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ABSTRACT

Thi s  t hes i s  pr es ent s  a new i nt er pol at i on f unc t i on f or  r andoml y  

d i s t r i but ed dat a.  The new i nt er pol at i on f unc t i on i s c apabl e of  ex ac t l y  

r epr oduc i ng quadr at i c  sur f aces .  The new f unc t i on i s dev el oped,  t hr ough 

bool ean s um t heor y ,  f r om Shepar d' s  t wo di mens i onal  i nt er pol at i on f unc 

t i ons  and t he Bar nhi l l - Gr egor y  ni ne par amet er  i nt er pol at i on f unc t i on.  

Comput er  gener at ed ex ampl es  of  t he new i nt er pol at i on f unc t i on ar e gi ven.



Chapt er  I

Thi s  t hes i s  i s a s t udy  of  t he pr obl em of  der i v i ng,  f r om r andoml y  

di s t r i but ed dat a,  a mat hemat i c a l  model  of  a s moot h s ur f ac e f or  c omput er  

di spl ay .  We s eek  a sc heme t hat  woul d wor k  di r ec t l y  upon i r r egul ar l y  

s pac ed dat a.  The s c heme shoul d not  depend upon any  t opol ogy  bei ng 

i mpos ed upon t he dat a.  The dat a f or  t he model  s hal l  i nv ol v e onl y  t he 

f unc t i on v al ue and t he f i r s t  t wo der i v at i v es  at  t he dat a poi nt s .  The 

model  shoul d i nt er pol at e al l  t he dat a,  and t he model  s houl d be abl e t o 

r epr oduc e s i mpl e pol y nomi al s .  That  i s i f  our  dat a bel ongs  t o a s i mpl e 

pol y nomi al  s ur f ac e t hen our  model  shoul d r epr oduc e t hat  sur f ace,  exac t l y .

I n 1968,  D.  Shepar d [ 11]  i nt r oduc ed a b i v ar i a t e  i nt er pol at i on 

f unc t i on f or  i r r egul ar l y  spac ed dat a.  I t  i s bas ed on a wei ght ed av er age 

of  t he val ues  at  t he dat a poi nt s  wher e t he we i ght i ng f or  a poi nt  on t he 

s ur f ac e i s a power  f unc t i on of  t he i nv er s e di s t anc e t o t he dat a poi nt s .  

Thi s  s c heme wi l l  i nt er pol at e f unc t i onal  and der i v at i v e dat a.  Shepar d' s  

f unc t i on r epr oduc es  pl ane sur f aces ,  but  i t  does  not  r epr oduc e hi gher  

pol y nomi al  sur f aces .

A new i nt er pol at i on f unc t i on f or  i r r egul ar l y  s pac ed dat a wi l l  be 

der i v ed by  t ak i ng t he boo l ean s um of  Shepar d' s  f unc t i on and t he 

Bar nhi l l - Gr egor y  ni ne par amet er  i nt er pol ant .  We r ec al l  t hat  t he bool ean 

s um of  t wo pr oj ec t or s  P and Q i s

P ® Q = P + Q - P Q .

I NTRODUCTI ON •



2

A pr oj ec t or  i s a l i near ,  i dempot ent  oper at or  [ 4] .  An oper at or  P i s 

l i near  i f

P[ af  +  bg]  = aP[ f ]  +  bP[ g]  

and P i s i dempot ent  i f

P[ P[ f ] ]  = P[ f ]  •

I n 1974,  R.  E.  Bar nhi l l  [ 1]  showed t hat  t he boo l ean s um P © Q of  

t wo pr oj ec t or s  has  t he dual i t y  pr oper t y  t hat  P © Q pos s es s es  at  l eas t  

t he i nt er pol at i on pr oper t i es  of  P and t he f unc t i on pr ec i s i on of  Q.  

The f unc t i on pr ec i s i on of  Q i s t he set  of  pol y nomi al s  t hat  Q wi l l  

r epr oduce.  The new i nt er pol at i on f unc t i on f or  i r r egul ar l y  s pac ed dat a 

wi l l  t hen hav e t he i nt er pol at i on pr oper t i es  of  Shepar d' s  f unc t i on and 

t he f unc t i on pr ec i s i on of  t he Bar nhi l l - Gr egor y  ni ne par amet er  i nt er po-  

l ant .

Chapt er s  I I  and I I I  c ont ai n a r ev i ew of  Shepar d' s  f unc t i on and t he 

Bar nhi l l - Gr egor y  i nt er pol at i on f unc t i on,  r es pec t i v el y .  I n Chapt er  I V,  

t he new i nt er pol at i on f unc t i on f or  i r r egul ar l y  s pac ed dat a i s der i ved.  

Chapt er  V c ont ai ns  some c onc l us i ons .



Chapt er  I I  

SHEPARD' S FUNCTI ON '

I n 1968,  D.  Shepar d [ 11]  i nt r oduc ed a t wo di mens i onal  i nt er pol at i on 

f unc t i on f or  i r r egul ar l y  s pac ed dat a.  He as s umed t hat  a f i ni t e number  

of  t r i pl et s  ( x^ , y^ , z^ )  wer e gi v en wher e t he x^ ,  and y ^  ar e t he 

pos i t i onal  c oor di nat es  and z ^ i s  t he c or r es pondi ng dat a val ue.  The 

b i v ar i a t e i nt er pol at i ng f unc t i on i s

P( x , y )  =

m

I  d  f ( x i » y ± )  

i =0

n

I  d i  
1=0

- u

i f  d^  ^  0 f or  al l  i

f ( x^ , y^ )  i f  = 0 f or  some i

[2 . 1]

wher e d_̂  U = l / [ ( x - x ^ ) u +  ( y - y ^ ) u ] and u >  0.  Thi s  f unc t i on wi l l  

as s i gn t he v al ue P( x , y )  t o any  l oc at i on i n t he pl ane.  I t  t hus  has  t he 

abi l i t y  t o ex t r apol at e out s i de of  t he c onv ex  pol y gon hul l  c ont ai n i ng al l  

t he dat a poi nt s .

Thi s  f unc t i on i nt er pol at es  i r r egul ar l y  s pac ed dat a.  I t  does  not  

depend on any  or der i ng bei ng i mpos ed upon or  pr es ent ed wi t h  t he dat a.

