
 Open access  Journal Article  DOI:10.1364/OL.44.002827

4D compressive sensing holographic microscopy imaging of small moving objects
— Source link 

Alexey Brodoline, Nitin Rawat, Daniel Alexandre, Nicolas Cubedo ...+1 more authors

Published on: 01 Jun 2019 - Optics Letters (Optical Society of America)

Topics: Digital holographic microscopy and Holography

Related papers:

 A new microscopic principle.

 Three-dimensional holographic fluorescence microscope

 Digital Image Formation From Electronically Detected Holograms

 Three-dimensional microscopy by optical scanning holography

 Incoherent Digital Holography: A Review

Share this paper:    

View more about this paper here: https://typeset.io/papers/4d-compressive-sensing-holographic-microscopy-imaging-of-
3lj6evk828

https://typeset.io/
https://www.doi.org/10.1364/OL.44.002827
https://typeset.io/papers/4d-compressive-sensing-holographic-microscopy-imaging-of-3lj6evk828
https://typeset.io/authors/alexey-brodoline-1ycsbhc2kx
https://typeset.io/authors/nitin-rawat-1xtlhp2rs1
https://typeset.io/authors/daniel-alexandre-exx33ed7dr
https://typeset.io/authors/nicolas-cubedo-327lgcugfi
https://typeset.io/journals/optics-letters-b3a9pqui
https://typeset.io/topics/digital-holographic-microscopy-3ehbrtzm
https://typeset.io/topics/holography-2xlqyu66
https://typeset.io/papers/a-new-microscopic-principle-2a06oi3wvh
https://typeset.io/papers/three-dimensional-holographic-fluorescence-microscope-4bs5ke40ya
https://typeset.io/papers/digital-image-formation-from-electronically-detected-346qtekjbi
https://typeset.io/papers/three-dimensional-microscopy-by-optical-scanning-holography-2m9kw8o4dp
https://typeset.io/papers/incoherent-digital-holography-a-review-2aiee43464
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/4d-compressive-sensing-holographic-microscopy-imaging-of-3lj6evk828
https://twitter.com/intent/tweet?text=4D%20compressive%20sensing%20holographic%20microscopy%20imaging%20of%20small%20moving%20objects&url=https://typeset.io/papers/4d-compressive-sensing-holographic-microscopy-imaging-of-3lj6evk828
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/4d-compressive-sensing-holographic-microscopy-imaging-of-3lj6evk828
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/4d-compressive-sensing-holographic-microscopy-imaging-of-3lj6evk828
https://typeset.io/papers/4d-compressive-sensing-holographic-microscopy-imaging-of-3lj6evk828


HAL Id: hal-02189448
https://hal.archives-ouvertes.fr/hal-02189448

Submitted on 19 Jul 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

4D compressive sensing holographic microscopy imaging
of small moving objects

Alexey Brodoline, Nitin Rawat, Daniel Alexandre, Nicolas Cubedo, Michel
Gross

To cite this version:
Alexey Brodoline, Nitin Rawat, Daniel Alexandre, Nicolas Cubedo, Michel Gross. 4D compressive
sensing holographic microscopy imaging of small moving objects. Optics Letters, Optical Society of
America - OSA Publishing, 2019, 44 (11), pp.2827. 10.1364/OL.44.002827. hal-02189448

https://hal.archives-ouvertes.fr/hal-02189448
https://hal.archives-ouvertes.fr


✹❉ ❝♦♠♣r❡ss✐✈❡ s❡♥s✐♥❣ ❤♦❧♦❣r❛♣❤✐❝ ♠✐❝r♦s❝♦♣② ✐♠❛❣✐♥❣ ♦❢ s♠❛❧❧

♠♦✈✐♥❣ ♦❜❥❡❝ts

❆❧❡①❡② ❇r♦❞♦❧✐♥❡✶✱ ◆✐t✐♥ ❘❛✇❛t✶✱✸✱ ❉❛♥✐❡❧ ❆❧❡①❛♥❞r❡✶✱ ◆✐❝♦❧❛s ❈✉❜❡❞♦✷✱ ❛♥❞ ▼✐❝❤❡❧ ●r♦ss✶✱✯

✶▲❛❜♦r❛t♦✐r❡ ❈❤❛r❧❡s ❈♦✉❧♦♠❜ ✭▲✷❈✮✱ ❯♥✐✈ ▼♦♥t♣❡❧❧✐❡r✱ ❈◆❘❙✱ ▼♦♥t♣❡❧❧✐❡r✱ ❋r❛♥❝❡✳
✷▼é❝❛♥✐s♠❡s ▼♦❧é❝✉❧❛✐r❡s ❞❛♥s ❧❡s ❉é♠❡♥❝❡s ◆❡✉r♦❞é❣é♥ér❛t✐✈❡s ✭▼▼❉◆✮✱ ❯♥✐✈ ▼♦♥t♣❡❧❧✐❡r✱ ■◆❙❊❘▼✱ ▼♦♥t♣❡❧❧✐❡r✱

❋r❛♥❝❡✳
✸❊❧❡❝tr✐❝❛❧ ✫ ❈♦♠♣✉t❡r ❊♥❣✐♥❡❡r✐♥❣ ❉❡♣❛rt♠❡♥t✱ ❯♥✐✈❡rs✐t② ♦❢ ❈♦♥♥❡❝t✐❝✉t✱ ❯❙❆

✯❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✿♠✐❝❤❡❧✳❣r♦ss❅✉♠♦♥t♣❡❧❧✐❡r✳❢r

❆❜str❛❝t

❲❡ s❤♦✇ t❤❛t ❝♦♠♣r❡ss✐✈❡ s❡♥s✐♥❣ ✭❈❙✮ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ✈❡r② ❡✣❝✐❡♥t t♦ r❡❝♦♥str✉❝t ✐♥ ✸❉ s♣❛rs❡ ♦❜❥❡❝ts ✇❤♦s❡
✷❉ ❤♦❧♦❣r❛♠ ❤❛s ❜❡❡♥ r❡❝♦r❞❡❞ ❜② ❞✐❣✐t❛❧ ❤♦❧♦❣r❛♣❤✐❝ ♠✐❝r♦s❝♦♣②✳ ❚❤❡ ♠❡t❤♦❞ ✐s ✇❡❧❧ ❛❞❛♣t❡❞ t♦ ✐♠❛❣❡ s♠❛❧❧
s❝❛tt❡r✐♥❣ ♦❜❥❡❝ts ♠♦✈✐♥❣ ✇✐t❤✐♥ ❛ ❧❛r❣❡r ♠♦t✐♦♥❧❡ss ♦❜❥❡❝t✳ ❚❤✐s s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ r❡❞ ❜❧♦♦❞ ❝❡❧❧s ✭❘❇❈s✮
❝✐r❝✉❧❛t✐♥❣ ✐♥ t❤❡ ✈❛s❝✉❧❛r s②st❡♠ ♦❢ ❛ ③❡❜r❛✜s❤ ✭❉❛♥✐♦ r❡r✐♦✮ ❧❛r✈❛✳ ❘❇❈s ♣♦s✐t✐♦♥s ❛r❡ ✐♠❛❣❡❞ ✐♥ ✸❉ ❢r♦♠ ❛ s✐♥❣❧❡
❤♦❧♦❣r❛♠✱ ✇❤✐❧❡ t❤❡ ❘❇❈s tr❛❥❡❝t♦r✐❡s✱ ✐✳❡✳ t❤❡ ♣❡r❢✉s❡❞ ❜❧♦♦❞ ✈❡ss❡❧s✱ ❛r❡ ✐♠❛❣❡❞ ❢r♦♠ ❛ s❡q✉❡♥❝❡ ♦❢ ❤♦❧♦❣r❛♠s✳
❲✐t❤ r❡s♣❡❝t t♦ ♣r❡✈✐♦✉s ✇♦r❦ ✭❉♦♥♥❛r✉♠♠❛ ❡t ❛❧✳✱ ❖♣t✳ ❡①♣r❡ss✱ ✷✹✱ ✷✻✽✽✼✱ ✷✵✶✻ ✮✱ ✇❡ ❣❡t ❛ ❣❛✐♥ ♦❢ ∼ 500 ✐♥
❝❛❧❝✉❧❛t✐♦♥ s♣❡❡❞✳
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s❡♥s✐♥❣ ❤♦❧♦❣r❛♣❤✐❝ ♠✐❝r♦s❝♦♣② ✐♠❛❣✐♥❣ ♦❢ s♠❛❧❧ ♠♦✈✐♥❣ ♦❜❥❡❝ts✱✧ ❖♣t✳ ▲❡tt✳ ✹✹✱ ✷✽✷✼✲✷✽✸✵ ✭✷✵✶✾✮
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❉✐❣✐t❛❧ ❤♦❧♦❣r❛♣❤② ✭❉❍✮ ❝❛♣t✉r❡s t❤❡ ❝♦♠♣❧❡① ✜❡❧❞
s❝❛tt❡r❡❞ ❜② ❛♥ ♦❜❥❡❝t✱ r❛t❤❡r t❤❛♥ ✐ts ✐♥t❡♥s✐t②✱ ❣✐✈✲
✐♥❣ ✐♥ t❤✐s ✇❛② ✸❉ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡✳
❚❤❡ r❡❝♦r❞✐♥❣ ♦❢ ❛ ❤♦❧♦❣r❛♠ ✐♥✈♦❧✈❡s ❛ s❡♠✐❝♦♥❞✉❝t♦r✲
❜❛s❡❞ ✷❉ ✐♠❛❣❡r ✭❝❛♠❡r❛✮✱ ✇❤✐❧❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ✐s
♣❡r❢♦r♠❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② ❛ ❝♦♠♣✉t❡r ❬✶✾❪✳ ▼♦st ♦❢ t❤❡
t✐♠❡✱ t❤❡ ✜❡❧❞ r❡tr✐❡✈❛❧ ✐s ❞♦♥❡ ❜② r❡tr♦♣r♦♣❛❣❛t✐♥❣ t❤❡
❤♦❧♦❣r❛♠ r❡❝♦r❞❡❞ ♦♥ t❤❡ ✷❉ s❡♥s♦r ✇✐t❤✐♥ ❛ s❡r✐❡s ♦❢
♣❧❛♥❡s ❛❞❥❛❝❡♥t t♦ t❤❡ ♦❜❥❡❝t✳ ■♥ t❤✐s ✇❛② ❛ ✸❉ ✐♠❛❣❡ ✐s
♦❜t❛✐♥❡❞✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤✐s ✐♠❛❣❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
✜❡❧❞ s❝❛tt❡r❡❞ ❜② t❤❡ ♦❜❥❡❝t ❛♥❞ ✐s t❤✉s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡
♦❜❥❡❝t ✐ts❡❧❢ ✭✐✳❡✳ ❢r♦♠ t❤❡ ✸❉ s❝❛tt❡r✐♥❣ ❞❡♥s✐t② ♦❢ t❤❡
♦❜❥❡❝t✮✳ ■♥❞❡❡❞✱ ❛s s❤♦✇♥ ❜② ❆t❧❛♥ ❡t ❛❧✳ ❬✶❪✱ t❤❡ r❡❝♦♥✲
str✉❝t❡❞ ✐♠❛❣❡ ♦❢ ❛ ♣♦✐♥t ♦❜❥❡❝t ✭❡①✿ ❛ ❣♦❧❞ ❜❡❛❞ ♦❢ ✶✵✵
♥♠ ❞✐❛♠❡t❡r✮ ♦❜t❛✐♥❡❞ ❜② ❞✐❣✐t❛❧ ❤♦❧♦❣r❛♣❤✐❝ ♠✐❝r♦s❝♦♣②
✭❉❍▼✮ ✐s ❛ ❝♦♥❡ ✇❤♦s❡ ❛♣❡① ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦s✐t✐♦♥
♦❢ t❤❡ ❜❡❛❞ ❛♥❞ ✇❤♦s❡ ♦♣❡♥✐♥❣ ❛♥❣❧❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
♥✉♠❡r✐❝❛❧ ❛♣❡rt✉r❡ ♦❢ t❤❡ ♠✐❝r♦s❝♦♣❡ ♦❜❥❡❝t✐✈❡✳

