P O L Y  

is  b ased  o n  h y p o th esis  gen era tio n  an d  verifica tion . In  th is  sec tion , w e  w ill ex p la in  how  

h y p o th eses  are g en era ted  an d  then  h ow  each  h y p o th esis  is  verified .

In  w h a t fo llo w s, w e  w ill first show  th a t i f  hy p o th eses a re  g en era ted  b y  exhaustive  

search , m ean in g  th a t a  scene  fea tu re  is  te s ted  ag a in s t every  p o ssib le  m o d e l fea tu re , then  

th e  tim e  co m p lex ity  o f  th e  reco g n itio n  p ro ced u re  is 0 (n x m (/l+1)), w h ere  n  is  the  

n u m b e r o f  scene  fea tu res, m  th e  n u m b er o f  m o d e l fea tu res, and  h  th e  n u m b e r o f  fea tu res  

used  fo r  th e  h y p o th esis  genera tion . U n fo rtu n ate ly , th is  c o m p lex ity  red u c tio n  is  n o t 

su ffic ien t fo r  m o s t p rac tica l p u rp o ses. W e then  p ro ceed  to  show  ho w  b y  using  the
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no tion  o f local fea tu re  se ts  fo r  gen era tin g  hyp o th eses and  u s in g  th e fea tu re  sphere  Hata 

S tnieture fo r  verifica tion , the  co m p lex ity  can  be im p ro v ed  to  O  (n x m x h !). F ina lly , w e 

w ill show  th a t w h en  w e use  th e  v e rtex  fea tu res  to  o rg an ize  the  lo ca l fea tu re  sets, the  

co m p lex ity  is  fu rth e r im p ro v ed  to  0 ( n 2).

3 .5 .1 . H y p o t h e s i s  G e n e r a t io n  a n d  V e r i f ic a t io n

It is  ra th e r w ell k n o w n  th a t on ly  a  sm all n u m b er o f  fea tu res  is necessa ry  to  e sti

m a te  th e  tran fo rm atio n  m atrix  Tr  th a t g ives th e  p o se  o f  a  scene  o b jec t in  re la tio n  to  the  

co rresp o n d in g  m o d e l o b jec t [S r- 86 , B o  -8 4 ] .  In  o u r w ork , th is  sm all n u m b er o f  

fea tu res  w ill b e  re fe rre d  to  as a  hypothesis generation fea tu re  se t  (H G F ). C learly , it  is  

th e  p o sitio n /o rien ta tio n  a ttribu tes  fo r the  fea tu res  in  an  H G F  th a t m u st b e  used  fo r  the  

estim atio n  o f  T r. W e  h a v e  show n som e p o ssib le  H G F  sets an d  th e  p o sitio n /o rien ta tio n  

a ttribu tes  u sed  fo r  d e te rm in in g  Tr  in  T ab le  3.1. N o te  th a t th e  tab le  is  n o t an  ex h au stiv e  

lis tin g  o f  a ll p o ssib le  H G F  sets, b u t o n ly  those  w h ich  are  ra th e r freq u en tly  u sed . H ow  

ex ac tly  a  T r  m ay  b e  co n stru c ted  fro m  th e  po sitio n /o rien ta tio n  a ttribu tes  o f  the  d iffe ren t 

p o ssib le  H G F  sets m ay , fo r  exam ple , b e  found  in  [S r- 86 , B o  - 8 4 ,  G & L -8 4 , F & H - 86]; 

each  o f  th e se  re fe ren ces  d iscusses  th e  m e th o d  u sed  to  ca lcu la te  a  T r  fo r  th e  ty p e  o f  H G F  

. u sed . ./

L e t’s assum e th a t a  reco g n itio n  p rocedure  needs a m ax im u m  o f  h  fea tu res  to  c o n 

struc t a  hy p o th esis  fo r  th e  p o se  tran sfo rm  T r  fo r  a  can d id a te  m o d e l ob ject. W e  w ill 

fu r th e r  assu m e  th a t w e  have  som ehow  se lec ted  a  subset o f  ca rd in a lity  Ti o f  th e  scene  

fea tu res, th is  subse t w ill co n stitu te  the  H G F  set an d  w ill b e  rep re sen ted  by  

{ S u $ 2 r ~ ..,Sfc}; w e  w ish  to  genera te  hypo theses by  using  the  fea tu res  in  th is  subset. 

W e  m a y  then  d iv id e  th e  search  tree  in  F ig . 3 .6  in to  tw o  p a rts  as show n  in  F ig . 3 .11 , the  

d iv is io n  o ccu rrin g  a t lev el h  o n  th e  tree. N o te  th a t a t th e  first lev el o f  th e  tree , w e  try  to  

m a tch  th e  scene  fea tu re  S \  ag a in st all p o ssib le  m o d e l fea tu res  fro m  the  can d id a te  

ob jec t. T hen , a t th e  second  level, a t each  n ode  gen era ted  by  th e  first level, w e  try  to  

m a tch  th e  scene  fea tu re  S  2 w ith  ev ery  po ssib le  m odel feature; and  so on .

A s d ep ic ted  in  the  figure, a fte r a  h y p o th esis  is  fo rm ed  w ith  h  fea tu res , w e  use  the  

rem ain in g  n - h  fea tu res  fo r  verifica tion . In  p rinc ip le , i f  a  h y p o th esis  is  co rrec t, i.e . the  

scene o b je c t Os is in d eed  an  in s tan ce  o f  the  can d id a te  m odel Om a t lo ca tio n  Tr, w e 

shou ld  then  b e  ab le  to  find  all th e  rem ain in g  n - h  m atch ed  fea tu re  p a irs  u s in g  the  

tran sfo rm atio n  Tr. T h is  im p lie s  th a t in  th e  verifica tion  p h ase  the  scene  fea tu re  a t each  

lev el w ill m a tch  w ith  ex ac tly  o n e  m odel feature . T h is  un iq u en ess  is  g u a ran teed  by  the 

req u irem en t th a t n o  tw o  fea tu res  o f  a m odel have  the  sam e d escrip tion . T o  re ite ra te  

w h a t w as sa id  in  S ec tio n  4 , o n  accoun t o f  th e  d iffe ren t p o sitio n /o rien ta tio n  a ttrib u te s  

th is  req u irem en t is  eas ily  m e t even  fo r  those  fea tu res  tha t m ig h t o th e rw ise  b e  iden tica l,
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C onfig u ra tio n  o f  fea tu res P o s itio n /o rien ta tio n  a ttrib u tes

T h ree  u n iq u e , n o n co llin ear 

po in ts .

T h e  th ree  p o sitio n s  v ec to rs  a sso c ia ted  w ith  th e  th ree  

po in ts .

O n e  s tra ig h t e d g e  &  o n e  n o n 

c o llin e a r p o in t.

T h e  o rien ta tio n  a ttribu te  a sso c ia ted  w ith  th e  d irec tion  

o f  th e  edge, th e  p o sitio n  a ttrib u te  a sso c ia ted  w ith  a 

p o in t o n  th e  edge , and  th e  p o s itio n  a ttrib u te  assoc ia ted  

w ith  th e  n o n co llin ear po in t.

O ne  e llip so id a l e d g e  &  o n e  

n o n co llin ea r p o in t.

T h e  o rien ta tio n  a ttrib u te  a sso c ia ted  w ith  th e  edge, the  

p o s itio n  a ttrib u te  a sso c ia ted  w ith  a  p o in t on  th e  ax is  o f  

th e  e llip so id a l edge, and  a  p o sitio n  a ttrib u te  a ssoc ia ted  

w ith  th e  n o n co llin ear po in t.

T w o  p rim itiv e  su rfaces Sc 

o n e  po in t.

T h e  tw o  p rin c ip a l d irec tio n s  a sso c ia ted  w ith  th e  tw o 

surfaces, and  a p o sitio n  a ttrib u te  a sso c ia ted  w ith  the 

ex tra  p o in t

T h ree  n o n -c o p la n a r p rim itiv e  

surfaces.

T h e  o rien ta tio n  a ttribu tes  a sso c ia ted  w ith  any  tw o  o f  

th e  su rfaces, and  th ree  p o sitio n  a ttrib u tes  asso c ia ted  

w ith  som e th ree  po in ts , o ne  o n  each  surface ,

N O T E S O N  TA B LE  I :

The reader m igh t like to note  that fo r  each  H G F  set, the position!orienta tion a ttri

butes show n constitute the least am ount o f  inform ation tha t is required f o r  the cal

culation o f  the  p o se  transform  using tha t set. Tha t this is so shou ld  be obvious fo r  

the f ir s t  set. F o r the second  set, we need to know  the coordinates o f  a t least one 

p o in t that is arbitrarily  loca ted  on  the stra igh t edge. W ithou t this extra in form a

tion, the ro ta tion transform  com puted fro m  ju s t  the edge directions w ould  not also  

‘m ove’ the edge fro m  its m odel space to the scene space; the p o in t on the stra ight 

edge helps us m ake the m odel edge becom e collinear w ith  the scene edge. Then, we 

can use the extra  non-collinear p o in t to constrain the rota tion o f  the object around  

the edge. The sam e argum ent applies to the th ird  H G F  entry. The attributes listed  

f o r  the fo u r th  H G F  se t should  be obvious, especially in ligh t o f  A ppendix  A . 

F in a lly , f o r  the  last H G F  set, while  two orientation vectors are sufficient to give  us 

the ro ta tion transform , coordinates to three poin ts, located on  each  o f  the surfaces, 

are needed  to constrain  the transla tion  vector. N ote tha t these three p o in ts  can be 

a t arb itrary locations on  the surfaces in the m odel space, the sam e being true in the 

scene space, (See the end  o f  Section 4  fo r  how  a p o in t loca ted  arbitrarily  can  be  

used  to  constrain the location o f  a  su r f  ace.)
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v e r i f i e d

f a i l e d  f e a t u r e  m a t c h  

s u c c e s s f u l  f e a t u r e  m a t c h

b a c k t r a c k i n g  f r o m  v e r i f i c a t io n  t o  h y p o t h e s i s  g e n e r a t i o n

F ig u re  3 .11 . T h e  d a ta  d riv en  search  tree  is d iv id ed  in to  tw o  p a rts  a t lev e l h  on  the  tree.

T h e  first p a rt rep re sen ts  the  hypo thesis  g enera tion  s tag e  w h ile  th e  seco n d  

p a r t  rep resen ts  th e  verifica tion  stage.

O
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say , b y  v ir tu e  o f  th e ir s im ila r shapes.

O n  th e  o th e r  h an d , i f  any  o ne  o f  the  rem a in in g  n - h  fea tu res  can  n o t b e  m a tc h ed  to  

a  m o d e l fea tu re , th a t im p lie s  th e  cu rren t hy p o th esis  is  in v a lid , b ecau se  e ith e r Om is  n o t 

th e  r ig h t o b je c t m o d e l o r  T r  is  n o t th e  c o rrec t tran sfo rm atio n . T h ere fo re , w h en  a  scene  

fea tu re , say , Sic, k> h , d o es  n o t m a tch  any  m o d e l fea tu res  u n d e r th e  can d id a te  T r, it  

serves n o  p u rp o se  to  b ack track  to  le v e l k - 1  o r  h igher. In s tead , th e  sy stem  sh o u ld  go 

b ack  in to  th e  h y p o th esis  gen era tio n  p h ase , by  b ack track in g  o v e r th e  first h  levels , and  

try  to  g en era te  an o th e r h y p o th esis  fo r  Tr, a s  illu s tra ted  b y  arc A  in  F ig  3 .11 . C learly , i f  

re p e a te d  b ack track in g  o v e r th e  first h  lev els  fa ils  to  p ro d u ce  a  v a lid  T r , th e  cand ida te  

m o d e l o b je c t sh o u ld  b e  d isca rd ed  an d  n ew  tree  search  b eg u n  w ith  a  n ew  cand ida te  

o b je c t. In  th e  re s t  o f  th is  subsec tion , w e  w ill ex p lo re  th e  tim e  co m p lex ity  asso c ia ted  

w ith  th is  ty p e  o f  search .

T h is  search  p ro cess  is  ex h au stiv e  o y e r th e  m odel fea tu res  in  th e  sense  th a t a t  ev ery  

n o d e  sh o w n  in  F ig . 3 .1 1, a  scene  fea tu re  m u st b e  co m p ared  w ith  a ll th e  fea tu res  o f  the  

C andidate m o d e l ob jec t. T h ere fo re , a t each  node , th e  co m p lex ity  is p ro p o rtio n a l to  rtt, 

th e  n u m b e r o f  fea tu res  in  th e  m o d e l ob jects. T h e  n u m b er m  is  a lso  th e  fan -o u t a t each  

n o d e  en co u n te re d  d u rin g  th e  h y p o th esis  g enera tion  ph ase , i.e ., in  th e  first h  - I  levels  o f  

th e  sea rch  space . H o w ever, th e  fan -o u t in  the  verifica tio n  p h ase  eq u a ls  I becau se  o f  o u r 

re q u ire m e n t th a t a  m a tch  fa ilu re  d u rin g  verifica tion  im p lies  go ing  b ack  in to  hyp o th esis  

g enera tion .

S in ce  b a ck track in g  is  a llow ed  to  b e  ex h au stiv e  d u rin g  th e  h y p o th esis  gen era tio n  

p h ase , th e  tim e  co m p lex ity  a sso c ia ted  w ith  h y p o th esis  g en era tio n  is  O im h). T h e  tim e  

c o m p lex ity  a sso c ia ted  w ith  th e  w o rs t case  verifica tio n  scen ario  can  b e  e s tim a ted  b y  n o t

in g  th a t e a c h  verifica tio n  p a th  has a t m o s t n - h  n o des, and , since  a t each  n ode  w e  m u st 

m ak e  w  co m p ariso n s , th e  co m p lex ity  o f  verifica tion  is  O im x n ) .  T h erefo re , th e  overa ll 

c o m p le x ity  a sso c ia ted  w ith  th is  reco g n itio n  p ro cess  is

O ip th)  x  O im x n )  

w h ich  is th e  sam e  as

0 (n x m A+1)

F o r rig id  o b jec ts , / tw i l l  ty p ica lly  b e  eq u a l to  3 , a lthough  its  p rec ise  v a lu e  d ep en d s  upon  

h o w  carefu lly  th e  H G F  sets are  construc ted . T h erefo re , th e  ex p ress io n  fo r  th e  co m p lex 

ity  fu n c tio n  b eco m es

O in x r n 4)

A lth o u g h  o n e  m a y  co n sid e r th is  com p lex ity  fu n c tio n  to  b e  a  su b stan tia l im p ro v em en t 

o v e r th e  O im n) fu n c tio n  asso c ia ted  w ith  th e  search  tree  o f  F ig . 3 .6 , i t  is  s till n o t



accep tab le  fo r  p rac tica l app lica tions. In  the  n ex t subsection , w e  w ill show  h o w  by  c o n 

s tra in in g  th e  se lec tion  o f  m odel fea tu res  fo r m a tch in g  w e  c an  m ak e  fu r th e r reduc tions 

in  th e  com plex ity .

3 .5 .2 .  H o w  t o  C o n s t r a in  t h e  S e le c t io n  o f  M o d e l  F e a t u r e s

In  th is  su b sec tio n , w e  w ill ex p lo re  the  qu estio n  o f  w h a t co n stra in ts  o n e  shou ld  

in v o k e  to  se lec t m o d e l fea tu res fo r  m atch ing  w ith  a  scene fea tu re . G iven  th a t th e  c o m 

p a riso n  o f  a ttrib u te  v a lu es  p la y s  a  cen tra l ro le  in  the  m a tch in g  p ro cess , th e  constra in ts  

w e are  lo o k in g  fo r  shou ld  be de riv ab le  from  the  a ttribu tes. B ut, s ince  w e h av e  th ree  d if

fe ren t k in d s  o f  a ttribu tes , nam ely , shape, re la tion , and  p o sitio n /o rien ta tio n , th e  q uestion  

th a t a rises  is  w h ich  o f  th ese  a ttribu tes are  best su ited  fo r the re q u ire d  constra in ts .

T o  an sw er th is  q uestion , w e  w ill take  the  read er th rough  a  tw o -d im en sio n a l ex am 

p le  show n  in  F ig . 3 .12. W ith  th e  he lp  o f  th is  ex am p le  w e  w ill co n v in ce  th e  re a d e r  tha t 

th e  a ttrib u tes  u sed  fo r  co n stra in in g  the  se lec tion  o f  m o d e l fea tu res  shou ld  d ep en d  upon  

w h e th e r o r  n o t w e  k n o w  th e  tran fo rm  T r. In  o th e r w ords, the  co n stra in ts  u sed  in  the  

h y p o th esis  gen era tio n  ph ase  m u st, o f  necessity , be  d iffe ren t fro m  th o se  u sed  in  the  

verifica tion  ph ase . W e  w ill show  th a t fo r  hypo thesis  gen era tio n  ph ase , w e  m u st take  

reco u rse  to  an  id ea  suggested  and  u sed  b y  o th e r researchers: th e  m o d e l fea tu re  th a t is 

in v o k ed  fo r  co m p ariso n  ag a in s t a  scene  fea tu re  shou ld  d ep en d  upo n  its re la tio n s  w ith  

th e  p re v io u s  m o d e l fea tu res  in  th e  p a th  trav e rsed  so fa r  in  th e  search  space  o f  F ig . 3.6. 

A nd , fo r  th e  verifica tion  ph ase , w e  show  th a t rem ark ab le  red u c tio n s  in  com p u ta tio n a l 

co m p lex ity  c an  b e  ach iev ed  by  u sing  co n stra in ts  d e riv ed  fro m  th e  p rin c ip a l d irec tio n s  

o f  fea tu res  —  reca ll th a t the  p rin c ip a l d irec tio n  o f  a  fea tu re  is  d e riv ab le  fro m  its  

p o sitio n /o rien ta tio n  fea tu res. W e  w ill then  show  th a t th e  in v o ca tio n  o f  co n stra in ts  on 

th e  p rin c ip a l d irec tio n s  is g rea tly  fa c ilita ted  i f  the  fea tu res  are  o rg an ized  acco rd in g  to  a  

specia l d a ta  s truc tu re  w e  ca ll the  fea tu re  sphere.

T o  he lp  ex p la in  o u r po in ts , in  F ig . 3 .12  is  show n a  2-D  ra n g e  im ag e  o f  a  p o ly g o n a l 

ob ject. T h e  v iew p o in t is  fro m  th e  top , as illu stra ted . R an g e  m ap p in g  is o rthogonal, 

m ean in g  th a t the  lines  o f  s igh t fo r  th e  de te rm in a tio n  o f  ran g e  v a lu es are  p a ra lle l; fo r 

ex am ple , th e  ran g e  a t scene p o in t I is  equal to  th e  d is tance  d l ,  and  d l  is  p a ra lle l t o d 2 , 

th e  ran g e  a t scene  p o in t 2. T h e  m odel p o lygon  is  show n in  F ig . 3 .13 . T he  p ro b lem  is  to  

reco g n ize  and  lo ca te  th e  p o ly g o n  in  F ig . 3 .12  g iven  its m o d e l in  F ig . 3 .13 . W e  w ill 

assu m e  th a t th e  reco g n itio n  system  is  u sing  on ly  v ertex  fea tu res  (an  ex am p le  o f  p rim i

tive  p o in t fea tu re  type). Scene  v e rtices  w ill b e  deno ted  b y  in teg e rs  I ,  2 , 3, • • • , and  

those  p f  the  m o d e l b y  le tte rs , a, b, c, • • • . F rom  th e  v iew p o in t show n, o n ly  th e  m odel 

v e rtices  a, b, c, d, e, / ,  g, h, k, I a re  v is ib le  to  the  sensor. F o r  th e  sake  o f  argum en t, 

w e  w ill assu m e  th a t o f  these  vertices, th e  m o d e l v ertex  d  is n o t d e tec tab le ; therefo re , its
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^  v i e w p o i n t

F ig u re  3 .12 . A  2 -D  ran g e  im age  o f  a po lygon . T h e  ran g e  v a lu es  are  p ro p o rtio n a l to  the  

p e rp e n d icu la r  d is tan ce  fro m  line  A B . F o r ex am ple , the  ran g e  c o rre sp o n d 

in g  to  scene p o in t I is eq u a l to  the  d is tan ce  d l .
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F ig u re  3.13. T h e  m odel o f  th e  p o ly g o n  show n in  F ig . 3 .12.



co rre sp o n d en t in  F ig . 3 .1 2  has n o t b een  g iven  a  label. T h e  u n d e tec tab ility  o f  d  in  the  

sen so r d a ta  c o u ld  b e  d u e  to  th e  fac t th a t th e  ang le  defin ing  th a t v e rtex  is  n o t v e ry  sharp . 

A s a  re su lt, fea tu re  ex trac tio n  fro m  th e  sen so r d a ta  w ill o n ly  y ie ld  th e  v e rtices  

I ,  2 , 3 , 4 , 5 , 6 , 7 , 8, 9. F o r  th e  v iew p o in t show n, w e  m u st fu r th e r assu m e  th e  u n av a ila 

b ility  o f  an g le  m easu rem en ts  a t v e rtices  1 , 7 and  9.

W e  w ill su b jec t th e  reco g n itio n  o f  th e  p o ly g o n a l o b je c t in  F ig . 3 .1 2  to  th e  k in d  o f  

h y p o th e s is  an d  v e rify  ap p ro ach  d ep ic ted  in  F ig . 3 .11 , e x ce p t th a t w e  w ill add  c o n 

stra in ts  o n  th e  se lec tio n  o f  m o d e l fea tu res  a t each  node. W e  w ill firs t ex am in e  th e  p o ss i

b ility  o f  u s in g  co n stra in ts  d e riv ed  fro m  shape  a ttribu tes.

3 .5 .2 . I .  U s in g  C o n s tr a in ts  D e r iv e d  fr o m  S h a p e  A ttr ib u te s

L e t’s say  each  scene fea tu re  is  c h a rac te rized  b y  th e  fo llo w in g  se t o f  shape 

a ttrib u te -v a lu e  pa irs :

SA  =  <scii, V1- >

In  th e  ab sen ce  o f  u n certa in ties , p e rh ap s  th e  m o s t s tra ig h tfo rw ard  w ay  o f  co n stra in in g  

th e  se lec tion  o f  m o d e l fea tu res  in  th e  m a tch in g  p ro cess  is  to  in v o k e  o n ly  th o se  m o d e l 

fea tu res  w h o se  sa,- v a lu es are  th e  sam e  as v,-. F o r th e  2-D  ex am ple , say  th a t a t a n ode  in  

th e  sea rch  space  th e  scene  v e rtex  2  is u n d e r considera tion . N o w , a  p o ss ib le  shape  a ttri

b u te  fo r  a  2 -D  v e rtex  is  th e  d ih ed ra l ang le  0  show n  fo r  o ne  o f  th e  v e rtices  in  F ig . 3 .13 . 

L e t’s say  th e  m easu red  d ih ed ra l ang le  a t th e  scene  v e rtex  2  is  02. G iv en  th is  shape 

in fo rm atio n , i t  sh o u ld  b e  n ecessa ry  to  in v o k e  o n ly  th o se  m o d e l v e rtices  w h o se  d ih ed ra l 

ang les , d e n o ted  h e re  b y  0*, sa tisfy  th e  co n stra in t

{x: I 0 j c—02 I

w h ere  e  rep re sen ts  th e  uncerta in ty  in  ang le  m easu rem en t. G iv en  a  ju d ic io u s  ch o ice  fo r 

e, such  a  c o n s tra in t m ig h t on ly  in v o k e  th e  m o d e l v e rtices  b  and  k  —  a  co n sid e rab le  

i m p r o v e m e n t  o v e r  h av in g  to  com pare , in  th e  w o rs t case , o f  co u rse , —  th e  scene  v e rtex  

2  w ith  a ll th e  16 m o d e l vertices.

A  p ra c tica l im p lem en ta tio n  o f  the  ab o v e  id ea  W ould re q u ire  th a t w e  o rg an ize  the  

m o d e l fea tu re s  acco rd in g  to  the  shape  a ttribu tes. O ne co u ld  d o  so, fo r  ex am ple , b y  so rt

in g  th e  m o d e l fe a tu re s  by  the  v a lu es  o f  the a ttribu tes. T h en  g iv en  a  d e s ired  a ttribu te  

v a lu e  fo r a  scen e  fea tu re , the  can d id a te  m o d e l fea tu res  co u ld  b e  re tr ie v e d  b y  a  b inary  

search . A n o th e r w ay  is to  u se  an  a rray  w ith  each  array  ce ll rep re sen tin g  an  in te rv a l o f  

th e  a ttr ib u te  v a lu e ; a  m o d e l fea tu re  co u ld  then  b e  ass ig n ed  to  an  ap p ro p ria te  ce ll o n  the  

b asis  o f  th e  v a lu e  o f  the  a ttribu te . T h e  la tte r m e th o d  w o u ld , in  gen era l, b e  m o re  

dem anding on m em ory req u irem en t, b u t th e  re triev a l o f  can d id a te  m o d e l fea tu res  fo r a 

g iv en  scene  fea tu re  a ttribu te  v a lu e  w o u ld  be m o re  efficient.
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A lth o u g h , in  som e cases, it  w ou ld  certa in ly  be  p o ssib le  to  b en efit fro m  th e  ideas 

o u tlin ed  in  th e  p rev io u s  tw o  p a rag raphs, w e  h av e  ch o sen  to  n o t u se  shape  a ttrib u tes  fo r 

co n stra in in g  th e  se lec tio n  o f  m odel fea tures. O u r m o st im p o rtan t reaso n s  are  th a t the  

v iew p o in t in d ep en d en t shape  a ttribu tes, fo r  the  m o st part, d o  n o t co n ta in  su ffic ien t 

d isc rim in a to ry  p o w e r fo r ad eq u ate ly  co n stra in in g  th e  se lec tion  o f  m o d el fea tu res; and  

th e  v iew p o in t d ep en d en t shape  a ttribu tes  are  to o  p ro n e  to  g e ttin g  th e ir v a lu es  d is to rted  

b y  o cc lu s io n  and, o f  cou rse , th e  ch an g e  in  v iew poin t.

F o r  ex am ple , p lan arity  o f  a  su rface  is a v iew p o in t in d ep en d en t shape  a ttribu te . 

N ow  co n sid e r th e  ex am p le  illu s tra ted  in  Fig. 3 .10  an d  assum e th a t w e  are  m a tch in g  

scene su rfaces w ith  m o d e l su rfaces u sing  p lan arity  as a shape  a ttribu te . C learly , a ll the  

m odel su rfaces  b u t s2  w o u ld  beco m e cand ida tes fo r  scene  su rface  sb, and  th ere  w ou ld  

b e  a lm o st n o  ga in s  in  th e  com p u ta tio n al com plex ity . O n  th e  o th e r  hand , a v iew p o in t 

d ep en d en t shape  a ttribu te , lik e  th e  a rea  o f  a surface  w ou ld  o b v io u sly  b e  u se less  b ecau se  

the  p ro b lem s th a t co u ld  be cau sed  by  occlusion . F o r an o th e r illu s tra tio n  o f  the  

d ifficu lties caused  b y  using  v iew p o in t d ep en d en t shape  a ttribu tes , le ts  go  b ack  to  the  

m a tch in g  o f  v e rtices  in  F ig . 3 .12 . A lthough  it m ay  n o t seem  so , th e  d ih ed ra l ang le  is 

v iew p o in t d ep en d en t, as, fo r  exam ple , ev id en ced  by  th e  v e rtices  I ,  7  an d  9 . T he  

d ih ed ra l an g les  a t th ese  v e rtices  can  n o t be m easu red  fro m  the  v iew p o in t show n  in  F ig . 

3 .12  b ecau se  o f  self-occlu sion . T herefo re , it  w o u ld  b e  im p o ssib le  to  u se  th e  m o st o b v i

ous shape  a ttrib u te  —- the  d ihed ra l ang le  —  fo r  co n stra in in g  search , as any  o f  th e  nodes 

co u ld  su ffe r fro m  se lf-occlusion , dep en d in g  up o n  the  p o se  o f  th e  ob ject.

3 .5 .2 .2 . U s in g  C o n s tr a in ts  D e r iv e d  fr o m  R e la t io n  A ttr ib u te s

L e t s  say  a  scene  fea tu re  S has th e  fo llo w in g  re la tio n  a ttrib u te -v a lu e  p a ir  

C r a r l S 1, S 2 , • .  • ,  S *}> , m ean in g  th a t the  scene  fea tu res  S 1, S 2 , ...., S* are  p a rtic ip a t

in g  w ith  S in  th e  re la tio n  n am ed  ra .  W e w ill assum e th a t o f  S 1, S 2 ,...., S*, th e  fea tu res  

S 1 th ro u g h  Sp , p < k ,  have  a lread y  b een  m atched  w ith  m o d e l fea tu res. T h en  w e m ay  

co n sid e r o n ly  th o se  m odel fea tu res  fo r  m a tch in g  against S th a t e n te r  in to  re la tio n  r a  

w ith  the  m o d e l fea tu res  th a t m a tch  S 1 th rough  Sp . M ore  fo rm ally , a  m o d e l fea tu re  M  

w ill b e  se lec ted  fo r  m a tch in g  w ith  S  p ro v id ed  o ne  o f  the  re la tio n  a ttrib u te  fo r  M  is  

< ra :{ M c(1), M c(2), • • • ,  M c(p)}>. R em em ber, the  m ap p in g  fu n c tio n  c  g ives  u s the  

co rresp o n d en ces  b e tw een  the  scene fea tu res and  the  m odel fea tu res.

In  th e  ex am p le  o f  F ig . 3 .12 , assum e tha t the  scene v e rtices  4  and  5 h av e  a lread y  

b een  m a tch ed  w ith  the m o d e l ve rtices  € and  /", and  th a t the scene  v e rtex  6 is  n o w  u n d e r 

test fo r  p o ssib le  m atch  w ith  a  m o d el vertex . S ince  v e rtex  6  h as  re la tio n  a ttribu te  

< a d ja c e n t jo : {5, 7 } > , a  can d id a te  m odel fea tu re  fo r  m atch ing  w ith  v e rtex  6  shou ld  

p o sses  th e  re la tio n  a ttrib u te  < ad ja cen t_ to : { / ,  *} > , w here  w e  have  u sed  an  aste risk  to
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act as a  p la ce -h o ld e r fo r  th e  y e t u n k n o w n  co rresp o n d in g  m o d e l v e rte x  o f  v e rtex  7 . F o r 

sym m etric  re la tio n s , such  as adjacent_ to , a  search  fo r  those  m o d e l fea tu res  th a t satisfy  

th e  d e s ire d  c o n stra in t c an  b e  eas ily  c o n d u c ted  b y  ex am in in g  th e  re la tio n s  a t th e  v e rtex  

f i  w e  m ay  th u s  co n c lu d e  th a t th e  m o d e l v e rtex  g  is  a  can d id a te  m o d e l fea tu re  fo r  the  

scene v e rte x  6. F o r  no n -sy m m etrica l re la tio n s , un less care  is  ex e rc ised  in  o rg an iz in g  

th e  m o d e l fe a tu re  w ith  re sp ec t to  th e ir  re la tio n s , in  th e  w o rs t case  o ne  m ay  h av e  to  

sea rch  th ro u g h  a ll th e  m o d e l fea tu res  to  de te rm in e  th o se  w h ic h  satisfy  th e  re q u ire d  c o n 

stra in ts , H o w ev er, even  w ith  such  a  search , o n e  w o u ld  ga in  fro m  th e  sub seq u en t sav ings 

in  n o t h av in g  to  m a tch  a ll th e  m o d e l fea tu res  w ith  a  scene  fea tu re . In  add ition  to  hav ing  

to  sea rch  fo r  th e  m o d e l fea tu res , th e re  are  o th e r issues th a t p lay  an  im p o rtan t ro le  in  

m a tch in g  scene  fea tu res  w ith  m o d e l fea tu res  u n d e r re la tio n a l co n stra in ts , espec ia lly  

w h en  o n e  a lso  h as  to  co n ten d  w ith  th e  u n certa in ties  a sso c ia ted  w ith  re a l data. O v er the  

y ears, m u c h  h a s  b een  d one  in  th is  a rea  an d  th e  re a d e r is  re fe rre d  to  [S& H — 81, 

K & e t - S l ,  W & L-& 3]  fo r fa th e r  de ta ils .
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A lth o u g h  w h a t w e  h av e  sa id  so  fa r in  th is  subsec tion  m ay  b e  co n stru ed  as im p ly 

in g  th e  ap p ro p ria ten ess  o f  re la tio n a l co n stra in ts , th e  re a d e r b ew are . W e  w ill no w  show  

th a t th e re  c an  b e  s itua tions w h en  re la tio n a l constra in ts  m ay  n o t he lp  a t a ll w ith  the  

p ru n in g  o f  m o d e l fea tu res, and , fu rth er, in  som e cases  they  can  le ad  to  re su lts  th a t m ay  

b e  d o w n rig h t in c o rre c t

G o in g  b a c k  to  o u r ex am p le  o f  F ig . 3 .12 , w e  ju s t  sh o w ed  ho w  th e  p rio r m a tch es  at 

scene  v e rtic e s  4  an d  5 he lp  u s  co n stra in  th e  search  a t v e rtex  6. O ne  m ay  s im ila rly  show  

th a t th e  m a tch es  a t th e  v e rtices  5 and  6  h e lp  u s  w ith  th e  se lec tio n  o f  can d id a te  m o d e l 

v e rtices  a t 7 . N o w , le t’s say , th a t th e  scene  v e rtex  7 has b een  su ccessfu lly  m a tch ed  w ith  

th e  m o d e l v e rtex  h. O u f n ex t ta sk  is  to  find  a  lis t o f  can d id a te  m o d e l v e rtices  fo r  the  

scene  v e rte x  8. H o w ev er, becau se  o f  self-occlu sion , th e re  do es  n o t ex is t a t v e rtex  8 the  

re la tio n  a ttr ib u te  K a d ja ce n tJ o  : . . ,7 ,. .> . T h is  m ean s  th a t p r io r  m a tch in g  h is to ry  a long  

th e  p a th  b e in g  trav e rsed  in  th e  search  space w o u ld  n o t he lp  u s a t a ll a t th e  scene  v e rtex

r  V -  V v / - . ; .  V V ' ; . . ' : : - -  .. , ... V - ;

N o w  to  show  th a t re la tio n a l co n stra in ts  m ay  le ad  to  e rro n eo u s m atch es , co n sid e r 

th e  scene  v e rte x  3, w here  w e  have  th e  re la tio n  < a d ja c e n tjo  :2 ,4 > . W e  w ill assum e 

th a t th e  v e rte x  4 , b e in g  c lo ses t to  th e  v iew p o in t lin e  A B , has a lread y  b een  m a tch ed  w ith

m o d e l v e rtex  e. T h e  can d id a te  m o d e l v e rtices  fo r the  scene  v e rtex  3 m u st sa tisfy  the  

re la tio n  < a d ja c e n tjo  :* ,e> , s ince  e  is  the co rresp o n d en t o f  4  an d  since  th e  v e rtex  2  has

n o t b e e n  m a tc h ed  yet. T h is  co n stra in t w o u ld  c au se  3  to  b e  m a tc h ed  w ith  th e  m o d e l v e r

tex  d  —  an  o b v io u sly  in co rrec t re su lt w h ich  w o u ld  even tu a lly  cau se  an  e rro n eo u s  re je c 

tion  o f  th e  m o d e l ob ject.



