JOE HARRIS
A bound on the geometric genus of projective varieties

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4° série, tome 8, n° 1
(1981), p. 35-68

<http://www.numdam.org/item?id=ASNSP_1981_4 8_1_35_0>

© Scuola Normale Superiore, Pisa, 1981, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique 1’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

NUuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1981_4_8_1_35_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

A Bound on the Geometric Genus of Projective Varieties.

JOE HARRIS

0. - Introduction.

The genus of a plane curve ( is readily ealculated in terms of its degree
and singularities by any one of a number of elementary means. The genus
of a curve in P* is not so easily described: smooth curves of a given degree
in P may have many different genera. One question we may reasonably
hope to answer, however, is to determine the greatest possible genus of an
irreducible, non-degenerate curve of degree d in P~; this problem was solved
in 1889 by Castelnuovo (3), (4) (5), who went on to give a complete geometric
description of those curves which achieved his bound. In this paper, we
will answer the analogous question for varieties of arbitrary dimension:
what is the greatest possible geometric genus of an irreducible, nondegenerate
variety of dimension %k and degree d in P*?

We begin in section 1 by recounting Castelnuovo’s argument; a more
detailed version of the argument may be found in (3) and in (4). In scction 2
we use the standard adjunction sequence to relate the forms of top degree
on a variety to those on its hyperplane section, and, working back to the
curve case, derive a bound on the geometric genus. We do not have at this
point any assurance that the bound is sharp, but we draw some eonclusions
about varieties which achieve the bound, called Castelnuovo varieties, if
they exist. Tn particular, we see that any Castelnuovo variety of dimension 1
lies on a (k 4 1)-fold of minimal degree n —k in P*; and section 3 is ac-
cordingly devoted to a description of these varieties, classically known as
rational normal scrolls and discussed in (1) and (2).

We return in section 4 to consideration of Castelnuovo varieties. We
are now able to determine their divisor classes on the minimal varieties con-
taining them, and as a consequence to show they exist. Finally in section 5
we deduce some consequences on the geometry of Castelnuovo varieties.

Pervenuto alla Redazione il 18 Dicembre 1979.
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1. - Castelnuovo’s bound for the genus of a space curve.

The genus of a plane curve ( c P*? of degree d is, by any one of several
clementary arguments, equal to (d—1)(d—2)/2 if C is smooth, strictly
less if C is singular. The genus of a curve in P», of course, is not so easily
described: there are smooth curves C of a given degree d in P* having many
different genera. Omne question we may reasonably expect to answer, how-
ever, is to determine the greatest possible genus of an irreducible, non-
degenerate curve of given degree in P». Castelnuovo in 1889 answered this
question, and in addition described in some detail the geometry of curves
having maximal genus. In the following, we will first give Castelnuovo’s
argument for curves, and then go on to consider analogous questions for
higher-dimensional varieties.

Castelnuovo, in his argument, considers not only the linear system
[06(1)] on a curve Cc P», but the general series |O.(l)|. His approach is
to bound from below the successive differences h°(C, 94(1)) —h*(C, Oo(1—1))
and hence the dimensions h%(C, O.(1)); when 7 is large enough to ensure
kY€, 9(1)) = 0 he applies Riemann-Roch to obtain an upper bound on the
genus of C. The mainspring of his argument is the following lemma, of
which only the first assertion is necessary to deduce the bound on ¢(C):

LEeMMA. Any set I' of d>kn + 1 points in P* in general position (i.e.,
no n + 1 linearly dependent) imposes at least nk + 1 conditions on the linear
system | Op.(k)| of hypersurfaces of degree k in P; and if d > kn + 1 (2n + 2
if kb = 2), then I" imposes exactly nk - 1 conditions on |Op.(k)| if and only
if I' lies on a rational normal curve in P=.

Proor. The first statement is easy. To show that I' imposes kn 4 1
conditions on hypersurfaces of degree L, we have to choose kn - 1 points
{p:} of I'y and then for any one of these points p, exhibit a hypersurface of
degree k containing the remaining nk points but not p,. This is immediate:
given any subset {p;} of nk + 1 points of I" and one point p, among them,
we can group the remaining nk into k sets {g,};_, ., of n apiece; the sum

.....

k

> H; of the hyperplanes H, = q,, ..., ¢, Will then be a hypersurface of
i=1
degree &, by the general position hypothesis not containing p,.

The second statement is more subtle. We first reduce to the case k = 2,
arguing that a set I" of d > kn + 1 points in general position which impose
only nk + 1 conditions on |Op,(k)| must impose only 2n -+ 1 conditions
on quadrics, as follows: Assume that I" imposes only nk 4 1 condition on
|Op.(k)|; since no subset of nk + 1 or more points of I" can impose fewer



A BOUND ON THE GEOMETRIC GENUS OF PROJECTIVE VARIETIES 37

than #k + 1 conditions on |Op.(k)|, it follows that any hypersurface of
degree k in P containing any ak -~ 1 points of I" containg all of I. Now,
if Q c P* is any quadric containing 2k -+ 1 points Py, ..., Party of I, gl
any other point, then ¢ must lie on Q: choosing any k — 2 disjoint sets of
points {pu, ..., P} from the remaining points of I', the hypersurface @ -+
-+ H,+ ... + H,_, consisting of @ plus the hyperplanes H, = p_, ..., p,, by
hypothesis eontains ¢, and since by general position ¢ ¢ H,, it follows that
g€@Q. We see then that I' can impose only 2n + 1 conditions on [O0p.(2)].