■t ✐s ❤♦✇❡✈❡r ♣♦ss✐❜❧❡ t♦ r❡❝♦♥str✉❝t ❛ ✸❉ ✐♠❛❣❡ ♦❢ t❤❡
♦❜❥❡❝t ❜② r❡❝♦r❞✐♥❣ ❛ s❡r✐❡s ♦❢ ❤♦❧♦❣r❛♠s ❢♦r ❞✐✛❡r❡♥t
❞✐r❡❝t✐♦♥s ♦❢ ✐❧❧✉♠✐♥❛t✐♦♥✱ ❛♥❞ ❜② ♣❡r❢♦r♠✐♥❣ ❛ t♦♠♦✲
❣r❛♣❤✐❝ r❡❝♦♥str✉❝t✐♦♥ t❤❛t ❝❛❧❝✉❧❛t❡s ✐♥ ✸❉ t❤❡ ♦♣t✐❝❛❧
✐♥❞❡① ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t ❬✽✱ ✷✶❪✳ ❍♦✇❡✈❡r✱ ❜❡✲
❝❛✉s❡ ✐t r❡q✉✐r❡s t♦ r❡❝♦r❞ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❤♦❧♦❣r❛♠s
✭≥ 100✮✱ t♦♠♦❣r❛♣❤② ♦♥❧② ❛♣♣❧✐❡s t♦ ✐♠♠♦❜✐❧❡ ♦❜❥❡❝ts✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ✐s ❛ ❜❛s✐s ✐♥ ✇❤✐❝❤ t❤❡ ✸❉
s❝❛tt❡r✐♥❣ ❞❡♥s✐t② ✐s s♣❛rs❡ ❡♥♦✉❣❤✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦
r❡❝♦♥str✉❝t ❛ ✸❉ ✐♠❛❣❡ ♦❢ t❤❡ ♦❜❥❡❝t ❢r♦♠ ❛ s✐♥❣❧❡ ❤♦❧♦✲
❣r❛♠ ❜② ❝♦♠♣r❡ss✐✈❡ s❡♥s✐♥❣ ✭❈❙✮ ❬✶✶✱ ✸❪✳ ❚❤✐s ♣♦✐♥t
❤❛s ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ❜② ❇r❛❞② ❡t ❛❧✳ ❬✷❪ ✇❤♦ ❤❛✈❡
✐♠❛❣❡❞ ❜② ❤♦❧♦❣r❛♣❤② ❛♥ ✐♠♠♦❜✐❧❡ ♦❜❥❡❝t ✇❤♦s❡ r❡♣r❡✲
s❡♥t❛t✐♦♥ ✐s s♣❛rs❡ ✐♥ t❤❡ ✇❛✈❡❧❡t ❜❛s✐s✳ ❙✐♥❝❡ t❤✐s ✇♦r❦✱
❉❍ ❝♦✉♣❧❡❞ t♦ t❤❡ ❈❙ ❤❛s ❣✐✈❡♥ r✐s❡ t♦ ♠❛♥② ❞❡✈❡❧♦♣✲
♠❡♥ts✳ ❲❡ ❝❛♥ ♠❡♥t✐♦♥ ✐♥ ♣❛rt✐❝✉❧❛r ❝♦♠♣r❡ss✐✈❡ ✐♥✲❧✐♥❡
❤♦❧♦❣r❛♣❤② ❬✾❪✱ ❝♦♠♣r❡ss✐✈❡ ❋r❡s♥❡❧ ❤♦❧♦❣r❛♣❤② ❬✶✼❪✱ ♦✛✲
❛①✐s ❢r❡q✉❡♥❝② s❤✐❢t✐♥❣ ❤♦❧♦❣r❛♣❤② ❬✶✺❪✱ ♠✐❧❧✐♠❡t❡r ✇❛✈❡
❝♦♠♣r❡ss✐✈❡ ❤♦❧♦❣r❛♣❤② ❬✼❪✱ ♦✛✲❛①✐s ❤♦❧♦❣r❛♣❤② ♦❢ ❞✐✛✉s❡
♦❜❥❡❝ts ❬✹❪✱ r❡❝♦✈❡r② ♦❢ ❛♥ ✐♠❛❣❡ ✐♥ ❧♦✇ ✐❧❧✉♠✐♥❛t✐♦♥ ❝♦♥✲
❞✐t✐♦♥s ❬✶✹❪ ♦r ✈✐❞❡♦✲r❛t❡ ♠✐❝r♦s❝♦♣✐❝ t♦♠♦❣r❛♣❤② ❬✶✷❪✳

■♥ t❤✐s ❧❡tt❡r✱ ✇❡ s❤♦✇ t❤❛t ❈❙ ❞✐❣✐t❛❧ ❤♦❧♦❣r❛♣❤② ✐s
✇❡❧❧ ❛❞❛♣t❡❞ t♦ ✐♠❛❣❡ s♠❛❧❧ s❝❛tt❡r✐♥❣ ♦❜❥❡❝ts ♠♦✈✐♥❣
✇✐t❤✐♥ ❛ ❧❛r❣❡r ♠♦t✐♦♥❧❡ss ♦❜❥❡❝t✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ❜❛s✐s
♦❢ t❤❡ ❞✐r❡❝t ✸❉ s♣❛❝❡ ✭✐✳❡✳ x, y, z✮✱ t❤❡ ✸❉ s❝❛tt❡r✐♥❣
❞❡♥s✐t② ♦❢ t❤❡ ♠♦✈✐♥❣ ♦❜❥❡❝ts ✐s ♦❢t❡♥ s♣❛rs❡✳ ❚❤✐s s✐t✉❛✲
t✐♦♥ ❝♦rr❡s♣♦♥❞s ❢♦r ❡①❛♠♣❧❡ t♦ t❤❡ ❝❛s❡ ♦❢ r❡❞ ❜❧♦♦❞ ❝❡❧❧s
✭❘❇❈s✮ ❝✐r❝✉❧❛t✐♥❣ ✐♥ ❛ ③❡❜r❛✜s❤ ✭❉❛♥✐♦ r❡r✐♦✮ ❧❛r✈❛✱ ✐♠✲
❛❣❡❞ ❜② ❞✐❣✐t❛❧ ❤♦❧♦❣r❛♣❤✐❝ ♠✐❝r♦s❝♦♣② ✭❉❍▼✮ ❬✶✵❪✳ ❇②
♣❡r❢♦r♠✐♥❣ ❈❙ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ❛ s✐♥❣❧❡ ❤♦❧♦❣r❛♠✱
✇❡ ♦❜t❛✐♥❡❞ ❛♥ ✐♥st❛♥t❛♥❡♦✉s ✸❉ ✐♠❛❣❡ ♦❢ t❤❡ ♦❜❥❡❝ts

