
5-Axis Freeform Surface MillingusingPiecewise Ruled Surface Approximation �Gershon Elber Russ FishDepartment of Computer Science Department of Computer ScienceTechnion, Israel Institute of Technology University of UtahHaifa 32000, Israel Salt Lake City, UT 84112 USAMarch 14, 1994AbstractThis paper presents a 5-axis side milling scheme for freeform surfaces based onautomatic piecewise ruled surface approximation.With this scheme, resulting surface �nish is accurate and pleasing, and with asmaller scallop height compared to ball-end milling. The ruled surface approxima-tion can be made arbitrarily precise resulting in an overall fast milling operationthat satis�es tight tolerances, and nice surface �nish.The class of surfaces that can take advantage of this type of 5-axis millingoperation includes both convex and saddle-like (hyperbolic) shapes.1 IntroductionThe automatic toolpath generation for manufacturing of models consisting of freeformsurfaces is a di�cult problem that has been addressed by numerous researchers [1, 4, 5,6, 12, 13, 17, 18, 19, 20, 21, 22].3-axis machining [1, 4, 17, 18, 19, 20, 21, 22], is more frequently used than 4- or 5-axis machining modes. While deriving a multi (i.e. 4- or 5-) axis toolpath is a relativelysimple task, resolving the tool accessibility question can be di�cult. Finding out whetherthe tool can access the surface without gouging into it, is signi�cantly more di�cult when�This work was supported in part by DARPA (N00014-91-J-4123). All opinions, �ndings, conclusionsor recommendations expressed in this document are those of the authors and do not necessarily re
ectthe views of the sponsoring agencies. 1T
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Ruled Mill G. Elber and R. Fish 2a tool can be arbitrarily oriented. We di�erentiate between local accessibility and globalaccessibility. The former can be resolved by inspecting only the neighborhood of the tipof the tool. The latter must take into consideration all other surfaces, or objects thatcan interfere with the tool or its holder. Clearly, resolving the local tool accessibility iseasier. In this paper, we do not strive to solve the global tool accessibility problem, andonly show how the presented milling approach can guarantee local access.The larger the machining tool, the smaller the resulting scallop height. Moreover,larger tools reduce machining times. A nice �nish usually result using 
at end tools (seePlates 1 and 2). Further, machining using ball-end tools is slow because of a vanishingcutting speed at the tip of the tool, an impediment that shows up in neither the 5-axis
at end milling mode nor in the 5-axis side milling approach proposed herein.Limited research has been conducted toward the use of 4- and 5-axis freeform surfacemachining. In [6], an attempt was made using local surface analysis to compute 5-axis
at-end toolpaths for freeform surfaces that are generally convex but with local andisolated non-convex regions. No discussion is made how the convex regions can bedetected and isolated. Furthermore, only local accessibility is considered and resolvednumerically. In [16], a robust optimization method is derived, based on global symbolicshape analysis, to automatically detect and di�erentiate the surface regions that canbe machined using a 
at end tool in a 5-axis mode and the surface regions that mustbe machined using a ball end tool in a 3- or 5-axis mode. In [12], a scheme for thegeneration of almost optimal toolpath for freeform surfaces is derived, based on iso-parametric curves. By utilizing iso-parametric curves, the resulting toolpath is exact andcompact as opposed to contoured piecewise linear data. By extracting iso-parametriccurves adaptively, the length of the toolpath is optimized. Moreover, this scheme ofadaptive iso-parametric curves can also be employed for 5-axis 
at-end milling, as isdone for example in [13].Tool accessibility, in 5-axis machining modes, is a most di�cult and challengingproblem. In [3], an attempt is made to classify the directions from which a model isaccessible by deriving the Gauss map [7], G and the visibility map, V, of the model.While G is well known from the �eld of di�erential geometry [7], V introduces the set ofall directions from which a surface is completely visible. In [14], we extend this notion tofreeform surfaces. This classi�cation solves only local accessibility and does not detectglobal interference. In [13], a method is suggested that provides a solution for the globalinterference problem for machined surfaces that are convex. This method reduces the5-axis global accessibility problem into a 3-axis global accessibility problem that is easierto resolve, by warping the space above the machined surface. The method in [13], canalways be utilized whenever an operation of 5-axis 