3 . 5 . 2 3 ;  U s in g  C o n s t r a in t s  D e r i v e d  f r o m  P o s i t io n /O r ie n t a t i o n A t t r i b u t e s

I f  a  scene  fea tu re  po ssesses  a  po sitio n /o rien ta tio n  a ttrib u te -v a lu e  p a ir  <la :v > , 

then  it fo llo w s fro m  eq u a tio n s  (3 .4 -a) and  (3 .4-b) th a t a p o ten tia l c an d id a te  m odel 

fea tu re  m u st be c h a rac te rized  b y  the e ith e r o r bo th  o f  the  fo llo w in g  p o sitio n /o rien ta tio n  

a ttrib u te -v a lu e  p a irs

< la : R ~ 1-v>  i f  v is an orientation vector  (3 .5-a)

< la :R ~ l '( y - t ) >  i f  v is a  position  vector  (3 .5 -b)

w here  R  and  t  are  th e  ro ta tio n  and  transla tion  com ponen ts, re sp ec tiv e ly , o f  th e  tran fo r- 

m a tio n  T r  th a t tak es  th e  m o d e l o b jec t in to  the  scene ob ject. C learly , an  estim a te  o f  the  

tran fo rinatio ri T r  is req u ired  b e fo re  a  loca tion  co n stra in t can  b e  invoked .

W e m u st again  add ress th e  issu e  o f  h ow  o ne  m ig h t o rg an ize  m o d e l fea tu res  in  

o rd e r to  e ffic ien tly  in v o k e  the  location  constra in ts . O ne app roach  w o u ld  b e  to  p a rtitio n  

th e  space  o f  a ll p o ss ib le  lo ca tio n s in to  ce lls  an d  to  assign  m o d e l fea tu res  to  ap p ro p ria te  

ce lls  b ased  o n  th e ir locations. S ince  it takes th ree  p a ram ete rs  to  spec ify  an  o rien ta tio n , 

tw o  to  spec ify  th e  d irec tion  o f  the  ax is  o f  ro ta tio n  and  an o th er o ne  to  spec ify  ro ta tio n  

aro u n d  th is  ax is, th e  location  space fo r  o rien ta tio n  v ecto rs  w ill c o n sis t o f  e ith e r the  

v o lu m e  o f  a  u n it sphere , o r, u s in g  the  qu a te rn io n  no ta tion , th e  su rface  o f  a  fo u r

d im en sio n al u n it sphere . O n th e  o th e r hand , the  lo ca tio n  space  fo r  p o sitio n  v ec to rs  w ill 

b e  the  3-D  C artesian  space.

W h ile  it  w o u ld  in d eed  b e  p o ssib le  to  u se  the  p o s itio n /o rien ta tio n  co n stra in ts  in  th is  

m an n er to  p ru n e  th e  lis t o f  can d id a te  m odel fea tu res, d ifficu lties a rise  in  p rac tice  on  

acco u n t o f  th e  fa c t th a t i t  m ay  n o t be  p o ssib le  to  develop  a  un ified  o rg an iza tio n  o f  

m o d e l fea tu res  o n  th e  b asis  o f  p o s itio n /o rien ta tio n  in fo rm ation , since  som e fea tu res  

m ay  have  o n ly  p osition  a ttribu tes , o th e r o n ly  o rien ta tio n  a ttribu tes, and  s till o thers  both.

F o rtu n a te ly , th e re  is  a  w ay  o u t o f  th is im passe , by  the  use o f  p rin c ip a l d irec tio n s  

defined  in  S ection  4. F o r every  fea tu re , as  show n in  th a t sec tion , w e  can  d e riv e  its p r in 

c ip a l d irec tio n  fro m  e ith e r th e  position  in fo rm atio n  o r  th e  o rien ta tio n  in fo rm ation . T he  

p rin c ip a l d irec tio n  can  then  be  u sed , by  the  m e th o d  d iscu ssed  be low , to  o rg an ize  the  

m odel fea tu res  fo r e ffic ien t re triev a l subsequen tly . In th e  re s t o f  th is  subsec tion , w e 

w ill u se  the  2 -D  ex am p le  o f  F ig . 3 .14  to  in tro d u ce  the id ea  o f  a  fea tu re  circle, w h ich  is 

a m ean s  to  o rg an ize , o n  th e  b asis  o f  th e ir p rin c ip a l d irec tions, th e  m o d e l fea tu res  fo r the

2 -D c a s e . \

F o r  th e  2-D  exam ple , w e  first com pu te  th e  p rin c ip a l d irec tio n  o f  each  m o d el v e r

tex  acco rd in g  to  the  defin ition  in  sec tion  3-2. S ince  the  space  o f  d irec tio n  v ecto rs  in  2- 

D  space  is  a  c irc le , w e  o rgan ize  the  m odel ve rtices  a long  a u n it c irc le  as show n in  Fig.



93 chen/kak

N...... J

F ig u re  3 .14 . T h e  v e rtices  o f  th e  m o d e l p o ly g o n  axe p u sh ed  o u t to  a u n it c irc le  w h ich  is 

th e  fea tu re  c irc le  o f  th e  m odel.
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3.14 . TM s co n stitu tes  th e  fea tu re  c irc le  fo r  th e  m odel ob ject. S u p p o se  th a t the  o rien ta 

tion  I? an d  p o s itio n  t  o f  the  scene  p o ly g o n  has been  h y p o th esized  b y  m a tch in g  v ertices  

4  and  5 to  m o d e l v e rtices  e  an d  / ,  respec tive ly . N ow , suppose  w e w a n t to  find  th e  can d i

da te  m o d e l v e rtices  fo r  th e  scene  v e rtex  3. U sing  eq u a tio n  (3 .5-b), th e  p o s itio n  v ec to r 

o f  a  can d id a te  m o d e l v ertex  fo r  p o ssib le  m a tch in g  w ith  the  scene  v e rtex  3 shou ld  be

P = R 1 p i - t  , r . - '

T h e p r in c ip a ld ir e c t io n a s s o c ia te d w ith th is p o s i t io n v e c to r is

W e can  then  access  the  fea tu re  Circle o f  F ig . 3 .14  and  p u ll o u t th o se  m odel fea tu res  

w hose  p rin c ip a l d irec tio n s lie  in  th e  in te rv a l [ O - e , O + e], w h ere  e  d ep en d s  up o n  the  

m ag n itu d e  o f  u n certa in ty  in  th e  sen sed  data.

O f  co u rse , fo r  th e  3-D  case , th e  o rgan iza tion  o f  the  m odel fea tu res  w o u ld  n o t b e  as 

sim p le  as w h a t is  show n  in  F ig . 3 .14 , since  th e  fea tu res  w o u ld  n ow  h av e  to  b e  m ap p ed  

o n to  th e  su rface  o f  a  sphere  o n  th e  b asis  o f  th e ir  p rin c ip a l d irec tions. T o  h an d le  the  

re su ltin g  co m p lica tio n s, in  S ec tion  6, w e  w ill in troduce  th e  no tio n  o f  a  fea tu re  sphere  

w h ich  u sed  a  spec ia l in d ex in g  schem e fo r  the  tesse lla tions on  the  su rface  o f  th e  sphere. 

T he  in d ex in g  schem e ch o sen  reduces th e  co m p lex ity  a sso c ia ted  w ith  f i n d i n g  th e  n e ig h 

b o rs  o f  a  p a rtic u la r  ce ll on  th e  su rface  o f  a  sphere.

3 .5 .2 .4 .  C o n c lu s io n  R e g a r d i n g  t h e  C h o ic e  o f  C o n s t r a in t s

B efo re  w e  p re sen t o u r co m p le te  fea tu re  m a tch in g  stra tegy , w e  w o u ld  like  to  su m 

m arize  th e  co n c lu s io n s  th a t can  be d raw n  fro m  the  p reced in g  th ree  subsec tions.

•  R ela tiv e ly  speak ing , shape a ttribu tes  are  n o t th a t u sefu l fo r  th e  p u rp o se  o f  selec ting  

can d id a te  m o d e l fea tu res  because , w hen  they  are v iew  ind ep en d en t, th ey  o ften  do  

n o t ca rry  en o u g h  d isc rim in a to ry  pow er, and , w hen  they  are  v iew  d ep en d en t, they  

can n o t b e  u sed  fo r  ob v io u s reasons.

•  W h en  th e  p o se  tran sfo rm atio n  T r  is unknow n, re la tio n  a ttribu tes  can  p ro v id e  strong  

co n stra in ts  fo r  se lec ting  m o d e l fea tu res; how ever, ex trac tio n  o f  re la tio n  a ttrib u te s  

m ay  b e  to o  p ro n e  to  artifacts.

•  W h en  th e  p o se  tran sfo rm atio n  T r  is g iven , the  p rin c ip a l d irec tio n  a ttrib u te , w h ich  

can  b e  d e riv ed  fro m  th e  p o s itio n /o rien ta tio n  a ttribu tes, p ro b ab ly  p ro v id es  th e  b est 

co n stra in t fo r  se lec tin g  m o d e l fea tu res. W e  u se  the ad jec tive  "best" to  em p h asize , in  

a  q u a lita tiv e  sense  adm itted ly , the  fac t tha t th is  a ttribu te  can  be ca lcu la ted  in  a  fa irly  

ro b u s t m a n n e r fo r  m o st fea tu res, and , to  em p h asize  its  ab ility  to  p ro v id e  strong  

d isc rim in a tio n  am o n g st co m p etin g  m odel features.



T h ese  co n c lu s io n s  fo rm  th e  fo u n d a tio n  o f  Ou t  o v era ll m a tch in g  stra tegy , w h ich  w e  now  

presen t:

D uring  hypothesis generation:

In  this phase , we w ill use constraints on relation  attributes to p ru n e  the 

lis t o f  m odel fea tu res. T o  g e t around the p rob lem s associated w ith  

exhaustive backtracking in the upper h levels o f  the search space shown  

in  F ig . 3 .11 , we w ill group im m ediately rela ted  m odel fea tu res  into sets, 

to be called  L o ca l F ea tu re  Sets  (LFS). E ach L F S  w ill be capable o f  g en 

erating a  value f o r  the transform ation m atrix  Tr. The idea o f  using  

fea tu re  se ts fo r  constructing hypotheses about p o se  transform ations is 

akin  to the  lo ca l fea tu re  focus idea used by B olles and  Cain [ B & C - 827 

fo r  the 2 -D case and  to the notion o f  k e rn e l fea tu res  used by O shim a and  

Shirai [ 0 & S - S 3 ]  fo r  the 3-D  case.

D uring  verification:

In  this phase , we w ill use the principa l direction constraint to se lect 

m odel fea tures. F o r efficient retrieval on the basis o f  their principa l 

directions, the m odel fea tu res w ill be organized  on  fea tu re  Spheres.

In  th e  n e x t subsec tion , w e  w ill e lab o ra te  o n  th e  n o tio n  o f  L o ca l F ea tu re  Sets  fo r 

h y p o th esis  gen era tio n . In  th e  fo llo w in g  subsection , w e  w ill th en  p re sen t a  fo rm al 

defin ition  o f  th e  fea tu re  sphere  d a ta  s truc tu re  a n d  p re sen t ex p ress io n s  fo r th e  co m p lex 

ity  fu n c tio n s  a sso c ia ted  w ith  o u r  m a tch in g  stra tegy .

3 .5 .3 .  L o c a l  F e a t u r e  S e t s  f o r  H y p o t h e s i s  G e n e r a t io n

Id ea lly , an  L FS  is  a m in im a l g ro u p in g  o f  fea tu res th a t is  cap a b le  o f  y ie ld in g  a 

u n iq u e  v a lu e  fo r  th e  po se  tran sfo rm  w h ich  tak es  the  m odel o b je c t in to  th e  scene ob ject. 

T h e  fea tu re s  in  such  a  m in im al g ro u p in g  cou ld , fo r  ex am p le , c o rre sp o n d  to  o ne  o f  the  

ro w s in  T ab le  3.1.

M o re  p rac tica lly , i t  is  d esirab le  th a t th e  fea tu res  in  an  L F S  b e  in  c lo se  p ro x im ity  to  

o n e  an o th er, so  th a t the p ro b ab ility  o f  th e ir  b e in g  sim u ltan eo u sly  v is ib le  fro m  a  g iven  

v ie w p o in t w o u ld  b e  h igh . In  o u r  im p lem en ta tio n , w e  h av e  fo u n d  u se fu l th e  fo llow ing  

v a ria tio n  o n  th e  above  idea , w h ich  seem s to  lead  to  p a rticu la rly  e ffic ien t hyp o th esis  

g en era tio n  s tra teg ies  fo r  o b jec ts  th a t are r ic h  in  v ertices , such  as th e  o b jec ts  o f  F ig . 3 .2. 

W e a llow  o u r L F S ’s to  be  la rg e r th an  m in im al g roup ings an d  in s is t th a t each  g roup ing  

co n ta in  a  v e rte x  and  all the  su rfaces m eetin g  a t th a t vertex . [It w o u ld  b e  eq u a lly  easy  to  

u se  ed g es  in  p lace  o f  surfaces.] In  F ig . 3 .15 , w e  first show  la b e led  fea tu res  fo r  o n e  o f  

th e  o b jec ts  o f  F ig . 3 .2. F o r th a t ob jec t, th e  L F S ’s gen era ted  w ith  th is  spec ifica tion  are
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a

F ig u re  3 .15. T h e  labels  o f  su rfaces an d  ve rtices  o f  the  o b jec t in  F ig  3 .2  (a).



show n  in  T ab le  3 .2 . T o  ex p la in  th e  adv an tag es o f  o u r ap p roach , co n s id e r th e  L F S  

co rresp o n d in g  to  th e  v e rtex  d  o f  th e  o b jec t in  F ig . 3 .15 . T h e  d a ta  re c o rd  fo r  th is  L FS  

w ill lo o k  lik e
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V ertex  c 

f l a g : - I  

xyz: # #

surfaces: 2  10 3 

ad jacen t_ v ertices : a e  d  

ed g e_ ty p e : v  v  c

T h e  flag  v a lu e  o f  - I  m ean s th a t o n e  o f  th e  th ree  ed g es m eetin g  a t th e  v e rtex  is  concave . 

T h e  variable! x y z  is  in s tan tia ted  to  th e  co o rd in a tes  o f  th e  v e rte x  in  th e  m o d e l co o rd in a te  

system . In  ed g e_ ty p e , v  d en o tes  co n v ex  and  c con cav e , as th e re  a re  tw o  c o n ca v e  and  

o n e  co n v ex  ed g es  m eetin g  a t th is  vertex . T h is  L FS su b su m es at le a s t th ree  m in im al 

fea tu re  g ro u p in g s  th a t a re  a lso  cap ab le  o f  gen era tin g  a  u n iq u e  v a lu e  fo r  th e  p ose  

tran sfo rm . F o r ex am p le , th e  g ro u p in g  co n sis tin g  o f  th e  su rfaces 2  an d  10, to g e th e r w ith  

th e  co o rd in a tes  o f  th e  v e rtex  a, c an  y ie ld  a  u n iq u e  v a lu e  fo r Tr. T o  an sw er th e  q uestion  

w h y  w e  u se  th is  p a rtic u la r  co n stru c tio n  fo r L F S ’s, w e  w ill firs t d efine  a  co m p le te ly  v is i

b le  v ertex .

In  th e  scene , a  v e rtex  w ill b e  ca lled  com pletely  visible  i f  n o  o cc lu d in g  ed g es  m ee t 

a t th e  V ertex. A n  ex am p le  o f  a  co m p le te ly  v is ib le  v e rtex  is  sh o w n  in  F ig . 3 .16 -(a), w h ile  

(b) show s the  sam e v e rtex  w h en  i t  is n o t com p le te ly  v is ib le . N o te  th a t o cc lu d in g  edges 

in  a  ra n g e  m ap  a re  ch a rac te rized  b y  ran g e  d iscon tinu ities.

W e  b e liev e  th a t a co m p le te ly  v is ib le  v e rte x  in  a  scene p ro v id es  th e  stro n g est c o n 

stra in ts  fo r  ca lcu la tin g  th e  T r  a ssociated  w ith  an  o b jec t in  a  scene. O f  co u rse , th eo re ti

ca lly , any  tw o  o f  th e  n o n -p ara lle l su rfaces co m in g  to g e th e r a t th e  v e rtex , in  co n ju n c tio n  

w ith  th e  v e rte x  itse lf, a re  cap ab le  o f  spec ify ing  u n ique ly  th e  T r  a sso c ia ted  w ith  a  scene 

o b jec t. T h ere fo re , th eo re tica lly  a t least, fo r th e  v e rtex  show n in  F ig . 3 .16 -(a), any  tw o  o f  

file su rfaces, to g e th e r w ith  th e  co o rd in a tes  o f  th e  vertex , can  y ie ld  T r . H o w ev er, in  p ra c 

tice , i t  is  d iff icu lt to  ca lcu la te  w ith  g rea t p rec is io n  th e  p o sitio n  o f  th e  v e rtex  itse lf, p r i

m arily  b ecau se  o f  th e  n a tu re  o f  d isco n tin u itie s  o f  som e o f  th e  spatia l d e riv a tiv es  a t such  

a  po in t, th e r e fo re ,  o u r ap p ro ach  is  th a t i f  a  co m p le te ly  v is ib le  v e rte x  c an  b e  fo u n d  in  a  

scene , i t  sh o u ld  im m ed ia te ly  b e  u sed  to  ca lcu la te  a  Tr.

O f co u rse , it  is  en tire ly  lik e ly  th a t w e  m ay  n o t find  any  co m p le te ly  v is ib le  v e rtices  

in  a  scene , m ean in g  th a t fo r  a  v e rtex  lik e  th e  o n e  show n  in  F ig . 3 .16 -(b ), becau se  o f
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T ab le  3.2 L o ca l fea tu re  sets (L FS) o f  the  o b jec t in  F ig  3.15.

v e rtex surfaces

a 1 ,9 ,2

b  : . 1 ,2 ,8

C ■ 2 ,1 0 ,3

d 2 , 3 , 8
/

e 3 ,1 0 ,4

■’ ’ f  -■ 3 , 4 , 8

g 7 ,1 2 ,4

h 7 ,1 0 ,1 2

4 ,1 0 ,7

j 4 , 7 , 8

k 1 ,8 ,9

■ i 9, 8 ,1 2

m 1 ,9 ,1 0

n 1 0 ,9 ,1 2
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F ig u re  3 .16 . A  co m p le te ly  v is ib le  v e rtex  o f  a  o b jec t in  o ne  v iew  b eco m es p a rtia lly  v is i 

b le  in  an o th er v iew .
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self-o cc lu s io n  w e  m ay  b e  ab le  to  see  o n ly  tw o  o f  the  th ree  su rfaces. In  such  a  ease , the  

L FS fo r th e  v e rtex  can  still b e  used  b y  assign ing  app rop ria te  lab els  to  th e  scene  su rfaces 

fro m  th e  en trie s  in  th e  L F S . In  general, i f  h  su rfaces m e e t a t a -vertex  an d  o n ly  it o f  these  

are v is ib le  in  a  scene, th en  th ere  a re  o n ly  h  po ssib ilitie s  fo r  m a tch in g  th e  it scene  su r

faces, th is  h ap p en s  because  o f  the  ro ta tio n a l ad jacencies  th a t have  to  be m a in ta ined . F o r 

exam ple , ag a in  as illu s tra ted  in  F ig . 3 .16 , the  v ertex  a  is  fo rm ed  b y  th ree  Surfaces I ,  10 

an d  2 , i f  w e  see o n ly  tw o  o f  the  su rfaces a  and  (3 as in  (b), there  are  on ly  th ree  d iffe ren t 

lab e lin g  p a tte rn s  fo r  d ie  tw o  su rfaces, nam ely ,

{(1 10 >J3, 2  »m7), (1 0 —MX, 2 —>|3, I —m il) , (2 —><x, I —>(i, 10—tn i l ) }.

In  each  o f  th e se  p a tte rn s , the  labels  m u st m ain ta in  the  sam e ad jacen c ies  th a t a re  in  the  

m odel. T h ere fo re , w e can  say th a t in  m a tch in g  k  scene  fea tu res  w ith  the  h  fea tu res  o f  

an L F S , the  o v e rh ead  is  k, w h ich  is  in cu rred  in  m a tch in g  the  k  scene  fea tu res  w ith  the  

p o ten tia l co rresp o n d en ts  from  the  L F S . S ince  th is  can  o n ly  b e  d o n e  in  h  w ays, the  

o v era ll co m p lex ity  a sso c ia ted  w ith  m a tch in g  w ith  an  L F S  is  O ih x k ) .

T h ere fo re , th e  co m p lex ity  a sso c ia ted  w ith  g enera ting  h y p o th eses  fo r  an  o b jec t 

w h ich  h as  Nl f s  LFS’s  is  N LF s'xO ihxk). In  p rac tice , Nl ps  =  0 ( m ) ,  w here  m  is  th e  to ta l 

n u m b er o f  m o d e l fea tu res. T herefo re , th e  overa ll com p lex ity  a sso c ia ted  w ith  gen era tin g  

all th e  hyp o th eses is

O im x h x k )  = O im )

B efo re  w e  co n c lu d e  th is  subsection , w e  w o u ld  lik e  th e  re a d e r to  n o te  th a t th e  gains 

ach iev ed  w ith  th e  u se  L F S ’s as no n -m in im al fea tu re  g ro u p in g s  is  a t th e  c o s t o f  m ore  

co m p lex  flow  o f  co n tro l d u rin g  h ypo thesis  generation . W h ile  w ith  m i n i m a l  group ings, 

i t  is  p o ssib le  to  in stitu te  u n ifo rm  con tro l, w ith  n o n -m in im al g ro u p in g s  sp ec ia l cases  

m u st b e  h an d led  separa te ly  dep en d in g  upon  h ow  m an y  o f  th e  fea tu res  in  an  L FS  can  be 

m a tch ed  w ith  th e  scene  fea tu res.

A lso , w e  have  said  no th in g  abou t th e  m athem atics  o f  h o w  to  ac tu a lly  co m p u te  a  T r  

g iven  th a t w e  h av e  a  m atch  be tw een  som e scene  fea tu res  an d  m odel fea tu res. In  A p p en 

d ix  A , w e  p ro v id e  fo rm u la tions fo r  estim atin g  the  tran sfo rm atio n  b ased  o n  qu a tern io n  

rep resen ta tio n .

3 . 5 * 4 . F e a t u r e  S p h e r e  f o r  V e r i f ic a t io n

W e w an t to  o rg an ize  m odel fea tu res o f  an o b jec t such  that, g iven  a  can d id a te  p rin 

c ip a l d irec tio n  O  co m p u ted  from  a  scene  fea tu re , a ll th e  m o d e l fea tu res  w ith  the  p rin c i

p a l d irec tio n  O  can  b e  accessed  effic ien tly . S ince a p a rticu la r d irec tio n  co rresp o n d s to  

a un ique  p o in t o n  th e  su rface  o f  a  un it sphere , s im ila r to  the  w ay  o f  o rg an iz in g  v e rtices  

on  a  c irc le  in  th e  2-D  exam ple , a  n a tu ra l w ay  is to  reco rd  the  m o d e l fea tu res  on  a un it
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sp h ere  as a  fu n c tio n  o f  th e ir p rin c ip a l d irec tio n s . W e  shall ca ll such  a  sp h ere  a  fea tu re  

sphere. rITiere can , o f  co u rse , b e  m u ltip le  n u m b e r o f  fea tu res  co rresp o n d in g  to  a  g iven  

p o in t o n  th e  fea tu re  sp here , esp ec ia lly  i f  m o re  than  o ne  fea tu re  c lass  is u sed  fo r d esc rib 

in g  m odels . In  o u r  e x p erien ce , p ro g ram m in g  b eco m es m o re  e ffic ien t i f  a  separa te  

fea tu re  sp h ere  is  u sed  fo r  each  c lass, m ean in g  th a t w e  re p re se n t a ll th e  p rim itiv e  su rface  

fea tu res  o n  o n e  sp here , a ll th e  p rim itiv e  ed g e  fea tu res  o n  an o th e r sphere , an d  a ll the  

p rim itiv e  p o in t fea tu res  o n  y e t ano ther. F ig . 3 .17 show s th e  v e rtex  fea tu re  sphere  and  

th e  su rface  fea tu re  sphere  fo r  th e  3-D  m o d e l o b jec t in  F ig . 3 .10 .

A fte r  a  h y p o th esis  ab o u t the  o b je c t’s lo ca tio n  T r  is  genera ted , w e  w an t to  v e rify  o r 

re je c t th e  h y p o th es is  b y  m a tch in g  th e  re s t o f  th e  scene  fea tu res  to  m o d e l fea tu res  u n d e r 

Tr. O f  th e  d iffe ren t scene  fea tu res  w h ich  w ill b e  u sed  fo r  verifica tion , c o n sid e r a  scene 

fea tu re  S. A cco rd in g  to  eq u a tio n s  (3 .4 -a) a n d  (3 .4 -b ), a  m o d e l fea tu re  th a t is  a  can d i

d a te  fo r  m a tch in g  w ith  th e  scene  fea tu re  S shou ld  b e  ch a rac te rized  b y  a  p rin c ip a l d irec 

tio n  O  th a t is  e q u a l to  th e  fo llo w in g  fo r  th e  d iffe ren t types o f  S.

•  I f  S  is  a  p r im itiv e  su rface  (spherica l su rface  excluded ) o r  a  p rim itiv e  curve:

&  =  / ? - 1 * v (S ), (3 .6-a)

w h ere  R  is  th e  ro ta tio n  co m p o n en t o f  Tr, an d  v (S) is  th e  o rien ta tio n  d irec tio n  o f  

fea tu re  S , d efined  s im ila rly  as its  p rin c ip a l d irec tio n  b u t w ith  re sp ec t to  the  w o rld  

co o rd in a te  system .

•  I f  S  i s  p o i n t  f e a t u r e  o r  a  s p h e r i c a l  s u r f a c e :

L e tp ( S )  b e  th e  p o sitio n  v e c to r  o f  fea tu re  S  w ith  re sp ec t to  a  w o rld  coo rd in a te  sys

tem .

p  = T r ~1 * p (S ) =  R - 1 * ( p ( S ) - t ) ; (3 .6 -b)

w h ere  t  is  th e  tran s la tio n  c o m p o n en t o f  Tr.

A s p rev io u s ly  m en tioned , p rin c ip a l d ire c tio m p ro v id e  a  v e ry  strong  co n stra in t fo r  

se lec tion  o f  can d id a te  m o d e l fea tu res , i.e . each  can d id a te  p rin c ip a l d irec tio n  co m p u ted  

fro m  eq u a tio n  (3 .6 -a) o r  (3 .6-b) w ill le ad  to  a  sm all n u m b er o f  can d id a te  fea tu res. T h is  

is  e sp ec ia lly  tru e  fo r  p o in t fea tu re s  as w e  o b se rv ed  in  th e  2 -D  ex am p le  in  w h ich  a  can 

d id a te  p rin c ip a l d irec tio n  ad d resses  to  on ly  o ne  can d id a te  m o d e l vertex . F o r p rim itiv e  

su rface  o r  p rim itiv e  edges, th a t n u m b er m ay  d ep en d  o n  th e  con fig u ra tio n  o f  o b je c t su r

faces. In  g en era l, w e  m ay  assum e th a t the  p rin c ip a l d irec tio n s  o f  a  m o d e l’s fea tu res  are  

ra n d o m ly  d is trib u ted  o v e r th e  u n it sphere. A lthough , th e  p ro b ab ility  o f  any  tw o  fea tu res  

o c cu p y in g  th e  sam e  spo t o n  the  u n it sphere  w ill b e  v e ry  lo w , fo r  th e  sake o f  a rg u m en t 

w e  m ay  a ssu m e  th a t o n  th e  average  th e re  w ill b e  k  fea tu res  fo r  each  p rin c ip a l d irec tion ,
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Surface feature sphere Vertex feature sphere

F ig u re  3 .17 . T h e  su rface  an d  v e rtex  fea tu re  spheres o f  the  m o d e l ob ject.



w h ere  k<£m. T h en  th e  w o rs t case  tim e  co m p lex ity  fo r  m a tch in g  fo r  verifica tio n  w ill be 

0 { n x k )  =  0 ( n ) .  W h e n  co m b in ed  w ith  th e  co m p lex ity  o f  h y p o th esis  genera tion , as d is 

cu ssed  in  S ec tio n  5 .3 , th is  im p lie s  an  o v era ll co m p lex ity  lev e l o f  0 (m n ) .  S ince , 

m  _  o  in ),  w e  can  th en  co n c lu d e  th a t th e  o v era ll com p lex ity  w ith  o u r app roach  fo r  s in 

g le  o b je c t re c o g n itio n  to  b e  O ( n 2).

In  th e  n e x t sec tion  w e  w ill p re sen t th e  im p lem en ta tio n  o f  fea tu re  sphere  in  c o m 

p u te r  in  de ta il. I t  is  in te restin g  to  n o te  th a t i f  a  m o d e l o b jec t is  a  co n v ex  p o ly h ed ro n  

th e n  its  su rface  fea tu re  sphere  rep re sen ta tio n  is  eq u iv a len t to  its  E G I (ex ten d ed  G au s

sian  im ag e ) [H o - 8 4 ] ,  [Ik -8 3 ] ,  and  i f  a  p rim itiv e  cu rv ed  su rface  is  a llo w ed  to  b e  added  

to  a  p o ly h e d ro n  th en  th e  su rface  fea tu re  sphere  is s im ila r to  C S G -E E S I rep resen ta tio n  

p ro p o se d  b y  X ie  an d  C alv ert [X&C  - 8 8 ] .  In  add ition , i f  ev ery  su rface  p o in t is  reg a rd ed  

as a  p o in t fea tu re , th en  th e  p o in t fea tu re  sphere  o f  a  star-shape  o b jec t is  eq u iv a len t to  

th e  w e ll- te sse lla ted  su rface  rep re sen ta tio n  p ro p o sed  by  B ro w n  [B r -7 9 ] .

3 .6 .  A  D a t a  S t r u c t u r e  f o r  R e p r e s e n t in g  F e a t u r e  S p h e r e s

In  o rd e r  to  im p lem en t fea tu re  spheres in  a  com pu ter, w e  first n eed  to  te sse lla te  the  

sp h ere  a n d  then  c rea te  an  ap p ro p ria te  d a ta  s truc tu re  fo r rep re sen tin g  th e  tesse lla tions. 

In  o u r  case , each  c e ll o n  th e  sphere  w ill b e  rep resen ted  b y  its  c e n te r  p o in t, and  th e  p u r

p o se  o f  th e  d a ta  s truc tu re  w ill b e  to  a llow  us to  e ffic ien tly  access  th ese  po in ts . In  w h a t 

fo llo w s , w e  w ill u se  the  te rm  tessel to  re fe r  to  b o th  a  ce ll c rea ted  b y  te sse lla tin g  a  

sp h ere  an d  to  th e  cen tra l p o in t o f  the  cell. B efo re  a d a ta  s truc tu re  can  b e  c rea ted  fo r 

rep re sen tin g  th e  te sse ls , w e  m u st b ea r in  m in d  the  fo llo w in g  tw o  k in d s  o f  o pera tions 

th a t Will b e  p e rfo rm ed  o n  th e  d a ta  s truc tu re  fo r  th e  p u rp o ses  o f  fea tu re  m atch ing .

F irst, d u r i n g  th e  m o d e l b u ild in g  p ro cess  m o d e l fea tu res  m u s t b e  a ss ig n ed  to  th e ir 

re sp ec tiv e  te sse ls  o n  th e  bases  o f  th e ir p rin c ip a l d irec tions. C learly , i t  is un lik e ly  th a t 

th e  d irec tio n  co rre sp o n d in g  to  o ne  o f  th e  te sse ls  w o u ld  co rre sp o n d  ex ac tly  to  th a t o f  a  

fea tu re  F o r a  g iv en  m odel fea tu re , w e  m ust, therefo re , lo ca te  th e  n e a re s t tesse l. In  

o th e r  w o rd s, w e  n e ed  a te sse l a ss ig n m en t fu n c tio n , w h ich  w ill b e  d e n o ted  b y  L (O ) , th a t 

shou ld  re tu rn  th e  lab e l o f  a  tesse l to  w h ich  a  m o d e l fea tu re  o f  p rin c ip a l d irec tio n  O  is

assigned .