✭t❤❡ ❘❇❈s✮✳ ❇② ♣❡r❢♦r♠✐♥❣ ❛ s❡r✐❡s ♦❢ r❡❝♦♥str✉❝t✐♦♥s
❢r♦♠ ❛ ❤♦❧♦❣r❛♠ s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥❡❞ ❛ ✸❉ ✐♠❛❣❡ ♦❢
t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♦❜❥❡❝ts ✭✐✳❡✳ t❤❡ ❜❧♦♦❞ ✈❡ss❡❧s✮✳

❋✐❣✉r❡ ✶✿ ✭❛✮ ❚②♣✐❝❛❧ ❤♦❧♦❣r❛♣❤✐❝ ♠✐❝r♦s❝♦♣② s❡t✉♣✳ ▲✿ ❧❛s❡r✱ ❈✬✿
❝❛♠❡r❛✱ ❇❙✿ ❜❡❛♠ s♣❧✐tt❡r✱ ▼✿ ♠✐rr♦r✱ ▼❖✿ ♠✐❝r♦s❝♦♣❡ ♦❜❥❡❝t✐✈❡✱
❈✿ ❝♦♥❥✉❣❛t❡ ♣❧❛♥❡ ♦❢ ♣❧❛♥❡ ❈✬ ❜② ♦❜❥❡❝t✐✈❡ ▼❖✱ ❱✿ ✐♠❛❣❡❞ ✈♦❧✉♠❡✱
❙✿ ❛ ❞✐✛✉s❡r✱ E✿ ♦❜❥❡❝t ✜❡❧❞✱ ER✿ r❡❢❡r❡♥❝❡ ✜❡❧❞✳

❚♦ ✐❧❧✉str❛t❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✸❉ ❤♦❧♦❣r❛♣❤✐❝
r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ❈❙✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛♥ ❡①♣❡r✐♠❡♥t ✐♥
✇❤✐❝❤ s♠❛❧❧ ♠♦✈✐♥❣ ♦❜❥❡❝ts ❛r❡ ✐♠❛❣❡❞ ✇✐t❤ ❛ t②♣✐❝❛❧
tr❛♥s♠✐ss✐♦♥ ❉❍▼ s❡t✉♣ ✭s❡❡ ❋✐❣✳ ✶✮✳ ❚❤❡ ♦❜❥❡❝ts ♠♦✈✲
✐♥❣ ✐♥ ❛ ✈♦❧✉♠❡ ❱✱ ❛r❡ ✐❧❧✉♠✐♥❛t❡❞ ❜② ❛ ❧❛s❡r ▲ ❛♥❞ s❝❛t✲
t❡r ❧✐❣❤t ✐♥ ❛❧❧ t❤❡ ❞✐r❡❝t✐♦♥s✳ ❚❤❡ ❧✐❣❤t ✐s ❝♦❧❧❡❝t❡❞ ❜②
t❤❡ ♠✐❝r♦s❝♦♣❡ ♦❜❥❡❝t✐✈❡ ▼❖ ❛♥❞ ✐♠❛❣❡❞ ♦♥ t❤❡ ❝❛♠✲
❡r❛✱ ✐♥ ♣❧❛♥❡ C ′✳ ❍❡r❡✱ t❤❡ ✜❡❧❞ E s❝❛tt❡r❡❞ ❜② t❤❡ ♦❜✲
❥❡❝t✱ ✐♥t❡r❢❡r❡s ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡ ✜❡❧❞ ER✳ ❚❤❡ ❝❛♠✲
❡r❛ r❡❝♦r❞s t❤❡ r❡s✉❧t✐♥❣ ✐♥t❡r❢❡r♦❣r❛♠ I = |E + ER|

2✳
▼♦✈✐♥❣ ♦❜❥❡❝ts ✇❡r❡ s❡❧❡❝t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ s❡q✉❡♥❝❡s
♦❢ ✐♥t❡r❢❡r♦❣r❛♠s Im ✇✐t❤ m = 0, 1, 2✳✳✳ ❛♥❞ ❜② ❝❛❧✲
❝✉❧❛t✐♥❣ t❤❡ ❤♦❧♦❣r❛♠ HC′ ✐♥ ♣❧❛♥❡ ❈✬ ❜② ❝♦♠❜✐♥✐♥❣
t❤❡ Im ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✇❤♦s❡ s✉♠ ✐s ③❡r♦ ✭❢♦r ❡①❛♠✲
♣❧❡ HC′ = (Im + Im−1)− (Im−2 + Im−3) ✮✳ ❇② t❤✐s ✇❛②✱
✇❡ s✉❜tr❛❝t❡❞ t❤❡ ✐♠♠♦❜✐❧❡ ❜❛❝❦❣r♦✉♥❞✳ ❚❤✐s ❛♣♣r♦❛❝❤
✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❙❝❤✇❡rt❡ ❡t ❛❧✳ ❬✷✵❪ ✇❤♦
❤✐❣❤❧✐❣❤t❡❞ ❜❧♦♦❞ ❝✐r❝✉❧❛t✐♦♥ ✐♥ ③❡❜r❛✜s❤ ❧❛r✈❛❡ ❜② ❝❛❧✲
❝✉❧❛t✐♥❣ ❞✐✛❡r❡♥❝❡s ♦❢ s✉❝❝❡ss✐✈❡ ❢r❛♠❡s ✐♥ ✇❤✐t❡ ❧✐❣❤t
✈✐❞❡♦ ♠♦✈✐❡s✳
❚❤❡ ❡①♣❡r✐♠❡♥t ✐s ❝❛rr✐❡❞ ♦✉t ✐♥ ♦✛✲❛①✐s ❣❡♦♠❡tr②✳ ❇②

✜❧t❡r✐♥❣ ✐♥ t❤❡ ❋♦✉r✐❡r s♣❛❝❡ ❬✻❪✱ ✇❡ ❝❛♥ s❡❧❡❝t t❤❡ +1
♦r❞❡r ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❤♦❧♦❣r❛♠✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
EE∗

R t❡r♠ ♦❢ I = |E + ER|
2 ✭✇❤❡r❡ E ✐s t❤❡ ✜❡❧❞ s❝❛t✲

t❡r❡❞ ❜② t❤❡ ♠♦✈✐♥❣ ♦❜❥❡❝ts ✐♥ t❤❡ ❝❛♠❡r❛ ♣❧❛♥❡ C ′✮✳ ❇②
❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ r❡❢❡r❡♥❝❡ ✜❡❧❞ ✐s ✢❛t ✜❡❧❞ ✭|ER| ≃ 1✮✱
✇❡ t❤✉s ❝❛❧❝✉❧❛t❡ t❤❡ ✜❡❧❞ E✳ ❇② ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ♣❤❛s❡

✷



❡✛❡❝ts r❡❧❛t❡❞ t♦ t❤❡ ❛❜❡rr❛t✐♦♥s ♦❢ t❤❡ ▼❖ ♦❜❥❡❝t✐✈❡
❬✺❪✱ t♦ t❤❡ ♦✛✲❛①✐s ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ t♦ t❤❡ ❝✉r✈❛t✉r❡
♦❢ t❤❡ r❡❢❡r❡♥❝❡ ✇❛✈❡ ❬✷✷❪✱ ✇❡ ❣❡t t❤❡ ✜❡❧❞ EC(x, y) ✐♥
t❤❡ ♣❧❛♥❡ C✱ ❝♦♥❥✉❣❛t❡ ♦❢ t❤❡ ♣❧❛♥❡ C ′ ❜② t❤❡ ♦❜❥❡❝t✐✈❡
▼❖✳ ❲❡ ❣❡t ❛s ✇❡❧❧ t❤❡ ✜❡❧❞ ẼC ✐♥ t❤❡ ❋♦✉r✐❡r s♣❛❝❡✿
ẼC(kx, ky) = ❋❚ [ EC(x, y) ] ✭✇❤❡r❡ ❋❚ ✐s t❤❡ ❞✐s❝r❡t❡
❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦♣❡r❛t♦r✮✳
❚❤❡ ♠♦✈✐♥❣ ♦❜❥❡❝ts✱ t❤❛t s❝❛tt❡r t❤❡ ❧❛s❡r ❧✐❣❤t✱

❛❝t ❧✐❦❡ s♦✉r❝❡s ♦❢ ✜❡❧❞ S(x, y, z) ❧♦❝❛t❡❞ ✐♥ ✈♦❧✲
✉♠❡ ❱✳ ❆❝❝♦r❞✐♥❣ t♦ ❛♥❣✉❧❛r s♣❡❝tr✉♠ ♣r♦♣❛❣❛✲
t✐♦♥ ❡q✉❛t✐♦♥s ❬✷✹❪✱ t❤❡ ✜❡❧❞ EC(x, y) r❛❞✐❛t❡❞
❜② t❤❡ s♦✉r❝❡s S ✐♥ t❤❡ ♣❧❛♥❡ C ❛t z❂0 ❛r❡✿
EC(x, y) =

∑

z ❋❚
−1 exp(+ikz.z) ❋❚ [ S(x, y, z) ]✱

✭✇❤❡r❡ ❋❚−1 ✐s t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦♣❡r❛t♦r✮✳
❲❡ ❤❛✈❡ t❤✉s✿