I t  i s bas ed on a wei ght ed av er age of  t he v al ues  at  t he dat a poi nt s ,  

wher e t he wei ght i ng i s an i nv er s e power  f unc t i on of  t he di s t anc e t o t he 

dat a poi nt s .  The mos t  wei ght  i s gi v en t o t he near es t  dat a poi nt  and 

t he l eas t  wei ght  t o t he f ar t hes t  dat a poi nt .

, u



Thi s  f or m of  Shepar d' s  f unc t i on i n [ 2. 1]  i s numer i c al l y  uns t abl e 

bec aus e as t he ( x, y)  ( x ^ y  ) , t he d - U ■+ I f  we c onv er t  t he 

d_̂  t o a common denomi nat or ,  Shepar d' s  f unc t i on can be r ewr i t t en as

m

S [ f ; x , y]  = I  A ( x , y ) f ( x  , y ) ' [ 2. 2]

i=0 1

wher e t he A_^( x, y)  ar e

m

n ( | x - x  | u +  | y - y . | u ) .

j =0 J J

A . ( x , y ) = — - - - - - - - - - - - - - - - - - - - - - - - - - -  [ 2. 3]
i  m m

I  II ( | x - x J U +  | y  -  y J  u )  

k=0 1 = 0  c  *• 

Jbfin

Thi s  f or m of  Shepar d ’ s f unc t i on i s not  onl y  numer i c al l y  mor e s t abl e,  i t  

i s al so eas i er  t o i nt er pr et .  For  u >  0,  t hese bas i s  f unc t i ons  pos s es s  

t he c ar di nal  bas i s  pr oper t y ,

f o i f  i  ^  j

l f  i  = j  [ 2 ' 4]  

I t  r emai ns  t o i nv es t i gat e t he ef f ec t s  of  t he v al ue of  t he ex ponent  

u i n t he i nv er s e di s t anc e bas i s  f unc t i ons .  I f  u <  0 t he bas i s  f unc 

t i ons  ar e not '  c ar di nal  and Shepar d' s  f unc t i on wi l l  not  i nt er pol at e t he 

dat a.  Spec i f i c al l y ,  i f  u = 0,  t hen A^ ( x , y )  = 1/ n and Sm[ f ; x , y]  

gi ves  us t he mean of  t he dat a val ues .  I f  0 <  u <  1,  t hen t her e i s a 

d i s c ont i nui t y  at  t he dat a poi nt s  i n t he bas i s  f unc t i ons  [ Fi g.  2. 1a and 

2. 1b] .  Thi s  d i s c ont i nui t y  i n t he bas i s  f unc t i ons  i s i nher i t ed by  t he 

sur f ace.  Ther ef or e,  i f  we want  a s moot h f unc t i on t hat  wi l l  i nt er pol at e



( a)  u = . 5

( b)  u = 1. 0

( c)  u = 2. 0

( d)  u = 4. 0

( e)  u = 8. 0

Fi gur e 2. 1 Shepar d' s  i nver se di s t anc e bas i s  f unc t i ons .



t he dat a,  t hen u >  1.  However ,  not  al l  v al ues  of  u >  1 gi ve s at i s 

f ac t or y  r esul t s .  For  l ar ge v al ues  of  u,  t he bas i s  f unc t i ons  ar e 

r el at i v el y  f l at  near  t he dat a poi nt s  and t hen bet ween t he dat a poi nt s  

t he bas i s  f unc t i ons  hav e a l ar ge change i n s l ope [ Fi g.  2. I d and 2. 1e] ,

A sur f ac e wi t h t hese bas i s  f unc t i ons  wi l l  s har e t he r el at i v e f l at ness  

near  t he dat a poi nt s  and hav e a l ar ge c hange i n s l ope bet ween t he dat a 

poi nt s .  A v a l ue of  u = 2 f or  t he ex ponent  gi ves  s eemi ngl y  s at i s f ac t or y  

bas i s  f unc t i ons  [ Fi g.  2. 1c] .  They  hav e no l ar ge changes  i n s l ope t hat  c an 

be i nher i t ed by  t he sur f ace.  We s hal l  us e onl y  u = 2 f or  t he s ur f ac es  

i n t hi s  t hes i s .

Si nce t hi s  bas i c  i nt er pol at i on f unc t i on has  zer o der i v at i v es  at  al l  

t he dat a poi nt s  [ Fi g. ^ 2. 2] ,  Shepar d ex t ended t hi s  f unc t i on t o al so 

i nt er pol at e t he der i v at i v es  at  al l  t he dat a poi nt s  by  us i ng t he Tay l or  

ser i es  ex pans i on about  t he dat a poi nt s  [ Fi g.  2. 3] .  The new f unc t i on 

whi c h al so i nt er pol at es  t he der i v at i v es  at  t he dat a poi nt s  i s

m

wher e t he A^ ( x , y )  ar e t he same as [ 2. 3] .

Thi s  f unc t i on [ 2. 5]  i s pr ec i s e f or  pl anes .  I f  al l  t he dat a i s f r om

a pl ane s ur f ac e t hen t he hi gher  or der  der i v at i v es  i n t he Tay l or  ser i es

ex pans i on ar e z er o and t he Tay l or  ser i es  r epr es ent s  t he pl ane,  f ( x , y ) .

Now we can r epl ac e t he Tay l or  ser i es  wi t h t he f unc t i on f ( x , y )  and

s i nce t he bas i s  f unc t i ons  s um t o one f or  any  v al ue of  ( x, y) ,  Shepar d' s  

i nt er pol at i on f unc t i on wi l l  r epr oduc e t he pl ane.



Fi gur e 2. 2 Shepar d' s  bi v ar i at e i nt er pol at i on f unc t i on 

wi t h z er o der i v at i v es  at  t he dat a poi nt s.

Fi gur e 2. 3 Shepar d' s  bi v ar i at e i nt er pol at i on f unc t i on

whi c h al s o i nt er pol at es  t he der i v at i v es  at  t he 

dat a poi nt s .
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m

m

I  A ( x , y ) f ( x , y )  

1=0 1

[2 . 6 ]

= f ( x , y )

Equat i on [ 2. 5]  i s t he bi v ar i a t e f or m of  Shepar d' s  f unc t i on.

Shepar d' s  f unc t i on can be ex t ended t o n - d i mens i ons . Howev er ,  we wi l l  

onl y  c ons i der  t he uni v ar i at e and bi v ar i a t e f or ms f or  cur ves  and sur f aces ,  

r es pec t i v el y .