S eco n d , g iven  a  scene  fea tu re  S  in  th e  verifica tio n  p ro cess , w e  w an t to  ex am in e  

w h e th e r th e re  is  a  co rresp o n d in g  m o d e l fea tu re  w ith  d irec tio n  O  = T r  ^ O ( S ) )  in  the  

m o d e l u n d e r considera tion . A ssum ing  th e  h y p o th esis  is  co rrec t, id ea ly , w e sh o u ld  be 

ab le  to  find  such  a  m o d e l fea tu re  a t L ( 0 * )  o n  th e  fea tu re  sphere  o f  th e  m odel. H ow - 

ever, d ue  to  n o ise  and  o th e r a rtifac ts  a sso c ia ted  w ith  th e  e stim atio n  o f  Tr, O  w ill on ly  

be accu ra te  to  w ith in  som e u n certa in ty  in terval. T h is d irec tio n a l u n certa in ty  a sso c ia ted  

w ith  O* c an  b e  ex p ressed  as a  cone  w h o se  ax is  is  th e  co m p u ted  d irec tio n  itse lf, as



show n ini F ig . 3 .18 . T h is  im p lies  th a t p o ten tia l m odel fea tu res  fo r  m a tch in g  w ith  S  

Should b e  a ll th o se  th a t are  w ith in  th is cone. I f  w e co u ld  assu m e  th e  e rro r  p ro cesses  

a sso c ia ted  w ith  d ie  u n certa in ties  in  <&* to  be o f  zero -m ean  type , fro m  w ith in  the  co n e  

o ne  w ou ld  first se lec t th a t fea tu re  w hich  w as c lo ses t to  L  (<!>*), and , i f  th a t m a tch  w ere  

to  fa il, se lec t the n e x t c lo sest, etc. C learly , th is  is  a  b read th  first search  ro o te d  a t L (& * ), 

and  the  d ep th  o f  Search (the fa rth es t ne ighbors  to  exam ine) sh o u ld  c o rre sp o n d  to  the  

m ax im al a llo w ab le  d irec tio h  uncerta in ty .

It shou ld  be obv ious th a t fo r  im p lem en tin g  th e  above s tra tegy  fo r  the  se lec tio n  o f  

m o d e l fea tu res, w e  n eed  a  fu n c tio n  th a t w o u ld  b e  cap ab le  o f  d ire c d y  access in g  the 

im m ed ia te  ne ig h b o rs  o f  a  g iven  tessel; w e co n sid e r tw o  tesse ls  to  b e  ne ig h b o rs  i f  they  

share  a  co m m o n  ed g e  irt the  tesse lla tion . T his func tion  w ill be  ca lled  find-neighbors  

fu n c tio n  and  w ill b e  d en o ted  by  N. So , w e w an t

N ( L 0) { L lt  ^2> • • • > L k }

w h ere  L 1, L 2 , . . . ,  L k are  th e  labels o f  the  im m ed ia te  n e ig h b o rs  o f  th e  tesse l lab eled

U -  : V /

3 .6 .1 .  P r e v i o u s  A p p r o a c h e s  T o  D a t a  S t r u c t u r in g  o f  S p h e r e  T e s s e l la t i o n s

I n th e i r  w o rk  o n  E G I rep resen ta tio n , H orn  [l/<?-8 4 ]  and  Ik eu ch i [ /£ - 8 3 ]  h av e  d is 

cu ssed  a  h ie ra rch ica l tree  struc tu re  fo r  rep resen tin g  a te sse lla ted  sp h ere  based  on  

ico sah ed ro n  o r  dodecahed ron . A  d raw b ack  o f  th is  h ie ra rch ica l d a ta  s tru c tu re  is  th a t the  

ad jacen cy  re la tio n sh ip  be tw een  n e ighboring  tesse ls  is  n o t p reserv ed . T o  g e t a ro u n d  th is  

d ifficu lty , F ek e te  and  D av is  [F&D  -8 4 ]  u sed  a  fa irly  co m p lex  lab e lin g  schem e, in  th is 

schem e each  te sse l is lab e led  b y  th e  p a th n am e  o f  its  co rresp o n d in g  n ode  in  th e  tree. 

T he  n e ig h b o rs  Of a  tesse l w ith in  o ne  o f  tw en ty  m ain  ico sah ed ra l trian g les  a re  fo u n d  by  

ex am in in g  th e  p a th n am e  o f  the  tessel, sym bol b y  sym bol, and  sy n th es iz in g  th e  p a th 

n a m e s  o f  its  n e ig h b o rin g  tesse ls  by  the  u se  o f  com plica ted  s ta te -tran s itio n  ru le s  and  

lo o k u p  tab les. T h is  p ro ced u re  req u ires  a t le a s t O (n)  o p e ra tio n s, w h e re  n  is  th e  n u m b er 

o f  lev els  in  th e  h ie ra rchy . W h en  th e  ne ighbors  lie  in  an  ad jacen t trian g le , a  d iffe ren t 

p ro ced u re  is needed . K o m  and  D y er [K&D  - 8 7 ]  h av e  also  p ro p o sed  a  d a ta  s truc tu re  fo r 

a  te sse lla ted  sp h ere  w ith  a  fixed  n u m b er Of subd iv ision  levels. T w en ty  o n e -d im en sio n a l 

a rrays, each  o f  size 4 " , are used  to  rep re sen t th e  sam pling  p o in ts  on  the sphere , w hich  

im p lies  th a t a  sam pling  p o in t is lab e led  by  a  n u m b er from  O to  4” - l .  T h e ir  find- 

ne ig h b o rs  a lg o rith m  is  essen tia lly  the  sam e as th a t o f  F ek e te  and  D avis.

In  th is  sec tion  w e  w ill p re sen t a new  d a ta  struc tu re  fo r  rep re sen tin g  a  te sse lla ted  

sphere  b ased  on  icosahed ron . Its m ain  m erit is th a t log ica l ad jacen cy  b e tw een  e lem en ts  

o f  th e  d a ta  s truc tu re  co rresponds to  p h y sica l ad jacency  be tw een  sam p lin g  p o in ts  o n  the 

sphere. W e  w ill show  th a t the  ne ig h b o rs  o f  a  g iven  tessel can  be fo u n d  w ith  a co n stan t
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F ig u re  3 .18 . A  co n e  rep re sen ts  d irec tio n a l u n certa in ty  o f  th e  co m p u ted  d irec tio n  O  , 

a n d  th e  sam p lin g  p o in ts  o n  th e  sphere  lie  w ith in  th e  u n certa in ty  cone.



tim e  co m p lex ity  a lgo rithm , reg a rd less  o f  sam pling  reso lu tion . F u rth erm o re , by  using  

th e  find -neighbors  func tion , th e  te sse l-ass ig n m en t fu n c tio n  L  can  b e  im p lem en ted  

effic ien tly , too,

3 .6 .2 .  T e s s e l I a t in g  a  U n i t  S p h e r e

In  th is  subsec tion , w e  w ill p re sen t th e  tesse la tions on  w h ich  Otur d a ta  stru c tu rin g  is 

b a se d .S u b s e q u e n tly , i t  sh o u ld  becom e ev id en t to  th e  re a d e r th a t th e  reg u la rity  o f  the  

n e ig h b o rh o o d  p a tte rn s  in  the  tesse la tions u sed  a llow s us to  dev ise  a  s im p le  schem e fo r 

n e ig h b o r find ing . H o w ever, first w e w ill q u ick ly  rev iew  the  co n sid e ra tio n s  th a t go  in to  

th e  d esig n  o f  tesse la tions.

W h en  a  sp h ere  is  te sse la ted  in to  cells, idea lly  w e  w o u ld  lik e  th e  ce lls  to  b e  sy m 

m etrica l, b e  id en tica l in  shape, and  p ossess  equal areas; also , id ea lly , th e  te sse la tio n  

schem e sh o u ld  m ain ta in  these  a ttribu tes o v e r a w ide  ran g e  o f  ce ll re so lu tio n s. H o w 

ev er, i t  is  w e ll k now n  th a t a  tesse la tion  schem e w ith  these  a ttrib u tes  does n o t ex ist. T he  

b est o n e  can  d o  is  to  u se  the  techn iques o f  geodesic  d o m e  co n stru c tio n s  [K e-1 6 ], 

[Fm- 76]; th ese  tech n iq u es lead  to  trian g u la r ce lls  th a t are ap p ro x im ate ly  e q u a l in  a rea  

an d  shape. T h e  g eodesic  tesse la tio n s are  o b ta in ed  v ia  th e  fo llo w in g  th ree  steps:

(1) C hose  a  re g u la r  p o ly h ed ro n , w h ich  usually  is  an ico sah ed ro n  o r  a  dod ecah ed ro n ,

an d  in scrib e  it  in  a  sphere  to  be  tesse lla ted . I f  a  d o d ecah ed ro n  is  u sed , each  o f  its  

p en tag o n a l faces  is d iv id ed  in to  five trian g u la r faces  a ro u n d  its  c en te r  to  fo rm  a 

p en tak is  d o d ecah ed ro n . T h u s each  face  o f  th e  reg u la r p o ly h ed ro n  w ill b e  a  trian 

gle. ;

(2) S u b d iv id e  each  tr ian g u la r face  o f  e ith e r th e  ico so h ed ran  o r  th e  p en tak is  d o d e 

cah ed ro n  in to  sub faces by  d iv id in g  each  edge  o f  a  trian g u la r face  in to  Q  sec tions, 

w h ere  Q  is ca lled  th e  freq u en cy  o f  geodesic  d iv ision . A s a  re su lt, e ach  trian g u la r 

face  is  d iv id ed  in to  Q 2 tr ian g u la r subfaces. F in e r re so lu tio n  can  be o b ta in ed  s im 

p ly  by  in c reas in g  th e  freq u en cy  o f  g eodesic  d iv ision . U sua lly , Q  is  a  p o w e r o f  

tw o.

(3) P ro jec t the  su b d iv ided  faces o n to  the  sphere. In  o rd e r to  m ak e  th e  p ro je c ted  trian- 

g le  s izes  m o re  consis ten t, th e  ed g es o f  the  triang les shou ld  be  d iv id ed  in to  sec tions 

such  th a t each  sec tion  sub tends the  sam e ang le  a t the  c e n te r  o f  th e  sphere; as a  

co n seq u en ce  the  len g th s w ill be  the  sam e fo r  th e  edge  sec tions a fte r th ey  are  p ro 

je c te d  on to  th e  sphere  \Ke  -7 6 ] .

T o  g en era te  th e  tesse la tions used  by  us, w e  start o u t by  im p lem en tin g  th e  above 

ap p ro ach  w ith  an  icosahed ron . T h e  geodesic  p o ly h ed ro n  thus p ro d u ced  co n ta in s  2 0  Q 2 

cells  and  1 0 Q 2+2 vertices. F ig  3 .19  show s an  ico sahed ron  and  a  te sse lla ted  sphere  

b ased  o n  the  ico sah ed ro n  w ith  freq u en cy  Q=4  o f  geodesic  d iv ision .
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O u r n ex t step  is  to  co n stru c t a  d ua l o f  the  geodesic  p o ly h ed ro n  p ro d u ced  by  the 

above  m ethod . N o te  th e  d ua l o f  a  p o ly h ed ro n  is  a lso  a  p o ly h e d ro n  w h o se  v ertices  

co rre sp o n d  to  th e  faces  o f  th e  o rig in a l p o lyhed ron  and  w h o se  faces co rre sp o n d  to  the  

v e rtices  o f  th e  o rig in a l po lyhed ron . F o r exam ple, a  p en tag o n  is  th e  d u a l o f  ah 

icosahed ron . T h e  d ua l g eodesic  p o ly h ed ro n  thus p ro d u ced  co n sis ts  o f  10 Q 2+2 c e lls , o f  

w h ich  10 0 2 2 -  I )  are  hexagonal an d  th e  re s t 12 are  pen tag o n a l. T h e  12 p en tag o n a l 

ce lls  o f  th e  d ua l p o ly h ed ro n  co rresp o n d  to  the  12 ve rtices  o f  th e  o rig in a l icosahed ron . 

H iis  d u a l p o ly h ed ro n  is  then  p ro je c ted  o n to  the  u n it sphere  to  p to d u e e  th e  d esired  tesse^

lationS. A s sh o w n  in  F ig . 3 .20 , th e  c en te r o f  each  tesse l serves as th e  sam pling  p o in t fo r  

th a t tesse l fo r  th e  p u rp o se  o f  d iscre tiza tion . It is  im p o rtan t to  no te  th a t th ese  sam pling  

p o in ts  co rre sp o n d  to  th e  v e rtices  o f  th e  o rig in a l po ly h ed ro n , the  o n e  be fo re  th e  d u a l w as 

construc ted . T h is  fa c t w ill p ro v e  to  b e  m o st im p o rtan t to  o u r d e riv a tio n s  later.

A s illu s tra ted  in  F ig . 3 .20 , o u r tesse ls  can  b e  e ith e r p en tag o n a l o r  hex ag o n a l, the  

fo rm er has five n e ighbors , an d  th e  la tte r six . T h e  average  a rea  o f  a tesse l is g iven  b y  

47t/(10 Q  2+ 2). T h e  rad ia l ang le  be tw een  ad jacen t sam pling  po in ts , w h ich  is  an  in d ica 

tion  o f  sam p lin g  reso lu tio n , can  b e  ro u g h ly  estim ated  by

atan(2) I Q

w h ere  atan(2) is th e  a n g u la r sp read  o f  an  ico sah ed ro n ’s edge.

3 .6 .3 .  A  S p h e r ic a l  A r r a y  f o r  R e p r e s e n t in g  t h e  T e s s e l la t io n

W e w ill n o w  p re se n t a  spherica l a rray  d a ta  struc tu re  fo r  th e  c o m p u te r re p re se n ta 

tion  o f  th e  tesse la tion . T h is  a rray  w ill le ad  to  easy  an d  e ffic ien t im p lem en ta tio n s  o f  the  

find -neighbors  fu n c tio n  N  an d  tesse l-assig n m en t fu n c tio n  L. T he  d a ta  s tru c tu re  w ill be 

co n stru c ted  by  first no tin g  th a t th e  vertices  o f  th e  geodesic  p o ly h ed ro n  are the  sam pling  

p o in ts  o f  th e  d u a l po lyhed ron ; fla tten ing  ou t, as show n in  F ig  3 .21 , th e  2 0  trian g u la r 

faces  o f  th e  u n d erly in g  icosahed ron ; and, finally , p a ra lle lin g  th e  d e v e lo p m en t o f  the  

geodesic  p o ly h ed ro n  o n  th is  fla ttened  fo rm . T h e  fla ttened -ou t rep re sen ta tio n  o f  the  

ico sah ed ro n  co n sis ts  o f  five  co n n ec ted  p a ra lle log ram s, each  o f  th e m  co n sis tin g  o f  fo u r 

trian g u la r faces , each  trian g u la r face  co rresp o n d in g  to  o ne  o f  th e  2 0  trian g les  o n  the  

ico sah ed ro n . E ach  p a ra lle lo g ram  is  subd iv ided  in to  A xQ 2 trian g u la r ce lls  u s in g  Q  fo r 

th e  freq u en cy  o f  g eodesic  d iv is io n  (Fig. 3 .22). T h e  v e rtices  sh o w n  in  F ig . 3 .22  

co rre sp o n d  to  th e  v e rtices  o f  the  geodesic  p o ly h ed ro n , an d  also , th e re fo re , to  th e  sam 

p lin g  p o in ts  o f  o u r  te sse la tio n  fo r  the case  o f  Q — 4. T h e  fla tten ed -o u t rep re sen ta tio n , o f  

w h ich  F ig . 3 .22 , is  a n  ex am p le , w ill be  re fe rred  to  as the  spherical array.

E ach  p a ra lle lo g ram  in  a  spherica l a rray  consis ts  o f  (< 2 + l)x (2 < 2 + l)  v ertices . O bv i

ously , the  v e rtices  in  each  p a ra lle log ram  separa te ly  co u ld  be rep re sen ted  b y  a tw o  

d im en sio n a l a rray ; h o w ev er, no te  th a t the  ve rtices  on the  b o rd e r o f  th e  p a ra lle lo g ram s
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F ig u re  3 .20 . T h e  d ash  lines  ind ica te  p a rt o f  th e  dual p o ly h ed ro n ; th e  sam p lin g  po in ts  

a re  defined  at th e  v e rtices  o f  th e  o rig in a l p o ly h ed ro n  o u tlin ed  b y  so lid  

. lines .



no chen/kak

I a

F ig u re  3 .21 . T h e  o rig in a l ico sahed ron  is fla ttened  o u t to  fo rm  five c o n n ec ted  p a ra lle lo 

g ram s, each  o f  th em  consis ting  o f  4  trian g u la r faces.
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F ig u re  3 .22 . T h e  a ss ig n m en t o f  th e  e lem en ts  o f  a  Q x lQ  array  o n  a  para lle logram .



are shared , m ean ing , fo r  ex am ple , th a t the  vertices  a  an d  a ’ o n  the  ed g es  A  and  A ’, 

re sp ec tiv e ly , are  rea lly  the  sam e v e rtex  on  the  geodesic  po ly h ed ro n . In  o th e r  w ords, 

be fo re  th e  ico sah ed ro n  is  u n fo ld ed  to  fo rm  the  spherica l a rray , ed g e  A  is  co n n ec ted  to  

edge  A ', ed g e  B  to  ed g e  B ', edge  E  to  ed g e  £ ' ,  and  so  o n  (F ig. 3 .21).

T he  fac t th a t each  b o rd e r v e rtex  shou ld  ap p ear o n ly  once  in  an  o v era ll in d ex in g  

schem e fo r  th e  v e rtices  in  a  spherica l a rray  im p lies  th a t the  size  o f  the  in d ex  array  fo r 

rep resen tin g  each  p a ra lle lo g ram  n eed  o n ly  be Q x2Q . F o r  ex am ple , fo r  th e  case  show n 

in  F ig . 3 .22 , each  p a ra lle lo g ram  n eed  o n ly  be rep re sen ted  b y  a  4 x 8  array . T h e  ass ig n 

m en t o f  a rray  in d ices  fo r the  p ara lle lo g ram s is dep ic ted  in  F ig  3 .22  fo r  th e  Q  = 4  case. 

T he  in d e x  i specifies a  p a ra lle lo g ram  and  the  ind ices  j  and  k  spec ify  a  v e rtex  w ith in  the 

p ara lle lo g ram . C learly , w e  have  five Q x lQ  a rrays, fo r  a  to ta l o f  I O x g 2 in d ex ed  p o in ts  

o n  th e  sp h erica l a rray , th is  n u m b er be ing  tw o  le ss  than  th e  to ta l IO x g  2+ 2  v e rtices  on  

th e  geo d esic  po ly h ed ro n . T h e  tw o  m issin g  ve rtices  co rresp o n d  to  th e  tw o  co m m o n  v e r

tices  o f  the  five  p a ra lle lo g ram s, o ne  a t th e  top  and  the  o th e r a t th e  bo ttom . W e  shall 

a llo ca te  tw o  ad d itio n a l d is tin g u ish ed  sets o f  ind ices  to  re p re se n t th e se  tw o  v e rtices  an d  

re fe rre d  to  th e m  as th e  th e  zen ith  and  the  n ad ir (see section  6 .3 .2  fo r exp lan a tio n ) o f  the  

te sse lla ted  sphere.

T h e  p ro p o se d  in d ex in g  im p lies  the  fo llo w in g  ran g es fo r  i, j  and  k :

h  * ]  l < £ / £ 5 ,  l < j < Q ,  \ < k £ 2 Q .

T he zen ith  and  th e  n a d ir  are assig n ed  the  d is tin g u ish ed  ind ices  [0, 0 , 0] and  [ - 1 ,  0 , 0 ], 

re spec tive ly .

3 .6 .3 .1. T h e F in d - N e ig h b o r s F u n c t io n

A s p o in ted  o u t befo re , th e  s im p lic ity  o f  th e  p ro p o sed  d a ta  s tru c tu re  lies  in  its  

p re se rv in g  th e  p h y sica l ad jacen cies  be tw een  th e  tesse ls. W e w ill n o w  show  th a t s im p le  

re la tio n sh ip s  e x is t th a t y ie ld  a  te sse ls ’s ne ighbors , reg a rd less  o f  th e  lo ca tio n  o f  the  

tesse l, and , m o re  im portan t, reg a rd less  o f  w h e th e r th e  tesse l p o ssesse s  six  o r  five  n e ig h 

bors. M o st te sse ls  p o sses  six  ne ighbors, ex cep t fo r th e  12 th a t c o rre sp o n d  to  th e  12 v e r

tices  o f  th e  o rig in a l ico sah ed ro n , each  o f  la tte r ty p e  p o ssess in g  five n e ig h b o rs  only . In  

genera l, the  six  n e ig h b o rs  o f  a  tesse l [/, j ,  k ]  th a t is n o t o n  th e  b o rd e r o f  any  o f  the  five 

p a ra lle lo g ram s are g iv en  by:
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[ i ,  j ,  k + 1 ] ,

[I, 7 + 1 ,  * ] ,

 ̂ [ i ,  y '+ l ,  £ - 1 ] ,  

[U j ,  k - 1 ] ,

\ i , j - 1 , * .+ ! ] •

chen/kak

( 3 .7 )

T h ere fo re , fo r  th e  above  se t o f  in d ices  to  g iv e  u s  th e  n e ighbors , th e  in d ices  j  and  k m u s t  

o b ey  th e  co n stra in ts  1<  j  < Q and l< k< 2Q . I f  a lso  u sed  to  find  th e  n e ig h b o rs  o f  a  b o rd e r 

te sse l, som e o f  th e  above  in d ices  w o u ld  tak e  o u t o f  ran g e  v a lu es , im p ly in g  th a t those  

n e ig h b o rin g  te sse ls  are  v e rtices  sh ared  b y  an o th er p a ra lle lo g ram  an d  sh o u ld  re a lly  be  

a ss ig n ed  to  th e  a rray  fo r  th a t p ara lle lo g ram . T o  co n v ert th e  o u t-o f-ran g e  lab e ls  to  the  

leg itim a te  o n es, w e  app ly  th e  fo llo w in g  substitu tion  ru les:

[ U . j ,  0 ] => [ f —I"*5 , I , 7 =  1» •» Q

[I, (2 + 1 . k]  => [ I - I w 5, I ,  Q + k] k  = 0 , ..., Q

IU Q + h k ]  =» [ I - I w 5, k - Q ,  2Q ] k  =  (2 + 1 , •••» 2Q

[i, 0 , k ]  => [ i + l w 5, k - 1 ,  1] k = 2 ,  ..., Q

[i, 0 , k]  => [ i + l w 5, Q, k - Q ] k  =  (2 + 1 , ...» 2 (2+ 1

[i, j ,  2(2+ 1] => [ i + I w 5, Q , j + Q + 1] j  =  I , ...» (2 .-1

[i, 0 , 1] => [0, 0 , 0] . . ’. ■ - . . .

[i, Q,  2 (2+ H  /=> [ - 1 , 0 ,0 ]

f o r i  =  I ,  ...,5  , w h e re  i mS = (i-Y )m o d (5 ) + I

E x c e p t fo r th e  zen ith  and  th e  n ad ir tesse ls , i t  can  b e  v e rified  th a t eq u a tio n s  (3.7) 

an d  (3 .8) a re  a lso  app licab le  to  10 o f  th e  12 fiv e-n e ig h b o r tesse ls. A t a  five-ne ighbor 

te sse l, tw o  o f  th e  six  labels  re tu rn ed  b y  eq u a tio n  (3 .7) w ill tu rn  o u t to  b e  id en tica l a fte r 

ap p ly in g  th e  sub stitu tio n  ra le s  in  (3 .8). T h e  five ne ighbors  fo r  th e  zen ith  and  th e  n ad ir 

■are.

[i, I ,  1] / =  I , . . .  , 5  a nd  

[U Q , 2 Q ]  i =  I , . . . , 5

resp ec tiv e ly .

T h e  fo llo w in g  tw o  ex am p les  w ill illu s tra te  th e  n e ig h b o r find ing  schem e d esc rib ed  

above. T h e  ex am p le  are  fo r th e  case  o f  Q =4 .
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E x am p le  I:

F in d  th e  ne ig h b o rs  o f  tesse l [1 ,3 ,1 ]

[1 ,3 ,1 ]

[1 , 3 , 2 ]

[ 1 . 4 . 1 ]

[ 1 ,4 ,  0] =  [5, 1, 4] 

* [ I ,  3, 0] =  [5, I ,  3] 

[ I ,  2 ,  1]

[1. 2. 2] .

r

[ I ,  3, 2] 

[ 1 , 4 , 1]

■ [5, 1 ,4 ]  

' [5, 1 ,3 ]  

[ I ,  2 ,  1] 

[ I ,  2 ,  2 ]
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E x am p le  2:

F in d  th e  n e ig h b o rs  o f  tesse l [2 ,4 ,5 ]

[2 ,4 ,5 ]

[ 2 , 4 , 6 ]

[2, 5, 5] =  [ I ,  I , 8] 

[2, 5, 4] =  [ I ,  I ,  8] 

' [ 2 , 4 , 4 ]

[ 2 , 3 , 5 ]

[2, 3, 6]

' [ 2 , 4 , 6 ]

[ I ,  I ,  8 ] 

« [2, 4 , 4] 

[ 2 , 3 , 5 ]  

[2, 3, 6]

It is  w o rth  n o tin g  th a t [2 ,4 , 5] h appens to  be a  v e rtex  o f  the  o rig in a l ico sah ed ro n  an d  has 

o n ly  five n e ig h b o rin g  tesse ls , ex ac tly  w hat th e  ru les  re tu rned .

3 .6 .3 .2 .  D ir e c t i o n s  o f  S a m p l in g  P o in t s

In  o rd e r to  specify  the  te sse l-ass ig n m en t func tion , w e  w ill n eed  fo rm u las  fo r  the  

d irec tio n s o f  th e  tesse ls , m ean in g  the  d irec tions assoc ia ted  w ith  each  o f  th e  v e rtices  on  

th e  spherica l array . F o r th a t pu rp o se , w e w ill take  advan tage  o f  th e  s y m m e t r y  o f  the  

ico sah ed ro n  a n d  use  a sp h ere-cen tered  coo rd in a te  sy stem  w h o se  p o s itiv e  z ax is  passes  

th e  zen ith  a t ([0 , 0 , 0 ]) an d  w hose  z-x p lan e  p asses  an  ico sah ed ra l v e rtex  [ I ,  Q, 1] as 

show n in  F ig  3 .23 . T h e  d irec tio n  o f  each  tessel, d en o ted  b y  0 [ / ,  j ,  jfc] ■ in  th is  co o rd i

n a te  sy stem  w ill be  ex p ressed  in  term s o f  the  lo n g itu d e  an d  la titu d e  an g les  (<>, 0). 

B ecau se  o f  the  sym m etry  o f  the icosahed ron , w e have

e [ / ,y ,  ^ ] = e r z - i , y ,  k]

<(>[*', j ,  k ]  =  +  <|>r/-l, j ,  £ ] )  m od  (2n)

fo r  i =  2 , ...,5 , j  = I ,  ...,Q , k -  l ,  ...,2Q.

th e re fo re  w e  o n ly  n eed  to  co m p u te  th e  d irec tion  o f  the  tesse ls  in  th e  first p a ra lle lo g ram
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F ig u re  3 .23 . A  spherica l coo rd in a te  sy stem  defin ed  on  th e  o rig in a l ico sahed ron .



(array).

I t is  e a sy  to  see  th a t the d irec tio n  o f  the  five v e rtices  o f  th e  first p a ra lle lo g ram  are: 

0 [1 , 0, I]*  = (0, - )

0 [ 1 ,  0 ,  1] =  {atari (2), 0 )

^ [ l , a 0 + l ] >IC =  (flta /i(2 ), - ^ - )
' ■ 5 .. 1 .-v

^ [ l>  Qj Q + l ]  = (K -a ta n (2 ), -^-)

0 [ 1 ,  0 , 2Q +1]* = (K -a tan (2 ), - y - )

6» 2 e + l ]  = ( i t ,  - )

R ecall th a t in  th e  d e riva tion  o f  th e  geodesic  po lyhed ron , w e  su b d iv id ed  each  ed g e  o f  

th e  triang les  o f  th e  in sc rib ed  ico sahed ron  in to  Q  sec tions o f  equal rad ia l ang le . W h en  

Q=2r, th e  re su lt is  eq u iv a len t to  recu rsiv e ly  subd iv id ing  r  tim es a  trian g le  in to  fo u r tri

ang les. T h ere fo re , w e  can  co m p u te  th e  d irec tion  o f  a  new  tesse l by  tak in g  th e  averages 

o f  th e  k n o w n  d irec tions o f  the  tw o  tesse ls  w hich  are the  en d -p o in ts  o f  th e  ed g e  w hose  

d iv is io n  led  to  th e  fo rm atio n  o f  the  new  tessel. T h is  p ro ced u re  can  be ap p lied  recu r

sively  to  co m p u te  th e  d irec tio n  o f  ev ery  tessel. A s an exam ple , th e  th ree  te sse ls  w h ich  

are  the  m id p o in ts  o f  the  th ree  edges o f  the  u p p e r triang le  have  d irec tions:

m ,  1] =  M i d m X ,  0» 1 ] ,0 [ 1 ,  0 , 1 ] )

° [ i ’ Y + i ]  - M i d ( 0 [ i ,  o , e + i ] , 'm ,  q , i ] )

0 [ 1 ,  0 , - |- + l ] = M /d ( < D [ l ,  o , 0 + 1 ] , 0 [ 1 ,  0, I]).

H ere  M id (G l t G 2) m ean s to  take  the  average  d irec tion  o f  the tw o  d irec tio n  o n  th e  u n it 

sphere. T o  save ru n tim e  com pu ta tion , w e  m ay  p re -co m p u te  th e  d irec tio n  fo r  a ll the  

te sse ls  an d  s to re  th em  in  a loo k u p  table.

3 .6 .3 .3 .  T h e  T e s s e l - A s s ig n m e n t  F u n c t io n

G iv en  a  p a rtic u la r  d irec tio n  O  , its  co rresp o n d in g  te sse l in  th e  spherica l a rray  

shou ld  b e  th e  o ne  w h o se  d irec tio n  is  c lo ses t to  G *. T he  fu n c tio n  L *  w ill re tu rn  the  

in d ices  o f  th is  tesse l.

*  N o t e  th a t  t h e s e  la b e l s  a r e  n o t  l e g i t im a t e  in  th e  s p h e r ic a l  a r r a y  d a ta  s tr u c tu r e ;  w e  u s e  th e m  j u s t  

to  m a k e  t h e  d e r iv a t io n s  c le a r e r .  T h e  l e g i t im a t e  v e r s io n s  o f  t h e s e  la b e l s  c a n  b e  o b t a in e d  b y  u s in g  

th e  s u b s t i t u t io n  fo r m u la s  in  e q u a t io n  ( 3 .8 ) .
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<D[L*] • O * =  m ax  (0 [ L ]  - O * )
Li

T h e  find ing  o f  th e  te sse l L *  w o u ld  thus in v o lv e  a  sea rch  p ro cess  fo r  th e  m ax im al d o t 

p roduc t. B ecau se  th e  d o t p ro d u c t is  a  m o n o to n ica lly  in c reas in g  fu n c tio n  to w ard  the 

d es ired  te sse l, a  lo c a l m ax im u m  m u st a lso  b e  th e  g loba l m ax im um . T h e  lo cal m ax im u m  

can  b e  fo u n d  b y  an  ite ra tiv e  c lim b in g  m e th o d  fro m  any  te sse l g u essed  in itia lly . S ince  a  

g o o d  in itia l g u ess  c an  red u c e  co n sid e rab ly  the  co m p u ta tio n s re q u ire d  to  reach  th e  m ax 

im um , w e  h av e  p ro v id e d  in  A p p en d ix  B

a lin e a r  ap p ro x im atio n  th a t tran s la tes  a  g iv en  O  in to  a trip le  (i , j , k ). S ince  the  ap p ro x i

m a tio n  h as  p ro v e d  to  b e  fa irly  good , th e  re su ltin g  in d ices  are  q u ite  c lo se  to  th e ir actua l 

v a lues. S ta rtin g  w ith  th ese  ind ices, o n e  c an  th en  find  th e  ac tu a l on es  b y  co n d u ctin g  

lo c a l search , as d ep ic ted  b y  th e  fo llo w in g  a lgorithm .
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a s s ig n _ te s s e l(0 * )  {

L 0 =  g e t_ in itia l_ g u ess( O * ) 

L *  =  g e t_ c lo se r(L ° , 

re tu rn  L  * }

g e t_ clo ser(L , O  ) {

am o n g  all V  in  N  (L )

find  L  w h ich  m ax im izes ( 0 ( L ')

g e t_ c lo se r( L, O * )

e lse

re tu rn  L  }

O * )

3 .6 .3 .4 .  B u i ld in g  F e a t u r e  S p h e r e s  o n  t h e  S p h e r ic a l  A r r a y

N o te  th a t s ince  a  fea tu re  i s  d e sc rib ed  b y  sets  o f  a ttribu tes, a  fram e  struc tu re  is  u sed  

to  sto re  th e  a ttrib u te -v a lu e  pa irs . E ach  such  fram e  struc tu re  is  id en tified  by  a  p o in te r  

w h ich  is s to red  a t th e  co rresp o n d in g  te sse l in  th e  spherica l a rray . T h e  tesse l add ress , as 

re p re se n te d  b y  th e  ind ices  i,j, and  k , is co m p u ted  b y  ap p ly in g  th e  te sse l-ass ig n m en t- 

fu n c tio n  to  th e  p rin c ip a l d irec tio n  o f  th e  fu tu re . I t m ay  h ap p en  th a t tw o  o r  m o re  n e ig h 

b o rin g  fea tu res , n e ig h b o rin g  in  th e  sense  o f  th e ir p o ssess in g  n early  id en tica l p rin c ip a l 

d irec tio n s , m a y  h av e  th e ir p o in ts  assig n ed  to  th e  sam e tesse l. T h is  con flic t c an  be  

re so lv ed  b y  re c o rd in g  in  the  first reg is te red  fea tu re  a  lis t o f  p o in te rs  fo r  th e  fea tu res  tha t 

share  th e  sam e tesse l address.