ẼC(kx, ky) =
∑

z

exp(+ikz.z) ❋❚ [ S(x, y, z) ] ✭✶✮

✇❤❡r❡ kz ✐s t❤❡ z ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✇❛✈❡✈❡❝t♦r ❦ ✐✳❡✳

kz =
√

k2 − k2x − k2y ✇✐t❤ k = |❦| = 2πnm/λ✱ ✇❤❡r❡ λ ✐s

t❤❡ ✇❛✈❡❧❡♥❣t❤ ✐♥ ✈❛❝✉✉♠ ❛♥❞ nm t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡①
♦❢ t❤❡ ♠❡❞✐✉♠✳ ❊q✉❛t✐♦♥ ✭✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❧✐♥❡❛r
s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿

✉ = A✈ ✭✷✮

✇❤❡r❡ ✈ ≡ S(x, y, z) ❛♥❞ ✉ ≡ ẼC(kx, ky) ❛r❡ ✈❡❝t♦rs ♦❢
❞✐♠❡♥s✐♦♥s ✶✷✽✹✺✵✺✻✵ ✭✐✳❡✳ 896 × 896 × 160 ❛♥❞ ✽✵✷✽✶✻
✭✐✳❡✳ 896 × 896✮✱ ❛♥❞ ✇❤❡r❡ A ✐s ❛ ♠❛tr✐① ♦❢ ❞✐♠❡♥s✐♦♥
128450560× 802816 ✭s❡❡ ❋✐❣✳ ✷ ✭❛✮ ✮✳
❚❤✐s s②st❡♠ ✐s str♦♥❣❧② ✉♥❞❡r❞❡t❡r♠✐♥❡❞ s✐♥❝❡ t❤❡ ❞✐✲

♠❡♥s✐♦♥s ♦❢ ✈❡❝t♦rs ✉ ❛♥❞ ✈ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢
♣✐①❡❧s ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❣r✐❞ ✐♥ ♣❧❛♥❡ C✱ ✭✐✳❡✳ 896× 896
❢♦r ✉✮ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✈♦①❡❧s ♦❢ t❤❡ ✈♦❧✉♠❡ ❱✱ r❡s♣❡❝✲
t✐✈❡❧②✳ ❚❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❞✐♠❡♥s✐♦♥s t❤❛t ✇❡
❝❛❧❧ t❤❡ ❝♦♠♣r❡ss✐♦♥ r❛t✐♦ ✭❈❘✮ ✐s ❧❛r❣❡✱ s✐♥❝❡ ✐t ❝♦rr❡✲
s♣♦♥❞s t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛♥❡s z ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ✸❉
r❡❝♦♥str✉❝t✐♦♥ ✭✐✳❡✳ 160✮✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠♦✈✐♥❣
❞✐✛✉s❡rs r❡♣r❡s❡♥t ❛ ✈❡r② s♠❛❧❧ ♣❛rt ♦❢ t❤❡ ✸❉ ✈♦❧✉♠❡✱
✈❡❝t♦r ✈ ✐s ❤✐❣❤❧② s♣❛rs❡ ✐♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ♣♦s✐t✐♦♥s
x, y, z✳ ■t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ s♦❧✈❡ ✭✷✮ ✉s✐♥❣ ❈❙✳
❲❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t t❤❡ ♠❛tr✐① A ✐s t♦♦ ❧❛r❣❡ t♦ ❜❡

❝❛❧❝✉❧❛t❡❞✳ ❚♦ ❝♦♠♣✉t❡ ✉ = A✈✱ ✭✶✮ ♠✉st ❜❡ ✉s❡❞✳ ❙✐♠✲
✐❧❛r❧②✱ t♦ ❝♦♠♣✉t❡ ✈ = A†✉✱ ✇❡ ♠✉st ✉s❡ ✭✸✮✿

S(x, y, z) = ❋❚−1
[

exp(−ikz.z) ẼC(kx, ky)
]

✭✸✮

❚❤❡ ❈❙ ♠❡t❤♦❞ ✇❡ ✉s❡❞ ❤❡r❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♦rt❤♦❣♦✲
♥❛❧ ♠❛t❝❤✐♥❣ ♣✉rs✉✐t ❬✶✻❪✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ s❝❤❡♠❛✲
t✐③❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥✿

✉(n+1) = ✉(n) − anA❚
(n)A†✉(n) ✭✹✮

✇❤❡r❡ n ✐s t❤❡ ✐t❡r❛t✐♦♥ ✐♥❞❡①✳ ■t st❛rts ✇✐t❤ ✉(1) = ✉ ≡
ẼC ✳
❚❤❡ ❛❧❣♦r✐t❤♠ ❝❛❧❝✉❧❛t❡s ✐t❡r❛t✐✈❡❧② t❤❡ ✸❉ s♦✉r❝❡s

✈(n) = A†✉(n)✱ ❛♥❞ t❤❡ ✷❉ ✜❡❧❞ A✈(n) r❛❞✐❛t❡❞ ❜② t❤❡
s♦✉r❝❡s✱ ❜② s❡❧❡❝t✐♥❣ ✇✐t❤✐♥ t❤❡ s♦✉r❝❡s ✈(n) t❤❡ ❜r✐❣❤t✲
❡st ♦♥❡s ✇✐t❤ t❤❡ ♦♣❡r❛t♦r ❚(n)✳ ❚❤❡ ✷❉ ✜❡❧❞ r❛❞✐❛t❡❞
❜② t❤❡ s❡❧❡❝t❡❞ s♦✉r❝❡s ✭✐✳❡✳ A❚(n)A†✉(n)✮ ✐s s✉❜str❛❝t❡❞
❢r♦♠ t❤❡ ✷❉ ✜❡❧❞ ✉(n) ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡ ✷❉ ✜❡❧❞ ❢♦r t❤❡
♥❡①t ✐t❡r❛t✐♦♥✱ ✐✳❡✳ ✉(n+1)✳ ❇② t❤✐s ✇❛② t❤❡ ✷❉ ✜❡❧❞ ✐s
❝❧❡❛♥❡❞✳

❋✐❣✉r❡ ✷✿ ✭❛✮ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s✳
▼❛tr✐① A ❞❡s❝r✐❜❡s t❤❡ ❡♠✐ss✐♦♥ ❜② t❤❡ ✸❉ s♦✉r❝❡s ✈ ≡ S r❡s✉❧t✐♥❣
✐♥ ❛ ✷❉ ✜❡❧❞ ✐♥ ❋♦✉r✐❡r s♣❛❝❡ ✉ ≡ ẼC ✳ ❚❤❡ ♠❛tr✐① A† r❡♣r❡s❡♥ts
t❤❡ ✸❉ ✜❡❧❞ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ t❤❡ ✷❉ ✜❡❧❞ ✐♥ t❤❡ ❝❛♠❡r❛ ❝♦♥✲
❥✉❣❛t❡ ♣❧❛♥❡✳ ✭❜✮ ◆♦r♠❛❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❞✐❛❣r❛♠ ✿ ✉(n) ✐s t❤❡
❤♦❧♦❣r❛♠ ❛t t❤❡ ✐t❡r❛t✐♦♥ ♥✱ ✉n t❤❡ ✜❡❧❞ r❛❞✐❛t❡❞ ❜② t❤❡ s♦✉r❝❡s
s❡❧❡❝t❡❞ ❛t ✐t❡r❛t✐♦♥ ♥✱ an t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ ✉(n+1)

t❤❡ ❤♦❧♦❣r❛♠ ❛t t❤❡ ✐t❡r❛t✐♦♥ ♥+✶✱ ♦rt❤♦❣♦♥❛❧ t♦ ✉n✳

■♥ ♦r❞❡r t♦ ♦♣t✐♠✐③❡ ❛♥❞ st❛❜✐❧✐③❡ t❤✐s ❝❧❡❛♥✐♥❣ ♣r♦✲
❝❡❞✉r❡✱ t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ s❡❧❡❝t❡❞ s♦✉r❝❡s ♠✉st ❜② ❛❞✲
❥✉st❡❞✳ ❚❤❡ s❡❧❡❝t❡❞ s♦✉r❝❡s ❚(n)✈(n) ❛r❡ t❤✉s ♠✉❧t✐♣❧✐❡❞
❜② ❛ ♥♦r♠❛❧✐s❛t✐♦♥ ❢❛❝t♦r an✱ ✇❤✐❝❤ ✐s ❛❞❥✉st❡❞ ✐♥ ♦r❞❡r
t♦ ♠✐♥✐♠✐③❡ t❤❡ ✷❉ ✜❡❧❞ ❡♥❡r❣② |✉(n+1)|2 r❡♠❛✐♥✐♥❣ ❛❢✲
t❡r ❝❧❡❛♥✐♥❣✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s ❝♦♥❞✐t✐♦♥✱ t❤❡ ♦rt❤♦❣♦♥❛❧
♠❛t❝❤✐♥❣ ♠❡t❤♦❞ ❛❞❥✉sts an s♦ t❤❛t t❤❡ ✈❡❝t♦r ✉(n+1)