at-end mill that is normal to thesurface is feasible.T
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Ruled Mill G. Elber and R. Fish 3In this paper, we propose an approach to 5-axis machining that would extend theclass of machinable freeform surfaces to include both convex and saddle-like (hyperbolic)surfaces. This paper is organized as follows. Section 2 describes how a ruled surfaceapproximation can be derived to an arbitrary piecewise polynomial or rational surfaceusing the B-spline tensor product representation, following [15]. In section 3, we exploitthis surface approximation to formulate a side milling technique for convex and saddle-like surfaces. Section 4 presents some results on several convex and saddle-like surfaceswhile conclusions and future work are discussed in section 5.All presented results, including the machined parts, were created with the aid ofAlpha 1, a NURBs based solid modeling system that is being developed at the Universityof Utah.2 Piecewise Ruled Surface ApproximationLet S1(u; v) and S2(r; s) be two parametric surfaces.De�nition 1 The distance between point S1(u0; v0) and surface S2(r; s) isDist(S1(u0; v0); S2(r; s)) = minr; s kS1(u0; v0)� S2(r; s)k: (1)De�nition 2 The distance between two surfaces S1(u; v) and S2(r; s) isDist(S1(u; v); S2(r; s)) = maxu; v minr; s kS1(u; v)� S2(r; s)k: (2)Let S(u; v) be a polynomial B-spline surface. Let C1(u) = S(u; V min) and C2(u) =S(u; V max) be the V min and V max boundary curves of S(u; v) respectively. AssumeC1(u) 6= C2(u). Let,R(u; v) = vC1(u) + (1 � v)C2(u); 0 � v � 1; (3)be the ruled surface constructed between C1(u) and C2(u). Let R̂(u; v) be the repre-sentation for R(u; v) in the same function space as S(u; v). That is, R̂ and S share thesame v order and continuity (knot vector). R̂(u; v) can be obtained from R(u; v) viaappropriate degree raising [8, 9] and re�nement [2, 10] of the linear (ruled) direction, v.Then, maxu; v kS(u; v)� R̂(u; v)kT
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Ruled Mill G. Elber and R. Fish 4= maxu; v k mXi=0 nXj=0PijBmi;� (u)Bnj;�(v)� mXi=0 nXj=0QijBmi;� (u)Bnj;�(v)k= maxu; v k mXi=0 nXj=0(Pij �Qij)Bmi;�(u)Bnj;�(v)k� max(kPij �Qijk; 8i; j); (4)since the B-spline basis functions are nonnegative and sum to one. Equation (4) providesa simple mechanism to bound the maximum distance between surface S and the ruledsurface R (R̂) since,Dist(S(u; v); R̂(r; s)) = maxu; v minr; s kS(u; v)� R̂(r; s)k� maxu; v kS(u; v)� R̂(u; v)k� max(kPij �Qijk; 8i; j): (5)An algorithm to approximate an arbitrary tensor product surface as a set of ruledsurfaces is derived in Algorithm 1 based on this process. In Algorithm 1 and basedon equation (5), the function maxDistance returns an upper bound on the distancebetween the original surface S and its ruled surface approximation. In [15], we discussthe quality of the bound, the generalization of the distance computation (equation (4))for rational surfaces, and possible approaches for improvements on the distance boundin non uniform parametrization.Algorithm 1 returns a set of ruled surfaces that approximates the original surface Sto within the required tolerance � . Figure 1 shows an example of four consecutive stagesof Algorithm 1.3 The Toolpath Generation algorithmA ruled surface can be side milled with high precision, by approximating an o�set [11]of tool radius to the ruled surface. The axis of the tool is then aligned with the ruledparametric direction v, C1(u)� C2(u) (equation (3)), of the o�set of the ruled surface.With the aid of Algorithm 1, one can approximate an arbitrary surface with a set ofruled surfaces. With the aid of equation (5), the error of the approximation can beglobally bounded. The toolpath for each o�set approximation of each ruled surface isthen generated so that the side of the mill is tangent to the ruled surface, in the ruledparametric direction v.Algorithm 1 can be used to generate a piecewise ruled surface approximation fora concave surface. Unfortunately, the side milling tool will gouge into the surface atT