3 .7 ,  R e c o g n i t i o n  o f  O b j e c t s  in  t h e  P r e s e n c e  o f  O c c lu s io n s

T h e  d iscu ss io n  p re sen ted  so  fa r  c o u ld  be  u sed  d irec tly  fo r  th e  reco g n itio n  o f  sing le  

iso la ted  ob jects. H ow ever, o u r  m a in  in te rest in  3 D -P O L Y  lies  in  re c o g n iz in g  ob jec ts  

u n d er o cc lu d ed  co n d itio n s, as w o u ld  b e  the  case  w hen  th e  o b jec ts  a re  p re sen te d  to  the  

senso ry  sy stem  in  th e  fo rm  o f  heaps.

In  genera l, w h en  th e  ran g e  im ages to  be  in te rp re ted  are  o f  scenes co n ta in in g  p ile s  

o f  o v erlap p in g  ob jec ts , o n e  has to  co n ten d  w ith  the  fo llo w in g  tw o  p ro b lem s: I )  T h e  

n u m b e r o f  fea tu res  ex trac ted  fro m  a scene w ill u sually  be v e ry  large; and , 2) s ince  d if

fe ren t o b jec ts  m ay  b e  m ad e  o f  s im ila r fea tu res, it  w o u ld  g en era lly  n o t b e  p o ss ib le  to  set 

up  sim p le  a ssoc ia tions be tw een  th e  scene fea tu res  and  the  o b jec ts . T o  get aro u n d  these  

p ro b lem s in  d ea lin g  w ith  m u ltip le  o b jec t scenes, re sea rch ers  p re v io u s ly  h av e  e ith e r p e r

fo rm ed  o b jec t segm en ta tion  b y  ex p lo iting  ran g e  d isco n tin u ity  in fo rm atio n  [F& et - 8  8], 

o r  h av e  u sed  a  m odel driven  ap p ro ach  to  group  to g e th e r scene  fea tu res  b e lo n g in g  to  

sing le  o b jec ts  [ F & H -86], [ B & H -86]. H ow ever, the  fo rm er app roach  usu a lly  fa ils  to  

w o rk  esp ec ia lly  w h en  th e  ju x a to p o s itio n s  o f  m u ltip le  o b jec ts  a re  such  th a t th e re  are  no  

ran g e  d isco n tin u itie s  b e tw een  them ; and  th e  la tte r  is ineffic ien t fo r  rea so n s  d esc rib ed  in  

S ec tion  2.

W e  w ill n ow  p re sen t a  d a ta-d riven  app ro ach  fo r  agg reg a tin g  fro m  a  co m p lex  scene  

fea tu res  b e lo n g in g  to  s in g le  ob jects. T h e  co rn ersto n e  o f  o u r  ap p ro ach  is th e  id ea  th a t 

o n ly  p h y s ica lly  ad jacen t scene  fea tu res n e ed  be in v o k ed  fo r  m a tch in g  w ith  a  can d id a te  

o b jec t m odel. F o r  th is  pu rp o se , th e  no tio n  o f  p h y sica l ad jacen cy  w ill b e  a p p lie d  In  the  

im ag e  space  as o p p o sed  to  th e  o b jec t space, im p ly ing , fo r  ex am p le , th a t tw o  su rface  

reg io n s  sharing  a  co m m o n  boundary , even  i f  i t  is a  ju m p  bou n d ary , w ill b e  co n sid e red  

ad jacen t to  each  o ther. U sing  th is  idea , w e  w ill n ow  d esc rib e  th e  co m p le te  m ethod :

T h e  a lg o rith m s u ses  tw o  sets, U M S FS  and  M S F S , th e  fo rm er s tan d in g  fo r  the  

u n m atch ed  scene  fea tu re  se t and  the la tte r fo r  m atch ed  scene  fea tu re  set. In itia lly , the  

a lg o rith m  assig n s all th e  scene  fea tu res  to  th e  se t U M S F S . T h e  p ro cess  o f  o b je c t re c o g 

n itio n  starts  w ith  a  lo ca l fea tu re  se t (L FS) ex trac ted  fro m  th e  U M S F S . T he  m a tch in g  o f  

th is  scene  L FS  w ith  a  m odel L FS  genera tes  a  h ypo thesis  ab o u t o b je c t id en tity  an d  a  

p o se  tran sfo rm atio n . T he  fea tu res  in  th e  scene L F S  a re  then  tak en  o f f  fro m  th e  U M S FS  

and  ass ig n ed  to  M S F S ; n o te  th a t M SFS  k eep s a  reco rd  o f  all the  scene  fea tu res  m a tch ed  

so  fa r  w ith th e  cu rren t can d id a te  m odel. T h en  d u rin g  the  verifica tio n  stage, o n ly  those  

scene  fea tu res  in  th e  U M S FS  th a t are  ad jacen t to  the fea tu res  in  M S F S  a re  se lec ted  fo r  

m a tch in g  w ith  th e  can d id a te  m odel. D u rin g  the  verifica tion  state , i f  a  U M S F S  fea tu re

W : 1 ■— ■ I '
T o  b e  c o n t r a s t e d  w i t h  th e  d a ta  d r iv e n  p r o c e d u r e  t o  b e  d e s c r ib e d  in  th i s  s e c t io n .



d o es  m a tch  the  can d id a te  m o d e l fea tu re , th e  scene fea tu re  is  tak en  o u t o f  th e  U M S F S  

and  ad d ed  to  th e  M S F S ; o th e rw ise  th e  fea tu re  is  m ark ed  as te s ted  u n d e r th e  cu rren t 

hy p o th esis  an d  le f t in  th e  U M S F S .

T h e  v e rifica tio n  stage  te rm in a tes  w h en  M S F S  stop  g row ing . O n ce  th e  v erifica tion  

p ro c e ss  te rm in a te s , th e  a lg o rith m  d e te rm in es  w h e th e r o r  n o t th e  fea tu res  in  the  M FS 

c o n stitu te  en o u g h  ev id en ce  to  support the  h y p o th esis  o n  th e  b asis  o f  som e p red efin ed  

c rite rio n . T h is  c rite rio n  m ay  b e  as s im ple  as req u irin g  a  p e rcen tag e , say , 30  % , o f  

m o d e l fea tu re s  to  b e  seen  in  th e  M S F S ; o r, as co m p lica ted  as req u irin g  a p a rtic u la r  set 

o f  m o d e l fea tu re s  to  ap p ear in  th e  M S F S ; o r, a t a  s till m o re  co m p lex  level, som e co m b i

n a tio n  o f  th e  tw o . I f  a  hy p o th esis  is  co n sid e red  verified , the  fea tu res  cu rren tly  in  M SFS  

are lab e led  b y  th e  n am e  o f  th e  m o d e l and  tak en  o u t o f  fu r th e r considera tion ; o th e rw ise , 

th e  h y p o th esis  is  re je c te d  an d  ev ery  fea tu re  in  th e  M SFS  is  p u t b a c k  in to  th e  U M S F S  

an d  th e  p ro cess  co n tin u ed  w ith  a  new  L F S . T h e  en tire  p ro cess  te rm in a tes  a fte r a ll th e  

L F S ’s h av e  b e en  ex am ined . T h e  a lg o rith m  is  p re sen ted  b e lo w  in  p seu d o  C  language:
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In te ip re te_ scen e  (I) {

e x tra c t fea tu re  se t {S} fro m  I  

U M SF S  = ( S )

w h ile  ( th e re  ex is ts  a  lo ca l fea tu re  se t LF Ss in  U M S F S ) 

fo r  each  LF Sm in  the  m odel lib ra ry  

i f  ( LF Ss m atch es LF Sm ) {

estim ate  T r  b y  m a tch in g  L F Ss w ith  L F Sm

can d id a te  m o d e l Om is th e  m o d e l co rre sp o n d in g  Vb LF Sm

M S F S = L F S

V erify  (Om, M SF S, UM SFS, Tr) ) }

V erify  (Om, M SF S, U M SFS, Tr){ 

tag for  each  u n te sted  S t- in  U M S F S  ad jacen t to  M SF S { 

co m p u te  p rin ic ip a l d irec tio n  O  o f  T r~ l (St)

fo r  each  M j  reg is te red  in  th e  n e ig h b o rh o o d  o f  L  (O ) o n  th e  fea tu re  sphere  o f  Om 

i f  ( T r " 1 (St) m a tch es  M ; ) { 

add  S 1 to  M SF S  

go  to  tag }

e lse

m ark  S t- tested

i f  (M S F S  satisfies th e  reco g n itio n  c rite rio n  ) {

U M SF S = U M S F S - M S F S

la b e l every  S  in  M SF S  b y  th e  nam e Om

w rite jre s u lt  (O fflj Tr)
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re tu rn  (true) }

e lse

re tu rn  ( f a l s e ) }

In  OuT c u rren t im p lem en ta tio n  o f  th is  a lgo rithm , the  reco g n itio n  Criterion req u ires  

th a t a t le as t 33%  o f  a  cand ida te  m o d e l’s fea tu res  be  p re sen t in  th e  M S F S  fo r  a  

h y p o th esis  to  b e  co n sid e red  valid . N o te  th a t the  accep tance  th resh o ld  can  b e  n o  g rea te r 

than  50%  fo r  m o st o b jec ts , e sp ec ia lly  those  th a t have  fea tu res  d is trib u ted  a ll a round , 

since  fro m  a  s ing le  v iew p o in t o n ly  h a lf  o f  an  o b jec t w ill be  scene. T h erefo re , 50%  is  a  

loose  u p p e r lim it o n  th e  accep tance  th resho ld . O n  the lo w er side, th e  th resh o ld  can  n o t 

b e  se t to  b e  to o  low , since  th a t w o u ld  cau se  m isreco g n itio n  o f  o b jec ts . W e  h av e  fo u n d  

33%  to  b e  a  g o o d  com prom ise .

3 .8 . E x p e r im e n ta l  R e s u lts

T h is  sec tion  p resen ts  ex p erim en ta l re su lts  o b ta in ed  w ith  o u r m a tch in g  stra tegy; the  

re su lts  w ill a lso  d em o n stra te  in  action  the  a lg o rith m  fo r  reco g n iz in g  o b jec ts  in  heaps. 

A lth o u g h  w e  have  d o n e  ex p erim en ts  on  a la rg e  n u m b er o f  scenes w ith  3D -P O L Y , on ly  

tw o  such  ex p erim en ts  w ill be  p resen ted  to  d iscuss  the  b eh av io r o f  th e  a lgo rithm s.

3 .8 .1 . T h e M o d e ls

T h e  m o d e l lib rary  u sed  co n sis ted  o f  tw o  o b jec t m odels  sh o w n  in  F ig . 3 .2 . T h e  

Object in  F ig  3 .2 -(a) is  g iven  th e  n am e  "square" and  th e  o ne  in  (b) "round". T h e  m o d e l 

k n o w led g e  w as  o b ta in ed  by a  “ learn ing  system " co n sis tin g  o f  a  spec ia l scan n er in  

w h ich  d ie  o b jec t is  a u to m ific a lly  ro ta ted  w h ile  illu m in a ted  by  a  n u m b e r o f  tran s la tin g  

la se r beam s. T h e  d a ta  thus g en era ted  fro m  m any  v iew p o in ts  is in teg ra ted  an d  d irec tly  

tran sfo rm ed  in to  a fea tu re  sphere  rep resen ta tion . F u rth e r de ta ils  o n  th e  m e th o d s  u sed  fo r  

v iew p o in t in teg ra tio n  and  th e  transfo rm ations in v o lv ed  are  p re sen ted  in  C h ap te r 4. F o r  

th e  tw o  ex p erim en ts  d iscu ssed  here , m odel d a ta  w as  g en era ted  b y  in teg ra tin g  s ix  v iew s 

fo r sq u are  an d  five fo r  "round". F o r  "square" o b jec t th is re su lted  in  a  fea tu re  rep re sen 

ta tio n  co n sis tin g  o f  14 v e rtex  and  12 surface  fea tu res. T he  m o d el rep re sen ta tio n  d e riv ed  

fo r "round" o b je c t co n sis ted  o f  12 ve rtices  and  10 surfaces.

T w o  fea tu re  sp h eres  w ere  d e riv ed  fo r each  m odel, o ne  fo r  su rface  fea tu res  a n d  the  

o th e r  fo r v e rtex  fea tu res. T he  freq u en cy  o f  geodesic  d iv is ion , Q, o f  th e  sp h erica l a rray  

d iscu ssed  in  S ec tion  6 .3  w as ch o sen  to  be 16; th is  gave  a  re so lu tio n  o f  ab o u t 4 °  p e r  

te sse l in  th e  spherica l a rray  rep resen ta tion . T he  v ertex  and su rface  fea tu res  w ere  u sed  

fo r the  g enera tion  o f  hypo theses, w h ile  on ly  th e  su rface  fea tu res  w ere  u sed  fo r 

verifica tion .



A s d esc rib ed  in  S ec tion  5 .3 , each  o b jec t m o d el m u st b e  a sso c ia ted  w ith  a  lis t o f  

L F S ’s fo r  th e  p u rp o se  o f  hypo thesis  genera tion , an  L F S  b e in g  a  se t o f  su rface  fea tu res  

m eetin g  a t a  v e rtex . In  th is  p ro to ty p e  system , w e  have  ch o sen  to  o rg an ize  L F S ’s a ro u n d  

co n v ex  v e rtic e s  o n ly , th a t is th o se  w h o se  ed g es  are a ll co n v ex . F o r  "square" ob jec t, 

th e re  a re  12 L F S ’s w h ich  c o rre sp o n d  to  th e  12 co n v ex  v e rtices , an d  fo r  "round" o b jec t 

there  are  on ly  fo u r L F S ’s co rresp o n d in g  to  the  convex  v e rtices  c, d, e, I.

3 .8 .2 . T h e D a t a

F o r th e  re su lts  th a t w ill b e  show n  h e re , w e  h ad  10 o v erlap p in g  ob jec ts , five  o f  each  

ty p e , in  each  o f  th e  tw o  scenes. T h e  o b jec ts  w ere  p laced  in  a  tray  and , b e fo re  d a ta  co l

lec tio n , th e  tray  sh ak en  v ig o ro u sly  to  ra n d o m ize  th e  o b jec t p lacem en ts . A  ty p ica l scene 

w as as w as  sh o w n  e a rlie r  in  F ig . 3 .1. R an g e  im ag es o f  the  tw o  scenes, show n  in  F igs.

3 .24  a n d  3 .2 5 , w ere  acq u ired  b y  u s in g  a  s tru c tu red -lig h t ra n g e  sensing  u n it w h ich  is

h e ld  b y  a  P U M A  ro b o t fo r  dy n am ic  scann ing ; th e se  im ag es w ill b e  re fe rred  to  as stripe  

im ages. E ach  s tripe  im ag e  consis ts  o f  150 stripes, w ith  th e  in te r-s trip e  spacing  be ing  

0 .1"; th is  sp ac in g  is  the  d is tan ce  th e  ro b o t en d -e ffec to r trav e ls  b e tw een  successive  p ro 

je c tio n s . ■ ! ■

R an g e  m ap s  fo r  th e  scenes are  ob ta in ed  b y  co n v ertin g  each  s tripe  p o in t, w h ich  

ex is ts  in  im ag e  co o rd in a tes , in to  w o rld  co o rd in a tes  u s in g  a  ca lib ra tio n  m atrix  b y  the 

m e th o d  d iscu ssed  in  C h ap ter I . F ea tu res  are  ex trac ted  fro m  th e  ra n g e  m ap s  b y  a  ba tte ry  

o f  lo w  le v e l p ro ced u res  d e v e lo p ed  specifica lly  fo r  th is re sea rch  p ro jec t. T h ese  p ro 

ced u res  c a rry  o u t su rface  n o rm al com pu ta tions, segm en ta tions o f  su rfaces o f  d iffe ren t 

types, su rface  c lass ifica tio n s, e tc ., and  are d iscu ssed  in  g rea te r d e ta il in  C h ap ter 2. T h e  

o u tp u t o f  p rep ro cess in g  fo r  th e  ran g e  m ap  co rresp o n d in g  to  th e  s tripe  im ag e  o f  F ig .

3 .24  is  sh o w n  in  F ig . 3 .5  in  th e  fo rm  o f  a  need le  d iag ram  an d  seg m en ted  su rfaces, F ig . 

3 .26  show s th e  re su lts  fo r the  stripe  im ag e  o f  F ig . 3 .25 . F igs. 3 .5  and  3 .2 6  a lso  d isp la y  

th e  lab els  g iv en  to  th e  d iffe ren t surfaces.
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3 .8 .3 . H y p o th e s is  G e n e ra t io n

F o r th e  p u rp o se  o f  h y p o th esis  g en era tio n , each  d e tec ted  v e rtex  in  a  scene  is g iven  

a  ra n k  d ep en d in g  upo n  th e  n u m b er o f  su rfaces m eetin g  a t th e  v ertex  an d  the  

c o n v ex ity /co n cav ity  o f  th e  ed g es co n v erg en t a t th e  vertex . T hp ra n k  is  g rea ter, the  

la rg e r th e  n u m b e r o f  su rfaces m eetin g  at a  vertex . A lso , since  w e  o n ly  u se  c o n v e x  v e r

tices  fo r  co n stru c tin g  the  L F S ’s o f  a  m odel, i f  a  concave  ed g e  is  fo u n d  to  b e  in c id en t at 

a  v e rtex , th e  ra n k  o f  th e  v e rtex  is  m ad e  negative.

T o  g en era te  h y p o theses, th e  sy stem  first ch o o ses th e  h ig h est p o s itiv e ly  ra n k e d  v e r

tex  an d  th en  co n stru c ts  an  LFS b y  co llec tin g  all th e  su rfaces m eetin g  a t th e  vertex . T h e
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p i le S

Figure 3.24. Stripe image o f scene #1.
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Figure 3.25. Stripe image of scene #2.



F ig u re  3 .26 . R esu lt o n  fea tu re  ex trac tion  o f  scene #2 .



scene  L F S  thus g en era ted  is  m a tch ed  w ith  th e  L F S ’s o f  a ll th e  m odels , o n e  b y  one. 

T h is  m a tch in g  b e tw een  a  scene  LFS and  a  m o d e l L F S  is  ca rrie d  o u t by  a  spec ia l p ro 

ced u re  w h ic h  te sts  th e  co m p atib ility  o f  th e  shape  an d  re la tio n  a ttribu tes  o f  the  

c o rre sp o n d in g  fea tu res  in  th e  tw o  L F S ’s. N o te  th a t the  m ax im al n u m b e r o f  su rfaces in  

an  L F S  fo r  th e  o b jec ts  in  th e  ex p erim en ts  rep o rted  h ere  is  3, thus th e re  a re  th ree  p o ss i

b le  w a y s  o f  e s tab lish in g  th e  co rresp o n d en ces  b e tw een  a  scene  L F S  and  a m o d e l L F S ; 

a ll th e  th ree  p o ssib ilitie s  m u st b e  te s ted , each  accep ted  p o ss ib ility  w ill le ad  to  a  d if

fe re n t p o se  h y p o th esis .

F o r  a  g iv en  m atch  b e tw een  a  scene  LFS and  a  m o d e l L F S , th e  v ie w p o in t in d ep en 

d e n t p o s itio n /o rien ta tio n  a ttrib u tes  o f  th e  fea tu res  in  th e  tw o  L F S ’s are  u sed  fo r  g en era t

in g  a  c an d id a te  p o se  T r  fo r  the  scene ob ject; fu r th e r de ta ils  o n  h o w  ex ac tly  th is  is  done  

can  b e  fo u n d  in  A p p en d ix  A . F o r a  can d id a te  p o se  to  tran sla te  in to  a  p o se  hypo thesis , 

th e  sy stem  ch eck s  th e  fitting  e rro r co m p u ted  fro m  th e  estim atio n  o f  TV; th e  e rro r m u st 

b e  le ss  th an  a  p redefined  th resho ld .
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In  th e  p rep rb cessed  o u tp u t show n in  F ig . 3 .5 , th e re  a re  68 v e rtices , b u t on ly  36  o f  

th e m  a re  o f  co n v ex  type; in  th e  o u tp u t show n in  F ig . 3 .26  th e re  are 2 2  co n v ex  v e rtices  

o u t o f  a  to ta l o f  49  v e rtices . S o , supposed ly , in  the  w o rs t case  o n e  w o u ld  have  to  c h eck  

36  L F S  ’ s in  th e  fo rm er case , and  22  in  th e  la tte r. S ince  th e re  a re  a  to ta l o f  16 L FS  ’ s in  

th e  m o d e l lib ra ry , 12 fo r  "square" and  4  fo r  "round", in  th e  w o rs t case  o ne  w o u ld  have  

to  ca rry  o u t 1 6 x 3 6 x 3  =  1728 L F S  m atch es fo r  th e  scene o f  F ig . 3 .5 , w h ere  th e  n u m b er 3 

tak es  ca re  o f  th e  a fo rem en tio n ed  d iffe ren t w ay s o f  e stab lish in g  co rresp o n d en ces  

b e tw een  a  m o d e l L F S  an d  a  scene L F S . S im ilarly , in  th e  w o rs t case  s itua tion , th e re  m ay  

b e  1 6 x 2 2 x 3  =  1056 LFS m atch ings to  b e  te sted  fo r  th e  scene  o f  F ig . 3 .26 . In  p rac tice , 

h o w ev er, th e  n u m b e r o f  L F S  m atches ac tu a lly  ca rried  is fa r  fe w e r on  acco u n t o f  th e  fo l

lo w in g  reaso n : A n  o b jec t h y p o th esis  can  b e  g en era ted  by  any  o ne  o f  m any  L F S ’s, and  

w h en  a  h y p o th es is  thus g en era ted  is  verified , the  system  do es  n o t n eed  to  in v o k e  any  o f  

th e  o th e r  L F S ’s fo r  th a t ob ject.

T o  g ive  th e  re a d e r  an id e a  o f  d ie  n u m b er o f  hyp o th eses gen era ted , th e  sy stem  g en 

e ra ted  156 hy p o th eses fo r  th e  scene  o f  F ig . 3 .5 , and  75  fo r  th e  scene  o f  F ig . 3 .26.

3 ,8 .4 . V e r if ic a tio n

G iv en  th e  p o s e  tran sfo rm atio n  T r  a sso c ia ted  w ith  a  h y p o th esis , v e rifica tio n  is  c a r

r ie d  o u t  b y  co m p u tin g  the  fea tu re  !Sphere tesse l ind ices  o f  th o se  scene  fea tu res  th a t are  

“ p h y s ica lly  ad jacen t"  to  th e  L FS  fea tu res, th e  no tio n  o f  p h y sica l ad jacen cy  b e in g  as 

ex p la in ed  b e fo re , and  m atch in g  each  such  scene fea tu re  w ith  a m o d e l fea tu re  a ssigned  

to  th a t tesse l, a ssu m in g  such  a m o d el fea tu re  can  b e  found . [If  m o re  th an  o n e  m o d e l 

fea tu re  m a y  b e  a ss ig n ed  to  a  tesse l, th e  scene  fea tu re  m u s t b e  m a tch ed  w ith  all o f  them .]
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O f cou rse , since  m easu rem en t no ise  an d  o th e r artifac ts  w ill a lw ay s  b e  p re sen t to  d is to rt 

th e  a ttrib u te  v a lu es  o f  a scene  fea tu re , th e  scene  fea tu re  m u st b e  m a tch ed  With a ll the  

m o d e l fea tu res  b e lo n g in g  to  te sse ls  w ith in  a  certa in  n e ig h b o rh o o d  o f  th e  tesse l c o m 

p u te d  fro m  th e  scene  fea tu re  p rin c ip a l d irec tion . T he  size o f  th e  n e ig h b o rh o o d  reflects 

th e  u n certa in ty  in  th e  fea tu re  m easu rem en ts. F o r m o st o f  o u r ex p erim en ts , w e  use  all 

th e  m o d e l fea tu res  w ith in  tw o  tesse ls  o f  th e  tesse l ass ig n ed  to  a  scene  fea tu re , 

co rresp o n d in g  app rox im ate ly  to  a  d irec tiona l uncerta in ty  o f  8.0 °.

T o  M u stra te  the  b eh av io r o f  th e  a lgorithm , T ab le  3 .3  show s th e  h y p o th esis  g enera

tion  an d  verifica tion  p ro ced u re  in  action . E ach  fine en try , p rin ted  o u t upo n  th e  fo rm a

tion  o f  a  hy p o th esis , iden tifies the  L FS u sed  by  the  v e rtex  Chosen, an d  show s th e  su r

face  co rre sp o n d en ces  e stab lish ed  w hen  th e  scene LFS w as m a tc h ed  w ith  a  m o d e l L F S . 

F o r ex am p le , fo r  the  first hypo thesis, m ark ed  h y p # l in  the  tab le , th e  LFS m a tch in g  esta 

b lish ed  co rre sp o n d en ces  be tw een  scene  su rface  7 and  m o d e l su rface  2; and  be tw een  

scene su rface  5 and  m odel su rface  I . T he  n u m b er 2  a t th e  en d  o f  th e  lin e  in  th e  tab le  

in d ica tes  th a t th e  first h ypo thesis  w as fa iled  d u rin g  th e  verifica tion  stage  a fte r fa ilu res  

a long  tw o  d iffe ren t p a th s  in  th e  search  space, each  fa ilu re  cau sed  by  a  m ism atch  o f  a  

scene  fea tu re , p h y s ica lly  ad jacen t to  o ne  o f  th e  hypo thesis  g en era tin g  L FS  fea tu res, and  

th e  m o d e l fea tu re  lo c a ted  w ith in  th e  uncerta in ty  ran g e  o f  th e  tesse l c o rre sp o n d in g  to  the  

scene  fea tu re . T h is is n o t to  im p ly  a  fan -o u t o f  on ly  2  a t the  en d  o f  th e  h y p o th s is  g en 

e ra ting  seg m en t fo r  h y p # l;  o n ly  th a t fo r  th e  o th e r b ranches the  scene  fea tu res, again  

p h y sica lly  ad jacen t to  o ne  o f  the  L FS fea tu res, h ad  no  co rresp o n d in g  m o d e l fea tu res  on  

th e  fea tu re  sphere. T h is  is  a lso  the  reaso n  fo r 0  a t the  end  o f  m an y  o f  th e  lin e  en trie s  in  

th e  tab le .

A s m en tio n ed  in  S ec tio n  7 , th e  accep tance  o f  a  hy p o th esis  is  p re d ic a te d  u p o n  o u r 

find ing  a t le as t 33%  o f  the  m o d e l fea tu res  fro m  am ongst those  th a t a re  ad jacen t to  the  

fea tu res  in  an  L F S . A s show n  in  th e  tab le , fro m  am ong  the 75  g e n era ted  hy p o th eses  

o n ly  th e  h y p o th ses  #23  an d  #7 5  a re  verified  and  lead  to  the  reco g n itio n  o f  an  in s tan ce  o f  

“ square" in  the  first case , and  to  th a t o f  “ round"  in  the  o ther. D u rin g  the  verifica tion  o f  

h y p o th esis  # 2 3 , scene  su rface  16 fa ils  to  m atch  m odel su rface  3 o f  th e  sq u are  m odel, 

a lth o u g h  scene  reg io n s  18 and  21 d o  m atch  m odel reg io n s 4  and  5, re sp ec tiv e ly . A s is 

ev id en t fro m  th e  s tripe  im ag e  o f  F ig . 3 .25 , the  d ifficu lties w ith  scene su rface  16 are  d u e  

to  p ro b lem s w ith  th e  ro b u s t de tec tion  o f  stripes o v e r tha t su rface ; th ese  p ro b lem s are  

p ro b ab ly  cau sed  b y  the  ra th e r v e ry  acu te  ang le  b e tw een  th e  s tripe  p ro jec tio n  d irec tion  

and  th e  surface. I t is  en tire ly  po ssib le  th a t the su rface  lab e led  16 in  th e  scene  is  m ad e  

o f  re flec tio n s o f  th e  stripes seen  in  ad jo in ing  su rfaces. In  o th e r w ords, su rface  16 is 

m o st lik e ly  a  spu rious su rface  and  n o t m atch ab le  w ith  its  p o ten tia l can d id a te  m o d e l su r

face  3. D u rin g  th e  verifica tion  o f  hy p o th esis  75 , scene  reg io n  23  is  n o t m a tch ed  to  any  

m o d e l reg io n . T h is  is  because  on ly  a  sm all po rtio n  (less than  2 5% ) o f  the  cy lin d rica l



T ab le  3 .3  O u tp u t lis tin g  o f  the  in te rp re ta tio n  o f  scene  # 2 .

V e r i f y  h y p  # 1  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > 2 )  ( 5 - > l ) . ..  f a i l e d  -  2  

V e r i f y  h y p  # 2  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > l )  ( 5 - > 2 ) . . .  f a i l e d  -  2  

V e r i f y  h y p  # 3  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > 1 0 )  ( 5 - > 4 )  . ..  f a i l e d  -  2  

V e r i f y  h y p  # 4  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > 4 )  ( 5 - > 8 ) . . .  f a i l e d  - 1 

V C T ify  h y p  # 5  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > 1 0 )  ( 5 - > 1 2 ) . . .  f a i l e d  - 1 

V e r i f y  h y p  # 6  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > 4 )  ( 5 - > 1 0 ) . ..  f a i l e d  - 1 

V e r i f y  h y p  # 7  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > 1 2 )  ( 5 - > 9 ) . . .  f a i l e d  - 1 

V e r i f y  h y p  # 8  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > 9 )  ( 5 - > 1 0 ) . . .  f a i l e d  - 1 

V e r i f y  h y p  # 9  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > 9 )  ( 5 - > 1 2 ) . ..  f a i l e d  - 1 

V e r i f y  h y p  # 1 0  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > 1 2 )  ( 5 - > 1 0 ) . ..  f a i l e d  - 1 

V e r i f y  h y p  # 1 1  M o d e l :  s q u a r e  V e r t :  1 2  R e g :  ( 7 - > 1 0 )  ( 5 - > 9 ) . ..  f a i l e d  - 1 

V C T ify  h y p  # 1 2  M o d e l :  r o u n d  V e r t:  1 8  R e g :  ( 1 7 - > 9 )  ( l l - > 7 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 1 3  M o d e h  r o u n d  V e r t:  1 8  R e g :  ( 1 7 - > 9 )  ( 1 1 - > 1 ) . ..  f a i l e d -  O 

V e r i f y  h y p  # 1 4  M o d e l :  r o u n d  V e r t:  1 8  R e g :  ( 1 7 - > 7 )  ( l l - > 9 ) . ..  f a i l e d  -  O

V e r i f y  h y p  # 1 5  M o d e l :  r o u n d  V e r t:  1 8  R e g :  ( 1 7 - > 1 )  ( I  l - > 6 ) . ..  f a i l e d  -  O

V e r i f y  h y p  # 1 6  M o d e l :  r o u n d  V e r t:  1 8  R e g :  ( 1 7 - > 6 )  ( I  l - > 7 )  . ..  f a i l e d  -  O

V e r i f y  h y p  # 1 7  M o d e h  r o u n d  V e r t:  1 8  R e g :  ( 1 7 - > 7 )  ( l l - > 6 ) . ..  f a i l e d  -  O

V e r i f y  h y p  # 1 8  M o d e l :  s q u a r e  V e r t :  1 8  R e g :  ( 1 7 - > 2 )  ( 1 1 - > 1 ) . ..  f a i l e d  -  O 

V e r i f y  h y p  # 1 9  M o d e h s q u a r e  V e r t :  1 8  R e g :  ( 1 7 - > 1 )  ( 1 1 - > 1 0 )

s c e n e  r e g io n  1 8  m a t c h e d  t o  m o d e l  r e g io n  4  . ..  f a i l e d  -  2  

V e r i f y  h y p  # 2 0  M o d e l :  s q u a r e  V e r t :  1 8  R e g :  ( 1 7 - > 1 0 )  ( l l - > 2 ) . ..  f a i l e d  - O 

V e r i f y  h y p  # 2 1  M o d e l :  s q u a r e  V e r t:  1 8  R e g :  ( 1 7 - > 8 )  ( 1 1 - > 1 ) . ..  f a i l e d  -  O 

V e r i f y  h y p  # 2 2  M o d e h s q u a r e  VCTt: 1 8  R e g :  ( 1 7 - > 1 )  ( l l - > 2 ) . ..  f a i l e d - O 

V C T ify  h y p  # 2 3  M o d e l :  s q u a r e  V e r t :  1 8  R e g :  ( 1 7 - > 2 )  ( I  l - > 8 )  

s c e n e  r e g io n  1 8  m a t c h e d  t o  m o d e l  r e g io n  4  

s c e n e  r e g io n  2 1  m a t c h e d  t o  m o d e l  r e g io n  5  . ..  S U C C E E D !  H -  2

V e r i f y  h y p  # 2 4  M o d e l :  s q u a r e  V e r t :  2 6  R e g :  ( 1 9 - > 4 )  ( 1 3 - > 3 ) . ..  f a i l e d  - O  

V e r i f y  h y p  # 2 5  M o d e l :  s q u a r e  V e r t :  2 6  R e g :  ( 1 9 - > 3 )  ( 1 3 - > 4 ) . ..  f a i l e d  -  O 

V e r i f y  h y p  # 2 6  M o d e l :  s q u a r e  V e r t:  2 6  R e g :  ( 1 9 - > 7 )  ( 1 3 - > 4 ) . . .  f a i l e d  - O 

V e r i f y  h y p  # 2 7  M o d e l :  s q u a r e  V e r t :  2 7  R e g :  ( 1 3 - > 4 )  ( 1 9 - > 3 ) . ..  f a i l e d  - O  

V e r i f y  h y p  # 2 8  M o d e l :  s q u a r e  V e r t :  2 7  R e g :  ( 1 3 - > 3 )  ( 1 9 - > 4 )  . ..  f a i l e d  -  O 

V e r i f y  h y p  # 2 9  M o d e l :  s q u a r e  V e r t :  2 7  R e g :  ( 1 3 - > 7 )  ( 1 9 - > 4 )  . ..  f a i l e d  -  O 

V e r i f y  h y p  # 3 0  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > 7 )  ( 2 0 - > 1 0 ) . . .  f a i l e d  -  O 

V e r i f y  h y p  # 3 1 M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > 1 0 )  ( 2 0 - > 9 ) . . .  f a i l e d  -  2  