❜❡❝♦♠❡s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ✈❡❝t♦r ✉n = A❚(n)A†②(n) r❛✲
❞✐❛t❡❞ ❜② t❤❡ s❡❧❡❝t❡❞ s♦✉r❝❡s ✭s❡❡ ❋✐❣✳ ✷ ✭❜✮✮✳ ❲❡ ❤❛✈❡
t❤✉s (✉(n)−an✉n) �✉n = 0 ✇❤❡r❡ � ✐s t❤❡ s❝❛❧❛r ♣r♦❞✉❝t✳
❲❡ ❣❡t✿

an =
✉n � ✉(n)

|✉n|2
✭✺✮

❆t ❡❛❝❤ ✐t❡r❛t✐♦♥ st❡♣ n✱ t❤❡ t♦t❛❧ ❡♥❡r❣② ✭s✉♠♠❡❞ ♦✈❡r
❛❧❧ ♣✐①❡❧s✮ r❡♠❛✐♥✐♥❣ ✐♥ t❤❡ ✷❉ ✜❡❧❞ |✉(n)|2 ❞❡❝r❡❛s❡s✳
❲❤❡♥ t❤✐s ❡♥❡r❣② ❜❡❝♦♠❡s s✉✣❝✐❡♥t❧② ❧♦✇✱ ❢♦r ❡①❛♠♣❧❡
✇❤❡♥ ✐t r❡♣r❡s❡♥ts ♦♥❧② ✷✵ ✪ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❡♥❡r❣②✱ t❤❡
✐t❡r❛t✐✈❡ ♣r♦❝❡ss st♦♣s✳ ❚❤❡ ✜♥❛❧ ✸❉ ❞✐str✐❜✉t✐♦♥ ✈ ♦❢
t❤❡ s♦✉r❝❡s ✐s t❤❡♥✿

✈ =
∑

n

an❚
(n)A†✉(n) ✭✻✮

✸



▲❡t ✉s ❣✐✈❡ ❤❡r❡ ♠♦r❡ ❞❡t❛✐❧s ♦♥ ♦✉r ❝❛❧❝✉❧❛t✐♦♥s✳ ❚❤❡
❛❧❣♦r✐t❤♠ ❜❡❣✐♥s ✇✐t❤ ✉(1) = ✉ ✿
✶✳ ❊❛❝❤ ✐t❡r❛t✐♦♥ n st❛rts ✇✐t❤ t❤❡ ❋♦✉r✐❡r ❤♦❧♦❣r❛♠

✉(n) ≡ Ẽ
(n)
C (kx, ky)✳

✷✳ ❚❤❡ s♦✉r❝❡s ✈(n) ≡ S(n) ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❤❡ ✇❤♦❧❡
✐♠❛❣❡❞ ✈♦❧✉♠❡ ❜② ✭✸✮ ✿

S(n)(x, y, z) = ❋❚−1
[

exp(−ikz.z) Ẽ
(n)
C (kx, ky)

]

✭✼✮

✸✳ ❚❤❡ ❡♥❡r❣② ♦❢ t❤❡ s♦✉r❝❡s |S(n)(x, y, z)|2 ✐s ❝❛❧❝✉✲
❧❛t❡❞ ❢♦r ❡❛❝❤ ✈♦①❡❧ (x, y, z)✱ t❤❡ ♠❛①✐♠✉♠ ♦❢ ❡♥❡r❣②

E
(n)
max ✐s ❞❡t❡r♠✐♥❡❞✱ ❛♥❞ ❛ t❤r❡s❤♦❧❞ ♦❢ ❡♥❡r❣② E

(n)
th ✐s

❝❤♦s❡♥ ✭❢♦r ❡①❛♠♣❧❡ E
(n)
th = 0.9 E

(n)
max✮✳

✹✳ ❖♣❡r❛t♦r T (n) s❡❧❡❝ts t❤❡ ✈♦①❡❧s x′, y′, z′ ✇❤♦s❡ ❡♥✲

❡r❣② ✐s ❛❜♦✈❡ t❤❡ t❤r❡s❤♦❧❞ E
(n)
th ✱ ❛♥❞ ❛❞❞ t♦ t❤❡s❡ ✈♦①✲

❡❧s✱ t❤❡ ✈♦①❡❧s ❧♦❝❛t❡❞ ✇✐t❤✐♥ ❛ ♣r❡❞❡✜♥❡❞ r❛❞✐✉s ✭❡✳❣✳
rRBC = 3✮ ✐♥ t❤❡ s❛♠❡ z = z′ ♣❧❛♥❡✳ ❚❤❡ s❡❧❡❝t❡❞ s♦✉r❝❡s

❚(n)A†✉(n) ≡ Sn(x, y, z) ❛r❡ t❤✉s✿

• Sn(x, y, z) = S(n)(x, y, z) ✇✐t❤ |S(n)(x′, y′, z′)|2 >

E
(n)
th ✱

√

(x′ − x)2 + (y′ − y)2 ≤ rRBC ❛♥❞ z = z′✱

• ❛♥❞ Sn(x, y, z) = 0 ♦t❤❡r✇✐s❡✳

✺✳ ❚❤❡ ✜❡❧❞ ✉n ≡ ẼC,n(kx, ky) r❛❞✐❛t❡❞ ❜② t❤❡ s♦✉r❝❡s
Sn ✐♥ t❤❡ ♣❧❛♥❡ z = 0 ✐s ❝❛❧❝✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✮ ✿

ẼC,n(kx, ky) =
∑

z

exp(−ikz.z) ❋❚ [ Sn(x, y, z) ] ✭✽✮

✻✳ ❚❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❝♦❡✣❝✐❡♥t an ✐s ❝❛❧❝✉❧❛t❡❞ ❜②
✭✺✮✳

✼✳ ❚❤❡ ❝❧❡❛♥❡❞ ✷❉ ✜❡❧❞ ✉(n+1) ≡ Ẽ
(n+1)
C (kx, ky)✱

✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ st❛rt t❤❡ ♥❡①t ✐t❡r❛t✐♦♥✱ ✐s ❝❛❧✲
❝✉❧❛t❡❞ ❜②✿

Ẽ
(n+1)
C (kx, ky) = Ẽ

(n)
C (kx, ky)− anẼC,n(kx, ky)✭✾✮

❲❤❡♥ t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ ✷❉ ✜❡❧❞ ❜❡❝♦♠❡s s✉❢✲

✜❝✐❡♥t❧② ❧♦✇ ✭❢♦r ❡①❛♠♣❧❡ ✐❢ E
(n)
max < 0.2 E

(1)
max✮✱ t❤❡ ✸❉

s♦✉r❝❡s ✈ ≡ S(x, y, z) ❛r❡ ♦❜t❛✐♥❡❞✿

S(x, y, z) =
∑

n

anSn(x, y, z) ✭✶✵✮

❲❡ ❤❛✈❡ ✈❛❧✐❞❛t❡❞ ♦✉r ❈❙ ❝❛❧❝✉❧❛t✐♦♥ ❜② ✐♠❛❣✐♥❣ t❤❡
♠✐❝r♦❝✐r❝✉❧❛t✐♦♥ ✐♥ ③❡❜r❛✜s❤ ✭❉❛♥✐♦ r❡r✐♦✮ ❧❛r✈❛❡✳ ❆♥✐✲
♠❛❧s ✇❡r❡ ❤❛♥❞❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡s ❬✷✸❪
❢♦❧❧♦✇✐♥❣ t❤❡ ◆❛t✐♦♥❛❧ ❛♥❞ ❊✉r♦♣❡❛♥ ❡t❤✐❝ ❣✉✐❞❡❧✐♥❡s ❢♦r

❋✐❣✉r❡ ✸✿ ✭❛✱❜✮ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❞✐✛✉s❡rs ✭❘❇❈s✮ ❝♦♥s✐❞❡r✐♥❣
❛ s✐♥❣❧❡ ✸❉ r❡❝♦♥str✉❝t✐♦♥✳ ❱✐❡✇ ❛t 0◦ ❛♥❞ +50◦✳ ✭❝✱❞✱❡✱❢✮ ❘❡♣✲
r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✈❛s❝✉❧❛r s②st❡♠ ❝♦♥s✐❞❡r✐♥❣ ❛ s✉♠♠❛t✐♦♥ ♦❢ ❛
s❡q✉❡♥❝❡ ♦❢ ✶✵✵ ❤♦❧♦❣r❛♠s✳ ❱✐❡✇ ❛t 0◦✱ +44◦✱ −48◦ ❛♥❞ −90◦✳
❋♦r ❛ 360◦ r♦t❛t✐♦♥ s❡❡ ❱✐s✉❛❧✐③❛t✐♦♥s ✐♥ s✉♣♣❧❡♠❡♥t❛r②✳ ✭❝✮ ❉❆✿
❞♦rs❛❧ ❛♦rt❛✳ ❈❱✿ ❝❛✉❞❛❧ ✈❡✐♥✳ ■❙❱✿ ✐♥t❡rs❡❣♠❡♥t❛❧ ✈❡ss❡❧s✳ ❉▲❆❱✿
❞♦rs❛❧ ❧♦♥❣✐t✉❞✐♥❛❧ ❛♥❛st♦♠♦t✐❝ ✈❡ss❡❧s✳ ❙❝❛❧❡ ❜❛r ✐s ✶✵✵ µ♠✳

