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A bootstrap resampling analysis of galaxy clustering
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Summary. We demonstrate how statistics and standard errors can be asso-
ciated with parameters of single data sets using bootstrap resampling methods.
These techniques allow significance levels to be associated with any parameter
derived from a data set and measure the robustness of the data set to various
known and unknown errors and biases. We apply the method to the two-
point angular correlation function of the Zwicky 14 mag catalogue of galaxies.
If the two-point function has the power-law form w(8)=(60,/0)" then
standard errors of 0(6y)=0.01 and o(y)=0.13 are found with means of
¥ =0.80 and 8, = 0.06 radians. These are much larger than the formal errors
quoted in previous analyses. Various consequences of these results and further
applications of the method employed are discussed.

1 Introduction

In this communication we illustrate the use of the bootstrap resampling technique for deter-
mining standard errors. This is done by applying it to the calculation of the galaxy—galaxy
correlation function in the Zwicky catalogue (Zwicky et al. 1961—68). Besides giving
specific significance levels for the parameters of the calculated two-point correlation
function we aim to display how this simple technique can be useful in assigning significance
levels to single parameters derived from non-repeatable observations.

2 Bootstrap resampling method

The bootstrap method (Efron 1979, 1982; Freedman 1981; Rey 1980; Singh 1981) begins
with a particular data set; in our case a galaxy catalogue, and creates from it a large number
of comparable ‘pseudo-data’ sets. Any property of the original data set can now be calcu-
lated for all the pseudo-data sets and the resulting mean and variance calculated over the
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entire ensemble.* A typical pseudo-data set might, for example, be related to the true data
set by replacing a single point of the true data set by a random point. This resampling pro-
cedure could be repeated many times to generate an entire ensemble of pseudo-data sets,
each differing from the true data by one point. By this means the sensitivity of any parti-
cular analysis or conclusion regarding the structure of the true data set can be assessed
internally. In effect, the resampling method allows us to detect the robustness of any calcu-
lated or measured property of the true data set with respect to a variety of known or
unknown sources of error or biases and uncertainties in the observational method. This
technique is likely to be of importance as a means of assessing the significance of various
geometrical statistics, like percolation, that have been used to measure the presence or
absence of filamentary patterns in the redshift surveys of galaxies (Bhavsar & Barrow 1983;
Dekkel & West 1984; Einasto et al. 1982).

We apply this approach to the Zwicky 14 mag catalogue of galax1es We choose all
galaxies in the region 8 > 0°, b> 40°; this consists of 1091 galaxies within a region of 1.83
steradians. The resolution limit of the Zwicky catalogue is 0°.025 and this defines a lower
limit for the extent to which we can determine the two-point angular correlation function
(Limber 1953). The Zwicky catalogue lists galaxies to a magnitude of 15.7. There has been’
some debate concerning the accuracy of Zwicky’s magnitudes (Shane 1975) but they should
be accurate enough to define a cut-off at 14.0mag. The two-point angular correlation
function, w(#), is determined in the usual way (Totsuji & Kihara 1969; Fall 1979; Peebles
1980): the angular separation between pairs of observed galaxies is found and binned to give
Noo(8), the number of pairs observed to be separated by 6. A Poisson sample of 1090
galaxies is then generated with & > 0°, b> 40° and the pairwise separations between each of
the 1091 real galaxies and 1090 Poisson galaxies are found; this gives Ny, (9), the number of
pairwise separations at angle § between observed and Poisson galaxies. The correlation
function, w(9), is just :

) _Noo(e)—Nop(e)
w(8) = Neg ®) . | o (1

In our calculations Nop(8) and Ny, (9) are binned so that a Poisson data set is expected
to have an equal number of galaxy pairs in each bin (that is, the binning procedure is decided
upon before performing the analysis). The maximum angular separation binned is 0.12
radians and the minimum separation is then fixed by the binning assumption. We ﬁnd for
the Zwicky data set:

o) o C

This can be compared with other determinations, using a variety of samples, by Totsuji &
Kihara (1969), Peebles (1974), Davis & Geller (1973), Davis, Geller & Hochra (1978) and
Peebles (1980).