We can c ons i der  S t o be an oper at or  def i ned on t he domai n R x R.

Thi s  f o l l ows  by  def i ni t i on of  t he uni quenes s  of  i nt er pol at i on.  Ther e-

m

S i s a l i near  oper at or :
m

Sm[ af  +  bg]  = aSm[ f ]  +  b Sj g ] . [ 2. 7]

Al s o S^  i s  an i dempot ent  oper at or :

S [ S [ f ] ]  = S [ f ] .
m m m

[2 . 8 ]

f or e,  S^  i s a pr oj ec t or  s i nce i t  i s a l i near ,  i ndempot ent  oper at or .  

The uni v ar i at e f or m of  Shepar d' s  pr oj ec t or  f or  cur ves  i s

m

[ 2. 9]

wher e

m
u

x  -  x.
1

, u >  0 . [2 . 10]
u

k=0 1 = 0  
t-4-k



Thi s  f or m of  Shepar d' s  pr oj ec t or  has  z er o der i v at i v es  at  al l  t he

dat a poi nt s .

dB^ ( x )

dx
x = x . 

1

r ^ l  j ^ r  J SbfY. j ?* i

=  0

We can s ee t he ef f ec t  t hat  c hangi ng t he v al ue of  t he ex ponent  u 

i n t he bas i s  f unc t i ons  has  on t he cur ves .  I n Fi gur e 2. 4a and 2. 4b,  t he 

ex ponent  u = . 5 and u = 1,  r es pec t i v el y .  The cur ve i nt er pol at es  t he 

dat a poi nt s  but  i s di s c ont i nuous  i n s l ope at  al l  t he dat a poi nt s .  I n 

Fi gur e 2. 4c  t he ex ponent  u = 2 and t he cur ve i s now smoot h.  I n Fi gur e 

2. 4d t he ex ponent  u i s equal  t o f our .  The c ur ve i s f l at  at  t he dat a 

poi nt s  and has  l ar ge changes  i n s l ope mi dway  bet ween t he dat a poi nt s .

A v al ue of  t wo f or  t he ex ponent  i n t he c ar di nal  bas i s  f unc t i ons  gi ves  

t he mos t  s at i s f ac t or y  r esul t s .

I n Chapt er  I V,  we wi l l  use t he b i v ar i a t e  f or m of  Shepar d' s  f unc t i on

[ 2. 5]  t hat  i nt er pol at es  t he f unc t i on and gr adi ent s  at  t he dat a  poi nt s .  

Thi s  f or m of  Shepar d' s  f unc t i on has  t he i nt er pol at i ng pr oper t i es  t hat  

we need f or  our  new t wo di mens i onal  i n t er pol at i on f unc t i on.



( c)  u = 2. 0 ( d)  u = 4. 0

Fi gur e 2. 4 Shepar d' s  uni v ar i at e i nt er pol at i on f unc t i on.



Chapt er  I I I

THE BARNHI LL- GREGORY NI NE PARAMETER I NTERPOLANT ‘

I n t hi s  s ec t i on we r ev i ew t he Bar nhi l l - Gr egor y  ni ne par amet er  

i nt er pol ant  over  t he s t andar d t r i angl e T and some of  t he pr oper t i es  

of  t he i nt er pol ant .  The s t andar d t r i angl e T has  v er t i c es  VI  = ( 1, 0) ,  

V2 = ( 0, 1)  and V3 = ( 0, 0) .

V2 =( 0 , 1)

Fi gur e 3. 1 St andar d Tr i angl e T

The ni ne par amet er s  ar e t he t hr ee f unc t i onal s  F,  F^  q , and Fq ^ 

( f unc t i on val ue,  par t i a l  wi t h  r es pec t  t o x,  and t he par t i a l  wi t h 

r es pec t  t o y)  at  t he t hr ee v er t i c es  of  t he t r i angl e.

The Bar nhi l l - Gr egor y  ni ne par amet er  s c heme i s c ons t r uc t ed f r om t he 

s moot h Cl  i nt er pol ant  of  Bar nhi l l  and Gr egor y .  A s moot h i nt er pol ant  

i s a s ur f ac e t hat  i nt er pol at es  t o f unc t i on and der i v at i v e boundar y
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cur ves .  The s moot h Cl  i nt er pol ant  over  t he s t andar d t r i angl e T was  

i nt r oduc ed i n 1974 by  R.  E.  Bar nhi l l  and J.  A.  Gr egor y  [ 2] .  The smoot h 

Cl  i nt er pol ant  i s

1  . 1  .

U( x , y )  = I  ( l - x ) 3̂  i ( x, 0)  +  I  ^ ( ^ ( i - x )  FQ i ( x , l - x)

_ i - 0 ’ i =0 ’

+  I  

i =0 y
Fi , O( 0 ’ y)

9 1 P 2 F

3 x

( 0, y) [ 3. 1]

wher e

( P2 F) ( 0 , y )  =  (p0 ( y ) F( 0 , 0 )  +  4>1 ( y ) FO} 1 ( 0, 0)  +  ^  ( y ) F ( 0 , 1)  +  ^ ^ ^ ( 0 , 1 )

3 P 2 F

3x
( 0, y)  -  y[ 4>q (y ) F( 0, 0)  +  ^ ( y ) F O} 1 ( 0, 0)  +  ^ ( y ) F( 0 , l )

+
^ i ( y ) Fo , i ( 0’ 1) J +  V y ) Fi , o ( 0’ 0)  +  ^ ( y ) | - F o > 1 ( 0, 0)

+

f 3Fo a ( x , 0) 1 “

2x iiK +  V ^ l . O * * ’ 1 * - F O , 1 ( 0 ’ 1 ) ]

+  ^ ( y )

3Fo a ( x , l - )

3x

The ^ ( t )  an<i  ^ ( t )  ar e t he c ar di nal  bas i s  f unc t i ons  f or  Her mi t e t wo 

poi nt  Tay l or  i nt er pol at i on on ( 0, 1) .  They  ar e
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<f>Q( t )  = ( t - 1) 2 ( 2t +l )  

\p0 ( t )  = t 2 ( - 2t +3)

^ ( t )  = ( t - l ) 2t  

^ ( t )  = t 2 ( t - l )

[3.2]

The s moot h Cl  i nt er pol ant  has  qui nt l c  pr ec i s i on.  The der i v at i on and 

ot her  det ai l s  of  t he Cl  smoot h i nt er pol ant  can be f ound i n , [ 2] ,