❛♥✐♠❛❧ ✇❡❧❧✲❜❡✐♥❣ ❛♥❞ t❤❡ ❊✉r♦♣❡❛♥ ❈♦♥✈❡♥t✐♦♥ ❢♦r t❤❡
Pr♦t❡❝t✐♦♥ ♦❢ ❆♥✐♠❛❧s ✉s❡❞ ❢♦r ❊①♣❡r✐♠❡♥t❛❧ ❛♥❞ ❙❝✐❡♥✲
t✐✜❝ P✉r♣♦s❡s✳ ❯♥♣✐❣♠❡♥t❡❞ ❧❛r✈❛❡ ✇❡r❡ ♦❜t❛✐♥❡❞ ❢r♦♠
s♣♦♥t❛♥❡♦✉s s♣❛✇♥✐♥❣ ♦❢ ❝❛s♣❡r ②♦✉♥❣ ❛❞✉❧t ✜s❤ ♣❛✐rs
❛♥❞ ❣r♦✇♥ ❛t ✷✽✳✺◦❈✳ ❚❤❡② ✇❡r❡ ❛♥❡st❤❡t✐③❡❞ ✇✐t❤ tr✐✲
❝❛✐♥❡ ❛t ✺ ❞❛②s ❛♥❞ ♠♦✉♥t❡❞ ✐♥ ❧❛t❡r❛❧ ✈✐❡✇ ✐♥ ✶ ✪ ❧♦✇
♠❡❧t✐♥❣ ♣♦✐♥t ❛❣❛r♦s❡ ✐♥ ❛ ✸✺ ♠♠ ❣❧❛ss ✐❜✐❞✐ ❘© ❜♦tt♦♠
♣❡tr✐ ❞✐s❤ ❛♥❞ t❤❡ tr✉♥❦ ❜❧♦♦❞ ✢♦✇ ✇❛s ✐♠❛❣❡❞ ✐♠♠❡❞✐✲
❛t❡❧②✳

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✇❛s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ♣r❡✈✐✲
♦✉s ✇♦r❦ ❬✶✵❪✳ ❚♦ ✐♥❝r❡❛s❡ t❤❡ ❛♥❣✉❧❛r ❞✐✈❡rs✐t② ♦❢ ✐❧❧✉♠✐✲
♥❛t✐♦♥✱ t❤❡ s❛♠♣❧❡ ✇❛s ✐♠❛❣❡❞ ✇✐t❤ ❛ ❤✐❣❤❡r ◆❆ ♠✐❝r♦✲
s❝♦♣❡ ♦❜❥❡❝t✐✈❡ ✭✷✵①✴◆❆❂✵✳✺ ✇❛t❡r ✐♠♠❡rs✐♦♥ ❩❡✐ss ♠✐✲
❝r♦s❝♦♣❡ ♦❜❥❡❝t✐✈❡✮✱ ❛♥❞ ✇✐t❤ t❤r❡❡ ✐❧❧✉♠✐♥❛t✐♦♥ ❜❡❛♠s
✭✐♥ ♣❧❛❝❡ ♦❢ ◆❆❂✵✳✸ ❛♥❞ ✷ ✐❧❧✉♠✐♥❛t✐♦♥s ✐♥ ❬✶✵❪✮✳ ❚❤❡
❤♦❧♦❣r❛♣❤✐❝ s✐❣♥❛❧ ✇❛s ❛❝q✉✐r❡❞ ❜② ❛♥ ❆♥❞♦r ❩②❧❛ s❈✲
▼❖❙ ❝❛♠❡r❛ ✭2560× 2160 ♣✐①❡❧s✱ ✶✷ ❇✐ts✱ ✺✵ ❢r❛♠❡s✴s✮✱

✹



❛♥❞ t❤❡ ❢r❛♠❡s Im r❡❝♦r❞❡❞ ❜② t❤❡ ❝❛♠❡r❛ ✇❡r❡ st♦r❡❞
♦♥ ❛ 2560 × 2560 ♥✉♠❡r✐❝❛❧ ❣r✐❞✳ ❚♦ s❡❧❡❝t t❤❡ ♠♦✈✐♥❣
❘❇❈s✱ ❤♦❧♦❣r❛♠s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② HC′ = Im − Im−2✳
❆❝❝♦r❞✐♥❣ t♦ ❱❡rr✐❡r ❡t ❛❧✳ ❬✷✷❪✱ t❤❡ +1 ❣r❛t✐♥❣ ♦r❞❡r s✐❣✲
♥❛❧ ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ Ẽ(kx, ky) ❛♥❞ ẼC(kx, ky)✮ ✇❛s
s❡❧❡❝t❡❞ ❜② ❝✉tt✐♥❣ ❛ ❞✐s❦ ♦❢ ❞✐❛♠❡t❡r 820 ♣✐①❡❧s ✇✐t❤✐♥
t❤❡ ❋♦✉r✐❡r s♣❛❝❡ ❤♦❧♦❣r❛♠ ✭2560× 2560 ♣✐①❡❧s✮✱ ❛♥❞ ❜②
❝♦♣②✐♥❣ t❤✐s ❞✐s❦ ♦♥ ❛ 896×896 ❝❛❧❝✉❧❛t✐♦♥ ❣r✐❞✳ ❈❙ ❝❛❧✲
❝✉❧❛t✐♦♥s ✇❡r❡ ♠❛❞❡ ♦♥ ❛ ✸❉ ❣r✐❞ ✇✐t❤ 896 × 896 × 160
✈♦①❡❧s✳ ❱♦①❡❧ s✐③❡ ✇❛s ✵✳✻ µ♠ ✐♥ x ❛♥❞ y✱ ❛♥❞ ✶✳✽ µ♠
✐♥ z✳ ❚❤❡ ✸❉ ✈✐❡✇ ♦❢ ❋✐❣✳ ✸✱ ❛♥❞ ❱✐s✉❛❧✐③❛t✐♦♥ ✶ ❛♥❞
❱✐s✉❛❧✐③❛t✐♦♥ ✸ ✈✐❞❡♦s ✇❡r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ■♠❛❣❡❏ ✭♣❧✉✲
❣✐♥ ✸❉ ❱✐❡✇❡r✮✳ ❱✐s✉❛❧✐③❛t✐♦♥ ✷ ❛♥❞ ❱✐s✉❛❧✐③❛t✐♦♥ ✹

✈✐❞❡♦s ✇❡r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ ❤♦♠❡ ♠❛❞❡ ❈❯❉❆ ♣r♦❣r❛♠
❜❛s❡❞ ♦♥ ❛♥ ◆❱✐❞✐❛ ❝♦❞❡ ❡①❛♠♣❧❡ ✭❱♦❧✉♠❡❘❡♥❞❡r✮✳

❋✐❣✉r❡s ✸ ✭❛✱❜✮ s❤♦✇ t❤❡ ✸❉ ✐♠❛❣❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❛
s✐♥❣❧❡ ❤♦❧♦❣r❛♠ ✈✐❡✇❡❞ ❛t ✵◦ ✭❛✮ ❛♥❞ ✺✵◦ r♦t❛t✐♦♥ ❛♥❣❧❡
✭❜✮✳ ❚❤❡ ✐♥❞✐✈✐❞✉❛❧ ❞✐✛✉s❡rs ✭❘❇❈s✮ ❛r❡ ❝❧❡❛r❧② s❡❡♥ ✐♥
✸❉✳ ❆ ✸✻✵◦ r♦t❛t✐♦♥ ✈✐❡✇ ♦❢ t❤❡ ✸❉ ✐♠❛❣❡ ✐s s❤♦✇♥ ✐♥
s✉♣♣❧❡♠❡♥t❛r② ✭❱✐s✉❛❧✐③❛t✐♦♥ ✶✮✳ ■♥ ♦r❞❡r t♦ ✈✐s✉❛❧✐③❡
t❤❡ ✸❉ ♠♦t✐♦♥ ♦❢ t❤❡ ❘❇❈s✱ ✇❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞✱ ❢r♦♠
❛ s❡q✉❡♥❝❡ ♦❢ ✶✵✵ ❤♦❧♦❣r❛♠s✱ t❤❡ ✹❉ ❞❛t❛ ❝♦rr❡s♣♦♥❞✲
✐♥❣ t♦ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✸❉ ✐♠❛❣❡s✳ ❆ ✸✻✵◦ r♦t❛t✐♦♥ ✈✐❡✇
♦❢ t❤✐s s❡q✉❡♥❝❡ ♦❢ ✸❉ ✐♠❛❣❡s ✐s s❤♦✇♥ ✐♥ s✉♣♣❧❡♠❡♥✲
t❛r② ✭❱✐s✉❛❧✐③❛t✐♦♥ ✷✮✳ ❚❤❡ ✸❉ ♠♦t✐♦♥ ♦❢ t❤❡ ❘❇❈s
✐s ❝❧❡❛r❧② s❡❡♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❘❇❈s ♠♦✈❡♠❡♥t ✐s s❧✐❣❤t❧②
❥❡r❦②✱ ❜❡❝❛✉s❡ t❤❡ ❝❛♠❡r❛ ❢r❛♠❡ r❛t❡ s❡❡♠s t♦♦ ❧♦✇✳

❚❤❡ ✸❉ ✐♠❛❣❡ t❤❛t ✐s ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✳ ✸ ✭❛✱❜✮ ✐s ❤✐❣❤❧②
s♣❛rs❡ s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ✈♦①❡❧s ✇❤♦s❡ ✐♥t❡♥s✐t② ✐♥ ♥♦♥
③❡r♦ ✐s ✽✸✷✻✽ ✭♦✈❡r t❤❡ 896 × 896 × 160 ❣r✐❞✮✱ ✇✐t❤ ❛
r❡❧❛t✐✈❡ ✐♥t❡♥s✐t② ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❛①✐♠✉♠✮ ✈❛r②✐♥❣
❢r♦♠ ✵✳✵✻✹ t♦ ✶✳ ❚❤❡ ♥✉♠❜❡r ♦❢ r❡❝♦♥str✉❝t❡❞ ✈♦①❡❧s
r❡♣r❡s❡♥ts t❤✉s ✶✺✳✼✪ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♠❡❛s✉r❡♠❡♥ts
✭✐✳❡✳ ♦❢ t❤❡ ❛r❡❛ ♦❢ t❤❡ ❝r♦♣♣❡❞ ❞✐s❦✿ ✺✷✽✶✵✶ ♣✐①❡❧s✮✱ ✇✐t❤
♠♦st ♦❢ t❤❡s❡ ✈♦①❡❧s ❤❛✈✐♥❣ ❛ ✈❡r② ❧♦✇ ✐♥t❡♥s✐t②✳ ❚❤❡
❝♦♥❞✐t✐♦♥ t❤❛t ❣✉❛r❛♥t❡❡s t❤❛t ❤♦❧♦❣r❛♣❤✐❝ ❝♦♠♣r❡ss✐✈❡
s❡♥s✐♥❣ ✸❉ r❡❝♦♥str✉❝t✐♦♥ ✐s ❞♦❛❜❧❡ ✭♥✉♠❜❡r ♦❢ ✈♦①❡❧s
❧♦✇❡r t❤❛♥ ∼✷✺✪ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♠❡❛s✉r❡♠❡♥ts ❬✶✽❪✮ ✐s
t❤✉s ❢✉❧✜❧❧❡❞✳