V e i i i f y  h y p  # 3 2  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > 9 )  ( 2 0 - > 7 ) . ..  f a i l e d  -  O 

V e r i f y  h y p  # 3 3  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > 9 )  ( 2 0 - > l )  . ..  f a i l e d  -  O 

V e r i f y  h y p  # 3 4  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > l )  ( 2 0 - > 7 ) . ..  f a d e d  -  2  

V e r i f y  h y p  # 3 5  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > 7 )  ( 2 0 - > 9 ) . ..  f a d e d  -  O 

V e r i f y  h y p  # 3 6  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > 7 )  ( 2 0 - > l ) . ..  f a d e d  -  O 

V e r i f y  h y p  # 3 7  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > l )  ( 2 0 - > 6 ) . ..  f a d e d  -  2  

V e r i f y  h y p  # 3 8  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > 6 )  ( 2 0 - > 7 ) . ..  f a d e d  -  O 

V e r i f y  h y p  # 3 9  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > 6 )  ( 2 0 - > 1 0 ) . . .  f a i l e d  -  O 

V e r i f y  h y p  # 4 0  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > 1 0 )  ( 2 0 - > 7 )

s c e n e  r e g io n  2 8  m a t c h e d  t o  m o d e l  r e g io n  4  . ..  f a i l e d  -  3  

V e r i f y  h y p  # 4 1  M o d e l :  r o u n d  V e r t:  3 6  R e g :  ( 2 4 - > 7 )  ( 2 0 - > 6 ) . ..  f a d e d  - O  

V e r i f y  h y p  # 4 2  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 2 )  ( 2 0 - > l ) . ..  f a d e d  -  O



T ab le  3.3 C on tinued

V e r i f y  h y p  # 4 3  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > l )  ( 2 0 - > 1 0 ) . . .  f a i l e d  -  0  

V e r i f y  h y p  # 4 4  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 1 0 )  ( 2 0 - > 2 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 4 5  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 8 )  ( 2 0 - > l )  . ..  f a i l e d  -  0  

V e r i f y  h y p  # 4 6  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - >  I )  ( 2 0 - > 2 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 4 7  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 2 )  ( 2 0 - > 8 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 4 8  M o d e l :  s q u a r e  V e r t :  3 6  R e g :  ( 2 4 - > 3 )  ( 2 0 - > l 0 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 4 9  M o d e l :  s q u a r e  V e r t :  3 6  R e g :  ( 2 4 - > 1 0 )  ( 2 0 - > 4 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 5 0  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 4 )  ( 2 0 - > 8 )  . ..  f a i l e d  -  0  

V e r i f y  h y p  # 5 1 M o d e h s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 8 )  ( 2 0 - > 3 )  . ..  f a i l e d  -  O 

V e r i f y  h y p  # 5 2  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 1 2 )  ( 2 0 - > 7 ) . ..  f a i l e d  -  O 

V e r i f y  h y p  # 5 3  M o d e l :  s q u a r e  V e r t :  3 6  R e g :  ( 2 4 - > 7 )  ( 2 0 - > 1 0 ) . ..  f a i l e d  -  G 

V e r i f y  h y p  # 5 4  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 1 0 )  ( 2 0 - > 1 2 ) . ..  f a i l e d  - O 

V e r i f y  h y p  # 5 5  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 4 )  ( 2 0 - > 1 0 ) . ..  f a i l e d  - O 

V e r i f y  h y p  # 5 6  M o d e l :  s q u a r e  V e r t :  3 6  R e g :  ( 2 4 - > 1 0 )  ( 2 0 - > 7 ) . ..  f a i l e d  - O  

V e r i f y  h y p  # 5 7  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 9 )  ( 2 0 - > l ) . ..  f a i l e d  -  O 

V e r i f y  h y p  # 5 8  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > l )  ( 2 0 - i > 8 ) . ..  f a i l e d  -  O 

V e r i f y  h y p  # 5 9  M o d e l :  s q u a r e  V e r t :  3 6  R e g :  ( 2 4 - > 8 )  ( 2 0 - > 9 ) . ..  f a i l e d  - O  

V e r i f y  h y p  # 6 0  M o d e l :  s q u a r e  V a t :  3 6  R e g :  ( 2 4 - > 1 2 )  ( 2 0 - > 9 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 6 1  M o d e l :  s q u a r e  V e r t :  3 6  R e g :  ( 2 4 - > 9 )  ( 2 0 - > 8 )  . ..  f a i l e d  - 0  

V e r i f y  h y p  # 6 2  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 8 )  ( 2 0 - > 1 2 ) . ..  f a i l e d  -  O 

V e r i f y  h y p  # 6 3  M o d e l :  s q u a r e  V e r t :  3 6  R e g :  ( 2 4 - > 1 0 )  ( 2 0 - > l ) . ..  f a i l e d  -  O 

V e r i f y  h y p  # 6 4  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > l )  ( 2 0 - > 9 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 6 5  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 9 )  ( 2 0 - > 1 0 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 6 6  M o d e l :  s q u a r e  V e r t :  3 6  R e g :  ( 2 4 - > 9 )  ( 2 0 - > 1 2 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 6 7  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 1 2 )  ( 2 0 - > 1 0 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 6 8  M o d e l :  s q u a r e  V e r t:  3 6  R e g :  ( 2 4 - > 1 0 )  ( 2 0 - > 9 ) . ..  f a i l e d  - 0  

V e r i f y  h y p  # 6 9  M o d e l :  r o u n d  V e r t:  3 7  R e g :  ( 2 0 - > 7 )  ( 2 4 - > 1 0 ) . . .  f a i l e d  -  2  

V e r i f y  h y p  # 7 0  M o d e l :  r o u n d  V e r t:  3 7  R e g :  ( 2 0 - > 1 0 )  ( 2 4 - > 9 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 7 1 M o d e l :  r o u n d  V e r t:  3 7  R e g :  ( 2 0 - > 9 )  ( 2 4 - > 7 ) . ..  f a i l e d  -  0  

V e r i f y  h y p  # 7 2  M o d e h r o u n d  V e r t:  3 7  R e g :  ( 2 0 - > 9 )  ( 2 4 - > l )  . ..  f a i l e d  - 2  

V e r i f y  h y p  # 7 3  M o d e l :  r o u n d  V e r t:  3 7  R e g :  ( 2 0 - > l )  ( 2 4 - > 7 ) . ..  f a i l e d  - O 

V e r i f y  h y p  # 7 4  M o d e l :  r o u p d  V e r t:  3 7  R e g :  ( 2 0 - > 7 )  ( 2 4 - > 9 ) . ..  f a i l e d  -  O 

V e r i f y  h y p  # 7 5  M o d e h r o U n d  V e r t:  3 7  R e g :  ( 2 0 - > 7 )  ( 2 4 - > l )  

s c e n e  r e g io n  2 8  m a t c h e d  t o  m o d e l  r e g io n  4  

s c e n e  r e g io n  3 1  m a t c h e d  t o  m o d e l  r e g io n  2  

s c e n e  r e g io n  2 5  m a t c h e d  t o  m o d e l  r e g io n  8  . ..  S U C C E E D ! ! ! -  6

T o t a l  n u m b e r  o f  f e a t u r e  m a t c h in g  t e s t s  f o r  v e r if ic a t io n :  2 9  
I* r o c e s s  c o m p le t e d  

R e c o g n iz e d _ o b j e c t s :  

s q u a r e



su rface  is  v is ib le  in  th e  scene, and  the  co m p u ted  rad iu s  is  o f f  to o  m u ch  fro m  its  co rrec t 

v a lu e  to  m a tch  to  th e  can d id a te  m o d e l reg io n  5.

N o te  fro m  T ab le  3.3 th a t m o st o f  th e  75  h y p o th eses  a re  re je c te d  im m ed ia te ly  d u r

in g  v e rifica tio n , w ith o u t th e  co m p u ta tio n a l b u rd en  o f  any  fea tu re  m atch ing . F o r each  

lin e  en try  in  th e  tab le  th a t en d s  in  a  0 , no  fea tu res  h ad  to  b e  m a tch ed  d u rin g  the 

v e rifica tio n  stage; th e  h y p o th esis  fa iled  s im ply  becau se  n o  m o d e l fea tu res  co u ld  be 

fo u n d  in  th e  v ic in ity  o f  th e  te sse ls  fo r  the  scene  fea tu res  u sed  d u rin g  verifica tions. In 

fac t, as d e p ic ted  a t th e  e n d  o f  th e  tab le , fo r  th e  scene o f  F ig . 3 .26 , o n ly  29  fea tu res  h ad  

to  b e  m a tc h ed  d u rin g  th e  en tire  verifica tio n  p rocess . S o , o n  th e  av erage , th e  system  h ad  

to  m a tch  o n ly  0 .3 8 7  fea tu res  d u rin g  each  h ypo thesis  v erifica tion . T h e  la rg est n u m b er o f  

fea tu res  m a tc h ed  d u rin g  any  verifica tio n  w as  6, th is  w as  fo r hy p o th esis  # 7 5 , confirm ing  

o u r  O (n)  m easu re  fo r the tim e  co m p lex ity  o f  verifica tion .

T h is  p ro to ty p e  sy stem  is  p ro g ram ed  in  C  lan g u ag e  and  ru n s  o n  a  S U N -3  w o rk sta 

tion . T h e  C P U  tim e  fo r  in te rp re tin g  a  p ro cessed  ran g e  im ag e  w as  9  seconds fo r  the  

scene  o f  F ig . 3 .5  an d  4  seco n d s fo r th e  scene  o f  F ig . 3 .26 . T h e  C P U  tim e  is  ap p ro x i

m a te ly  p ro p o tio n a l to  th e  n u m b er o f  g en era ted  h y po theses, w h ich  in  tu rn  d ep en d s  on  

th e  c o m p lex ity  o f  th e  scene.

3 .9 .  C o n c lu s i o n s

In  th is  ch ap te r, w e  h av e  p re sen ted  fea tu re  m a tch in g  an d  reco g n itio n  s tra teg ies  in  

3D -P O L Y . F o r reco g n itio n , th e  System  u sed  an  app roach  b ased  o n  h y p o th esis  g enera

tion  an d  verifica tion . T h e  s tra teg ies  u sed  in  th e  system  le ad  to  a  p o ly n o m ia l tim e  a lg o 

rith m  f o r  th e  in te rp re ta tio n  o f  ra n g e  im ages.

T h e  p o ly n o m ia l bound  o n  th e  tim e  com p lex ity  w as  m ad e  p o ss ib le  b y  tw o  key  

ideas, o n e  fo r  h y p o th esis  gen era tio n  and  th e  o th e r fo r  verifica tion . T h e  k ey  id ea  in  the  

fo rm er w as  th e  u se  o f  sp ec ia l fea tu re  sets, the  spatia l re la tio n sh ip s  b e tw een  th e  fea tu res  

in  th ese  Sets b e in g  such  th a t th e  n u m b e r o f  p o ssib le  w ay s in  w h ich  th e  scene fea tu re  

co u ld  b e  m a tch ed  to  th ese  in  th e  sets w as  substan tia lly  cu rta iled . T h e  k ey  id ea  in  the  

v e rifica tio n  s tag e  w as the  asso c ia tio n  o f  a  p rin c ip a l d irec tio n  w ith  a  fea tu re  and , a fte r 

th e  e s tab lish m en t o f  a  po se  tran fo rm , co m p arin g  a scene fea tu re  w ith  a  m odel fea tu re  

o n ly  i f  th e  tw o  ag reed  o n  th e  b asis  o f  th e ir p rin c ip a l d irec tions. T h is  sharp ly  red u ced  

th e  n u m b e r o f  scen e  a n d  m o d el fea tu res  th a t h ad  to  be ac tu a lly  m a tched , lead in g  to  

g rea t sav ings in  th e  co m p u ta tio n s  invo lved .

T o  e m b ed  th e  no tio n  o f  fea tu re  p rin c ip a l-d irec tio n  in  a  co m p u ta tio n a lly  effic ien t 

fram ew o rk , w e  rep re sen ted  th e  m o d el fea tu res  o n  a  fea tu re  sphere . W e  ad v an ced  a  d a ta  

s tru c tu re  fo r  fea tu re  spheres  and  p re sen ted  e ffic ien t a lg o rith m s fo r fin d in g
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ne ig h b o rh o o d s  o n  the  sphere  an d  fo r  a ssign ing  a  te sse l on  th e  sphere  to  a  m easu red  

p rin c ip a l d irec tion .

W e sh o w ed  h ow  o u r o b jec t recogn ition  fram ew o rk  sh o u ld  b e  ap p lied  to  scen es  

co n sis tin g  o f  m u ltip le  o b jec ts  in  a  heap . F ina lly , w e d iscu ssed  ex p erim en ta l re su lts  v a li

d a tin g  o u r  co m p lex ity  m easures.



131 chen/kak

C H A P T E R * ; ;

L E A R N I N G  3 4 )  M O D E L S  F R O M  M U L T l F l E  V I E W S  6 E  O B |E C f i S

T o  b e  c o m p le te ly  fun c tio n a l, a  ro b o t v is io n  system  m u st h av e  access  to  a  lib ra ry  o f  

m o d e l rep re sen ta tio n s  o f  a ll p o ssib le  o b jec ts  th a t w e  w an t d ie  sy stem  to  recogn ize . 

M o d els  m ay  b e  spec ified  e ith e r  v ia  C A D  d escrip tions o r  th e  sy stem  m ay  b e  p ro v id e d  

w ith  a  cap ab ility  to  genera te  its  o w n  m odels “ b y  show ing ."  In  th is  ch ap te r, w e  w ill 

tak e  th e  la tte r  ap p ro ach  and  p re sen t a  p rocedure  w h ich  consis ts  o f  p lac in g  an  o b je c t in  a  

co m p u te r c o n tro lled  s tru c tu red -lig h t scan n er cap ab le  o f  gen era tin g  ra n g e  m ap s  o f  the  

o b jec t fro m  m any  d iffe ren t v iew po in ts . W e w ill show  h o w  th e  su rface  in fo rm atio n  fro m  

th e  d iffe ren t v iew p o iiits  i s  in teg ra ted  in to  a  fu ll 3 -D  rep re sen ta tio n  o f  the  ob jec t. T h e  

learn ed  rep re sen ta tio n  thus g en era ted  consis ts  o f  a  fea tu re  sphere , w h ich  can  th en  be  

d irec tly  u sed  b y  the  reco g n itio n  p ro ced u re  described  earlier. In  ad d itio n , it  is  a lso  p o s 

sib le  to  d raw  w ire -fram e  and  fu ll b o undary  rep resen ta tio n s fro m  th e  fea tu re  spheres  so  

o b ta ined , a lth o u g h  in  th is  ch ap te r w e  w ill o n ly  show  th e  fo rm er.

4 .1 .  I n t r o d u c t io n

T h e  reco g n itio n  s tra tegy  o f  C hap ter 3 m u st h av e  av ailab le  to  i t  m o d e ls  o f  the  

o b jec ts  th a t w e  w an t th e  ro b o t v is io n  system  to  recogn ize , an d  th ese  m o d e ls  shou ld  

p re fe rab ly  u tiliz e  th e  fea tu re  sphere  rep resen ta tion . O f  cou rse , a su p erio r g o a l w o u ld  be  

d riv e  th e  reco g n itio n  sy stem  d irec tly  fro m  the  ava ilab le  C A D  m o d e ls  o f  ob jec ts; h o w 

ever, C A D  m o d e ls  c an n o t be used  d irec tly  fo r  v is io n  ap p lica tions b ecau se  fea tu res  th a t 

o n e  m a y  b e  ab le  to  p u ll o u t o f  an  im age  a re  n o t exp lic itly  d efined  in  such  m odels. 

T h erefo re , o n e  m u s t a lw ay s in s ta ll an  in te rm ed ia te  rep resen ta tio n  to  b rid g e  C A D  w ith  

v is io n , a  p o in t th a t w as e lo q u en tly  m ad e  in  [K & e t-Z l] .

F o r th e  p u rp o se  o f  th is  chap te r, w e  w ill assum e th a t w e  w an t o u r  m o d e ls  to  b e  in  

th e  fea tu re  sp h ere  fo rm . C learly , fo r  som eone  to  d riv e  o u r reco g n itio n  m e th o d  w ith  

C A D , they  w ill h av e  to  w rite  th e ir  ow n  “ translato r"  to  co n v ert C A D  d a ta  s tru c tu res  in to  

fea tu re  sphere  d a ta  struc tu res. M uch  w o rk  has been  d one  by  o th e r  re sea rch ers  in  

d ev e lo p in g  th ese  types o f  transla to rs, transla to rs tha t co n v ert C A D  rep re sen ta tio n s  in to  

those  w h ich  a re  m o re  su itab le  fo r  u se  by  v is io n  a lgorithm s. T h e  m o st n o tab le  w ork  

a lo n g  th ese  lin es  w as d o n e  b y  B h an u  and H o  [B < £ //-8 7 ]; th ey  h av e  d iscussed
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p ro ced u res  fo r  co n v ertin g  a  C A D  b o u n d ary  rep re sen ta tio n  in to  v is io n -o rien ted  

rep re sen ta tio n s  su ch  as E G I, o c trees , etc. S im ilarly , X ie  a n d  C alv ert [X& C  —88] h av e  

p re sen te d  a  ru le -b a sed  sy stem  th a t can  co n v ert a  b o u n d ary  rep re sen ta tio n  o f  an o b jec t to  

th e ir  so  c a lle d  mCGS-EESI" (construc tive  g eom etric  so lid -ex ten d ed  e n h an ced  spherica l 

im age) rep re sen ta tio n . In  the  w orks o f  H an sen  and  H en d erso n  [H & H -& 7] an d  Dceuchi 

[Ik—S I] , an  in te rp re ta tio n  tree  is  b u ilt from  a  C A D  m o d e l o f  th e  ob ject.

A s w as  m en tio n ed  befo re , th e  fo cu s  o f  th is  ch ap te r is o n  p re sen tin g  a  tech n iq u e  in  

w h ich  th e  m o d e l o f  an  o b jec t is  le a rn ed  b y  show ing , the  lea rn ed  m o d e l b e in g  d irec tly  in  

th e  fo rm  th a t can  b e  u sed  in  the  reco g n itio n  p ro ced u re . T o  c o n stru c t a fu ll 3-D  m odel, 

an  o b je c t m u s t b e  sh o w n  to  th e  system  in  m an y  d iffe ren t o rien ta tio n s  an d  th e  in fo rm a

tion  o b ta in e d  fro m  a ll th e  o rien ta tio n s  so m eh o w  in teg ra ted , le ad in g  to  th e  n o tio n  o f  

v ie w p o in t in teg ra tio n . A t th e  s im p lest lev el, as  w as  d o n e  b y  O sh im a  and  S h irai 

[ ( M S - 8 3 ] ,  v ie w p o in t in teg ra tio n  m ay  co n sis t q f  s im ply  co llec tin g  ev ery  p o ss ib le  v iew  

o f  an  o b jec t, each  v iew  b e in g  rep re sen ted  by  a  g raph  o f  th e  su rface -fea tu res  ex trac ted  

fro m  th a t v iew . S irm lar app roaches fo r  m o d e l co n stru c tio n  are  a lso  ty p ica l o f  those  

u sed  in  th e  re c o g n itio n  o f  3 -D  o b jec ts  fro m  2-D  im agery . A n  o b v io u s  d raw b ack  o f  such  

ap p ro ach es  is  th e  la rg e  size  o f  th e  re su ltin g  m o d e l lib rary , w h ich  can  deg rad e  the p e r

fo rm an ce  o f  th e  reco g n itio n  system .

A t a  m o re  so p h istica ted  level, lea rn in g  a  m o d e l co n sis ts  o f  ac tu a lly  m erg in g  the  

fea tu re  in fo rm atio n  g lean ed  fro m  d iffe ren t v iew po in ts . A s an  ex am p le  o f  th is  app roach , 

B ak e r [ B a - 77] h a s  p re sen ted  a  schem e fo r  m o d e l b u ild in g  in  w h ich  po in ts  o f  cu rv a tu re  

irreg u la rity  ex trac ted  fro m  d iffe ren t v iew s o f  an  o b je c t are  co rre la ted . M artin  and  

A g g a rw al [M&A  - 8 3 ]  h av e  p re sen ted  a  m e th o d  in  w h ich  a  v o lu m e tric  m o d e l o f  an  

o b je c t is  co n stru c ted  b y  in te rsec tin g  th e  b o u n d in g  v o lu m es, e ac h  such  v o lu m e  b e in g  

specified  b y  th e  silh o u e tte  in  a  v iew . In  th e  schem e ad vanced  b y  Potm esD  [ P o -8 3 ] ,  

b i-cu b ic  su rface  segm en ts fro m  v ario u s  v iew s  o f  an  o b jec t a re  in teg ra ted  in to  a  co m 

p le te  b o u n d a ry  rep resen ta tio n  o f  th e  ob ject. A n o th e r schem e has b een  p resen ted  by  

H erm an  an d  K an ad e  [H & K -S6]  in  w h ich  3 -D  m o d e ls  o f  b u ild in g s  are  b u ilt in c rem en 

ta lly  fro m  seq u en ces  o f  s tereo  im ages. A  sim ila r app roach  h as  b een  p re sen te d  b y  X ie  

an d  C a lv e rt [X & C -8 6 ]  fo r  gen era tin g  3-D  m o d e ls  o f  o ffice  scenes. T o  the  b e s t o f  o u r  

k n o w led g e , th e  m o d e ls  co n stru c ted  b y  all these  m eth o d s w ere  u sed  o n ly  fo r  d isp lay in g  

th e  o b jec ts  th u s  sy n th esized  an d  n o t fo r d riv in g  a  reco g n itio n  system . In  fac t, i t  is  n o t 

o b v io u s  th a t i t  w o u ld  a t a ll b e  easy  to  u se  the  m o d e l rep resen ta tio n s  co n stru c ted  in  these  

w o rk s  fo r  reco g n itio n . H ow  th e  gen era ted  m o d e ls  m ay  b e  u sed  fo r  reco g n itio n  is m o re  

o b v io u s  in  th e  co n trib u tio n s  m ad e  b y  U n d erw o o d  an d  C oates [ I M C - 7 5 ]  an d  D ane  

[ D a - 8 2 ] .  U n d erw o o d  and  C oates  [C M C -7 5 ]  have  p re sen ted  an  ag o rith m  fo r  c o n 

s tru c tin g  g rap h  rep re sen ta tio n s  o f  co n v ex  p o ly h ed ra  fro m  m u ltip le  v iew s o f  th e  ob jects, 

a  n o d e  in  th e  g rap h  b e in g  a  p la n a r face  and  an  arc  ex p ress in g  ad jacen cy  b e tw een  tw o
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faces; In  th e  m e th o d  o f  D ane  [ D a -8 2 ] ,  v iew p o in t in fo rm atio n  is  m e rg e d  to  genera te  

p la n a r an d  q uad ric  surfaces.

A n  im p o rtan t issu e  in  m u ltiv iew  in teg ra tio n  is  the  d e te rm in a tio n  o f  w h e th e r a 

fea tu re  seen  in  a  new  v iew  has been  seen  in  any  p rev io u s  v iew s. C lea rly , th is  p ro b le m  is 

a  v a ria tio n  o n  th e  fea tu re  m a tch in g  p ro b lem  in  o b je c t reco g n itio n . In  [U & C -1 5 ]  and  

[ D a - 8 2 ] ,  th is  ty p e  o f  fea tu re  m a tch in g  is  ca rried  o u t b y  ex h au stiv e  search , m ean in g  

th a t a  fea tu re  seen  in  a n e w  v iew  h as  to  b e  te sted  ag ain st every  fe a tu re  seen  in  a ll p rev i

ous v iew s. In  th is  ch ap te r  w e  show  th a t the  h igh ly  e ffic ien t fea tu re  m a tch in g  s tra tegy  

p re sen ted  in  C h ap te r 3  can  b e  ap p lied  to  th is  p ro b lem  w ith  little  m odifica tion . A n o th e r 

im p o rtan t is su e  in  m u ltiv iew  in teg ra tio n  is  h ow  to  m erge  tw o  p ieces  o f  in fo rm atio n  c a r

rie d  b y  tw o  fea tu res  itt tw o  d iffe ren t v iew s w hen  they  a re  in  e ffe c t th e  sam e fea tu re . W e 

w ill p ro p o se  so lu tions to  bo th  p ro b lem s in  th is  chap ter.

T h e  p h y sica l se tup  o f  o u r  m odel lea rn in g  system , show n in  F ig . 4 .1 , co n sis ts  o f  a  

c o m p u te r-co n tro lled  tu rn tab le  an d  a  struc tu red  lig h t ran g e  scanner. T h e  fea tu re  e x trac 

tion  c o m p o n en t o f  th is  sy stem  is  th e  sam e as th a t d escrib ed  fo r  th e  o b jec t reco g n itio n  

sy stem  d e sc rib e d  earlier. T h e  fea tu re  m a tch in g  and  m erg in g  c o m p o n en t is  a 

m odifica tion  o f  th e  fea tu re  m a tch in g  ro u tin e  em p lo y ed  earlier. In  th e  n e x t sec tion , w e 

w ill g ive  an  o v erv iew  o f  th e  setup  an d  the  system . T h en  in  S ec tion  3, w e show  h o w  one 

m u st e s ta b lish  ah  o b jec t-cen te red  coo rd in a te  sy stem  in  w hich  th e  3-D  m o d e l is  u lti

m a te ly  systhesized ; the  m a n n er in  w h ich  th e  co o rd in a tes  are  se lec ted  m u st take  in to  

acco u n t co n sid e ra tio n s  such  as any  w obb le  in  th e  tu rn tab le . In  S ec tio n s 4  and  5, w e 

w ill th en  d iscu ss  h o w  to  in itia te  a  m o d el fro m  th e  first v iew  o f  th e  o b jec t and , subse

q u en tly , h o w  to  u p d a te  a  p a rtia l m o d el w ith  d a ta  from  successive  v iew s. F in a lly , in  

S ec tio n  6 , w e  w ill u se  an ex p erim en ta l exam ple  to  illu s tra te  th e  w o rk in g  o f  th e  en tire  

m o d e l lea rn in g  system ,

4 .2 .  G e n e r a l  S t r a t e g y  a n d  S y s t e m  O v e r v ie w

In  m u ltiv iew  in te g ra tio n  fo r  m odel bu ild ing , th e  n u m b e r o f  v iew s fro m  w h ich  an  

o b jec t is  v iew ed  m u st satisfy  tw o  req u irem en ts, w h ich  w e w ill n ow  state. (A s th e  re a d er 

w ill no tice , th e  second  re q u irem en t w ill subsum e the  first.) F o r the  first req u irem en t, it 

is  n ecessa ry  th a t ev ery  o b jec t fea tu re  b e  v is ib le  in  a t least o ne  v iew . A nd , fo r  th e  second  

req u irem en t, fea tu res  m u st o verlap  be tw een  successive  v iew s fo r  th e  p u rp o se  o f  e stab 

lish in g  th e  ad jacen cy  re la tio n sh ip s  b e tw een  the  fea tu res. O b v iously , i f  a  g iv en  fea tu re  

w as  v is ib le  in  o n ly  a  sing le  v iew , it w o u ld  b e  im possib le  to  d isco v e r w h a t o th e r fea tu res  

th e  g iven  fea tu re  m ig h t b e  ad jacen t to. T he  second  req u irem en t a lso  p o in ts  to  the  fu n 

dam en ta l p ro b lem  in  m o d e l bu ild in g  by  m u ltiv iew  in teg ra tion , v iz ,, h ow  to  re la te  

fea tu res  in  o n e  v iew  to  fea tu res  in  an o th er v iew , k eep in g  in  m in d  th e  lik e lih o o d  th a t
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r o ta t io n

F ig u re  4 .1 . A  m o d e l lea rn in g  system . T h e  im ag e  acqu isition  and  th e  fea tu re  ex trac tio n  

co m p o n en ts  o f  th is  sy stem  are  the  sam e as in  F ig . 0 .1 .

e x t r a c t io n

p a r t ia l

m o d e l

i m a g e

a c q u is i t i o n

f e a t u r e  m a t c h in g  

a n d  m e r g in g
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som e o f  th e  fea tu res  in  th e  tw o  v iew s are th e  sam e. O u r s tra tegy  to  so lv ing  th is  p ro b 

lem  is  a  m o d ified  v e rs io n  o f  the  s tra tegy  fo r o b jec t reco g n itio n  d e sc rib e d  in  C h ap te r 3 

■ and  consis ts  o f  th e  fo llo w in g  steps: F ro m  the  first v iew  o f  th e  o b jec t, w e  first define an 

o b jec t-cen te red  co o rd in a te  system . W e th en  estab lish  a  fea tu re  sphere  (or, fea tu re  

Spheres, i f  m o re  th an  o ne  fea tu re  ty p e  is  b e ing  considered ) co rre sp o n d in g  to  th is  c o o rd i

na te  sy s tem  and  assig n  th e  ex trac ted  fea tu res  to  the  ap p rop ria te  tesse ls  o n  th e  sphere. 

E ach  fea tu re  sphere  is  then  in c rem en ta lly  u p d a ted  by  u s in g  fea tu res  and  th e ir  a ttribu te - 

v a lu e  p a irs  g lean ed  fro m  each  successive  v iew .

F o r in c rem en ta lly  u p d a tin g  a fea tu re  sphere, w e  first d e te rm in e  the  tran sfo rm atio n  

b e tw een  th e  fixed  w o rld  coo rd ina te  fram e  in  w h ich  each  v iew  is  taken  and  th e  ob jec t- 

cen te red  co o rd in a te  fram e  w h ich  ro ta te s  w ith  the  o b jec t an d  in  w h ich  th e  fea tu re  

spheres a re  bu ilt. F o r  th e  m o st part, th is  tran sfo rm atio n  is  eas ily  d e riv ed  fro m  th e  ro ta 

tion  o f  th e  tu rn tab le . H ow ever, i f  th e  o b jec t is  m an u ally  tu rn ed  up sid e  d ow n  to  in teg ra te  

in  th e  in fo rm atio n  fro m  the  un d ersid e  o f  the ob jec t, the  sy stem  m u st au to m a tica lly  c o m 

p u te  th is  tran sfo rm atio n . O nce  th e  tran sfo rm atio n  is  know n , th e  fea tu re  m a tch in g  c ri

te ria  d iscu ssed  in  C h ap ter 3 Can b e  u sed  to  de term ine  w h e th e r o r  n o t a  fea tu re  w as  seen  

in  a  p re v io u s  v iew . I f  a  fea tu re  in  th e  new  v iew  is m a tch ed  to  a  fea tu re  in  th e  cu rren tly  

k n o w n  p a rtia l m o d e l, th e  system  m u st m erg e  the  tw o  fea tu res  toge ther; o th e rw ise , the  

p a rtia l m o d e l m u st b e  u p d a ted  b y  th e  add ition  o f  the  new  fea tu re .

T h e  fo llo w in g  p seu d o -co d e  rep resen ts  th is  m odel lea rn in g  stra tegy:

b u ild _ m o d e l (<9OT> { /)} ) { 

fo r  each  new  v iew  I  in  {/}

e x tra c t a  fea tu re  se t {5} from  ran g e  im age  I  

i f  (first v iew )

in itia te_ m o d e l ({5}, Om)

e lse

co m p u te  tran sfo rm atio n  T r  

up d a te_ m o d el ({5}, Om, Tr) 

fo r  each  new  v iew  I  in  {/} 

c o lle c t L F S ’s }

in itia te_ m o d e l ({5} , Om) {

define  an o b jec t-cen te red  coo rd ina te  sy stem  Trm 

a llo ca te  a  fea tu re  sphere  fo r each  c lass  o f  fea tu re  

fo r  each  5,- in  {5}

a d d  (7>ot (Si)) to  Om }



e lse  add  ( T r 1 (Si)) to  Om )

N o te  th a t in  th e  la s t step  in  “ bu ild _ m o d el"  th e  system  co llec ts  a ll th e  local fe a tu re se ts  

(L FS) fro m  th e  sy n th es ized  3-D  m odel. In  acco rdance  w ith  th e  d iscu ss io n  in  C h ap ter 3, 

th e se  L F S ’s p la y  an  im p o rtan t ro le  in  th e  o b jec t reco g n itio n  system  d esc rib ed  there . In  

p a rticu la r, th e  L F S ’s are  u sed  fo r  gen era tin g  p o se  tran sfo rm atio n  hypo theses.

F ig . 4 .2  d ep ic ts  th e  tw o  essen tia l e lem en ts  o f  th e  m o d e l lea rn in g  system , the  tu rn t

ab le  an d  th e  s tru c tu red -lig h t un it. A n  o b jec t w h o se  m o d e l is  to  b e  c rea ted  is  p la ce d  a t 

th e  c en te r  o f  a  tu rn tab le  and  its  ran g e  im ag es are th en  taken  fo r  d iffe ren t ro ta tio n a l p o s i

tions o f  th e  ob ject; fo r  each  ra n g e  im ag e  th e  s tru c tu red  lig h t scan n er is  tran s la ted  

lin ea rly , as  illu s tra ted  b y  th e  s tra ig h t a rrow  in  th e  figu re , th e  d irec tio n  o f  m o tio n  

co rre sp o n d in g  to  th e  y -ax is  in  the  w o rld  coo rd in a te  system . T h e  ro ta tio n s  o f  th e  tu rn t

ab le  an d  th e  tran s la tio n s  o f  th e  scan n er are  a ll u n d e r co m p u te r co n tro l and  can  b e  v a ried  

d e p en d in g  u p o n  th e  co m p lex itie s  o f  th e  o b jec t shape . (F o r sim p le  o b jec ts , th e  d iffe ren t 

ro ta tio n a l v ie w s  can  b e  as fa r ap art as 90° and  a  3 -D  m o d e l sy n th es ized  w ith  ju s t  fo u r 

v iew s.) T h e  ax is  o f  th e  ro ta tio n  o f  the  tu rn tab le  is  ap p ro x im ate ly  p a ra lle l to  th e  +z 

d irec tio n  o f  th e  w o rld  co o rd in a te  system . T o  p ro v id e  a  go o d  co v erag e  o f  bo th  th e  sides 

an d  th e  to p  o f  th e  o b jec t, b o th  th e  cen te r o f  th e  la se r b eam  an d  th e  op tic  ax is  o f  the  

c am era  m a k e  ang les  th a t a re  ro u g h ly  45° w ith  th e  z-ax is.