Now by  def i n i ng t he f unc t i on and nor mal  der i v at i v es  al ong a s i de of  

t he t r i angl e as pol y nomi al s  whi c h i nt er pol at e t he dat a on t hat  s i de,  an 

i nt er pol at i on s c heme can be c ons t r uc t ed whi c h i nv ol v es  onl y  poi nt  f unc 

t i onal  dat a on t he t r i angl e.  An i nt er pol ant  t hat  depends  onl y  on a 

f i ni t e number  of  s c al ar  par amet er s  i s c al l ed a f i ni t e d i mens i onal  

i nt er pol ant .  To c ons t r uc t  t he ni ne par amet er  f i ni t e d i mens i onal  i nt er 

pol ant  we def i ne t he boundar y  f unc t i ons  as t he c ubi c  pol y nomi al s  whi c h 

i nt er pol at e t o t he f unc t i on F and i t s  f i r s t  d i r ec t i onal  der i v at i v es  

al ong t he s i de at  each ver t ex ,  and t he nor mal  der i v at i v es  as l i near  

pol y nomi al s  wh i c h  i nt er pol at e t he nor mal  der i v at i v e at  eac h ver t ex .

Thi s  pr oc es s  of  c ons t r uc t i ng t he boundar y  cur ves  f r om di s c r et e dat a i s 

c al l ed di s c r et i z at i on.

The d i s c r et i z ed boundar y  cur ves  needed t o c ons t r uc t  t he Bar nhi l l -  

Gr egor y  ni ne par amet er  i nt er pol ant  f r om t he smoot h Cl  i nt er pol ant  ar e

+  i|;1 ( x ) [ F l j O ( l , 0 )  -  F O j l ( l , 0 ) ] [ 3. 3]



14

F (0 ,y ) = <l>o (y )F (0 ,0 )  + (y) Fq 1 (0 ,0 ) + t y g  ( y )F (0 ,1 ) + ip1 (y )F() 1 (0 ,1 )

* i ,o (0’ y) = d -y) F1)O(0’ 0) + yFi , o (0,1)

Fl j 0 (x , l- x )  + F 0>1 (x , l- x )  = ( l- x )[ F  Q( 0 , l )  + F  (0 ,1 )]

+ x[ F1 ^o ( l , 0 )  + F (1 ,0 )]

Subs t i t ut i ng t he di s c r et i z ed boundar y  cur ves  [ 3. 3]  i nt o [ 3. 1]  gi ves  

t he ni ne par amet er  f i ni t e di mens i onal  i nt er pol ant

U (x ,y )  = <l>0 ( 3 ^ )  [<j)0 ( x )F ( 0 ,0 )  + (j)1 (x )F 1 Q ( 0 ,0 )  +  ipQ (x )F  ( 1 ,0 )  +  ^ ( x ^ ^ q  ( 1 ,0 )  ] 

+  ^ 1 (3^ )  ( 1 _ x )  [ ( 1 - x ) F q  ^ ^ ( O j O + x F q  ^^(1 , 0 ) ]

+ +<| )1 ( x ) [ F1 ( 0, 1)  - F 0 j l ( 0, l ) ]  +i P0 ( x ) F( l , 0)

+  iP1 ( x ) [ F l j 0 ( l , 0 )  - F 0 j l ( l , 0 ) ] ]  .

+  ^ 1 ( ^ ) ( l - x ) [ | { ( l - x ) [ F ; Lj ()( 0, l )  +FQj 1 ( 0, 1) ]  + x [ F l j 0 ( l , 0)  +FQj 1( 1, 0) ]

-  ^ ( x ) F( 0 , l )  - ( j ) ^( x) [ Fl j 0 ( 0, l )  - F 0 j l ( 0, l ) ]  - i p' ( x ) F( l , 0)

[ 3. 4]

-  l | >] _(x) [ F 0 ( 1, 0)  -  FQ 1 ( 1, 0) ] } ]

+  <|)0 (3^ ) ( l - y ) { ( l - y ) F 0 ( 0, 0)  +  y FM ( 0, l )  -  y  [ ^ ( y ) F ( 0 , 0)  + ^ ( y ) F 0 j l ( 0, 0)

+  ( y ) F(0, l )  +  ^ ( y ) F0 ) 1 ( o, i ) ]  -  (|>0 ( y ) F1 Q( 0, 0)

- (j)1(y)[-F0)1(0,0) -FQ)1(0,0) +FQ A (1,0)] -^0(y)[Flj0(0,l) -F0^(0,1)]

-  ^ ( y H - F  ( 0, 1)  + | [ - F 0 j l ( 0, l )  - F l j 0 ( 0, l )  + F 0 ^ ( 1 , 0 )  +  F ^ 0 ( 1, 0)  +  6F( 0 , 1 )  

+ 4 (F  ( 0 ,1 )  - F Q j1 ( 0 ,1 ) )  -  6 F (1 ,0 )  + 2 (F  Q( l , 0 )  -  FQ ^ ( 1 , 0 )  ) ] ] }

-  l 2y S ^  t -Fi , o (0 -0 ) +Fi ,o (0 ’ 1 ) +Fo , i (0 -0 ) ~ Fo . i ( 1-0)1-
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The ni ne par amet er  i nt er pol ant  has  quadr at i c  pr ec i s i on.  The pr ec i s i on 

of  t he ni ne par amet er  i nt er pol ant  has  been l ower ed t o quadr at i c  bec aus e 

of  t he l ower  pr ec i s i on of  t he boundar y  dat a i n t e r po l an t s . The boundar y  

dat a i nt er pol ant s  [ 3. 3]  can onl y  r epr oduc e quadr at i c s .  The pr ec i s i on of  

a f i ni t e di mens i onal  i nt er pol ant  i s l i mi t ed by  t he pr ec i s i on ac hi ev ed by  

t he boundar y  dat a i nt er pol ant s .

The Bar nhi l l - Gr egor y  ni ne par amet er  i nt er pol at i on f unc t i on was  

s el ec t ed f or  us e i n der i v i ng t he new t wo di mens i onal  i nt er pol at i on f unc 

t i on bec aus e dat a was  av ai l abl e f or  i t s  par amet er s  and bec aus e of  i t s  

pr ec i s i on.  I n t he nex t  c hapt er  we wi l l  us e t he Bar nhi l l - Gr egor y  ni ne 

par amet er  i nt er pol at i on f unc t i on t o i mpr ov e t he pr ec i s i on of  t he 

Shepar d' s  t wo di mens i onal  i nt er pol at i on f unc t i on.