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Ruled Mill G. Elber and R. Fish 5Algorithm 1Input:S(u; v), surface to be approximated using ruled srfs in v.�, tolerance of piecewise ruled approximation to be used.Output:R, Set of ruled surfaces, approximating S(u; v) to within �.Algorithm:RuledSrfApproximation( S, � )beginC1(t); C2(t) ( V min and V max boundary of S;R ( ruled surface between C1(t) and C2(t);R̂ ( R refined and degree raised in v to match S;If ( maxDistance( S, R̂ ) < � )return f R g;elsebeginSubdivide S into two subsrfs S1, S2 along v;returnRuledSrfApproximation( S1, � ) [RuledSrfApproximation( S2, � );endendevery location. However, and unlike 5-axis 
at-end milling operation, the piecewiseruled surface approximation can be employed to generate locally gouge free toolpathsfor machining hyperbolic or parabolic surface regions. Exploiting di�erential geometry,exactly one of the two principal curvatures is negative (zero), at an hyperbolic (parabolic)point [7]. For convex-elliptic, hyperbolic, and parabolic regions, there always exist alocally gouge free direction, in the tangent plane of the surface, that can be used toorient the axis of the tool (see Figure 2). That direction is a principal direction that isassociated with a negative (zero for a parabolic point) normal curvature. The piecewiseruled surface approximation should be computed so that the ruled direction has a positivenormal curvature in no location on the surface, for a locally gouge free toolpath.An algorithm to generate a side milling toolpath can now be derived and is shownin Algorithm 2. The surface o�set approximation stage and the piecewise ruled surfaceT
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Ruled Mill G. Elber and R. Fish 6(a) (b)
(c) (d)Figure 1: Four stages in approximating a surface with piecewise ruled surfaces (Alg. 1).
(a) (b)Figure 2: A saddle-like surface can be side milled (a) from a set of directions in thetangent plane of the surface, without locally gouging into the surface, while a convexsurface can be side milled (b) from any direction in the tangent plane of the surface,without locally gouging into the surface.approximation stage (stages (1) and (2) in Algorithm 2), may be interchanged. One canconsider computing the o�set to the input surface S and then apply the piecewise ruledsurface approximation to the o�set surface. Alternatively, the piecewise ruled surfaceapproximation can be applied directly to S and then o�set surfaces of ruled surfaces arecomputed as a second stage. In our implementation, discussed in section 4, the o�setwas �rst computed on S.T
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Ruled Mill G. Elber and R. Fish 7Algorithm 2Input:S(u; v), surface to be machined.�, tolerance of piecewise ruled approximation in v direction.r, tool radius for the side milling.Output:T , Set of toolpath curves to machine S(u; v) to within �.Algorithm:RuledToolPath( S, � )begin(1) Sr ( S offset by r;(2) R ( RuledSrfApproximation( Sr, � ) in v direction;T ( toolpath derived directly from R;end4 ExamplesA simple example of a toolpath created using Algorithm 2 can be seen in Figure 3.Shown are the original surface, which is a part of a turbine blade, and the toolpathcreated from the ruled surface approximation.A computer model of a propeller of a model airplane was also used as a test case.The model is shown in Figure 4. Figure 5 shows the toolpath generated for the topsection of the propeller's blade. The bottom section was machined in a similar way.This surface has both convex and saddle-like regions and the toolpath was generated sothat the tool axis is roughly perpendicular to the major axis of the blade, preventinggouging. Plate 1 shows two machined propellers from aluminum with (top) and without(middle) their �xture along with an original wooden propeller (bottom).A more complex example is shown in Figure 6. This blade of a marine propellerwas similarly processed and approximated using a set of ruled surfaces. Figure 7 showsthe piecewise ruled surface approximation for the top side of the blade while Figure 8shows the derived toolpath. In Plate 2, the �nal part with the top side machined fromaluminum is shown.A relatively large tool can be usually used in this type of machining. For the propellerof the model airplane, a 0.75" (diameter) tool was used while for the blade of theT
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Ruled Mill G. Elber and R. Fish 8