❚❤❡ ✸❉ ❝❛❧❝✉❧❛t✐♦♥ ❝♦♥✈❡r❣❡ ❛❢t❡r ✶✻✵ ✐t❡r❛t✐♦♥s ✭✐♥
❛❜♦✉t ✷ ♠✐♥✉t❡s✮ ✉s✐♥❣ ●P❯ ✭◆❱✐❞✐❛ ●❚❳ ❚✐t❛♥ ❳♣✮
❛♥❞ ❈❯❉❆ ❧✐❜r❛r✐❡s ✭❝✉❋❋❚✱ ❝✉❇❧❛s✳✳✳✮✳ ❚❤✐s ✐s ♠✉❝❤
❢❛st❡r t❤❛♥ ✐♥ ❬✶✵❪✱ ✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❛ 512×512×128
✈♦①❡❧s ❣r✐❞ ♥❡❡❞❡❞ ❛❜♦✉t ✷✺✵✵✵ ✐t❡r❛t✐♦♥s✳ ■♥❞❡❡❞✱ ❛t
❡❛❝❤ ✐t❡r❛t✐♦♥✱ ❜♦t❤ ♠❡t❤♦❞s ♣❡r❢♦r♠ r♦✉❣❤❧② t❤❡ s❛♠❡
❛♠♦✉♥t ♦❢ ❋♦✉r✐❡r ❝❛❧❝✉❧❛t✐♦♥s ✭2× 128 ♦r 2× 160 ❋❚s✮✱
✇❤❡r❡❛s ♦♥❧② ♦♥❡ ✈♦①❡❧ ✐s ❡①tr❛❝t❡❞ ✐♥ ❬✶✵❪✱ ❛♥❞ ❛❜♦✉t ✺✵✵
✈♦①❡❧s ❛r❡ ❡①tr❛❝t❡❞ ❤❡r❡✳ ❚❤✐s ∼ 500× ✐♠♣r♦✈❡♠❡♥t ♦❢
t❤❡ ❝❛❧❝✉❧❛t✐♦♥ s♣❡❡❞ ✐s ♠❛❞❡ ♣♦ss✐❜❧❡ ❜② t❤❡ ♦rt❤♦❣♦♥❛❧
♥❛t✉r❡ ♦❢ t❤❡ ❈❙ ♠❡t❤♦❞✳

❆s ✇❛s ❞♦♥❡ ✐♥ ❬✶✵❪✱ ✇❡ ❛✈❡r❛❣❡❞ ❛ t✐♠❡ s❡q✉❡♥❝❡
♦❢ ✶✵✵ r❡❝♦♥str✉❝t❡❞ ✸❉ ✐♥t❡♥s✐t② ❞❛t❛ ❛♥❞ ❣♦t ❛ ❝❛st
♦❢ t❤❡ tr✉♥❦ ✈❛s❝✉❧❛r s②st❡♠✳ ❋✐❣✉r❡s ✸ ✭❝✮ t♦ ✭❢✮ ❛♥❞
❱✐s✉❛❧✐③❛t✐♦♥ ✸ ✐♥ s✉♣♣❧❡♠❡♥t❛r② s❤♦✇ s✉❝❤ ✸❉ ✈✐❡✇s
♦❢ t❤❡ ✈❛s❝✉❧❛r s②st❡♠✳ ❚❤❡② ❝♦♠♣❛r❡ ❢❛✈♦r❛❜❧② t♦
❝♦♥❢♦❝❛❧ ✐♠❛❣❡s ♦❢ ❡♥❞♦t❤❡❧✐❛❧ ❧❛❜❡❧❡❞ ❧❛r✈❛❡ ❬✶✸❪ ❜✉t
s❤♦✇ ♦♥❧② ♣❡r❢✉s❡❞ ❜❧♦♦❞ ✈❡ss❡❧s✳ ❚❤❡ ❛✈❡r❛❣✐♥❣ ♠❡t❤♦❞
✇♦r❦s ❤❡r❡ ❜❡❝❛✉s❡ t❤❡ ③❡❜r❛✜s❤ ❧❛r✈❛ ❞♦❡s ♥♦t ♠♦✈❡✳
❆ s✐♠✐❧❛r ❛✈❡r❛❣✐♥❣ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✉s❡❞ ❜② ❙❝❤✇❡rt❡
❡t ❛❧✳ ❬✷✵❪ t♦ ✐♠❛❣❡ t❤❡ ③❡❜r❛✜s❤ ✈❛s❝✉❧❛r s②st❡♠ ✐♥
✷❉✳ ❲❡ ❝♦♠❜✐♥❡❞ t❤❡ ❛✈❡r❛❣❡❞ r❡❝♦♥str✉❝t✐♦♥s ✇✐t❤
t❤❡ ♦♥❡s ❣✐✈✐♥❣ ✐♥st❛♥t❛♥❡♦✉s ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❘❇❈s
✐♥ ♦r❞❡r t♦ ✈✐s✉❛❧✐③❡ t❤❡ ❜❧♦♦❞ ✢♦✇ ✐♥s✐❞❡ t❤❡ ✈❡ss❡❧s
✭❱✐s✉❛❧✐③❛t✐♦♥ ✹✮✳

■♥ t❤✐s ❧❡tt❡r✱ ✇❡ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ✸❉ ♣♦s✐t✐♦♥s
♦❢ s♠❛❧❧ s❝❛tt❡r✐♥❣ ♦❜❥❡❝ts ♠♦✈✐♥❣ ✐♥ ❛ ❧❛r❣❡ ♠♦t✐♦♥❧❡ss
✈♦❧✉♠❡ ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② r❡❝♦♥str✉❝t❡❞ ❜② ❛ ❈❙✲❜❛s❡❞
♠❡t❤♦❞ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉❍▼ s❡t✉♣✳ ❚❤❡ t❡❝❤♥✐q✉❡ ✇❛s
❛♣♣❧✐❡❞ ❤❡r❡ t♦ t❤❡ ✐♥✲✈✐✈♦ ✐♠❛❣✐♥❣ ♦❢ ♠✐❝r♦❝✐r❝✉❧❛t✐♦♥ ✐♥
❛ ③❡❜r❛✜s❤ ❧❛r✈❛✱ ❣✐✈✐♥❣ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ✸❉ ♣♦s✐t✐♦♥s
♦❢ t❤❡ r❡❞ ❜❧♦♦❞ ❝❡❧❧s✱ ❛♥❞ ❜② ❛✈❡r❛❣✐♥❣ ♦✈❡r ❛ s❡q✉❡♥❝❡ ♦❢
❢r❛♠❡s✱ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♣❡r❢✉s❡❞ ✈❛s❝✉❧❛r s②st❡♠✳ ❚❤✐s
♠❡t❤♦❞ ✐s ❤♦✇❡✈❡r r❡str✐❝t❡❞ t♦ tr❛♥s♣❛r❡♥t ❛♥✐♠❛❧s ✇✐t❤
❢❛✐r❧② s♣❛rs❡ ❤❡♠❛t♦❝r✐t✱ ❛♥❞ t♦ ❛♥✐♠❛❧s ✇❤✐❝❤ ❞♦ ♥♦t
♠♦✈❡ t♦♦ ♠✉❝❤ ✭t♦ ❣❡t t❤❡ ♣❡r❢✉s❡❞ ✈❛s❝✉❧❛r s②st❡♠ ❜②
❛✈❡r❛❣✐♥❣✮✳