Chapt er  I V

A NEW TWO DI MENSI ONAL I NTERPOLATI ON FUNCTI ON

Thi s  chapt er  i nt r oduc es  a new t wo di mens i onal  i nt er pol at i on f unc 

t i on f or  i r r egul ar l y  s pac ed dat a.  The new i nt er pol at i on f unc t i on i s
I

der i v ed by  t ak i ng t he bool ean s um of  Shepar d' s  t wo di mens i onal  i nt er po 

l at i on pr oj ec t or  P^  and t he Bar nhi l l - Gr egor y  ni ne par amet er  i nt er po 

l at i on pr oj ec t or  P^.  The new f unc t i on wi l l  hav e t he i nt er pol at i on 

pr oper t i es  of  Shepar d' s  pr oj ec t or  P^  and t he pr ec i s i on of  t he Bar nhi l l -  

Gr egor y  ni ne par amet er  pr oj ec t or  P^.

A sev er e s hor t c omi ng of  Shepar d' s  i nt er pol at i on pr oj ec t or  i s  t hat  

i t  i s pr ec i s e onl y  f or  pl anes .  I f  al l  t he dat a i s f r om a hi gher  po l y 

nomi al  sur f ace,  t hen Shepar d' s  pr oj ec t or  wi l l  not ,  i n gener al ,  gi v e bac k  

t he pol y nomi al  sur f ace.

I n 1974,  R.  E.  Bar nhi l l  [ 1 ]  showed t hat  t he bool ean s um P ® Q of  

t wo pr oj ec t or s  has  t he dual i t y  pr oper t y  t hat  P © Q has  at  l eas t  t he . 

i nt er pol at i on pr oper t i es  of  P and t he f unc t i on pr ec i s i on of  Q.  

Shepar d' s  b i v ar i at e i nt er pol at i on pr oj ec t or  has  t he des i r ed i nt er pol at i on 

pr oper t i es .  Fur t her ,  we can i mpr ov e t he pr ec i s i on of  Shepar d' s  pr oj ec t or  

by  t ak i ng t he bool ean s um of  i t  and anot her  pr oj ec t or  Q,  wher e Q has  

t he des i r ed pr ec i s i on.

For  pur pos es  of  i l l us t r at i on,  we s hal l  f i r s t  c ons i der  t he uni v ar i at e 

case of  Shepar d' s  pr oj ec t or .  For  exampl e,  we can t ak e t he bool ean s um 

of  Shepar d' s  uni v ar i at e pr oj ec t or  [ 2. 9]  and a l i near  pr oj ec t or  t o get



17

Shepar d ' s  un i v a r i a t e  p r o j ec t o r  and l et  fch e l i nea r  p r o j ec t o r

l i near  pr ec i s i on f or  our  new i nt er pol at i on f unc t i on.  I f  we l et  be

x - x  x  -  x .

P9 [ f ]  = - - - - - — f ( x  )  H-- - - - - - - - - - - - - f ( x  )
2  x ,  -  x  1  x - x ,  m

[ 4 . 1 ]

1  m m 1

t hen  t he b o o l e a n  s um

P ©  P = P + p  -  P P  
1 2 r l  +  2 1 2

[ 4 . 2 ]

wi l l  hav e  t he i n t e r po l a t i on  p r oper t i es  of  P^  and t he p r ec i s i o n  of  • 

The b o o l e a n  s um f unc t i on  i s

m

P 1 ® P „ [ f ] =  J B . ( x ) f  ( x . )  H- - - -  . . . . .
1  2 J .Ln i v l  x n -  x  1  x  -  x ,  m

1 = 0  1  m m l

x - x  x - x . .

m f ( x n ) +  - - - - —  f ( x_)

m

I V x) 
i =0 1

------ - f (x ) + — ----- -  f (x . )
: -  x, m x, -  x s 1 

1  1  mm

[ 4 . 3 ]

m

I V x) 
i =0 1

x.  -  x. .  x.  -  x

f  ( x  ) -  — - - - -  f  ( x  ) - - - - - - - — f  ( x  )
i  x - x ,  m x,  -  x  1

m l  1  m

x - x ,

- - - - - - -  f  ( x  ) +
x  -  x n m 

m 1

x - x

- - - - - -- f  (x, )
xn - X ' 1  

1  m

[ 4 . 4 ]

x - x . x - x

y B ( x ) G. +  - - - - - - -  f  ( x ) +
. Ln i  l  x  -  x 1 m 
i = 0  m l  1  m

- - - - - -  f  ( x,  )
X “ X 1

[ 4 . 5 ]

wher e

G . =  f ( X i )  -

X. - X, X. - X

— - - - -  f  ( x ) +  — - - - -  f  ( x )
x - x ,  m x,  -  x  _ 1

m 1 m

[ 4 . 6 ]



18

Fi gur e 4. 1 Geomet r i c  i nt er pr et at i on of  t he boo l ean s um of  

Shepar d' s  uni v ar i at e pr oj ec t or  and t he l i near  pr oj ec t or .

We c an gi ve t he bool ean s um P^ © P̂, a geomet r i c  i nt er pr et at i on 

[ Fi g.  4. 1] .  The Ĝ  i s t he di f f er enc e bet ween t he dat a poi nt  at  x^  

and t he s t r ai ght  l i ne.  Now i f  al l  t he dat a i s l i near  t hen Ĝ  wi l l  be 

equal  t o zer o and we wi l l  be l ef t  wi t h onl y  t he l as t  par t  of  t he bool ean 

s um f unc t i on,  and t he l i ne bet ween t he f i r s t  and n- t h dat a poi nt s .  P^,  

Shepar d' s  uni v ar i at e pr oj ec t or  was  bas ed on t he i nv er s e di s t anc e we i ght 

i ng of  t he dat a poi nt s .  The bool ean s um i nt er pol at i on f unc t i on [ 4. 5]  

i s bas ed on t he i nver s e di s t anc e wei ght i ng of  t he di f f er enc e bet ween t he 

dat a poi nt s  and t he l i ne def i ned by

I n Fi gur e 4. 2,  we can see how Shepar d' s  uni v ar i at e pr oj ec t or  

i nt er pol at es  l i near  dat a.  Thi s  can be c ompar ed wi t h t he bool ean s um 

f unc t i on i n Fi gur e 4. 3 whi c h i nt er pol at es  t he same dat a.  The bool ean 

s um i nt er pol at i on f unc t i on i s pr ec i s e f or  s t r ai ght  l i nes.