Figure 3: A simple example of the piecewise ruled surface side milling approach. Thecomputed 5-axis side milling toolpath is shown with small vectors along the toolpathindicating the orientation of the tool. In this toolpath, the tool is retracted after eachruled surface path.
Figure 4: A propeller of a model airplane has blades with only convex and saddle-likeregions which can be machined using the piecewise ruled surface side milling technique.T
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Ruled Mill G. Elber and R. Fish 9
Figure 5: The toolpath for the top surface of the blade of the propeller in Figure 4. SeePlate 1 for a picture of the machined propeller. Shown is a zigzag toolpath for whichthe tool is retracted after all ruled surface paths are being executed.

Figure 6: A blade of a marine propeller.marine propeller, a 1" tool was selected. As a result, the machining operations canbe accelerated. Machining of the top part of the blade of the marine propeller tookseveral minutes while manufacturing the entire propeller of the model airplane, withfour �xtures, has been accomplished in far less than an hour.Algorithm 2, when applied to a surface that is ruled, generates a single pass toolpathas one would expect. The air 
ow tunnels for the centrifugal compressor in Plate 3were machined using a tapered tool, shaped as a rounded-end truncated cone. Thecomputation of the o�set of the piecewise ruled surfaces must compensate for the angleof the tool axis and the line of tangency between the tool and the machined surface.Figure 9 shows the toolpath that was generated and the geometry of the wall of thetunnel, for two di�erent blades.T
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Ruled Mill G. Elber and R. Fish 10
Figure 7: Piecewise ruled surface approximation of the top portion of the marine pro-peller from Figure 6. The approximation herein is about half as �ne as is used to machinethe aluminum part in Plate 2.
Figure 8: The toolpath for the top side of the blade of this marine propeller was generatedusing the piecewise ruled surface approximation technique (Figure 7). See Plate 2 for apicture of the machined part.T
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Ruled Mill G. Elber and R. Fish 11(a) (b)
Figure 9: The toolpath for the side walls of the centrifugal compressor. The geometry(a) and the toolpath (b) are shown for di�erent blades. In this case, the tool used wasnot cylindrical but tapered, shaped as a rounded-end truncated cone. See Plate 3 for apicture of the machined part.5 Conclusion and Future Work.This paper presents a method for machining saddle-like (hyperbolic) and convex surfacesusing 5-axis side milling. This method extends the class of surfaces that can be machinedin 5-axis mode from convex surfaces using 
at-end tools, to convex and saddle-likesurfaces using side milling.In the examples of section 4, an iso-parametric direction for which the normal cur-vature is always negative was manually selected to align the tool axis. One can alwaysevaluate the directions, in the tangent plane of the surface, of the principal curvaturesand exploit them to compute the piecewise ruled surface approximation direction. Theruled direction can be set to be the direction in the tangent plane of the surface closestto a minimal negative principal curvature for the saddle-like case. Further, the maximalprincipal curvature can be employed to directly bound the largest tool radius that canbe used for the machining operation of saddle-like regions.The toolpath generated using the piecewise ruled surface approximation consists ofiso-parametric curves only. It is perceivable that the toolpath can be optimized usingsimilar technique to those used to generate the adaptive iso-parametric curve toolpathin [12]. This direction should be further investigated.Extending this algorithm to support trimmed surfaces is simple and can be accom-plished by trimming the ruled surface approximation appropriately. Figure 10 shows asimple example of a trimmed saddle surface with its piecewise ruled surface approxima-T
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Ruled Mill G. Elber and R. Fish 12