In order to place a significance level on the determination (2) we generate 180 pseudo-
data sets from the original Zwicky catalogue of 1091 galaxies. Each pseudo-data set is con-

* Note, this is not a techmque for eliminating errors. It 31mp1y gives an estlmate of the mternal variance
given the original data set. It says nothing about how large or small the en'ors may be or what their source
might be. Traditional approaches to data sets differ from this by ‘assuming that errors are normally
distributed by invoking the Central Limit Theorem. v ,
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structed by selecting randomly, with replacements, 1091 galaxies from the original
catalogue. Therefore, each of the 180 pseudo-data sets will contain duplicates of some
galaxies and will not contain all the galaxies in the original Zwicky sample. The angular
correlation function, w(#), is calculated for each of the 180 pseudo-data sets and fitted by a
power law of the form

w(e)=(%°)”- | @3)

In Fig. 1(a) and (b) we display the frequency distribution of the constants v and 6, which
arise from the 180 determinations. The means and standard errors are found to be

¥ =10.80, o(y)=0.13 (4)

8,=0.06, 0(8o)=0.0l. (5)

The bootstrap technique is only designed to give estimators for 0(f,) and o(y); the mean
values, 0, and ¥, are not expected to be good estimators of the true 8, and 7y values.

It is instructive to compare these errors with the much smaller formal errors quoted in
many discussions of the observed two-point correlations (Groth & Peebles 1977; Davis &
Peebles 1983). Also, we note the results of numerical simulations of gravitational clustering
using 4000 mass points by Gott, Turner & Aarseth (1979) who found a standard error of
o(y)= 0.15 arising from different realizations of initial data with the same statistical distri-
bution and total density. Also they found in their numerical experiments a variation of y
with cosmological density parameter £, and the power index of the initial density inhomo-
geneities, n, where the density contrast 8p/p varies with mass scale as 8p/p o< M V2~ "6
(Fall 1979). This is fitted by

Ay=—0.55 A(log ) +0.35 An. (6)

Since the ranges of interest for the parameters are approximately $2e(1072 1) and
ne(—1, 1) it is clear from (4) and (5) that even if superior numerical experiments could
reduce the experimental scatter around 7%, the results (4) and (5) show that the data is
unlikely to be robust enough to allow £, o1 1 to be accurately pinned down by simple deter-
minations of w(6) (although there may of course be other ways of ascertaining these
parameters from the data that are more robust).

The variance generated by the pseudo-data analysis may have other interesting implica-
tions. Saslaw (1980) and Saslaw & Hamilton (1984) have developed a description of gravita-
tional clustering based upon a thermodynamic treatment of two-point correlations. This
theory predicts that as # - o a system undergoing gravitational clustering should relax to a
state of maximal entropy production and clustering efficiency. One of the characteristics of
this asymptotic state is that it possesses a two-point correlation function w(8) « 671, Despite
the disagreement of this prediction with the straightforward determination (2), it may be
marginally admissible in view of the standard errors produced by the bootstrap resampling.

+ The question of the optimal procedure to follow in generating pseudo-data sets is a topic of detailed
study (Rey 1980; Rocke & Downs 1981). We stress that the replacement method we use makes no
assumption about the existence, magnitude or source of any errors. If specific sources of systematic error
are suspected then they should be tested for with a purpose-built analysis. Our perturbation of the true
data to generate a pseudo-data set is moderate and we would expect other more extensive replacement or
substitution procedures to produce at least this level of internal variance.
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Figure 1. (a) Frequency distribution of 8, defined by equation (3) found from 180 bootstrap resamplings

of the 1091 galaxies in the Zwicky 14 mag catalogue. (b) As (a) but displaying the frequency distribution
of v defined by equation (3).

It is possible that the non-observance of w(8) = 8™! may be associated with large scale
obscuration (Peebles 1980; Seldner & Uson 1983) but this requires the intervening material
to possess a particular clustering pattern. Also, the Universe may not yet have relaxed

sufficiently close to the predicted asymptotic equilibrium state of maximum entropy to
display w (6) « 671,
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3 Conclusion

In conclusion, we have shown how statistics and standard errors can be generated from single
data sets using the bootstrap resampling method. This technique has been applied to the
calculation of the two-point correlation function of galaxies in the Zwicky 14 mag catalogue
as an example. Various consequences of the results were discussed. These techniques may be
essential if any quantitative significance is to be attached to the variety of geometrical
statistics currently being employed in the search for a quantitative measure of intrinsic
pattern in the three-dimensional distribution of galaxies.
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