Fi gur e 4. 2 Shepar d' s  uni v ar i at e pr oj ec t or  wi t h l i near  dat a.

Fi gur e 4. 3 Bool ean sum f unc t i on wi t h  l i near  dat a.



We hav e s een [ 2. I X]  t hat  t he par t i al  der i v at i v es  of  t he f i r s t  

pr oj ec t or ,  , ev al uat ed at  t he dat a poi nt s  i s zer o.  The par t i al  

der i v at i v e of  t he boo l ean s um f unc t i on [ 4. 5]  ev al uat ed at  t he dat a poi nt

x.  i s 
1

a ? !  ©  P 2 [ f ]

3x

f ( xm) -  f ( x j  
_  m_ _ _ _ _ _ _ _ _ i

x “ X- 
x = x . m 1

i

[ 4. 7]

Thi s'  i s s i mpl y  t he der i v at i v e of  t he s ec ond pr oj ec t or  I f  t he

der i v at i v e of  f i r s t  pr oj ec t or  P^  i s zer o at  al l  t he dat a poi nt s ,  t hen 

t he bool ean s um f unc t i on P^  © P^  i nher i t s  t he der i v at i v e of  t he s ec ond 

pr oj ec t or  P2 at  eac h dat a poi nt .  I f  we c ompar e Shepar d ’ s uni v ar i at e 

i nt er pol at i on pr oj ec t or  [ 2. 9]  i n Fi gur e 2. 4c  wi t h t he bool ean s um i nt er 

pol at i on f unc t i on [ 4. 3]  i n Fi gur e 4. 4,  we can see t hat  t he bool ean s um 

i nt er pol at i on f unc t i on i nher i t s  t he s l ope of  t he s ec ond pr oj ec t or  at  

eac h dat a poi nt .

Si mi l ar l y ,  we c an now def i ne t he new t wo di mens i onal  i nt er pol at i on 

f unc t i on by  t ak i ng t he bool ean s um of  Shepar d ’ s t wo di mens i onal  i nt er po 

l at i on pr oj ec t or  and t he Bar nhi l l - Gr egor y  ni ne par amet er  i nt er pol at i on 

pr oj ec t or .  The new i nt er pol at i on f unc t i on t hen has  quadr at i c  pr ec i s i on.  

Let  P^  be Shepar d' s  pr oj ec t or  [ 2. 5]  and P2 be t he Bar nhi l l - Gr egor y  

ni ne par amet er  i nt er pol at i on pr oj ec t or  [ 3. 4] ,  t hen t he bool ean s um f unc -



Fi gur e 4. 4 The bool ean sum f unc t i on.
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wher e t he c ar di nal  bl endi ng f unc t i ons  ar e

m 2 2
+  l y - y - ;

m  m  0  0

I  n | x - x  I +  | y — y . |

[ 4. 9]

k=0 1 = 0  

14  k

The v al ue of  a poi nt  of  Shepar d' s  b i v ar i at e i n t er pol at i on pr oj ec t or

[ 2. 5]  i s bas ed on t he i nv er s e di s t anc e wei ght i ng of  t he dat a poi nt  

val ues .  The new t wo di mens i onal  i nt er pol at i on f unc t i on [ 4. 9]  i s bas ed 

on t he i nv er s e di s t anc e wei ght i ng of  t he di f f er enc e bet ween t he val ues  

at  t he dat a poi nt s  and t he v al ue of  t he quadr at i c  s ur f ac e def i ned by  t he 

Bar nhi l l - Gr egor y  ni ne par amet er  i nt er pol at i on pr oj ec t or .

I n Fi gur e 4. 5 and Fi gur e 4. 6,  we can c ompar e Shepar d' s  t wo di men 

s i onal  i n t er pol at i on pr oj ec t or  wi t h t he new t wo di mens i onal  i nt er po 

l at i on f unc t i on.  I n Fi gur e 4. 5 and Fi gur e 4. 6 t he dat a ar e f r om t he

2 2
f unc t i ons  f ( x , y )  = xy  and f ( x , y )  = - x  -  y  + 1 ,  r es pec t i v el y .  Thes e 

quadr at i c  f unc t i ons  ar e i n t he pr ec i s i on set  of  t he new t wo di mens i onal  

i nt er pol at i on f unc t i on.  I n Fi gur es  4. 5b and 4. 6b,  t he new t wo di men 

s i onal  i n t er pol at i on f unc t i on r epr oduc es  t hese f unc t i ons  exac t l y .  

Al t hough Shepar d' s  f unc t i on does  i nt er pol at e t he dat a,  i t  does  not  model  

t he f unc t i on v er y  wel l  [ Fi gs.  4. 5a and 4. 6a] .



Fi gur e 4. 5( a)  Shepar d' s  bl v ar l at e i nt er pol at i on f unc t i on.

Fi gur e 4. 5( b)  The new bi v ar i at e i nt er pol at i on f unc t i on wi t h 

dat a f r om t he f unc t i on f ( x , y )  = xy.



Fi gur e 4. 6( a)  Shepar d' s  bi v ar i at e i nt er pol at i on f unct i

+z

Fi gur e 4. 6( b)  The new t wo di mens i onal  i nt er pol at i on 

f unc t i on wi t h dat a f r om t he f unc t i on

f ( x , y )  = -  x 2 -  y 2 + 1.



Chapt er  V

CONCLUSI ON

The new t wo di mens i onal  i nt er pol at i on f unc t i on s at i s f i es  al l  t he

r equi r ement s  s t at ed at  t he begi nni ng.  I t  pr oduc es  s moot h s ur f ac es  f or

c omput er  di spl ay .  I t  i nt er pol at es  t he f unc t i on and der i v at i v e v al ues  at  

\ • 

al l  t he dat a poi nt s .  The dat a poi nt s  can be ar bi t r ar i l y  di s t r i but ed i n

t he Car t es i an pl ane.  Al so,  t he new t wo di mens i onal  i nt er pol at i on f unc 

t i on wi l l  r epr oduc e quadr at i c  sur f aces .