Figure 10: Piecewise ruled surface approximation of a trimmed saddle surface, fromwhich a letter G was subtracted, is used to generate 5-axis side milling toolpath.tion driven toolpath.This paper does not address global accessibility issues for 5-axis machining opera-tions. Several methods are known for the simulation, veri�cation, and generation of3-axis machining toolpaths for freeform surfaces. Most noticeably, Z-bu�er and Z-depthtechniques [20, 21] are becoming popular even in low end machines. Unfortunately, thisproblem is yet to be solved for 5-axis milling operations, so that 5-axis milling operationscan be exploited to their full potential. Toward that end we de�ne the following.De�nition 3 A surface region, S, is considered ball-end accessible with re-spect to ball-end tool of radius r, if any point on S can be tangent to a ball-endtool of radius r so that the tool does not gouge to any other part of the modelcontaining S.The computation of the accessibility of ball-end cutters is recognized as an importantproblem since it is used in traditional 3-axis and 5-axis ball-end machining. However,T
ec

hn
io

n 
- 

C
om

pu
te

r 
Sc

ie
nc

e 
D

ep
ar

tm
en

t -
 T

ec
hn

ic
al

 R
ep

or
t  

C
IS

94
04

 -
 1

99
4



Ruled Mill G. Elber and R. Fish 13the side milling approach presented in this paper requires the derivation of a di�erentaccessibility consideration,De�nition 4 A surface region, S, is considered cylindrically accessible withrespect to a given cylinder of radius r, if any point on S can be tangent tothe side of the cylinder so that the cylinder does not gouge to any other partof the model containing S.The computation of the accessibility of tools in 5-axis milling operations remains anintriguing and challenging problem. The solution to this problem will pave the way tothe general use of 5-axis milling operations.6 AcknowledgmentThe authors are grateful to Samuel Drake for helping in testing these algorithms and forthe model of the centrifugal compressor and to Elaine Cohen for her valuable remarkson the various drafts of this paper.References[1] J. E. Bobrow. NC Machine Toll Path Generation From CSG Part Representations.Computer Aided Design, vol. 17, no. 2, pp 69-76, March 1985.[2] W. Boehm. Inserting New Knots into B-spline Curves. Computer Aided Design,vol. 12, no. 4, pp 199-201, July 1980.[3] L. L. Chen, S. Y. Chou, and T. C. Woo. Separating and Intersecting SphericalPolygons: Computing Machinability of Three-, Four- and Five-Axis NumericallyControlled Machines. Transaction on Graphics, Vol. 12, No. 4, pp 305-326, October1993.[4] B. K. Choi and C. S. Jun. Ball-End Cutter Interference Avoidance in NC Machin-ing of Sculptured Surfaces. Computer Aided Design, vol. 21, no. 6, pp 371-378,July/August 1989.[5] B. K. Choi, J. W. Park, and C. S. Jun. Cutter-location data optimization in 5-axissurface machining. Computer Aided Design, vol. 25, no. 6, pp 377-386, June 1993.[6] J. J. Chou. Numerical Control Milling Machine Toolpath Generation for RegionsBounded by Free Form Curves and Surfaces. Ph.D. Thesis, University of Utah,Computer Science Department, June 1989.T
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Ruled Mill G. Elber and R. Fish 14[7] M. D. Carmo. Di�erential Geometry of Curves and Surfaces. Prentice-Hall 1976.[8] E. Cohen, T. Lyche, and L. Schumaker. Degree Raising for Splines. Journal ofApproximation Theory, Vol 46, Feb. 1986.[9] E. Cohen, T. Lyche, and L. Schumaker. Algorithms for Degree Raising for Splines.ACM Transactions on Graphics, Vol 4, No 3, pp.171-181, July 1986.[10] E. Cohen, T. Lyche, and R. Riesenfeld. Discrete B-splines and subdivision Tech-niques in Computer-Aided Geometric Design and Computer Graphics. ComputerGraphics and Image Processing, 14, 87-111 (1980).[11] G. Elber and E. Cohen. Error Bounded Variable Distance O�set Operator for FreeForm Curves and Surfaces. International Journal of Computational Geometry andApplications, Vol. 1., No. 1, pp 67-78, March 1991.[12] G. Elber and E. Cohen. Tool Path Generation for Freeform Surface Models. SecondACM/IEEE Symposium on Solid Modeling and Applications, Montreal Canada,May 1993. Also to appear in CAD.[13] G. Elber. Accessibility in 5-Axis Milling Environment. To Appear in CAD.[14] G. Elber and E. Cohen. Exact Computation of Gauss Maps and Visibility Sets forFreefrom Surfaces. In preparation.[15] G. Elber. Model Fabrication using Surface Layout Projection. To appear in CAD.[16] G. Elber. Freeform Surface Region Optimization for Three- and Five-Axis Milling.Submitted for publication.[17] R. Ferstenberg, K. K. Wang and J. Muckstadt. Automatic Generation of Optimizied3-Axes NC Programs Using Boundary Files. IEEE 1986 International Conferenceon Robotics and Auto, pp 325-332.[18] R. B. Jerard, J. M. Angleton and R. L. Drysdale. Sculptured Surface Tool pathGeneration with Global Interference Checking. Design Productivity Conference,Feb. 6-8, 1991, Honolulu, Hawaii.[19] G. C. Loney and T. M. Ozsoy. NC Machining of Free Form Surfaces. ComputerAided Design, vol. 19, no. 2, pp 85-90, March 1987.[20] T. Saito and T. Takahashi. NC machining with G-bu�er method. Computer Graph-ics, Vol. 25, no. 4, pp 207-216, July 1991 (Siggraph 91).T
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Ruled Mill G. Elber and R. Fish 15[21] S. W. Thomas. Scanline Rendering for 3-Axis NC Toolpath Generation, Simulationand Veri�cation. Dept. of Electrical Engineering and Computer Science, Universityof Michigan, Ann Arbor, MI 48109-2122, Technical Report CSE-TR-43-90, January1990.[22] D. Zhang and A. Bowyer. CSG Set-Theoretical Solid Modelling and NC Machiningof Blend Surfaces. The Second Computation Geometry Conference, ACM 1986.
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Ruled Mill G. Elber and R. Fish 16
Plate 1Final machined examples of the model airplane's propeller. Shown are theoriginal wooden propeller (top) along with two propellers machined from alu-minum, without (middle) and with (bottom) their �xtures.
Plate 2Final machined examples of the marine propeller's blade. Only top side ofthe blade was machined due to the di�culties in �xturing the blade.
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Ruled Mill G. Elber and R. Fish 17
Plate 3Final machined examples of the centrifugal compressor. The air 
ow tunnelsin this part were machined using the piecewise ruled surface side millingtechnique and with a conical tool.
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