U n less  th e  o b je c t has  a  fla t bo ttom , it  o ften  beco m es n ecessa ry  to  a lso  m o d e l those  

su rfaces th a t w o u ld  b e  in v is ib le  w h en  th e  o b jec t is first p laced  o n  th e  tu rn tab le  d ue  to  

th e ir  b e in g  in  co n tac t w ith  th e  tab le . T o  m ake  a  com p le te  3 -D  m o d e l fo r  such  ob jects, 

a fte r a ll th e  v iew s  are co llec ted  in  th e  first p o s itio n , th e  o b je c t is  m an u ally  tu rn ed  upside  

d o w n  an d  scan n in g  resum ed . In  g en era l, ju s t  as m any  v iew s are  co llec ted  in  th e  new  

p o s itio n  a s  in  th e  first. T h e  im p o rtan t p o in t to  n o te  is th a t th e  sy stem  au to m atica lly  

co m p u tes  th e  tran sfo rm  T r  th a t re la tes  the  o b jec t-cen te red  co o rd in a te  fram e  fo r the  

o b je c t in  a h  u p sid e-d o w n  p o s itio n  to  th e  w o rld  coo rd in a te  fram e  b y  m atch in g  com m o n

4 ,3 .  D e t e r m in a t io n  o f  T r a n s f o r m a t io n s

C learly , th e  first th in g  th a t m u st be d one  in  m o d el lea rn in g  is  to  estab lish  a  co o rd i

n a te  sy stem  in  w h ich  th e  m o d e l w ill be  syn thesized . F o r th is  p u rp o se , w e  set up  an

fea tu res.
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W orld  coordinate  system

F ig u re  4 .2 . T h e  p h y s ica l setup  o f  the  m odel lea rn in g  system . T h e  s tru c tu red  lig h t 

ran g e  sen so r is  ca lib ra ted  w ith  re sp ec t to  th e  w o rld  co o rd in a te  system .



o b je c t-ce n te re d  co o rd in a te  system . T h e  p ro cess  o f  m o d e l sy n th esis  is  g rea tly  fac ilita ted  

i f  th is  co o rd in a te  sy stem  is defined  in  such  a  m a n n e r th a t its  z -ax is  is  c o in c id en t w ith  

th e  ax is  o f  ro ta tio n  o f  th e  tu rn tab le . I t a lso  he lp s  to  define  th e  o rig in  o f  th is  co o rd in a te  

sy stem  a t a  p o in t th a t is  h a lf  w ay  b e tw een  th e  h ig h est p o in t o n  th e  o b jec t and  th e  tu rn t

ab le . W h a t fo llo w s is  a  p ro ced u re  fo r  defin ing  such an  o b je c t-ce n te re d  coo rd in a te  sys

te m  g iven  th e  firs t v iew  o f  the  ob jec t. N o te  th a t th is  p ro ced u re  re lie s  so lely  o n  th e  re a d 

in g  o f  th e  ra n g e  sen so r o f  the  system , and  d o es  n o t req u ire  any  m an u al m easu rem en ts.

T h e  re a d e r  b ew are  th a t w e  are  m ak in g  a  d is tin c tio n  b e tw een  th e  o b jec t-cen te red  

co o rd in a te  fram e , in  w h ich  all th e  v iew s are  p o o le d  fo r m o d e l syn thesis , and  a  w o rld  

co o rd in a te  fram e , in  w h ich  s its  th e  scanner. T h erefo re , i t  is  th e  w o rld  co o rd in a te  fram e  

in  w h ich  w e  sp ec ify  th e  scan  d irec tions. W e  w ill assum e th a t th e  ra n g e  sen so r has been  

c a lib ra ted  [C & RT-87] w ith  re sp ec t to  the  w o rld  co o rd in a te  system . T h e  o rig in  o f  the  

w o rld  co o rd in a te  sy stem  can  b e  anyw here .

O f  co u rse , since  th e  scan n er re s id es  in  th e  w o rld  fram e, w e  m u s t f irs t es tab lish  the  

w o rld  co o rd in a te  sy stem  b efo re  w e  can  set up  th e  o b jec t-cen te red  co o rd in a tes . T he  

w o rld  fram e  is  e s tab lish ed  essen tia lly  b y  th e  h u m an  o pera to r. In  o u r ex p erim en ts, the  

w o rld  fram e  is  a s  show n  in  F ig . 4 .2 , w ith  th e  y -ax is  co rre sp o n d in g  to  th e  tran s la tio n a l 

m o v e m e n t o f  th e  s tru c tu red -lig h t u n it an d  th e  z-ax is  n o m in a lly  p e rp en d icu la r to  the  

tu rn tab le .

N ex t, th e  o b jec t-cen te red  co o rd in a te  fram e  m u st b e  e stab lished . W e w ill now  

d esc rib e  a  p ro ced u re  fo r d o in g  so. T h e  first step  consis ts  o f  d e te rm in in g  th e  ax is  o f  ro ta 

tion  o f  th e  tu rn tab le , since  th is  ax is  w ill serve  as th e  z-ax is  o f  th e  o b jec t-cen te red  sys

tem . T h e  ro ta tin g  ax is  can  b e  specified  by  a  u n it d irec tio n  v ec to r, a. W e  w ill a lso  

a ssu m e  th e  ex is ten ce  o f  a c en te r  o f  ro ta tio n , d en o ted  b y  p o ;  th is  w ill be  a  p o in t o n  the  

ro ta tio n  ax is  lo ca ted  at the  in te rsec tio n  o f  th e  ax is  w ith  the  p lan e  o f  th e  tu rn tab le . N o te  

th a t th e  ro ta tio n  cen te r, as specified  b y  P o , w ill n o t by  its e lf  b e  u sed  fo r th e  o rig in  o f  the  

o b je c t-ce n te re d  system , b u t Only as an in te rm ed ia te  step  to w ard  o b ta in in g  th a t o rig in .

T o  d e te rm in e  a, w e  take  tw o  ran g e  im ag es o f  th e  face  (w h ich  is  p lan ar) o f  the  

tu rn tab le ; fo r  th e  second  im ag e  th e  tu rn tab le  is  ro ta te d  by  180°. In  each  o f  th e se  im ages, 

a  p la n e  is  fit to  th e  tu rn tab le  ran g e  da ta , and  th e  su rface  no rm als  co m pu ted . L e t th e  tw o  

su rface  n o rm a ls  b e  d en o ted  b y  n 0 and  n 180. I f  the  su rface  o f  th e  tu rn tab le  w as p e r

fec tly  p e rp e n d icu la r  to  the  ro ta tio n  ax is  fo r  all an g u lar p o sitio n s  o f  th e  tu rn tab le , the  

tw o  n o rm a ls  w o u ld  b e  id en tica l and  p a ra lle l to  a. In  genera l, th is  co n d itio n  is  n o t 

satisfied  b ecau se  o f  the  s ligh t w o b b le  th a t m ig h t b e  p re sen t w h en  th e  tu rn tab le  is  

ro ta ted . In  the  p resen ce  o f  th e  w obb le , the  d irec tio n s o f  the  tw o  n o rm als  are  sym m etric  

w ith  re sp e c t to  a. In  e ith e r case , th e  d irec tio n  o f  the  ro ta tio n  ax is  can  b e  co m p u ted  

fro m
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T h e  p o s itio n  v e c to r  p  q to  th e  c en te r  o f  ro ta tio n  can  b e  fo u n d  fro m  a  ran g e  im ag e  

in  w h ich  th e  c e n te r  o f  th e  tu rn tab le  is  m ark ed  som ehow . T o  b e  ab le  to  lo ca lize  the  

c en te r p rec ise ly , w e  usu a lly  p lace  a  rec tan g u la r box  o n  th e  tu rn tab le  w ith  o n e  o f  its 

c o m e r to u ch in g  th e  cen te r. W e  then  take  a  ran g e  im age  o f  th e  bo x  an d  the tu rn tab le  

an d  d e tec t th e  c o m e r  in  th e  re su ltin g  data .

S in ce  w e  w an t th e  o rig in  o f  the o b jec t-cen te red  co o rd in a te  fram e  to  b e  ab o u t h a lf  

w ay  b e tw een  the h ig h est p o in t o n  th e  o b jec t and  the tu rn tab le , the  sy stem  u tilizes  the  

first v iew  o f  th e  o b jec t fo r  lo ca tin g  th is  o rig in . I f  w e den o te  by  h  th e  m ax im u m  h e ig h t 

o f  any  o b je c t p o in t in  the  first v iew , th e  location  o f  th e  o rig in  o f  th e  o b jec t-cen te red  

coo rd in a te  sy stem  is  th en  g iven  by

0  =  P o + ( y )  a

S ince  th e  o b jec t is  p laced  ro u g h ly  a t the  c en te r o f  the  tu rn tab le , fo r  m an y  o b jec ts  th is

o rig in  w ill b e  ro u g h ly  a t th e  v o lu m e  c en te r  o f  th e  ob jec t. W e  then  spec ify  as fo llo w s 

th e  th ree  axes, x ’, y ’ a n d  z ’, o f  th e  o b jee t-cen te red  coo rd ina te  sy stem

z '  = a

a x [ l  OOjt 

l a x [ 1 0  0 ] 'l  

x ' - y ' x z '

w h ere  [I  0  Ojt rep re sen ts  th e  x  ax is  o f  th e  w orld  co o rd in a te  system . T h u s th e  ob ject- 

cen te red  co o rd in a te  fram e  in  th e  first v iew  is  re la ted  to  the w o rld  co o rd in a te  fram e  by  

th e  fo llo w in g  transfo rm ation

T r 0 =
X y y  y 2  y Oy

z y  z 2  z ° z  

o  o  o  I

F o r a  g iv en  p o s itio n  v e c to r  in  th e  o b jec t-cen te red  fram e  fo r  th e  first v iew , th is  tran sfo r

m atio n  he lp s  u s find  its  co rresp o n d in g  co o rd in a tes  in  the  w o rld  fram e. In  o th e r  w ords, 

Tr q tak es  fro m  th e  o b jec t-cen te red  fram e to  th e  w orld  fram e. T h ere fo re , TrQ1 tak es  us 

fro m  th e  w o rld  fram e  to  th e  o b jec t-cen te red  fram e  fo r th e  first v iew . S u ppose , in  the  

ran g e  m ap  fo r th e  first v iew  -  th e  ran g e  m ap  fo r  every  v iew  w ill b e  defined  in  th e  fixed  

w o rld  fram e  -  w e  lo ca te  a  fea tu re  at, say, the  v e c to r v , then the  co o rd in a tes  o f  th is  v ec 

to r  in  th e  o b jec t-cen te red  fram e  w ill be  g iven  b y  T rn 1V.



A s th e  o b jec t is  ro ta te d  o n  th e  tu rn tab le  fo r  a  d iffe ren t v iew , th e  o b jec t-cen te red  

fram e  a lso  ro ta te s  w ith  th e  ob ject; h o w ev er, th e  ran g e  m ap  is  s till in  th e  sam e w o rld  

fram e. L e t th e  ang le  o f  ro ta tio n  o f  th e  tu rn tab le , m easu red  co u n terc lo ck w ise  in  th e  xy- 

p la n e  o f  th e  w o rld  fram e, fo r  the  i th v iew  b e  0,-. T h e  tran sfo rm atio n  th a t tak es  u s  fro m  

th e  fixed  w o rld  fram e  to  th e  o b jec t-cen te red  fram e  fo r  th e  i th v ie w  is  g iven  b y  T rJ1,

: w h ere

Trl -  T r q R o tz-(Qi) (4 .1)

w ith  R o t /  d efined  by

cosG,- -sinG,- 0  0  

sinGi cosG,- 0  0  

0  0  I 0

0  0  0  1

N o te  th a t  th e  m a trix  Rot(Q) ro ta te s  a  v e c to r  th ro u g h  an ang le  0  co u n terc lo ck w ise  in  the  

x y -p lan e . T h ere fo re , i f  in  th e  i th ran g e  m ap , an  o b jec t fea tu re  is  fo u n d  to  b e  lo ca ted  at, 

say, th e  v e c to r  v , th en  th e  co rresp o n d in g  v e c to r in  th e  o b jec t-cen te red  fram e  is  T rJ1 v.

In  th e  d e riv a tio n  o f  E q u a tio n  (4 .1), w e  h av e  m ade  use  o f  th e  k n o w led g e  th a t the  

o b je c t u n d e rtak es  a  ro ta tio n  a ro u n d  a  k n o w n  ax is  th ro u g h  a k n o w n  ang le  fro m  o ne  v iew  

to  th e  nex t. C learly , w h en  th e  o b jec t is  flipped  fo r gen era tin g  in fo rm atio n  o n  its  u n d e r

side, th is  tran sfo rm a tio n  w ill cease  to  b e  va lid . W e  th e re fo re  m u st h av e  reco u rse  to  

som e a lg o rith m  th a t can  re -e stab lish  th e  tran sfo rm atio n  o f  th e  o b je c t in  th e  n ew  setting . 

T h e  a lg o rith m  th a t is  u sed  fo r  th is  p u rp o se  is  v e ry  s im ila r to  th e  o n e  u sed  fo r  genera ting  

p o se -tran sfo rm atio n  hyp o th eses in  th e  o b jec t reco g n itio n  sy stem  d e sc rib e d  in  C h ap ter 3. 

W e  w ill n o w  d esc rib e  h ow  ex ac tly  w e  find  th e  tran sfo rm atio n  th a t tak es  u s  fro m  the  

w o rld  fram e  to  th e  o b jec t-cen te red  fram e  a fte r th e  o b jec t is  flipped .

A ssu m e  th a t in  th e  first se t o f  scans, b e fo re  th e  o b je c t is  flipped , th e  sy stem  has 

c o lle c te d  a ll th e  p o ssib le  L F S ’s fro m  th e  p a rtia l m o d e l co n stru c ted  so  far. F u rth e r 

a ssu m e  th a t a t le as t o ne  o f  th ese  L F S ’s is  v is ib le  in  the  th e  first v iew  a fte r th e  o b jec t is  

flipped . T h e  a lg o rith m  then  p ro ceed s  as fo llow s: E x trac t ev ery  L F S  fro m  th e  ran g e  

im ag e  an d  try  to  find  a  m a tch ed  L FS  in  th e  p a rtia l m odel b u ilt so  fa r fro m  th e  topside  

v iew s. E ach  such  m atch  w ill, in  genera l, lead  to  a d iffe ren t p o se  tran sfo rm atio n  fo r  the  

o b jec t in  its  flipped  po sitio n . F o r  each  such  p o se  tran sfo rm atio n , w e  co u n t the  n u m b er 

o f  fea tu res  e x tra c te d  fro m  th e  ran g e  im ag e  th a t can  b e  m a tch ed  w ith  th e  p a rtia l m odel. 

T h e  p o s e  tran sfo rm a tio n  y ie ld in g  th e  la rg e s t c o u n t is  accep ted  as th e  tran sfo rm atio n  tha t 

tak es  u s  fro m  th e  w o rld  fram e  to  th e  o b jec t-cen te red  fram e. T h e  a lg o rith m  fo r  co m p u t

in g  th is  tran sfo rm atio n  is  sk e tch ed  be low  in  p seu d o  language :
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reestab lish _ tran sfo rm  ( / ,  Om) {

e x tra c t f e a tp ^ s  {5} frp m  range  im age  /  

f  ex tra c t a  ne\y  LF Ss f ro m { S }

i f  (LFSs m atch es an  L F S  in  Om)

;'" > ’;::''^"-'''^'''estimate'7>*

co u n t #  o f  m a tch in g  fea tu res b e tw een  {5} and  Om u n d e r T r  

go  to  *
A,

re tu rn  th e  T r  w h ich  y ie ld s  the  m ax im al c o u n t }

O n ce  th is  transfo rm ation , d eno ted  by  Trt , is  found , fo r su b seq u en t ro ta tio n s  o f  the  

o b jec t the  tran sfo rm atio n  th a t tak es  u s  d irec tly  fro m  th e  fixed  w o rld  fram e, in  w h ich  all 

ran g e  m ap s  a re  construc ted , to  th e  o b jec t-cen te red  fram e are  d e te rm in ed  as befo re . In  

o th e r w o rd s, i f

Tri = T r t R o tz(B i) (4 .2)

then , T ri tak es u s  fro m  the  fixed  w o rld  co o rd in a tes  to  the  o b jec t-cen te red  co o rd in a tes  

fo r  th e  i th v iew  taken  a fte r the  o b jec t is flipped. A t the  r isk  o f  b e ing  rep e titio u s , w e 

w o u ld  lik e  to  e lab o ra te  by  say ing  th a t i f  in  th e  i th range  m ap  a fte r th e  o b je c t is  flipped , 

i f  a  fea tu re  is  lo ca ted  at th e  v ec to r v  in  the  w orld  fram e, then  th e  co rre sp o n d in g  v e c to r 

in  th e  o b jec t-cen te red  fram e  is  g iven  by  T rJ1V.

4.4 . M o d e l I n i t ia t io n  in  th e  F i r s t  V iew

O nce  th e  o b jec t-cen ie red  coo rd ina te  sy stem  is  e stab lish ed , th e  p ro ced u re  fo r  in i

tia tin g  a  p a rtia l o b jec t m o d e l fro m  the  first v iew  is  ra th e r stra ig h tfo rw ard . W e  first 

tran sfo rm  th e  p o s itio n /o rien ta tio n  a ttribu tes o f  every  d e tec ted  o b je c t fea tu res  in  the  

im ag e  fro m  th e  w o rld  co o rd in a te  sy stem  to  th e  o b jec t-cen te red  co o rd in a te  sy stem  by  

m u ltip ly in g  th e  a ttribu tes  fro m  the  le ft by  T r i1. In  short, w e  p e rfo rm  th e  fo llo w in g  

fea tu re  transla tion :

T r i1 (Si) - *  M c(i) (4 .3)

w h ere  S i is  a  scene  fea tu re  and  M c^  is  the  tran sla ted  m o d el fea tu re  re la b e le d  as c ( i) .

A s  m e n tio n ed  in  C h ap te r 3, a  fea tu re  can  genera lly  b e  d e sc rib e d  by  th ree  sets o f  

a ttribu tes: shape , re la tio n  and  position /o rien ta tion . O f  these , o n ly  p o sitio n /o rien ta tio n  

a ttribu tes  a re  tran sfo rm atio n  dependen t. W e thus can  rew rite  ex p ress io n  (4 .3) in  te rm s 

o f  th e  th ree  sets o f  a ttrib u tes  as fo llow s:

sa  (Si) sa  (M C(,)) for a ll sa  e  S A (S i)



c(ra  (Si)) —» ra  (M c(t)) for a ll ra  e  R A (S i)

T r - 1 Cla(Si) ) - *  l a (Me(O) - f o r a / /  I a s L A ( S i)

N o te  tha t, as p o in ted  o u t in  C h ap ter 3, som e o f  th e  shape  a ttrib u tes  and  

p o s itio n /o rien ta tio n  a ttrib u tes  are v iew p o in t d ep en d en t, i.e . th e  v a lu es  o f  those  a ttri

bu tes  a re  su b jec t to  occlu sion . T h ere fo re  w hen  add ing  a  fea tu re  to  th e  m o d el w e  m u st 

tak e  n o te  W hether th e  fea tu re  is  o cc lu d ed  in  th e  scene. F o r ex am p le , a  su rface  reg io n  in  

an  im ag e  m a y  h av e  b een  o cc lu d ed  b y  som e o th e r su rfaces i f  any  o n e  o f  its  bo u n d aries  is  

an  o cc lu d ed  boundary ; co n seq u en tly , som e o f  th e  a ttribu tes , say , a rea  and cen tro id , o f  

th e  reg io n  m a y  n o t b e  accu ra te . I f  a  fea tu re  in  th e  im ag e  is  fo u n d  o ccluded , w e  m u st 

re g a rd  its  v ie w p o in t d ep en d en t a ttrib u tes  as ''W eak1Vattributes, m ean in g  th a t th e ir v a lu es  

w ill b e  o v erw ritten  o r  m od ified  i f  a  m ore  co m p le te  v e rs io n  o f  th e  fea tu re  is  de tec ted  

again  in  any  o f  th e  sub seq u en t v iew s o f  th e  o b jec t. In  o u r c u rre n t im p lem en ta tio n , w e 

d o  n o t ex p lic itly  m a rk  a ttrib u tes  as “ w eak" w hen  o cc lu s io n s  a re  de tec ted ; o r, o n e  m ig h t 

say, w e  tre a t ev e ry  a ttrib u te  as “ w eak ."  T o  ex p la in , suppose  fro m  a  g iv en  v iew  th e  a rea  

o f  a  su rface  h as  b een  ex trac ted , an d  then  i f  fo r  th e  sam e su rface  a  la rg e r a rea  beco m es 

av ailab le  in  a  su b seq u en t v iew , th e  la rg e r v a lu e  w ill o v e rw rite  th e  e a rlie r  sm alle r va lue. 

O f  co u rse , th e re  are  a ttribu tes  th a t are n o t am en ab le  to  th is  “ overw rite"  fo rm ula; m ore  

o n  th is  su b jec t in  th e  n ex t sec tion .

A fte r  th e  fea tu res  e x trac ted  fro m  th e  first ran g e  m ap  a re  tran s la ted , p o in te rs  to  

th em  m u s t b e  reco rd ed  o n  a  fea tu re  sphere, o r  a  se t o f  fea tu res  spheres i f  d iffe ren t 

c lasses  o f  fea tu res  a re  u sed . T o  accom plish  th is, th e  p rin c ip a l d irec tio n  o f  each  fea tu re  

is  c a lc u la te d  fro m  its p o sitio n /o rien ta tio n  a ttrib u tes  in  acco rd an ce  w ith  th e  fo rm u las  

p re sen te d  in  C h ap te r 3. F ro m  th e  p rin c ip a l d irec tio n  o f  a  fea tu re , its  co rresp o n d in g  ce ll 

o n  th e  sp h ere  is  fo u n d  b y  u sing  th e  te sse l— assignm ent fu n c tio n , a lso  d esc rib ed  in  

C h ap ter 3.

4 .5 .  U p d a t i n g  t h e  M o d e l

W e w ill nOw d iscu ss  h o w  th e  fea tu res  ex trac ted  fro m  a  n ew  v iew  are  u sed  to  

u p d a te  th e  p a rtia l m odel b u ilt fro m  th e  p rev io u s  v iew s. T h is  im p lie s  th a t th e  system  

m u st first d ec id e  w h e th e r a  fea tu re  d e tec ted  in  th e  n ew  v iew  is  in d e ed  "new " to  th e  p a r 

tia l m o d el; i f  i t  is, th e  sy stem  shou ld  add  th e  fea tu re  to  th e  p a rtia l m o d e l, o th e rw ise  the 

n ew  in fo rm atio n  o n  w h a t is  an  a lead y  ex is ten t fea tu re  m u st so m eh o w  b e  m erg ed  w ith  

th e  o ld  in fo rm atio n .

T h e  n ew n ess/o ld n ess  o f  a  fea tu re , ex trac ted  fro m  th e  new  v iew , w ith  re sp ec t to  the  

p a rtia l m o d e l can  on ly  be d e te rm in ed  by  co m p arin g  th e  fea tu re  w ith  th o se  a lread y  

s to red  in  th e  p a rtia l m odel. C learly , th is  co m p ariso n  o f  fea tu res  is  th e  sam e as the  

fea tu re  m a tch in g  p ro b lem  d iscu ssed  in C h ap te r 3. R eca ll th a t fo r  each  v iew  o f  the
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ob jec t, th e  tran sfo rm atio n  th a t takes u s fro m  th e  w o rld  coo rd ina tes , in  w h ich  th e  scene 

fea tu res  are  ex trac ted , to  the  o b jec t-cen te red  co o rd in a tes  u sed  fo r  the  fe a tu re  spheres is 

k n o w n  to  th e  system , a s  i t  c an  be ca lcu la ted  fro m  eq u a tio n  (4 .1) o r  (4 .2). G iv en  th e  new  

fea tu re , w e  first tran sla te  it  to  th e  o b jec t-cen te red  coo rd in a te  fram e  v ia  7V-1 by  u sin g  

th e  fo rm u las  show n  earler; w e  then  co m p u te  its  p rin c ip a l d irec tion . T h is  p rin c ip a l d irec 

tion  w ill c o rre sp o n d  to  a  p a rticu la r tessel o n  th e  fea tu re  spheres o f  th e  m odel. T h e  

n e ighborhood  o f  th is tesse l is  searched  fo r any  reg is te red  m o d e l fea tu res  to  an sw er the  

qu estio n  w h e th e r th e  new  fea tu re  is  th e  sam e as o ne  o f  the  o ld  fea tu res. C learly , the  

size  o f  th is  n e ig h b o rh o o d  shou ld  d epend  o n  th e  uncerta in ty  in  th e  co m p u ta tio n  o f  the  

p rin c ip a l d irec tio n , and  every  m o d el fea tu re  in  th e  n e ig h b o rh o o d  is  a  can d id a te  fo r  te s t

in g  ag a in s t th e  n ew  scene  fea tu re . A s in  o b jec t reco g n itio n , fea tu re  co m p ariso n s  are  

m ad e  o n  th e  b a s is  o f  th ree  c rite ria  —  shape, re la tio n , p o s itio n /o rien ta tio n , I f  n o  can d i

da te  fea tu res  can  b e  fo u n d  in  the  ne ighborhood  o n  th e  fea tu re  spheres, o r  i f  a ll th e  c an 

d ida te  fea tu res  in  the  ne ighborhood  fa il to  m atch , th e  n ew  fea tu re  is  c o n sid e red  to  be  

new  in fo rm atio n  abou t th e  m odel, and  is then  ad d ed  to  th e  m o d e l as w ere  the  fea tu res  

d u rin g  th e  m o d e l in itia tion  stage  in  th e  first v iew .

O n  th e  o th e r hand , i f  a  fea tu re  ex trac ted  fro m  th e  cu rren t v iew  o f  th e  o b je c t can  be  

m a tch ed  to  o n e  o f  th e  fea tu res  on  th e  p a rtia l m odel, w e m u st th en  d ec id e  w h a t to  do  

w ith  th e  fea tu re . A lthough , the  sim p lest so lu tion  w o u ld  be to  to ta lly  ig n o re  th e  new  

fea tu re , o n e  has to  b ea r in  m in d  the  possib ility  th a t the  new  a ttrib u te  v a lu es  m ig h t be 

“ superio r"  to  the  o ld  va lu es , in  th e  sense th a t they  m ig h t be m o re  free  o f  occ lu sio n , o r  

m ay  b e  less d is to rted  d ue  to  no ise  and  o th e r artifacts. W e therefo re  n eed  som e m e ch a n 

ism  fo r  “ com b in in g "  th e  o ld  and  th e  new  a ttribu te  v a lu es  in  such  s itua tions.

F o r a ttribu tes  th a t a re  v iew p o in t ind ep en d en t, th e  new  and  th e  o ld  a ttrib u te  v a lu es  

are  b e s t c o m b in e d  by  tak in g  an  average  o f  th e  tw o , a ssum ing  th a t w e  h av e  as m u ch  

con fidence  in  th e  new  a ttrib u te  v a lu e  as in  the  o ld . F o r exam ple , i f  th e  a ttrib u te  radius 

o f  a  fea tu re  cy lin d r ica l-su rfa ce  a lready  ex ists  in  the  pa rtia l m o d e l, and  i f  fro m  the  

c u rren t v ie w  a  n e w  v a lu e  becom es availab le  fo r  th is  a ttribu te , then , s ince  th is  a ttribu te  

is  v iew p o in t in dependen t, w e shou ld  up d a te  the  v a lu e  o f  radius by  av erag in g  th e  tw o 

values. S im ila r  u p da ting  w o u ld  have  to  be  d one  fo r  o th e r v ie w p o in t in d ep en d en t a ttri

bu tes  lik e  the  n o rm al o f  a  p la n a r su rface  o r  the  p o sitio n  o f  a  vertex .

A n  en tire ly  d iffe ren t s tra tegy  is  req u ired  fo r v iew p o in t d ep en d en t a ttribu tes . In  th is 

case , i f  bo th  th e  p a rtia l m o d el and  the  new  v a lu es are u n occluded , th e  system  takes an  *

* . ■ - ■■■ ■ ■
O f  c o u r s e ,  t h i s  i s  a  v e r y  s im p le  s tr a t e g y  th a t  s u f f i c e s  w h e n  t h e  s a m e  f e a tu r e  w o u ld  n o t  b e  

s e e n  in  m o r e  th a n  t w o  o r  th r e e  v i e w s .  F o r  t h o s e  f e a tu r e s  th a t  m ig h t  b e  v i s i b l e  in  a  la r g e  n u m b e r  o f  

v i e w s ,  in  a n y  c o m b in a t io n  th e  n e w  a t tr ib u te  v a lu e s  w o u ld  h a v e  t o  g i v e n  a  w e ig h t  th a t  w o u ld  b e  

in v e r s e l y  p r o p o r t io n a l  t o  th e  n u m b e r  o f  u p d a te s  a lr e a d y  m a d e  f o r  th a t  a t t r ib u te  v a lu e .



av erag e  o f  th e  tw o. O n  th e  o th e r hand , i f  o n e  o f  th e  v a lu es  is  occ lu d ed , w e  re ta in  on ly  

th e  u n o cc lu d ed  one . A nd , i f  bo th  are  o ccluded , th e  sy stem  tak es  a  w e ig h ted  averag e  o f  

th e  tw o , each  w e ig h t b e in g  p ro p o rtio n a l to  th e  n u m b er o f  p ix e ls  v is ib le  to  th e  sensor.

N o te  th a t th e  n o tio n  o f  averag ing , w e ig h ted  o r  u n w eigh ted , fo r  u p d a tin g  th e  v a lu e  

o f  an  a ttrib u te  can  o n ly  b e  ap p lied  to  n u m erica l a ttribu tes. F o r n o n -n u m erica l a ttri

b u tes, h o w  th e  n ew  in fo rm atio n  is  co m b in ed  w ith  th e  o ld  is  d ec id ed  o n  a  case -b y -case  

basis . F o r  ex am p le , w h en  m erg in g  tw o  sets o f  fea tu res  th a t a re  th e  v a lu es  o f  tw o  ad ja 

cen cy  a ttrib u tes , w e  take  th e  un ion  o f  th e  tw o  sets.

4 .6 .  E x p e r i m e n t a l R e s u l t s

T h is  sec tio n  w ill p re sen t an  ex am p le  fo r  illu s tra tin g  h o w  th e  en tire  m o d e l lea rn in g  

p ro cess  is  c a rrie d  ou t. T h e  o b je c t u sed , d isp lay ed  in  F ig . 4 .3 , co n sis ts  o f  th irteen  p la n a r 

faces  an d  o n e  co n ica l su rface. T o  g ive  th e  re a d e r a  ro u g h  id ea  o f  th e  size  o f  th e  ob ject, 

th e  le n g th  and  th e  w id th  o f  th e  o b jec t a re  ap p ro x im ate ly  7" and  3 .5", re sp ec tiv e ly ; the  

h e ig h t to  th e  h e ig h es t p o in t, in  th e  m idd le  o f  th e  ob ject, is  abou t 3". T h e  m odel lea rn 

in g  e x am p le  d iscu ssed  h ere  genera tes  all th e  su rfaces fro m  o n ly  th e  top  v iew s; in  o th e r 

w o rd s , th e  o b je c t w as n o t flipped. F o r m o d e lin g  the  un d ers id e , th e  sy stem  u se d  the  

d e fa u lt a ssu m p tio n  th a t th e  u n d ers id e  w as  a  p la n a r  su rface , w h ich  in  th is  case  hap p en s 

to  b e  a  fac t. T h e  system  w as co m m an d ed  to  take  six  v iew s o f  th e  ob jec t, 60  d eg ree  

apart. T h e  ra n g e  im ag e  o f  each  v iew  co n sis ted  o f  85 scans w ith  0 .1" scan  reso lu tio n , 

m ean in g  th a t  b e tw een  successive  p o sitio n s  o f  th e  s tru c tu red -lig h t u n it d u rin g  a  tran s la 

tion , th e  d is ta n ce  trav e led  b y  th e  u n it a long  th e  y -ax is  o f  th e  w o rld  co o rd in a te  sy stem  

w as 0 .1" . F ig . 4 .4 (a -f) are  th e  s tripe  im ag es fo r  th e  six  v iew s, a n d  F ig . 4 .5 (a -f) are  the ir 

seg m en ted  n eed le  m aps. T h e  lab el o f  each  seg m en ted  re g io n  is  d isp lay ed  n e a r the  

c en te r o f  th e  reg ion . T h e  fea tu res  ex trac ted  fro m  each  v iew  c o n sis t o f  p rim itiv e  su r

faces  an d  ve rtices; th e  m o d e l rep re sen ta tio n  w ill b e  b ased  o n  th ese  tw o  c lasses  o f  

fea tu res. F o r  c la rity , w e  w ill focus o u r d iscu ss io n  m o s tly  o n  su rface  fea tu res, th o u g h  

w e w ill m e n tio n  v e rtex  fea tu res  w h en  re lev an t. N o tice  th a t re g io n  5 o f  v iew  I ,  reg io n  4  

o f  v ie \v -2 , reg io n  2  o f  v iew -3 , e tc . are  th e  face  o f  th e  tu rn tab le  so th ey  a re  ex c lu d ed  

fro m  the  m o d e l lea rn in g  p rocess .