A l ac k  of  gener al i t y  i n t he t wo di mens i onal  r andom dat a i nt er po 

l a t i on f unc t i on i s t hat  i t  does  not  hav e a par amet r i c  r epr es ent at i on.

A s ear c h f or  a s at i s f ac t or y  domai n f or  t he par amet er s  t hat  woul d k eep 

t he s ur f ac e f r om bec omi ng f o l ded was  negat i ve.  An i mmedi at e i dea was  

t o us e t he dat a poi nt  number s  as t he domai n f or  t he par amet r i z at i on,  

but  s i nc e t he dat a i s r andom t he s ur f ac e may  bec ome f ol ded.

The i nv er s e di s t anc e bl endi ng f unc t i ons  us ed i n t hi s  t hes i s  ar e an 

ar ea f or  f ut ur e r esear ch.  Thei r  mai n us e has  been as c ar di nal  b l endi ng 

f unc t i ons  f or  r andom dat a i nt er pol at i on.  We hav e al so s een how t hey  

c an be us ed t o pr oduc e nonpar amet r i c  cur ves .  Shepar d' s  f unc t i on f or  

cur v es  can al so be ex pr es s ed par amet r i c a l l y  as

m

S( t )  -  I  B ( t ) [ S( t . ) ]  [ 5. 1]

i =0 1 1 .

wher e
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m

n (t  -  t . ) u 
j = o  2

B ( t )  = - - - - - - - - - - -  [ 5. 2]
l  m m

I n ( t - t . ) u 
k=0 £==0 

£ ^ k

and

, 1 ^  t  ^  m

■ r  t ± - i

' S( t . )  = [ x.  y. ]

The ex ponent  u i n t he b l endi ng f unc t i ons  may  be us ed as a

par amet er  t o c hange t he s hape of  t he sur f ace.  Thi s  may  pr ov e us ef ul  f or

s ur f ac e r epr es ent at i on i n c omput er  ai ded geomet r i c  des i gn.  I n ex t ens i on

f r om one t o t wo or  mor e v ar i abl es  t her e ar e at  l eas t  f our  pos s i bi l i t i es

t o be c ons i der ed.  Thes e ar e t he oper at or s  S and S t hems el v es  i n
v m n

par amet r i c  f or m,  t he t ens or  pr oduc t  oper at or  and t he Bool ean s um

oper at or

S ® S  = S +  S -  S S  . [ 5. 3]
m n m n m n



APPENDI X

An  i nt er ac t i v e c omput er  gr aphi c  s y s t em ( I DSYS,  f or  I nt er pol ant  

Di s pl ay  SYSt em)  was  des i gned and i mpl ement ed t o ai d t he s t udy  of  t he 

i n t er pol at i on f unc t i ons  f or  i r r egul ar l y  s pac ed dat a.  The s y s t em was  

i mpl ement ed on an Evans  and Sut her l and Pi c t ur e Sys t em.  The Pi c t ur e.
V ■ • .

Sy s t em i s a s t and al one,  gener al  pur pos e i nt er ac t i v e c omput er  gr aphi c s  

s y s t em whi c h can di s pl ay  s moot hl y  mov i ng pi c t ur es  of  t wo or  t hr ee 

di mens i onal  obj ec t s .

The mai n  c omponent s  of  t he Pi c t ur e Sy s t em ar e a Di gi t al  Equi pment  

Cor por at i on PDP- 11/ 45,  a har dwar e mat r i x  ar i t hmet i c  pr oc es s or ,  a 

r ef r es h buf f er  and a 21 i nc h r ef r es h di s pl ay  and a Summagr aphi c s  t abl et .  

The PDP- 11/ 45 i s t he pi c t ur e cont r ol l er .  I t  c ont ai ns  t he dat a bas e 

whi c h des c r i bes  t he pi c t ur e t o be v i ewed.  Al s o,  i t  c ont r ol s  al l  t he 

i nput  and out put  r equi r ed f or  t he i nt er ac t i v e gr aphi cs .  The har dwar e 

mat r i x  ar i t hmet i c  pr oc es s or  per f or ms  d i g i t a l  oper at i ons  on t he dat a 

r ec ei v ed f r om t he pi c t ur e c ont r ol l er  and depos i t s  i t  i n t he r ef r es h 

buf f er .  The r ef r es h buf f er  c ont ai ns  i n di gi t al  f or m t he pi c t ur e t o be 

di s pl ay ed on t he r ef r es h di s pl ay  t er mi nal .  The t abl et  ser v es  as an 

i nt er ac t i v e gr aphi c  i nput  dev i ce.  I t  c an per f or m t he same i nt er ac t i v e 

gr aphi c s  f unc t i ons  as l i ght  pens ,  j oy s t i c k s ,  and f unc t i on swi t ches .

I DSYS was  wr i t t en  i n FORTRAN f or  t he Pi c t ur e Sys t em.  I t  uses  t he 

gr aphi c s  s of t war e s ubr out i ne pac k age f ur ni s hed wi t h t he Pi c t ur e Syst em.  

I DSYS al l ows  t he us er  t o dy nami c al l y  c ont r ol  t he di s pl ay  of  t he i nt er 

po l at i on f unc t i ons .  I DSYS r equi r es  t hat  t he user  ent er  t he dat a f r om
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t he k ey boar d of  t he t el et ype.  The us er  mus t  ent er  t he pos i t i on,  f unc 

t i on Val ue,  and t he f i r s t  t wo der i v at i v es .  Af t er  t he user  has  ent er ed 

al l  t he dat a,  he can t hen sel ec t  f r om t he menu [ Fi gur e A- l ]  of  l i ght  

but t ons  t he c ommands  he wi s hes  t o be ex ec ut ed.  The i nt er pol at i on f unc 

t i ons  ar e l i s t ed v er t i c al l y  al ong t he l ef t  hand s i de of  t he s c r een and 

t he c ommands  t o dy nami c al l y  mani pul at e t he pi c t ur e ar e l i s t ed al ong t he 

bo t t om of  t he sc r een.  The r emai nder  of  t he s c r een i s a v i ewpor t  f or  t he 

t hr ee di mens i onal  di s pl ay  of  t he s ur f ac e pr oduc ed by  t he i nt er pol at i on 

f ur i ct i on.

The user  can i nt er ac t i v el y  s el ec t  one of  t he opt i ons  f r om t he menu 

t hr ough t he us e of  t he t abl et .  A cur s or  i s dr awn on t he s c r een at  a 

pos i t i on whi c h c or r es ponds  t o t he pos i t i on of  t he pen on t he t abl et .