❚❤❡ ❈❙ ♠❡t❤♦❞ ✇❡ ✉s❡❞ ❤❡r❡✱ ✇❤✐❝❤ s❡❧❡❝ts ♠✉❧t✐♣❧❡
s♦✉r❝❡s ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✱ ✐s ♠✉❝❤ ❢❛st❡r ✭∼ 500×✮ t❤❛♥
t❤❡ ✧❝❧❡❛♥✐♥❣✧ ♠❡t❤♦❞ ✉s❡❞ ✐♥ ❬✶✵❪✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤
❬✶✵❪ s❤♦✇s ❛❧s♦ t❤❛t t❤❡ r❡s♦❧✉t✐♦♥ ✐s ❜❡tt❡r ❛❧♦♥❣ z✳ ❚❤✐s
✐♠♣r♦✈❡♠❡♥t ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ❛♥❣✉❧❛r ❞✐✈❡rs✐t② ✇❤✐❝❤
✐s ❧❛r❣❡r ✭❧❛r❣❡r ❛♥❣❧❡s✱ ✸ ✐❧❧✉♠✐♥❛t✐♦♥s✮✱ s✐♥❝❡ t❤❡ ❞❡♣t❤
♦❢ ❢♦❝✉s ✐s r❡❞✉❝❡❞ ❛❝❝♦r❞✐♥❣❧②✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ♦rt❤♦❣♦♥❛❧ ♠❛t❝❤✐♥❣ ♣✉r✲
s✉✐t ✇❤✐❝❤ ✐s ❛ ❢❛✐r❧② s✐♠♣❧❡ ❈❙ ♠❡t❤♦❞✳ ▼♦r❡ ❛❞✈❛♥❝❡❞
❈❙ ♠❡t❤♦❞s ❧✐❦❡ s♦❢t t❤r❡s❤♦❧❞✐♥❣ ❝♦✉❧❞ ❜❡ ✉s❡❞ ✐♥st❡❛❞
❬✾❪✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ t❤❡s❡ t✇♦ ❛♣✲
♣r♦❛❝❤❡s s✐♥❝❡ ♦rt❤♦❣♦♥❛❧ ♠❛t❝❤✐♥❣ ♣✉rs✉✐t st❛rts ❢r♦♠
③❡r♦ ❛♥❞ ❛❞❞s ✐t❡r❛t✐✈❡❧② t❤❡ ❜r✐❣❤t❡st s♦✉r❝❡s✱ ✇❤✐❧❡ s♦❢t
t❤r❡s❤♦❧❞✐♥❣ r❡♠♦✈❡s ✐t❡r❛t✐✈❡❧② t❤❡ s♦✉r❝❡s ♦❢ ❧♦✇❡r ❡♥✲
❡r❣②✳

❲❡ ❛❝❦♥♦✇❧❡❞❣❡ ❈♦r✐♥♥❡ ❋♦✉r♥✐❡r ❛♥❞ ▲❛✉r❡♥t ❉❛✉❞❡t
❢♦r ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s✱ ❛♥❞ ▲❛❜❊① ◆❯▼❊❱ ✭❆◆❘✲✶✵✲
▲❆❇❳✲✷✵ ✱ ❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❆❣❡♥❝②✿ ▼✐❝r♦
❍♦❧♦ ✹❉✮ ❛♥❞ ❈◆❘❙ ✭ ❉é✜✿ ■♥str✉♠❡♥t❛t✐♦♥ ❛✉① ❧✐♠✲
✐t❡s ✷✵✶✽ ✮ ❢♦r ❢✉♥❞✐♥❣✳

✺



❘❡❢❡r❡♥❝❡s

❬✶❪ ▼✳ ❆t❧❛♥✱ ▼✳ ●r♦ss✱ P✳ ❉❡s❜✐♦❧❧❡s✱ ❊✳ ❆❜s✐❧✱
●✳ ❚❡ss✐❡r✱ ❛♥❞ ▼✳ ❈♦♣♣❡②✲▼♦✐s❛♥✳ ❍❡t❡r♦❞②♥❡
❤♦❧♦❣r❛♣❤✐❝ ♠✐❝r♦s❝♦♣② ♦❢ ❣♦❧❞ ♣❛rt✐❝❧❡s✳ ❖♣t✐❝s ❧❡t✲
t❡rs✱ ✸✸✭✺✮✿✺✵✵✕✺✵✷✱ ✷✵✵✽✳

❬✷❪ ❉✳ ❇r❛❞②✱ ❑✳ ❈❤♦✐✱ ❉✳ ▼❛r❦s✱ ❘✳ ❍♦r✐s❛❦✐✱ ❛♥❞
❙✳ ▲✐♠✳ ❈♦♠♣r❡ss✐✈❡ ❤♦❧♦❣r❛♣❤②✳ ❖♣t✐❝s ❡①♣r❡ss✱
✶✼✭✶✺✮✿✶✸✵✹✵✕✶✸✵✹✾✱ ✷✵✵✾✳

❬✸❪ ❊✳ ❈❛♥❞❡s✱ ❏✳ ❘♦♠❜❡r❣✱ ❛♥❞ ❚✳ ❚❛♦✳ ❙t❛❜❧❡ s✐❣✲
♥❛❧ r❡❝♦✈❡r② ❢r♦♠ ✐♥❝♦♠♣❧❡t❡ ❛♥❞ ✐♥❛❝❝✉r❛t❡ ♠❡❛✲
s✉r❡♠❡♥ts✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ♦♥ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞
▼❛t❤❡♠❛t✐❝s✿ ❆ ❏♦✉r♥❛❧ ■ss✉❡❞ ❜② t❤❡ ❈♦✉r❛♥t ■♥✲
st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ✺✾✭✽✮✿✶✷✵✼✕✶✷✷✸✱
✷✵✵✻✳

❬✹❪ ❑✳ ❈❤♦✐✱ ❘✳ ❍♦r✐s❛❦✐✱ ❏✳ ❍❛❤♥✱ ❙✳ ▲✐♠✱ ❉✳ ▼❛r❦s✱
❚✳ ❙❝❤✉❧③✱ ❛♥❞ ❉✳ ❇r❛❞②✳ ❈♦♠♣r❡ss✐✈❡ ❤♦❧♦❣r❛♣❤②
♦❢ ❞✐✛✉s❡ ♦❜❥❡❝ts✳ ❆♣♣❧✐❡❞ ♦♣t✐❝s✱ ✹✾✭✸✹✮✿❍✶✕❍✶✵✱
✷✵✶✵✳

❬✺❪ ❚✳ ❈♦❧♦♠❜✱ ❊✳ ❈✉❝❤❡✱ ❋✳ ❈❤❛rr✐èr❡✱ ❏✳ ❑ü❤♥✱ ◆✳ ❆s✲
♣❡rt✱ ❋✳ ▼♦♥t❢♦rt✱ P✳ ▼❛rq✉❡t✱ ❛♥❞ ❈✳ ❉❡♣❡✉rs✐♥❣❡✳
❆✉t♦♠❛t✐❝ ♣r♦❝❡❞✉r❡ ❢♦r ❛❜❡rr❛t✐♦♥ ❝♦♠♣❡♥s❛t✐♦♥
✐♥ ❞✐❣✐t❛❧ ❤♦❧♦❣r❛♣❤✐❝ ♠✐❝r♦s❝♦♣② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s
t♦ s♣❡❝✐♠❡♥ s❤❛♣❡ ❝♦♠♣❡♥s❛t✐♦♥✳ ❆♣♣❧✐❡❞ ♦♣t✐❝s✱
✹✺✭✺✮✿✽✺✶✕✽✻✸✱ ✷✵✵✻✳

❬✻❪ ❊✳ ❈✉❝❤❡✱ P✳ ▼❛rq✉❡t✱ ❛♥❞ ❈✳ ❉❡♣❡✉rs✐♥❣❡✳ ❙♣❛✲
t✐❛❧ ✜❧t❡r✐♥❣ ❢♦r ③❡r♦✲♦r❞❡r ❛♥❞ t✇✐♥✲✐♠❛❣❡ ❡❧✐♠✐♥❛✲
t✐♦♥ ✐♥ ❞✐❣✐t❛❧ ♦✛✲❛①✐s ❤♦❧♦❣r❛♣❤②✳ ❆♣♣❧✐❡❞ ♦♣t✐❝s✱
✸✾✭✷✸✮✿✹✵✼✵✕✹✵✼✺✱ ✷✵✵✵✳

❬✼❪ ❈✳ ❈✉❧❧✱ ❉✳ ❲✐❦♥❡r✱ ❏✳ ▼❛✐t✱ ▼✳ ▼❛tt❤❡✐ss✱ ❛♥❞
❉✳ ❇r❛❞②✳ ▼✐❧❧✐♠❡t❡r✲✇❛✈❡ ❝♦♠♣r❡ss✐✈❡ ❤♦❧♦❣r❛♣❤②✳
❆♣♣❧✐❡❞ ♦♣t✐❝s✱ ✹✾✭✶✾✮✿❊✻✼✕❊✽✷✱ ✷✵✶✵✳

❬✽❪ ▼✳ ❉❡❜❛✐❧❧❡✉❧✱ ❱✳ ●❡♦r❣❡s✱ ❇✳ ❙✐♠♦♥✱ ❘✳ ▼♦r✐♥✱
❛♥❞ ❖✳ ❍❛❡❜❡r❧é✳ ❍✐❣❤✲r❡s♦❧✉t✐♦♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
t♦♠♦❣r❛♣❤✐❝ ❞✐✛r❛❝t✐✈❡ ♠✐❝r♦s❝♦♣② ♦❢ tr❛♥s♣❛r❡♥t
✐♥♦r❣❛♥✐❝ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ s❛♠♣❧❡s✳ ❖♣t✐❝s ❧❡tt❡rs✱
✸✹✭✶✮✿✼✾✕✽✶✱ ✷✵✵✾✳

❬✾❪ ▲✳ ❉❡♥✐s✱ ❉✳ ▲♦r❡♥③✱ ❊✳ ❚❤✐é❜❛✉t✱ ❈✳ ❋♦✉r♥✐❡r✱ ❛♥❞
❉✳ ❚r❡❞❡✳ ■♥❧✐♥❡ ❤♦❧♦❣r❛♠ r❡❝♦♥str✉❝t✐♦♥ ✇✐t❤ s♣❛r✲
s✐t② ❝♦♥str❛✐♥ts✳ ❖♣t✐❝s ❧❡tt❡rs✱ ✸✹✭✷✷✮✿✸✹✼✺✕✸✹✼✼✱
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