4 .6 .1 .  I n i t i a t ih g  t h e  M o d e l

B efo re  w e  s tart to  p ro cess  th e  first v iew , art o b jec t-cen te red  coo rd in a te  sy stem  is  

defined  acco rd in g  to  the  p ro ced u re  d esc rib ed  in  S ec tion  3 w ith  re sp ec t to  th e  w o rld  

co o rd in a te  sy stem  in  w h ich  the  s tru c tu red -lig h t scan n er is ca lib ra ted . T w o  spherica l 

a rrays w ith  freq u en cy -o f-g eo d esic -d iv is io n  eq u a l to  16, w h ich  lead s  to  25 6 2  ce lls  on  

each  sp here , a re  then  c re a te d  to  rep re sen t tw o  fea tu re  sp h eres , o n e  fo r  su rface  fea tu res,
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F ig u re  4 .4 . G o n tin u ed
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F ig u re  4 .5 . S e g m e n te d  need le  m aps o f  the  six  v iew s o f  the ob ject.
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an d  th e  o th e r  fo r v e rtex  fea tu res. T h e  tw o  fea tu re  spheres  fo rm  th e  b ases  fo r  fea tu re  

m a tch in g  in  th is  m o d e l learn in g  p rocess . A s show n  in  F ig  4 .5 -a , 9  reg io n s  and  16 v e r

tices, th e  v e rtices  a re  n o t labeled , a re  d e tec ted  in  th e  first v iew . R eg io n  5, w h ich  is  the  

face  o f  th e  tu rn tab le , w ill n o t b e  co n sid e red  as a  su rface  fea tu re  o f  th e  ob jec t, so  o n ly  8 

su rface  fea tu re s  are  p assed  o n  to  th e  learn in g  p ro cess . F u rth erm o re , w e  h av e  ch o sen  to  

d is reg a rd  scen e  v e rtices  fo rm ed  b e tw een  a  cu rv ed  su rface  an d  a  p la n a r/cu rv ed  su rface  

b ecau se  th ey  u su a lly  are  spu rious ju n c tio n s  cau sed  b y  occlusion .

A s w a s  m e n tio n ed  in  C h ap ter 3 , e ach  fea tu re  is  rep re sen ted  in  th e  co m p u te r 

m em o ry  b y  a  fram e  d a ta  struc tu re . F o r  ex am ple , th e  a ttrib u te  fram e  fo r  th e  reg io n  I 

ex trac ted  fro m  th e  first v iew  is  as fo llow s:
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R eg io n  I 

T ype: p la n a r  

N u m b er_ o f_ p ix e ls : 743  

N u m b er_ o f_ ad jacen t_ reg io n s: 3 

A d jacen t_ reg io n s: (2  9  4)

T y p e_ o f_ ed g e_ w ith _ ad jacen t_ reg io n : (convex  co n v ex  convex)

V ertices_ b e tw een _ ad jacen t_ reg io n s: ( ( 1 ,2) ( 2 ,3 )  (1 2 ,1 1 ) )

V--Z^NonnaJ::

M o m en t_ d irec tio n : (0 .33467  0 .88405  0 .32627)

R eg io n _ cen te r: (-2 .11130  17.15708 4 .67800)

A  co u p le  o f  en trie s  in  th e  a ttribu te  set n eed  clarification . T o  e s tab lish  ad jacen cy  re la 

tio n sh ip s  b e tw een  reg io n s , th e  b o u n d in g  co n to u r o f  each  reg io n  in  a  ran g e  m ap  is  traced  

in  a  c lo ck w ise  d irec tio n  and  a  reco rd  m ad e  o f  th e  co m m on  ed g es  and  v e rtices  o f  a  g iven  

reg io n  w ith  o th e r  reg ions. D u rin g  b o u ndary  trac ing , n o te  is a lso  m ad e  o f  th e  s tart-vertex  

an d  th e  en d -v e rtex  w hen  a  co m m o n  ed g e  is fo u n d  w ith  an o th e r reg io n . F o r ex am p le , the  

lis t ( I ,  2 ) in  th e  v a lu e  o f  the a ttrib u te  VerticesJ> etween_adjacent_region, I is th e  lab e l 

o f  th e  s ta rt v e rtex  o f  the  co m m o n  ed g e  b e tw een  reg io n s  I and  2; 2  is  th e  lab el o f  the  

en d  vertexZ A lso , n o te  th a t the  n a tu re  o f  th is  co m m o n  edge  is  convex. A n o th e r a ttribu te

sft '
N o t e  th a t ,  in  g e n e r a l ,  a  v e r t e x  f e a t u r e  in  a  s c e n e  i s  d e f in e d  e i t h e r  a s  a  j u n c t io n  o f  th r e e  

s u r f a c e s ,  o r  a  j u n c t io n  o f  t w o  s u r f a c e s  a n d  a n  o c c lu s i o n .  H o w e v e r ,  w h e n  a n  o c c lu s i o n  i s  i n v o l v e d  

a n d  o n e  o r  b o t h  o f  t h e  s u r fa c e s  m e e t i n g  a t  a  j u n c t io n  i s  c u r v e d ,  th a t  v e r t e x  i s  ig n o r e d ,  b e c a u s e ,  

u s u a l l y ,  th a t  i s  n o t  a  r e a l  v e r t e x  in  t h e  s c e n e .  S u c h  f a l s e  v e r t i c e s  b e c o m e  e v id e n t  w h e n ,  f o r  

e x a m p le ,  a  r a n g e  m a p  i s  m a d e  o f  a  h o le  f r o m  a b o v e  w i t h  t h e  in t e r io r  o f  t h e  h o le  o n ly  p a r t ia l ly  

v i s i b l e .



th a t m ig h t b e a r  som e ex p lan a tio n  is  m om ent direction', th e  d irec tio n  re fe rs  to  th e  d irec 

tion  o f  th e  lin e  ab o u t w h ich  th e  m o m en t o f  in e rtia  is  a  m in im u m  (in  m o s t cases, th is  is 

th e  d irec tio n  a long  w h ich  the  su rface  is  m o st e longated ). T h e  a ttrib u te  N orm al app lies, 

o f  co u rse , to  o n ly  p la n a r  surfaces, w h ich  is th e  case  here . For, say , a  cy lin d rica l surface, 

in stead  o f  N orm al, th e  re lev an t a ttrib u te  w o u ld  b e  A xis, w h o se  v a lu e  w o u ld  b e  the 

d irec tio n  o f  th e  ax is  o f  the  cy linder.

In  a  s im ila r v e in , th e  a ttrib u te  fram e  fo r  v e rtex  I ex trac ted  fro m  th e  first v ie w  is :

V ertex  I

P ositio n : (-3 .9276  18.6921 5 .2745) 

B elo n g s_ to _ reg io n s: (2  I *) 

A d jacen t_ v ertices: (2 * *)

E dge_ type : (convex  * *)

In th e  ex am p le  h e re , w e  m ad e  th e  assum ption  th a t ex ac tly  3 su rfaces h a d  to  m e e t a t a 

vertex . S ince  it  is  lik e ly  th a t fo r  a  v ertex  n o t a ll th e  co n v erg in g  su rfaces m ay  b e  v is ib le  

in  a  g iv en  v iew , w e  m u st leav e  p lace -h o ld e rs  fo r  those  th a t a re  not. T h is  has been  

acco m p lish ed  b y  th e  use o f  th e  sym bol in  th e  above  fram e. T h ere fo re , ’* ’ d en o tes  an 

u n in s tan tia ted  a ttrib u te  va lue.

T h e  re a d e r h as  p ro b ab ly  no ticed  th a t ad jacen cy  in fo rm atio n  ab o u t su rfaces, v e r

tices, an d  ed g e-ty p e  o f  co m m o n  ed g es is red u n d an tly  re co rd ed  o n  th e  a ttrib u te  fram es 

o f  th e  su rface  fea tu res  as w e ll as the  v ertex  fea tu res. T h e  rea so n  fo r t h i s  is  t i m e  

effic iency , e sp ec ia lly  w h en  it  co m es to  the  use o f  ad jacency  and  ed g e-ty p e  in fo rm atio n  

on  v e rtex  fea tu res  fo r th e  gen era tio n  o f  L F S ’s. T h e  re a d e r m ay  reca ll fro m  C h ap ter 3 

th a t L F S ’s a re  used  fo r  hy p o th esis  generation .

N o w  w e  w ill d escrib e  a  step  th a t is  p a rticu la r to  m o d e l lea rn in g . W h ile  th e  a ttri

b u te  fram es w e  sh o w ed  above  co rresp o n d  to  scene fea tu res  in  th e  o b je c t reco g n itio n  

d iscu ssed  in  C h ap te r 3, fo r the p u rp o se  o f  m o d e l learn in g  each  scene  fea tu re  m u st e ith e r 

beco m e a  m o d e l fea tu re  o r  m u st b e  m erged  w ith  o ne  o f  th e  ex is tin g  m o d e l fea tu res. 

S ince , w e  are  a t th is  tim e  d iscu ss in g  the  first v iew  o f  the  ob jec t, a ll scene  fea tu res  

beco m e m o d e l fea tu res  and  are  used  to  in itia te  the  m odel. T o  co n v ert a scene  fea tu re  

in to  a  m odel fea tu re , w e  m u st tran sla te  its positio n /o rien ta tio n  a ttrib u tes  fro m  th e  w o rld  

coo rd in a te  fram e  in  w h ich  th e  d a ta  a re  taken  in to  th e  o b jec t-cen te red  fram e  in  w hich  

th e  m o d e l is  bu ilt. D u rin g  th is  p ro cess  o f  transla ting  fea tu res in to  th e  o b jec t-cen te red  

co o rd in a tes , th e  fea tu res  a re  a lso  ass ig n ed  new  labels, th is  b e in g  d o n e  fo r  p u re ly  

cosm etic  reaso n s. F o r exam ple , in itia lly , as show n in  F ig . 4 .5 (a ), th e  ex trac ted  su rfaces



are la b e led  I ,  2 , 3, 4 , 6 , 7 , 8 and  9 , w ith  lab e l 5 co rresp o n d in g  to  th e  tu rn tab le . A fte r 

d ro p p in g  re g io n  5 , an d  tran s la tin g  th e  rem a in in g  su rface  fea tu res  in to  th e  ob ject- 

cen te red  co o rd in a tes  b y  m u ltip ly in g  th e  p o sitio n /o rien ta tio n  v ec to rs  fro m  th e  le ft by  

T rJ1, th e  n e w  su rface  lab els  as s to red  in  th e  m o d e l beco m e I ,  2 ,... , 8. A s an  exam ple,

m o d e l su rface  I h as  the  fo llo w in g  a ttrib u te  fram e:
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S u rface  I 

T y p e : p la n a r

N o m al: (-0 .0050  -0 .3446  0 .9387) 

M o m en t_ d irec tio n : 0 .3347  0 .8841  0 .3263

R eg io n _ cen te r: 0 .0137  -1 .7699  0 .8 9 9 0

N u m b er_ o f_ ad jacen t_ reg io n s: 3 

A d jacen t_ reg io n s: (2  8 4 )

an d  co rre sp o n d s  to  th e  scene  su rface  I  show n in  F ig . 4 .5 (a). S im ilarly , a ll th e  v e rtex  

fea tu res  e x tra c te d  fro m  th e  scene  in  th e  first v iew  are  tran sfo rm ed  and  re labeled .
\ -i," . :  . ■ ' : ' . " ■

A fte r  th e  co n v ersio n  o f  scene  !features in to  m o d el fea tu res , th e  p rin c ip a l d irec tion  

o f  each  su rface  an d  v e rtex  m o d e l fea tu re  is  co m p u ted  in  the  o b jec t-cen te red  co o rd in a te  

system . O n  th e  b a s is  o f  th e  p rin c ip a l d irec tio n , each  fea tu re  is  a ss ig n ed  a p o in te r  o n  the  

c o rre sp o n d in g  tesse l o n  th e  ap p rop ria te  fea tu re  sphere. F ig . 4 .6  show s th e  su rface  

fea tu re  sphere  co n stru c ted  fro m  the  fea tu res  g lean ed  fro m  th e  first v iew . T o  h e lp  the  

re a d e r  a sso c ia te  th e  d iffe ren t su rfaces w ith  th e  en tries  o n  th e  fea tu re  sphere , w e  h av e  

show n  in  (a) th e  d iffe ren t su rfaces o f  th e  o b jec t a n d  th e ir  lab e ls  as g en era ted  b y  p ro 

cess in g  th e  first v iew . N o te  th a t (a) is  n o t a  sy n th esized  m o d e l, b u t o n ly  a  m ean s to  

t r a n s m i t  to  th e  re a d e r  th e  su rface-lab e l asso c ia tio n  a t the  e n d  o f  v ie w  I .

4 .6 .2 .  U jp d a t in g  t h e  M o d e l

N o w  as each  n ew  v iew  o f  th e  o b jec t is  taken , W e  can  u se  it to  u p d a te  th e  m odel 

in itia te d  w ith  th e  d a ta  fro m  th e  first v iew  and  u p d a ted  by  all th e  p rev io u s  v iew s. I f  

th e re  a re  any  co m m o n  fea tu res  b e tw een  th e  n ew  v iew  an d  th e  p a rtia l m o d e l b u ilt so  far, 

th ey  m u s t b e  d isco v ered  b y  m atch ing . O f  cou rse , i f  th ere  a re  n o  c o m m o n  fea tu res, then  

a ll w e  n eed  d o  is  to  m ere ly  add  th e  new  fea tu res  to  th e  fea tu re  spheres b u ilt fro m  the  

p rio r v iew s. C onsider, fo r  ex am p le , v iew  2 , w h ich  in  th e  ex am p le  u n d e r d iscu ss io n  is at 

an  an g le  o f  60° c lo ck w ise  fro m  v iew  I . F ig  4 .5 (b ) show s th a t th e  ran g e  im ag e  fo r  th is 

v iew  is  seg m en ted  in to  8 reg ions; ex cep t fo r  reg io n  4  each  o f  th ese  re g io n s  re p re se n ts  a 

su rface  fea tu res  o f  the  o b jec t v is ib le  fro m  th e  v iew  p o in t co rre sp o n d in g  to  v ie w  2. B y



( a )  T h e  p a r t ia l  m o d e l  b u i l t  f r o m  v i e w  I

4 r  3 /

( b )  S u r f a c e  f e a tu r e  s p h e r e  o f  t h e  p a r t ia l  m o d e l

F igu re  4 .6 . A  p a rtia l m odel b u ilt fro m  th e  fea tu res  ex trac ted  fro m  th e  first v iew , / " p n  
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co m p arin g  w ith  4 .5 (a), o n e  can  im m ed ia te ly  o b serv e  th a t re g io n  6  is  th e  on ly  n ew  su r

face  fea tu re  seen  in  v iew  2 , w h ile  th e  rem ain in g  6 a re  seen  in  th e  first v iew  and  shou ld  

a lready  h av e  b een  re c o rd ed  in  th e  p a rtia l m odel. T h e  m o d e l lea rn in g  p ro cess  "learns" 

th is  fac ts  b y  m a tch in g  fea tu res  in  v iew  2  w ith  th e  p a rtia l fea tu re  sphere  co n stru c ted  

fro m  v iew  I . T h is  lea rn in g  p ro cess  co n sis ts  o f  tran sfo rm in g  th e  p o sitio n /o rien ta tio n  

in fo rm atio n  o f  each  v iew  2  fea tu re  in to  th e  o b jec t-cen te red  c o o rd in a te  sy stem  v ia  T f ^ , 

and  th en  co m p u tin g  th e  p rin c ip a l d irec tio n  a sso c ia ted  w ith  th e  fea tu re . A  sm all n e ig h 

b o rh o o d  o n  th e  fea tu re  sp h ere  cen te re d  a t th e  tesse l co rre sp o n d in g  to  th e  co m p u ted  

p rin c ip a l d irec tio n  is  then  sea rch ed  fo r  a  co m p atib le  p a rtia l m o d e l fea tu re . C urren tly , 

th is  n e ig h b o rh o o d  is  o f  rad iu s  2  te sse ls  w h ich  co rresp o n d s  to  a n  a llo w ab le  un certa in ty  

o f  8° in  th e  p rin c ip a l d irec tion .

C onsider, fo r  ex am p le , th e  reg io n  m ark ed  su rface  5 in  F ig . 4 .5 (b ). O n  th e  b asis  o f  

its  p rin c ip a l d irec tio n , th is  su rface  is  fo u n d  to  m a tch  the  p a rtia l-m o d e l su rface  8 show n 

in  F ig . 4 .6 (a ). F o r reg io n  I  in  F ig . 4 .5 (b ), th ere  are th ree  can d id a te  m o d e l fea tu res, 

th e se  a re  m a rk e d  I ,  4  and  6  in  F ig . 4 .6 (a); a ll th ree  o f  th ese  p a rtia l-m o d e l fea tu res  fa ll 

in to  th e  sam e te sse l o n  th e  fea tu re  sphere , as d ep ic ted  in  F ig . 4 .6 (b ). In  th is  case , 

p a rtia l m o d e l su rface  4  ex c lu d ed  fro m  fu rth e r co n sid e ra tio n  o n  th e  b asis  o f  th e  su rface  

ty p es. P a rtia l-m o d e l su rface  6  is e lim in a ted  as a  p o ssib le  m a tch  fo r  scene  su rface  I on  

th e  b asis  o f  th e  v a lu es  o f  th e  no rm al d is tan ces o f  th e  su rfaces in v o lv ed  in  th e  m a tch in g  

p ro cess . W h a t is  b e in g  sa id  he re  is th a t i f  w e  take  th e  d o t p ro d u c t o f  no rm al to  p artia l- 

m o d e l su rface  6  w ith  th e  p o s itio n  v e c to r to  any  p o in t o n  th e  su rface  6, w e  v u l i  o b ta in  

th e  n o rm al d is tan ce  to  th e  su rface  6 (rem em ber, th a t th e  p o in t n ecessa ry  fo r th is  c a lc u 

la tio n  is  s to red  as o n e  o f  th e  a ttribu tes  fo r  p la n a r  su rfaces). N o w , i f  w e  ca rry  o u t the  

sam e c a lcu la tio n  fo r  v iew -2  su rface  I ,  the  n o rm al d is tan ce  c o m p u te d  w ill b e  d iffe ren t 

fro m  th a t ca lcu la ted  fo r  p a rtia l-m o d e l su rface  6, m ak in g  th e  tw o  unm atchab le . S o , u lti

m a te ly , w e  c an  find  th a t v iew -2  su rface  I m u st co rre sp o n d  to  p a rtia l-m o d e l su rface  I .

C o n tin u in g  th e  above  m atch in g  p ro cess  w ith  each  o f  th e  fea tu res  in  v iew  2 , w e 

e v e n tu a lly  co n c lu d e  th a t Surface 6  in  F ig . 4 .5 (b ) is  new  and  w as n o t seen  in  v iew  I . 

T in s  s u r fa c e  is  ad d ed  to  th e  p a rtia l m o d e l and  g iven  th e  lab el 10 (n o t show n  in  figures).

N o w  co n s id e r su rface  8 in  F ig . 4 .5 (b ). I t  is  fo u n d  to  m atch  p a rtia l-m o d e l su rface  7 

show n  in  F ig . 4 .6 (a ). H ow ever, th e  a rea  o f  th e  su rface  in  th e  seco n d  v iew  is  ih u ch  la rg e r 

th an  th a tI n  th e  first v iew . T h ere fo re , in  th is  case  th e  p rocess  u p d a tin g  th e  p a rtia l m o d e l 

co n sis ts  o f  o v e rw ritin g  the  v a lu e  o f  the  a ttrib u te  area. A fte r v ie w -2  su rface  8 is  m erg ed

N o t e  th a t  w e  c o u ld  n o t  h a v e  f ir s t  c o m p u t e d  t h e  p r in c ip a l  d ir e c t io n  in  t h e  w o r ld  c o o r d in a t e  f r a m e  

a n d  th e n  t r a n s fo r m e d  t h e  r e s u l t in g  v e c t o r  in t o  the: o b j e c t - c e n t e r e d  c o o r d in a t e  f r a m e .  T h e  r e a s o n  

f o r  th is  i s  th a t  p r in c ip a l  d ir e c t io n s  a r e  d e f in e d  w i t h  r e s p e c t  t o  th e  o r ig in  o f  t h e  o b je c t - c e n t e r e d  

c o o r d in a t e  f r a m e  a n d  th e r e f o r e  c a n  o n ly  b e  c o m p u t e d  in  th i s  f r a m e .
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w ith  p a rtia l-m o d e l su rface  7 in  th is  m anner, w e  reca lcu la te  th e  su rface  n o rm al an d  the  

reg io n  c e n te r  a sso c ia ted  With th e  up d a ted  m odel su rface  7. W e m u s t a lso  u p d a te  the  

ad jacen cy  in fo rm atio n  asso c ia ted  w ith  th e  m odel su rface  7 , s ince  th e  co rresp o n d in g  

v iew -2  su rface  8 w as fo u n d  ad jacen t to  v iew -2  su rface  6, w h ich  is  n o w  p a rtia l-m o d e l 

su rface  10. T h is  u pda ting  o f  ad jacency  in fo rm ation  a lso  tak es p lace  fo r  p a rtia l-m o d e l 

su rfaces 2  a n d  3. T h e  v e rtex  fea tu res  are  u p d a ted  the  sam e w ay as th e  su rfaces.

E aph  p f  th e  rem a in in g  fo u r v iew s is  u sed  to  upda te  th e  p a rtia l m o d e l in  th e  sam e 

m anner. T h e  fina l su rface  lab els  a re  d ep ic ted  in  F ig . 4 .7 . N o te , as w as the  case  w ith  

F ig . 4 .6 , th is  figure  is  o n ly  in ten d ed  to  he lp  the read er asso c ia te  lab e ls  w ith  th e  su rfaces 

o f  I^e  o b jec t, th e  u n d erly in g  o b jec t itse lf  w as n o t syn thesized  fro m  th e  final m odel. 

T ab le  4.1 show s fo r each  v iew  th e  m ap p in g s fro m  the  v iew  fea tu res  to  th e  partia l-m odel 

fea tu res.
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4 .7 .  D i s c u s s io n s

In  o rd e r to  d isp lay  th e  final re su lt ob ta in ed  b y  in teg ra tin g  a ll th e  six  v iew s, w e 

d e riv ed  a  w ire -fram e  rep re sen ta tio n  o f  th e  o b jec t from  the  final fea tu re  sphere. T h is  

w ire -fram e  ex is ts  in  th ree  d im en sio n s and  can  b e  ro ta ted  fo r  d isp lay . T w o  v iew s  o f  the  

w ire -fram e  a re  show n  in  F igs. 4 .8 (a ) and  (b) to g e th e r w ith  v e rtex  labels. N o tw ith s tan d 

in g  th e  fac t th a t som e o f  th e  o b jec t ve rtices  cam e  o u t d is jo in ted  in  th e  im ag es  o f  the  

“ lea rn ed  m odel"  sh o w n  in  F igs. 4 .8 (a) and  (b), the  w ire -fram e  is  co n stru c ted  read ily  

fro m  th e  v e rtex  fea tu re  sphere. W hile  the  vertices  13 and  18 show n in  F ig . 4 .8 

c o rre sp o n d  to  th e  sam e  o b jec t vertex , th ey  cam e  o u t separa ted  in  th e  learn ed  m o d e l 

becau se  o f  occlu sions. T he  sam e is  true  o f  th e  v e rtices  14 and  21 in  F ig . 4 .8 . T h is  

d ifficu lty  co u ld  p ro b ab ly  have  been  e lim in a ted  i f  w e h ad  u sed  m ore  v iew s. I t is  im p o r

ta n t to  re a lize  th a t th e  w ire -fram e  show n is  u sed  o n ly  fo r  d isp lay  and  p lay s  n o  ro le  in  

any  o f  th e  o b je c t reco g n itio n  stra teg ies, on ly  fea tu re  spheres b e in g  u sed  fo r th a t p u r

pose. .

T h e  re a d e r  is  p ro b ab ly  cu rio u s  abou t h ow  w e m an ag ed  to  show  th e  cu rv ed  edges 

in  th e  w ire -fram e  in  F ig . 4 .8 . A n  ad  hoc  a lgorithm  h a d  to  b e  w ritten  fo r  th is  p u rp o se  and  

co n sis ted  o f  find ing  th e  in te rsec tio n  b o u ndary  o f  th e  p la n a r and  th e  co n ica l surfaces, 

th ese  tw o  su rfaces ex is tin g  on  th e  su rface  fea tu re  sphere. N o te  th a t th e  in te rsec tio n  o f  a  

co n e  and  a  p la n e  fo rm s an e llip tic  cu rve  w h en  th e  p lan  cu ts  th rough  th e  co n e , w h ich  is 

th e  c a se  w hen  th e  norm al to  th e  p lan e  c lo se  to  b e in g  p a ra lle l w ith  th e  ax is  o f  th e  cone. 

T h e  in te rsec tio n  w ou ld  b e  h y perbo lic  w hen  the  p lane  m akes a  g lan c in g  c u t o f  the  cone. 

S in ce  in  o u r  case  th e  fo rm er co nd ition  is  satisfied, w e  n eed  to  d e te rm in e  th e  p a ram ete rs  

o f  th e  e llip se , fro m  these  p a ram ete rs  o ne  co u ld  then  gen era te  a  w ire -fram e  re p re se n ta 

tion  o f  th e  e llip se . In  g en era l, a  3-D  e llip se  is d esc rib ed  by its  cen te r, th e  p lan e  it lies
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F ig u re  4 .7 . T h e  com p le te ly  b u ilt m o d e l u sing  a ll six  v iew s o f  th e  ob ject.
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T ab le  4.1 T h is  tab le  show s m ap p in g s  fro m  su rface  lab e ls  in  each  

v iew  to  th e  labels  used  fo r p a rtia l-m o d e l surfaces.

v iew m ap p in g  fro m  scene fea tu res to  partia l-m odel; fea tu res

v iew  I I ->  I ,  2  ->  2 , 3 ->  3 ,4  ->  4 , 6 ->  5 , 1  ->  6, 8 ->  7 ,9  ->  8

v iew  2 ; I = >  I ,  2  ->  9 , 3 = >  2 ,5  = >  8 ,6  ->  1 0 ,7  = >  3, 8 = >  7

v iew  3 I ~ > 9 , 3 = >  2 , 4  = >  10, 5 ==> 7 , 6  ->  11

v iew  4 I = >  2 , 2  = >  1 ,4  ->  12, 6  = >  7 ,7  ->  13

v iew  5 I = > 2 ,  2  = >  1 2 ,3  = >  5 , 4  = >  I , 6 = >  1 3 ,7  = >  4 , 8 = > 6

v iew  6 I = >  5 , 3 = >  1 ,4  = >  4 ,5  = >  6, 6  ->  14 '

N O T E S : '

F o t  the f ir s t  view, the  view -1 label 5  corresponds to the turntable a n d  therefore has 

no m apping to the p a rtia l model. The turn table labels fo r  o ther view s are a lso  e lim 

inated  fr o m  m app ing . W hile in the f ir s t  view, the partia l- m odel labels; correspond  

m ostly  to the surface  labels in the scene, fo r  subsequent views, any m ate kings  

fo u n d  betw een  the surfaces in  the view  a n d  surfaces in the partia l-m odel determ ine  

the  m qppings show n in the table. O f  course, when there are no m atches, new  labels 

m u st be used  fo r  scene fea tures. The d istinc tionbetw een  the two is brough t ou t by  

the use o f  single-stem m ed (-> ) and  double-stem m ed (—>) arrows, the fo rm e r  

corresponding  to the case when a  new  partia l-m odel labels m ust be used  fo r  a  

scene surface, u n d  the la tter to the case when partia l m odel label used  is decided  
by the existence o f  a m atch.
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F ig u re  4 .8 . T w o  v iew s o f  a w ire -fram e  rep resen ta tio n  d e riv ed  fro m  th e  b u ilt m odel.



on, its  lo n g  ax is, and  its  tw o  rad ii. C learly , th e  p lan e  th e  e llip se  lies  o n  is  th e  p lan e  

m ak in g  th e  in te rsec tio n , and  the  c en te r o f  th e  e llip se  is  th e  in te rsec tio n  p o in t o f  th e  ax is 

Cqhe an d  th e  p lane . T h e  lo n g  ax is  o f  th e  e llip se  lies  o n  a  p lan e  su rface  th a t is 

fo rm ed  by  th e  n o rm al to  th e  in te rsec tin g  p lan e  and  the  ax is  o f  the  cone; a t th e  sam e 

tim e, th e  lo n g  ax is  o f  the  e llip se  is  p e rp en d icu la r to  the  n o rm al to  the  in te rsec tin g  p lane. 

T o  d e te rm in e  th e  tw o  rad ii, w e  first co m p u te  th e  len g th  fro m  the apex  o f  the co n e  to  the  

cen te r o f  th e  e llip se , and  the  ang le  o f  in tersec tion ; the  ang le  o f  in te rsec tio n  is  defin ed  as 

th e  ang le  b e tw een  th e  n o rm al to  th e  in te rsec tin g  p lan e  and  th e  ax is o f  th e  cone. T hen  

the  tw o  ra d ii can  b e  co m p u ted  ap p ro x im ate ly  from  th e  leng th , th e  ang le  o f  th e  co n e  and  

the  ang le  o f  th e  in te rsec tion . G iven  th e  p a ram eters  o f  the  in te rsec tin g  e llip se , the  

e llip se  can  be rep re sen ted  in  a  p aram etric  fo rm

p  =  v /r /c o s (a )  +  vsr s s in (a )  +  p 0

w h ere  p  is  th e  p o sitio n  v e c to r  to  a  p o in t on  th e  e llip se , V/ an d  vs th e  u n it v ec to rs  a long  

th e  m a jo r an d  th e  m in o r axes o f  the  e llip se , r/ and  rs th e  tw o  ra d ii co rre sp o n d in g  to  the  

m a jo r and  th e  m in o r axes, Po  the p o sitio n  v e c to r to  th e  c e n te r  o f  th e  e llip se , and , 

finally , a  th e  ang le  fo r  p a ram etriz in g  th e  e llip se  equation . T h e  p a ram etric  fo rm  is 

eas ily  co n v erted  in to  a  w ire -fram e  rep resen ta tio n  b y  d isc re tiz in g  th e  ang le  a .  F o r sm all 

enq jigh  in tervals, h t  qt, Iliei segm ents o f  th e  e llip se  w o u ld b e lin e a r .

T h e  fina l m o d e l, as  shpw n in  F ig . 4 .8 , c o n sis ts  o f  15 su rfaces and  2 2  v e rtices . N o te  

th a t th e  2 2  v e rtic e s  in c lu d e  on ly  those  th a t ex is t o n  th e  v e rtex  fea tu re  sphere; the  

artificia l v e rtices  in tro d u ced  to  g ive  w ire  fram e rep resen ta tio n s  to  cu rv ed  ed g es are  n o t 

inc luded . T h e  n u m b e r o f  su rfaces in  th e  g enerated  m o d e l is  o n e  m o re  than  th e  n u m b er 

o f  su rfaces o n  th e  ob ject. T h e  ex tra  su rface  in  th e  m o d e l co rresp o n d s  to  th e  re g io n  

lab e led  2  in  v iew -2  im ag e  show n  in  F ig . 4 .5 (b ). W hen  th e  p a rtia l m o d e l is u p d a ted  w ith  

v iew -2 , th is  reg io n  is  n o t reco g n ized  to  be  the sam e as reg io n  4  in  v iew -1  show n in  F ig . 

4 .5 (a ). T h e  rea so n  fo r  th is  m ism atch  is th a t in  v iew -2  it is  n o t p o ss ib le  to  o b ta in  an  

accu ra te  e s tim a tio n  o f  the  d irec tio n  o f  the  ax is o f  the  co n ica l su rface . In  o th e r  w ords, 

th e  co n e  ax is  d irec tio n  com p u ted  fo r reg io n  2  in  v iew -2  is to o  d iffe ren t fro m  th e  d irec 

tion  o f  the  co n e  ax is  fo r  reg io n  4  in  v iew -1 . A s a re su lt, w hen  the  sy stem  sees re g io n  2 

in  v iew -2 , i t  trea ts  th e  reg io n  as a  new, fea tu re , the  p o in te r to  th is  fea tu re  re s id in g  in  the  

tesse l co rre sp o n d in g  to  th e  co m p u ted  ax is  d irec tion .

T h e  o rig in a l o b jec t h ad  o n ly  18 vertices , h o w ev er o u r m odel fo u n d  22 . T h ese  ex tra  

v e rtices  a re  qu ite  v is ib le  in  F ig . 4 .8  and co rresp o n d  to  lo ca tio n s w h ere  o b jec t vertices  

ap p ear d is jo in ted . A s w as m en tio n ed  befo re , these  ex tra  v e rtices  a re  cau sed  b y  o cc lu 

sion. In  F ig . 4 .5 (b ), fo r  ex am p le , th e re  is a  vertex  fo rm ed  at the ju n c tio n  o f  reg io n s  6, 8 

and  the  o cc lu d ed  reg ion . (N o te  th a t in  analyzing  a  scene, a v e rtex  is  d e fin ed  as a  ju n c 

tion  fo rm ed  b y  e ith e r th ree  su rfaces, o r  tw o  su rfaces an d  an  o cc lu d ed  reg ion .)



E v id en tly , th is  v e rtex  is fa lse  since  in  a  d iffe ren t v iew  th e  o cc lu s io n  p re sen t co u ld  sh ift 

th e  lo ca tio n  o f  th is  ju n c tio n . W e d o  d o  som e top o lo g ica l rea so n in g  to  rep lace  such  

sp u rio u s v e rtic e s  w ith  rea l v e rtices  d u rin g  th e  u p d a tin g  p rocess . W h a t is  b e in g  sa id  here  

is  th a t i f  fo r  th e  v e rtex  fo rm ed  by  reg io n s  6, 8 an d  occlu sio n  w e  co u ld  in  a  la te r  v iew  

d isco v e r a ll th ree  su rfaces m eetin g  a t the  rea l v e rtex , then  th e  fa lse  v e rtex  w o u ld  be  

rep laced  b y  th e  re a l v e rtex . A lth o u g h , th is  rea so n in g  w as ab le  to  e lim in a te  som e o f  the  

fa lse  v e rtices , i t  p ro v e d  n o t b e  e ffec tiv e  fo r  som e, in c lu d in g  th e  o n e  fo rm ed  b y  th e  ju n c 

tio n  o f  reg io n s  6, 8 and  o cc lu s io n  in  F ig . 4 .5 (b ), b ecau se  th e  th re e  su rfaces m eetin g  ih  

th e  v ic in ity  o f  th a t p o in t are n e v e r v is ib le  sim u ltan eo u sly  in  any  o f  the  v iew s used .