Thi s  pr ov i des  a v i s ual  f eedbac k  of  t he c ur r ent  pos i t i on of  t he pen on 

t he t abl et .  When t he cur sor  i s pos i t i oned ov er  t he c hos en command,  t he 

user  depr es s es  t he pen agai ns t  t he t abl et .  The pr ogr am wi l l  t hen 

ex ec ut e t hat  command.  One of  t he adv ant ages  of  us i ng l i ght  but t ons  over  

ent er i ng t he c ommands  t hr ough t he k ey boar d i s  t hat  t he l i ght  but t ons  

of f er  a muc h f as t er  means  of  cont r ol .

The user  can s el ec t  f or  d i s pl ay  one of  t hr ee i nt er pol at i on f unc t i ons  

f r om t he l i ght  but t ons  al ong t he l ef t  hand s i de of  t he scr een.  The 

f i r s t  l i ght  but t on i s Shepar d' s  f unc t i on whi c h i nt er pol at es  t he f unc t i on 

and der i v at i v e val ues .  The nex t  l i ght  but t on s el ec t s  t he new r andom 

dat a i nt er pol at i on f unc t i on whi c h i s pr ec i s e f or  quadr at i c s .  The l as t  

l i ght  but t on s el ec t s  f or  di s pl ay  t he v er s i on of  Shepar d' s  f unc t i on whi c h 

i nt er pol at es  onl y  t he f unc t i on val ue.

Fr om t he bo t t om of  t he s c r een t he user  can sel ec t  f r om t he many  

l i ght  but t ons  t o dy nami c al l y  mani pul at e t he pi c t ur e.  The t wo col umns  of
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l i ght  but t ons  on t he l ef t  a l l ow t he us er  t o s moot hl y  z oom i n or  out  of  

t he pi c t ur e or  t o move t he pi c t ur e r i ght ,  l ef t ,  up,  or  down.  Thes e 

c ommands  wor k  by  c hangi ng t he wi ndow par amet er s .  The wi ndow i s a t hr ee 

di mens i onal  enc l os ur e of  t he dat a space t o be di spl ay ed.  The wi ndow and 

v i ewpor t  def i ne t he t r ans f or mat i on f r om obj ec t  c oor di nat es  t o sc r een 

coor di nat es .  The par amet er s  f or  t he wi ndow ar e t he c ent er  c oor di nat es  

of  t he t hr ee di mens i onal  enc l os ur e and t he l engt h of  t he s i des.  We can 

z oom i n or  out  of  t he pi c t ur e by  c hangi ng t he l engt h of  t he s i des  of  t he 

wi ndow.  We c an mov e t he pi c t ur e r i ght ,  l ef t ,  up or  down by  c hangi ng t he 

cent er  c oor di nat es  of  t he wi ndow.  Us i ng t he wi ndow and v i ewpor t  f or  t he 

t r ans f or mat i on i s mor e c onv eni ent  t han scal e and t r ans l at i on.

The l i ght  but t on VI EW al l ows  t he us er  t o s pec i f y  a par t i c ul ar  v i ew 

of  t he pi c t ur e f or  di spl ay .  The user  mus t  s pec i f y  t he pos i t i on of  t he 

ey e and t he poi nt  at  whi c h t he eye i s l ook i ng.  Thi s  c ommand has  pr ov ed 

v er y  us ef ul  f or  pr ec i s el y  pos i t i oni ng t he pi c t ur e on t he s c r een t he same 

way  ev er y  t i me.  The s ame v i ew of  di f f er ent  f unc t i ons  and dat a can t hen 

be compar ed.

By s el ec t i ng t he appr opr i at e l i ght  but t on f r om t he nex t  t wo col umns  

t he user  can s moot hl y  r ot at e t he pi c t ur e.  The pi c t ur e can be r ot at ed 

c l oc k wi s e or  c ount er c l oc k wi s e about  t he X , Y , or  Z axi s.

The RESTART l i ght  bu t t on s t ar t s  t he pr ogr am ov er  agai n.  The LI ST 

l i ght  but t on wi l l  pr oduc e a har dc opy  l i s t  of  t he t hr ee di mens i onal  

poi nt s  us ed t o di s pl ay  t he s ur f ac e on t he sc r een.  They  can be used t o 

mor e ac c ur at el y  i nt er pr et  t he sur f ace.

I DSYS k eeps  t he t hr ee di mens i onal  t r ans f or mat i on mat r i c es  nec es s ar y  

t o s moot hl y  wi ndow or  r ot at e t he obj ec t  separ at e.  When t he us er  has  

sel ec t ed t he l i ght  but t on t o dy nami c al l y  mani pul at e t he obj ec t ,  i t  i s
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onl y  nec es s ar y  t o updat e one mat r i x .  I DSYS al so has  a s pec i al  t r ans f or 

mat i on  ma t r i x  t o c onv er t  t he r i ght  handed

[ x y  z]

ROTATI ON

RI GHT- HAND

t o

LEFT- HAND

WI NDOW

=* [ x'  y'  z' ] [ A.  1]

c oor di nat e s y s t em of  t he obj ec t  s pac e i nt o t he l ef t  hand c oor di nat e 

s y s t em r equi r ed by  t he Pi c t ur e Sys t em.  Thes e t hr ee t r ans f or mat i on 

mat r i c es  ar e t hen c onc at enat ed t oget her .  Si nc e mat r i x  mul t i p l i c at i on i s 

not  c ommut at i v e,  i t  i s nec es s ar y  t o c onc at enat e t he mat r i c es  i n t he 

cor r ec t  or der .  The c onc at enat ed mat r i x  i s t hen gi v en t o t he har dwar e 

mat r i x  ar i t hmet i c  pr ocessor .

Al l  t he pi c t ur es  i n t hi s  t hes i s  wer e  phot ogr aphed di r ec t l y  f r om t he 

r ef r es h di s pl ay  s c r een of  t he Pi c t ur e Sys t em.  A hi dden l i ne a l gor i t hm 

woul d hav e hel ped mak e t hese s t at i c  p i c t ur es  mor e c l ear  but  i t  woul d 

hav e made t he r eal  t i me mot i on unac c ept abl y  s l ow.  A h i dden l i ne 

a l gor i t hm i s not  nec es s ar y  wi t h r eal  t i me dy nami c  mot i on.
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