C learly , th e  n u m b e r o f  v iew s u sed  m u s t b e  such  th a t th e  re su ltin g  m odel is  top log- 

ica liy  co n sis ten t. S tric tly  speak ing , b ecau se  o f  d is jo in ted  v e rtic e s  th e  m o d e l in  F ig . 4 .8 

is  n o t to p o lo g ica lly  consis ten t. F u tu re  re sea rch  is  p lan n ed  to  ex am in e  th e  g enera ted  

m o d e ls  fo r  th e ir  to p o lo g ica l co rrec tn ess. I f  a  lea rn ed  m o d el is  fo u n d  to  b e  in co rrec t, th a t 

sh o u ld  in itia te  a  finer sam pling  o f  th e  v iew p o in t space.

F o r fu tu re  re sea rch , o ne  m u st a lso  b e a r in  m in d  th a t to p o lo g ica l co n sis ten cy  w h ile  

n ecessa ry  m ay  n o t b e  su ffic ien t fo r  a  lea rn ed  m o d e l to  rep re sen t a  re a l o b jec t — th e  c o n 

d itio n  o f  g eo m etric  co n sis ten cy  m u st a lso  b e  satisfied . F o r  ex am p le , as illu s tra ted  b y  the  

tru n ca ted  p y ra m id  ex am p le  show n in  [Me —82], a  th ree  d im en sio n a l en tity  m ay  b e  to p o 

lo g ic a lly  co n sis ten t, y e t n o t g eo m etrica lly  so. O u r fu tu re  re sea rch  w ill a lso  a im  a t d is 

c o v e rin g  w h a t re a so n in g  s tra teg ies  shou ld  b e  im p lem en ted  fo r m ak in g  checks on  

geom etric  co n sis ten cy .

It is  im p o rtan t to  rea lize  th a t th e  lea rn ed  m o d e l in  F ig . 4 .8 , d esp ite  a ll its 

defic ienc ies, is  ad eq u a te  fo r  o b je c t reco g n itio n  in  d ifficu lt an d  c lu tte red  scenes, such  as 

th e  o n e  show n  in  F ig . 3.1 in  C h ap ter 3. T h e  d a ta  d riv en  n a tu re  Of o u r  reco g n itio n  s tra 

teg ies  m ak es  th em  fo rg iv in g  o f  sm all e rro rs  in  th e  m o d el in fo rm atio n . T o  re m in d  the  

re a d e r  again , in  a  d a ta -d riv en  app roach  w e se lec t a  fea tu re  fro m  th e  scene  a t a tim e  and  

then  try  to  co n firm  its  p resen ce  o n  a  m o d e l fea tu re  sphere. S u p p o se , an  ex tra  v e rtex  o r 

an  ex tra  b it o f  a  su rface  ap p eared  On th e  m o d el fea tu re  sphere , i t  m ay  h o t necessa rily  

p o se  a n y  d ifficu lties , d ep end ing , o f  co u rse , upo n  h o w  m uch  d isc rim in a tio n  is  re q u ired  

b e tw een  d iffe ren t o b jec t m odels . T h e  accu racy  req u irem en ts  o n  m o d e l g enera tion  as a 

fu n c tio n  o f  th e  d isc rim in a to ry  p o w e r o f  a  3-D  o b jec t reco g n itio n  s tra tegy  is  y e t an o th er 

av en u e  fo r  fu tu re  research .
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C O N C L U S IO N S

T his  re p o rt p resen ted  the  3D -P O L Y  sy stem  fo r o b jec t reco g n itio n  a n d  m odel 

learn ing . T h e  re p o rt ad d ressed  the  fo u r m ain  issues lis ted  in  th e  In tro d u c tio n  in  co n n ec 

tion  w ith  o u r  d iscu ss io n  th e re  o n  th e  d esig n  o f  a  ro b o t v is io n  system .

W e m a th em atica lly  an a ly zed  the  p ro cess  o f  s truc tu red  lig h t im ag ing . T h e  re su lt o f  

th is  an a ly s is  w as  a  n ove l p ro ced u re  fo r  the  ca lib ra tio n  o f  s tru c tu red  lig h t eq u ip p ed  

ro b o ts; th e  p ro ced u re  y ie ld s  in  a stra igh tfo rw ard  m a n n er a  ca lib ra tio n  m atrix  th a t 

d irec tly  co n v erts  th e  im ag e  co o rd in a tes  o f  an  illu m in a ted  p o in t in  th e  scene  in to  its  

w o rld  coo rd ina tes .

T h e  re p o rt p resen ted  in  C h ap ter 3 a  hy p o th esis  gen era tio n  an d  v erifica tio n  stra tegy  

w h o se  co m p lex ity  p o ssesse s  a  lo w  p o ly n o m ia l bound  fo r  sing le  o b jec t reco g n itio n . It is  

im p o rtan t to  re a lize  th a t th e  m a n n er in  w h ich  id en tity  and po se  h y p o th eses  a re  fo rm ed  

and  ve rified  is  in d ep en d en t o f  w h a t types o f  fea tu res  a re  u sed  fo r  d esc rib in g  ob jects. 

T he  fea tu res  d esc rib ed  in  C h ap ter 3 and  cu rren tly  used  in  3 D -P O L Y  m ere ly  serve  to  

illu s tra te  h o w  o u r  hy p o th esis  g enera tion  and  verifica tion  schem e sh o u ld  be  used . It is  

v e ry  lik e ly  th a t th e  types o f  fea tu res  w e have  d iscu ssed  m ay  n o t b e  ap p ro p ria te  to  in d u s

tria l o b jec ts  w ith  sh iny  m eta llic  su rfaces, s ince  the  su rfaces o n  such  o b jec ts  can  n o t be 

easily  im a g e d  w ith  s truc tu red  lig h t scanners. It is  p o ssib le  th a t fo r  such  o b jec ts  a re c o g 

n itio n  s tra tegy  sh o u ld  b e  so le ly  based  upon  lo w er level fea tu res  such  as v e rtices  and  

edges and  sh o u ld  n o t em p lo y  su rface  type  features.

A n  im p o rtan t k ey  to  h y p o th esis  verifica tion  in  3 D -P O L Y  is  th e  u se  o f  spherica l 

(lata s truc tu res, th ese  d a ta  struc tu res  w ere  used  to  sto re  p o in te rs  to  fea tu re  fram es o n  the 

basis o f  th e  p rin c ip a l d irec tio n s assoc ia ted  w ith  the  fea tu res. O f  co u rse , w e  co u ld  n o t 

h av e  u sed  th is  d a ta  s truc tu re  had  w e  n o t been  ab le  to  p re sen t co n stan t rime. a lg o rith m s 

fo r find ing  n e ig h b o rh o o d  o v e r spherica l tesse la tions. W e  believe  th e  a lg o rith m s w e 

p re sen ted  in  co n n ec tio n  w ith  th is  d a ta  structure  w ill a lso  p ro v e  u sefu l in  o th e r s itua tions 

w h ere  spherica l rep resen ta tio n s  are  needed , fo r  exam ple , fo r  a sp ec t g rap h s  fo r  ob jects, 

u sed  p rim arily  fo r  g ro u p in g  top o lo g ica lly  s im ila r v iew po in ts , an d  fo r  th e  H ough  space  

fo r re p re se n tin g  o rien ta tions.
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A p p e n d i x A

D e t e r m in a t io n  o f  T r a n s f n r m ^ t ip n

In  th is  app en d ix  w e  w ill p re sen t the  fo rm u la tion  fo r  estim atin g  the tran sfo rm atio n  

th a t b rin g s  a  se t o f  m o d e l fea tu res  in to  a  co rresp o n d in g  se t o f  scen e  fea tu res. T h e  

lo catio n /o rien ta tio n  a ttribu tes o f  the  fea tu res  w ill be  u sed  fo r  th is  p u rpose . C learly , 

o n ly  th o se  lo ca tio n /a ttrib u te s  can  be  used  th a t are  v iew p o in t in d ep en d en t; im p ly in g  tha t 

w e  sh o u ld  n o t u se  a ttrib u tes  lik e  th e  su rface  cen tro id , m id -p o in t o f  an  edge, e tc . L e t us 

den o te  a  p o sitio n  a ttrib u te  o f  a fea tu re  by  p ,  w hich  is a p o s itio n  v ec to r, and  a  o rien ta tion  

a ttribu te  b y  a ,  w hich  is  a  d irec tio n  v e c to r (un it vecto r). I f  a  scene  fea tu re  S  is  m a tched  

to  a  m o d e l fea tu re  M , then  u n d e r no ise-free  co nd ition  w e  sh o u ld  h av e

R  'P m  + t  =  P s (A .I )

R  = a s (A .2)

w h ere  p m an d  p s , an d  a m and  a s are the  co rresp o n d in g  lo ca tio n  a ttrib u tes  and  o rien ta 

tion  a ttrib u tes  o f  th e  m o d e l fea tu re  and  the  scene  fea tu re , and  R  and  t  are  th e  ro ta tio n a l 

an d  tran sla tio n al co m p o n en ts  o f  the  tran sfo rm atio n  T r , re sp ec tiv e ly . N o te  th a t b o th  

eq u a tio n  (A .I )  and  (A .2 ) are  in  v e c to r fo rm . W e w ill assum e th a t I? is  a  3 x 3  m atrix  and  

t  a  3 -vecto r. A lth o u g h  the fo llo w in g  fo rm  w ill n o t be  used  ex p lic itly  in  o u r  w ork , the  

re a d e r m ig h t find  it in fo rm ativ e  to  k n o w  th a t w hen  a  r ig id  b o d y  is  ro ta ted  c lo ck w ise

th ro u g h  an an g le  0  abou t an  ax is  w h o se  d irec tio n  is  g iven  b y  the  u n it v e c to r  n, the

m atrix  R  takes th e  fo rm

n |+ c o s 0 ( l - n x ) nx riy(l- c o s 0 ) - n zsin0  nznx (l-cosQ )+ ny sin0

nx ny ( l- c o s 0 )+ n zsin0  « J + c o s 0 ( l - n J )  «ynz( l - c o s 0 ) - n xsin0

nznx ( I -cosO l-ttyS inO  ny nz( l -c o s 0 )+ n xsin0  n ^ + c o s 0 ( l -n ^ )

T h is m a trix  has th ree  unknow ns, th e  ang le  0 an d  tw o  o f  nx , ny , and  nz , since  th e  m a g n i

tude  o f  n  is  un ity .

I .  S o lu t io n  f o r  t h e  T r a n s f o r m a t io n

N o w  g iven  the  co rresp o n d en ce  be tw een  a se t o f  scene fea tu res  {5} an d  a  se t o f  

m o d e l fea tu res  {M }, w e  w an t to  d e term ine  (or e stim ate  i f  no ise  is  p re sen t) th e  R  and  t. 

W ith o u t lo ss o f  g en era lity  w e  can  assum e th e  m a tch in g  o f  {£} to  [M )  re su lts  in  the  

co rresp o n d en ces  b e tw een  p ls and  p'm, i =  I , . . .  ,k ,  an d  b e tw een  a Js to  a jm , j  =  I , . . . , / .  

N o te  th a t k  do es  n o t h av e  to  ag ree  w ith  I since th e  n u m b er o f  p o sitio n  a ttrib u tes  in  each  

fea tu re  m ig h t be d iffe ren t fro m  the n u m b er o f  o rien ta tio n  a ttribu tes . F ro m  eq u a tio n  

(A. I )  an d  (A .2 ), w e n ow  have
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R  P im +■*■= P is (A .3)

fo r  i =  I ,  . . . ,k, an d ■ ; ' -V . '

R  aJm =  a Js

■-■■ ■ - ■' i ' ; ' ,
(A .4)

fo ry ' =  I , . . . , / .
.

S ince  R  is  p re se n t in  o n ly  eq u a tio n  (A .4) w h ile  b o th  R  a n d  t  a re  p re sen t in  eq u a 

tio n  (A .3 ), i t  is  n a tu ra l to  d eco m p o se  the  p ro b lem  o f  so lv ing  T r  in to  tw o  Stages: first 

so lve  fo r R  b y  u s in g  eq u a tio n  (A .4) an d  th en  so lve  fo r  t  b y  u s in g  eq u a tio n  (A .3).

A  q u estio n  th a t a rises  h e re  is  th a t u n d e r w h a t co n d itio n s  can  w e  gau ran tee  a 

u n iq u e  so lu tio n  fo r  R  and  t. L e t us first in v estig a te  th e  case  o f  R . S ince  each  o rien ta 

tio n  v e c to r a  is  a  u n it v e c to r  in  3 -D  space, it c an  b e  co m p le te ly  Specified b y  tw o  p a ra m 

e ters. C o n seq u en tly , each  in s tan ce  o f  eq u atio n  (A .4 ) can  p ro v id e  tw o  in d ep en d en t 

sca la r eq u a tio n s  in  te rm s o f  R- F u rth erm o re , as m en tio n ed  in  S ec tio n  3, a  ro ta tio n  R  has 

th ree  d eg rees  o f  freedom . T h ere fo re , in  o rd e r to  to  co m p le te ly  so lv e  R  w e  n eed  a t le as t 

tw o  in s tan ces  o f  eq u a tio n  (A .4), i.e . tw o  co rresp o n d in g  p a irs  o f  o rien ta tio n  v ec to rs , p ro 

v id in g  th a t th e  tw o  v ec to rs  are  n o t lin ea rly  d e p en d en t (para lle l o rien ta tio n  v ec to rs  w ill 

le ad  to  lin ea rly  d ep en d en t equations). G iv en  tw o  eq uations o f  th e  ty p e  show n in  (A .4), 

w e  w ill a c tu a lly  have  fo u r eq u a tio n s  fo r th e  th ree  un k n o w n  o f  R .  I f  the  co rre sp o n 

d en ces  b e tw een  th e  scene  su rface  o rien ta tio n s an d  th e  m o d e l su rface  o rien ta tio n s are  

co rrec t, th en  th ese  fo u r eq u a tio n s  a re  n o t rea lly  in d ep en d en t b e ca u se  th e  o rien ta tio n  

V ectors m u s t o b ey  th e  fo llo w in g  add itiona l constra in t:

Q m  '  Q m  ^  Q s  '  Q s

In  o th e r  w o rd s , th is  co n stra in t m u st b e  d e riv ab le  fro m  the  fo u r equations. In  p rac tice , 

th is  co n stra in t is  u sed  to  v e rify  th e  accu racy  o f  th e  su rface  co rresp o n d en ces  p rio r  to  

so lv in g  th e  eq u atio n s.

I f  7, th e  n u m b e r  o f  o rien ta tio n  v ec to rs  in  th e  co rresp o n d en ce , is  g rea te r th an  2 , then  

th e  c o ire sp o n d in g  o rien ta tion  v ec to rs  m u st o b ey  th e  fo llo w in g  p a irw ise  constra in ts: i.e.

Q m  Q L  = O s ' Q jS fo r  all i , j  < I (A .5)

So, su p p o se  b y  m atch in g  scene  su rfaces w ith  m o d el su rfaces w e  h av e  se t up  I 

co rresp o n d en ces  th a t sa tisfy  th e  above  costra in ts. N ow , the q u estio n  is  w h a t is the  best 

w ay  to  so lve  th e  /  v e c to r eq u a tio n s  o f  th e  ty p e  show n  in  (A .4) fo r  th e  un k n o w n  i?; O ne 

c o u ld  lu m p  to g e th e r all the  /  eq u a tio n s  in to  th e  fo llo w in g  c o m p o site  fo rm

R ' \ o L  a L  " '  \ =  \ a l a 2s ] 

w h ich  co u ld  b e  w ritten  in  a m o re  c o m p ac t fo rm  as



lead in g  to  the  fo llo w in g  leas t squares so lu tion  fo r /?

R  =  A sA 1m (A .6)

S upposed ly , a  c o rrec t leas t squares so lu tion  ob ta in ed  in  th is  m a n n e r shou ld  m in im ize  

th e  m etric

£l?AOT - A y j  A j j  (A .7)

or, in  o th e r w o rd s, le ad  to  a  so lu tion  o f  the  equation

gjj" ^ A m -  A s ]  [/?Aot  -  A s j  = 0  (A .8)

U nfo rtunate ly , th e  so lu tion  rep re sen ted  b y  th e  equation  (A .6 ) and  the  ra tio n a le  lead in g  

up  to  it  a re  fau lty  fo r  the  m ain  reaso n  th a t the  m e tric  in  eq u a tio n  (A  J )  is  rea lly  n o t an  

e rro r m etric  s in ce  i t  is  a  3 x 3  m a trix  an d  n o t a  scalar. W h a t w e  rea lly  w an t to  m in i  m i  7<*

is  n o t w h a t is  show n in  (A .6) b u t the  fo llo w in g  fo rm

E 2 =  * « 4  I2 (A .9)

v  . M  ■

In  th e  n e x t subsec tion , fo llo w in g  a  d e riv a tio n  o rig in a lly  g iv en  b y  F au g eras  a n d  H eb ert 

[F & H -S3]  w e  w ill show  h o w  an  e leg an t so lu tion  to  the  m in im iza tio n  o f  E 2 can  be  

o b ta in ed  b y  th e  u se  o f  qua tern ions. T h e  re a d e r  shou ld  n o te  th a t o th e r m e th o d s  a lso  

e x is t  fo r  so lv in g  eq u a tio n  (A .9); see, fo r  ex am ple , [A& et-% 1, G & L  - 8 4 ] .

W e  w o u ld  lik e  to  m ak e  o n e  m o re  co m m en t abou t th e  in ap p ro p ria ten ess  o f  (A .6) 

fo r th e  so lu tion  w e desire . E v en  i f  the  eq u a tio n  in  (A .8) m ad e  sense , the  leas t squares 

op tim iza tio n  w o u ld  be w ith  re sp ec t to  a ll the  n ine  e lem en ts  o f  the  m atrix  R .  S ince  th ese  

n ine  e lem en ts  d o  n o t co n stitu te  in d ep en d en t v a riab les  -  in  fac t, th e re  are  o n ly  th ree  

in d ep en d en t v a riab les  in v o lv ed  am o n g st these  n ine e lem en ts  -  th e  so lu tion  o b ta in ed  

m ay  be en tire ly  m ean ing less .

2 .  E s t im a t io n  o f  t h e  R o t a t io n  M a t r ix

W e  c lea rly  w an t an  R  th a t w o u ld  sa tisfy

B E 2

dR
0  1R=R

F o llo w in g  F au g eras  an d  H ebert, w e  w ill u se  q u a tern ions to  re p re se n t ro ta tio n s , and  

o b ta in  a  so lu tio n  fo r  R  in  th e  fo rm  o f  the p rin c ip a l e igenvec to rs  o f  a  m a trix  in  te rm s o f  

as and  am. A  q u a te rn io n  [Ha - 6 9 ]  is defined  as
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Q = ( s ,v )

w h ere  s  is  a  sca la r, an d  v  is  a  v e c to r o f  3 e lem en ts . T h e  co n ju g a te  o f  a  q u a te rn io n  Q  is  

d en o ted  by  Q  an d  defined  as

Q  = ( s , - v )

T h e  m u ltip lica tio n  o f  tw o  q u a te rn io n s  Q  and  Q '  is  a lso  a  q u a te rn io n  and  g iven  by  

Q *  Q ' = (ss ' -  v Y ,  v x v ' + svf + s 'v )

F ro m  th e  ab o v e  tw o  defin itions, w e  h av e

Q * ( y  = ( s s '-  ( - v ) - ( - v ') ,  ( - v ) x ( - v 7) +  s ( —v ')  +  s '(—v ))

■ =  (s'S -  v 'v ,  - ( v 'x v  +  sv ' + sv '))

= X T r Q

L e t  u s  a s s u m e  th a t th e  r o ta t io n  e x p r e s s e d  b y  R  i s  c a r r ie d  o u t  a lo n g  a n  a x is  n  a n d  

w ith  a n g le  0 .  T h e n  th e  r o ta t io n  o f  a  b y  R ,  g iv e n  b y  th e  v e c to r  R  a , c a n  b e  r e p r e s e n te d  

b y

=  QR * ( 0 , a ) * ( T  (A . 1 0 )

w h e r e  w e  n o w  h a v e  q u a te r n io n s  o n  b o th  s id e s  a n d  w h e r e

Q r  =  ( c o s - | , s m | - / i ) .

a n d  v e c t o r  a  h a s  b e e n  w r itte n  in  th e  q u a te r n io n  fo r m  (0 , a ). I t  i s  e a s y  to  v e r i f y  th a t

Ifis I2 =  Qrt * Q r  =  I

B y su b stitu tin g  (A . 10) fo r i?  • a Jm in  equution  (A .9), w e  o b ta in  

E2 = X K O  , a s ) - Q R * ( 0 , a m) * ( T \ 2

N o te ,  fo r  th e  s im p l ic i ty  o f  n o ta t io n  w e  h a v e  d r o p p e d  th e  su p e r sc r ip t  j  o n  v e c to r s  am a n d  

a s . S in c e  I Qr  12 =  I ,  fo r  a n y  q u a te r n io n  Qx , w e  h a v e

I f i c l 2  =  f i c * f i 7

=  Qx * (U O )*  &

-  Q x * Q r * Q r * Q~x

=  Qx * Qr  * Q T Q ^

=  l f i c * f i t f l 2 .

T h e r e fo r e , w e  c a n  p o s t -m u lt ip ly  Qr  w ith  b o th  te r m s  in  th e  a b o v e  e q u a t io n  a n d  o b ta in
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X2 = T 1 I (0, a s)*Q R -  Qr  * (0, o m) 12 

j
(A.  11)

N o w  w e can  m in im ize  S 2, w h ich  h as  becom e a  quad ra tic  fu n c tio n  o f  Q r , w ith  re sp ec t 

to

Qr  = (a , I])

T h is m in im iza tio n  m u st satisfy  co n stra in t 

a 2 + It i I2 = I

w hich  is a  co n seq u en ce  o f  Qr  * Qr  = I .

F ro m  th e  defin ition  o f  q u a te rn io n  m u ltip lica tio n , w e  can  ex p an d  the  te rm  

(0, a s )* Q R - Q r * (0 , a m)  in  eq u a tio n  (A . 11) as

( 0 ,  as) *  ( a , Ti) -  ( a , Ti) *  ( 0 ,  a m)

= [ - a 5 - T i , a a ^  +  a p a i j  -  ^~ a m Tj , a 'f lm +  a w x r j j  - ■ .

-  J^ l • (o m- a s ),  - a  (Qm-O s ) +  (a m+ a s) x t \  j (A . 12)

T he  above  ex p ress io n  is  a  lin ea r fu n c tio n  o f  a  and  Ti; thus w e sh o u ld  be ab le  to  ex p ress  

th e  ab o v e  ex p ress io n  in  th e  fo rm  o f  m a trix  m u ltip lica tio n  as

. (a,Tl) * B
• • ' ' i . . •

w h ere  5  is  a  4 x 4  m atrix  in  te rm s o f  a s and  a m .

T liis is  d o n e  b y  co n v ertin g  v ec to r c ro ss  p ro d u c t to  m a trix  m u ltip lica tio n  as fo l

low s. D efine  a  c ro ss  m a trix  X  o f  a  v ec to r v  =  (x ,y ,z )  as

X ( v )  =

0  z  —y  

- z  0  x  

y  - x  0

It is  ea sy  to  v e rify  th a t th e  c ross  p ro d u c t o f  tw o  vecto rs v  and  Ti can  be ex p ressed  in  the  

fo rm  o f  m a trix  m u ltip lica tio n  as

V X T l = T l  ' X ( V )

N ote  again  th a t Tl is a  ro w  v e c to r  and  n o t a  co lu m n  vector. In  fac t, a ll th e  v ec to rs  u sed  

in  th e  fo rm u la tio n  p re sen ted  he re  are  ro w  vecto rs, un less, o f  co u rse , s ta ted  o th e rw ise . 

T he  ex p ress io n  in  (A . 12) can  n ow  be rew ritten  as

(T l  ‘ (a m ~ a s)> as )  4  “H  'X ( O m-Hls ))

w hich  is th e  sam e  as

v  ,  T 0  - (o m- a s)
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T h u s w e  h av e

O -C x -Cy —cz

c x  O b z —by 

Cy b z O ~ bx 

C2 by bx O

w h ere

b  =  UrnjCas and  

, C = Om - O s

N o w  eq u a tio n  (A . 12) can  b e  rew ritten  as

E 2 = J d IQr  B  I2

j

=  Z Q r  B B t  Q i

Vv I  ■

=  Qr  A  Q i

w h ere

I
A = J ^ B B t  (A . 13)

> 1  . .

T h e  q u a te rn io n  ro ta tio n  Qr  th a t and  m in im izes eq u a tio n  (A . 13) w ill b e  th e  e ig en v ec to r 

a sso c ia ted  w ith  th e  m in im al e ig en v a lu e  o f  th e  m a trix  A .  S ince  th e  m ag n itu d e  o f  Qr  is  

un ity , w e  m u st, o f  co u rse , no rm alize  th e  so lu tion  e igenvec to r. A ssu m in g  th e  co m p u ted  

e ig en v ec to r a f te r  n o rm aliza tio n  is  [ a ,P ,y ,8], then  th e  ro ta tio n  ang le

0  =  2  cos-1 ( a )

an d  the  ro ta tio n  ax is

n  =  (p ,y ,8 )  /  s in (- |- )

In  ad d itio n , th e  m in im al en g in v a lu e  o f  th e  m a trix  A  w ill b e  eq u a l to  th e  m in im ized  

E 2, w h ich  is  th e  fitting  erro r. H en ce , b ased  on  th a t en g in v a lu e  w e  can  d e te rm in e  how  

w ell th e  scene  su rfaces co rre sp o n d  to  th e  m o d e l su rfaces. I f  th e  en g in v a lu e  is  g rea te r 

th an  so m e  p red efin ed  th resho ld , w e  shou ld  re je c t th e  co rresp o n d en ces  e s tab lish ed , and , 

th e re fo re , re je c t th e  m a tch in g  o f  {5} w ith  {M}.
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3 .  E s t im a t io n  o f  t h e  T r a n s la t io n  V e c t o r

A fte r  th e  ro ta tio n  is d e term in ed , w e  can  s im ila rly  e stim a te  th e  tran s la tio n  by  

m in im iz in g  th e  fo llo w in g  e rro r func tion

E t =  2  ^Ps ~ E  ‘ Pm~t 12
J = I

k

(A . 14)

2  \ p Js - R  Pin -  *] \p {  - R  pin  - f ]

E 2
S etting  th e  d e riv a tiv e  8-g-— to  zero  lead  to  the  fo llow ing  so lu tion

> =  Z  P i - R  - ( Z p L)
J= I j

T he m in im ized  fitting  e rro r can  be read ily  ca lcu la ted  b y  p lu g g in g  i  in to  eq u a tio n  

(A . 14). A g a in , i f  th is  fitting  e rro r is  g rea te r than  certa in  th resho ld , w e  sh o u ld  re je c t the  

m atch ing .

T h e  re a d e r  w ill reca ll th a t p o se  tran sfo rm atio n  hyp o th eses a re  g en era ted  by  first 

ex trac tin g  v e rtices  fro m  a  scene  and  then  m atch in g  a  scene  ve rtex , to g e th e r w ith  its  

a sso c ia ted  su rfaces, w ith  an  L FS fo r th e  m odel. A s w as m en tio n ed  in  C h ap ter 3 , an  L FS  

is  co m p o sed  o f  a  m o d e l v e rtex  and  all th e  su rfaces th a t co m e  to g e th e r a t th a t vertex . 

T h e  su rface  fea tu res  in  an  L F S  w ill a lw ays po ssess  o rien ta tio n  a ttrib u tes  b u t m a y  o r  

m ay  n o t p o sse ss  any  p o sitio n  a ttribu tes, espec ia lly  v iew p o in t in d e p en d e n t p o sitio n  a ttri

butes. (F o r ex am p le , the  cen tro id  o f  a  su rface  w o n ’t d o  since  i t  is  v iew p o in t d ep en d en t 

d u e  to  th e  fa c t th a t its  ca lcu la tio n  is  g rea tly  in fluenced  b y  th e  e x te n t to  w h ich  th e  su r

fa c e  m ig h t b e  o cclu d ed .) T h is  im p lies  th a t in  an  L FS  w e m ay  n o t h av e  av a ilab le  to  us 

m any  lo ca tio n  v ec to rs  such  as p Jm. F o r th is  reason , the  p o sitio n  a ttrib u te  o f  th e  v e rtex  

its e lf  beco m es o f  p rim e  im portance . F o r a scene  v e rtex  w here  th ree  su rfaces  m eet, the  

co o rd in a tes  o f  th e  v e rtex  can  b e  co m p u ted  v e ry  ro b u stly  b y  find ing  th e  in te rsec tio n  the  

th ree  su rfaces. F o r  those  v e rtices  w here  on ly  tw o  su rfaces m eet, th e re  do es  n o t ex is t a  

re liab le  m e th o d  o f  co m p u tin g  th e  coord inates; therefo re , w e  s im p ly  u se  the  n eares t 

ran g e  m easu rem en t fro m  the  struc tu red -ligh t data. In  e ith e r o f  th e se  cases, k  eq u als  I in  

eq u atio n  (A . 14 ) and  th e re fo re  th e  transla tion  v e c to r  is  g iven  by

t  =  Ps - R  Pm  .
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A p p e n d ix B

I n i t ia lG u e s s fb r T e s s e I A s s ig n m e n t

G iv en  a  p rin c ip a l d irec tio n  in  th is  append ix  w e show  h o w  its  co rresp o n d in g  

te sse l in d ices  ( i j ,k )  can  b e  co m p u ted  from  a  lin e a r app rox im ation . N o te  th a t th e  ind ices  

thus c o m p u te d  are  o n ly  su p p o sed  to  p lace  us in  the  v ic in ity  o f  th e  tru e  tesse l A s 

ex p la in ed  ip  S ec tion  6 .3 .3 , th e  ap p ro x im ate ly  lo ca ted  tesse l is  u sed  as a  s tarting  p o in t 

fo r  g e ttin g  the  e x ac t tesse l co rresp o n d in g  to  <&.

W e  Will p re sen t o u r  ap p rox im ation  fo r  th e  first o f  the  p a ra lle lo g ram s show n in  F ig . 

3 .22 , th e  ap p ro x im atio n s  fo r  the  o th e r p a ra lle lo g ram s are  id en tica l in  th e ir  j  ad d  k  

d ep en d en ces  by  v irtu e  o f  sym m etry ; the  depen d en ce  on  H s  d iffe ren t and  w ill b e  show n  

below . .

T he  ap p ro x im atio n  fo r  th e  first p a ra lle lo g ram  in  F ig . 3 .22  ac tu a lly  co n sis ts  o f  th ree  

separa te  app rox im ations, o ne  fo r  each  o f  th e  th ree  zones th a t w e  w ill n o w  iden tify . T h e  

first zone  co n sis ts  o f  th e  trian g le  m ark ed  I in  F ig . 3 .21 , th e  second  zo n e  o f  th e  triang les  

2  and  3, an d  th e  la st zone  o f  th e  triang le  m ark ed  4.

A cco rd in g  to  e q u a tio n  (9) in  S ec tion  7 , th e  index  i is  in d ep en d en t o f  in d ices  j  and  

k  in  th e  co m p u ta tio n  o f  0  and  <|) fo r a g iven  trip le t ( i j ,k ) .  F o r  a  g iv en  (0,<Jj), w e  can  

th e re fo re  separa te  the  de term in a tio n  o f  in d ex  /  fro m  th a t o f  j  and  k. T h e  p ro ced u re  th a t 

foU ow s co n sis ts  o f  th ree  steps:

(1) First determ ine the identity o f the zone to which the direction belongs.

(2) N ex t, d e te rm in e  th e  in d ex  i co rresp o n d in g  to  th e  p a ra lle lo g ram  in  w hich  th e  d irec 

tio n  (©,<()) lies.

(3) E s tim a te  th e  in d ices  j  an d  fc.

F o r the  first tw o  steps, the  fo llo w in g  fo rm u las  are  used : (L et K =  x  =  atari (2) and

assum e 0  S» 0  S  Ti and  0  <  <J> <  2 t c,)

i f  ( 0  <  0  <  x) /*  O  e  zone  I * /

m od(5)

e lse  i f  ( x ^  0  <  ju- x) 7 * O e  zo n e2 * 1

j»=<e-x)XK / (2TC-4 x>|
IC

e lse  /*  zone3  * /

K  m od{S)
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F o r step  3, w e  w ill a llow  j  and  it t o  take  n o n -in teg e r v a lu e  in  th e  fo llo w in g  fo rm u 

las. D u rin g  c o m p u ta tio n s , th e  n o n -in teg e r v a lu es  a re  tru n ca ted  to  y ie ld  th e  in teg e r 

v a lues. F irst, le t

<)>' = <H*-1)x 2k

I f  O  e  zone  I ,

K

/  =  0  x  Q ix  -  k  +  I

I f  O  e  z o n e  2 , a ssu m e

Q - a j  + bk  + c 

<|)' = d j  + e k + f

S o lv ing  fo r  a ,b ,c ,d , e , f sA  th e  fo u r  c o m ers  p f  zone  2 , w e  h av e

e  =  ( / - h f e - l ) ^ - + 3 x - 7 t

: 2Q  2

T h en  j  a n d  k  c an  b e  ob ta in ed  by

. .  r (0+ jc-3x ) ' 2 #

J u  ■ ( lt-2 x )  V K

k = j  + l  + Q x ( ^ - - l ) ]
K

! ) ]

A n d  fo r  zone  3, w e  use  th e  fo rm u las  s im ila r to  th o se  o f  zone  I ,  ex cep t th a t j  and  k  are  

sw apped , an d  an g les  0  and  <|> a re  ap p ro p ria te ly  o ffse t.
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