Castelnuovo’s proof of the lemma now runs as follows: labelling the points
of I pyy ..., psy let V¢ be the (n —2)-plane in P» spanned by the points
Pry wery Diy eeeey Puy and let {Vi(2)}1 be the pencil of hyperplanes containing V.
Similarly, let VcP* be the (n—2)-plane spanned by the points
Pty -3 Pon—as 304 {V(A)} the pencil of hyperplanes through V. For each
index « = 2n, 2n + 1, ..., d, let A\ be such that

p,€ VHA)
and likewise let A, be such that
Ps€ V(ks);

by general position, of course, p, ¢ V, V¢ for a>2n, so 4, and 4} are uniquely
determined, and the values {A}} are distinct for each i. Let

;s Pr— Pt
be‘ the unique isomorphism such that
eid,) =4 for a =2n,2n +1,2n + 2,
and consider the hypersurfaces

Q:=U V@A) N Vipd).

AcPt
@, is a quadric: for any line Lc P, ¢, defines an antomorphism of L by
VIA)NL - Vig, AN L,

the points of intersection of L with ¢, being just the fixed points of this
automorphism. ¢, contains the subspaces ¥V and V¢, and hence the points
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Pry eery Piy ovy Puy Priay ooy Pany 0f I'; in addition, by the choice of ¢,
Q; contains P,,, Posys a0A Pyui.. @, thus passes through at least 2n + 1
points of I', and so contains I'; this in turn implies that

(Pi(}'a) = l;

for all «>2n, and not just the three values « = 2n, 2n 41 and 2n 4 2.
Now, for each A, the hyperplanes {V#(A)},., , meet fransversely in a
single point: any line contained in [ Vi(1) would necessarily meet every

A
(n — 2)-plane V*, and hence lie in the hyperplane W = p, ..., p,; this would
imply that for some is£§ and A,

V“(q%l) =W = V’(¢jl) .
But then the quadric
Qi; = LzJ Vilg:d) N Vi(p,4)

would consist of the hyperplane W plus another hyperplane W' containing
D1y <rey Pis evey Dig very Puy Pony Pan+y aDd Py ——contrary to the hypothesis
that no hyperplane in P» contains more than » of the points of I. The locus

D=UVvVA)n..NnVA)
i

is thus an irreducible rational curve; it has degree n, since the hyperplane W
meets it transversely in exactly the » points p,, ..., p, and so is a rational
curve. By construction, moreover, it contains the points p,, ..., p, and p«
for «>2n. We see, then, that we can put a rational normal curve through
all but any » — 1 points of I'—but since I' contains at least 2n 4 3 points
and a rational normal curve in P” is determined by any » + 3 points on it,
this means that " lies on a rational normal curve.

Note finally that since a quadric in P” meeting a rational normal curve
in P in 2n + 1 points contains it, the linear system |J.(2)| of quadrics
passing through I' is exactly the linear system |J,(2)| of quadrics containing
the rational normal curve D containing I'; and that, since D is cut out by
quadrics, D is exactly the base locus of the linear system of quadrics
through I. Q.E.D. for lemma.

Now let C c P be a nondegenerate, irreducible curve of degree d, and
let I' = H-C be a generic hyperplane section of C. We have then the

LEMMA. The points of I" are in general position.
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PrOOF. We first note that the monodromy action on I” is the full sym-
metric group §;. This follows from an induction: in case » = 2, we observe
that projection of € from any point p, e I expresses C as a (d — 1)-sheeted
cover of P!, and so the monodromy in the pencil of lines through p, alone
acts transitively on I"— {p,}. The full monodromy on I" is thus twice tran-
gitive—but any subgroup of S, which is twice transitive and contains a
simple transposition contains all transpositions and so must be all of ;.
We see from this by induction that for general n, the monodromy in the
linear system hyperplanes through any point p is the full symmetrie group
on I'— {p}, and hence, since the monodromy is always transitive, the full
monodromy group is S;. Now let

IcorxpP™
be the incidence correspondence

I = {(_pl’ ...,p";H):p,'EH Vi}

d
I projects onto P** as an everywhere finite n -sheeted branched cover;

since by the above the monodromy acts transitively on the sheets of I — P**,
I is irreducible.
Let J cI be given by

J = {(P1; ey Pu; HYEL: pIA..APw = 0} .

J is a closed subvariety of I, and since C is nondegenerate, J = I; thus J
cannot surject onto P* and the lemma is proved. Q.E.D.

Now, by our first lemma the points of I' = H-C impose at least
l(n—1) 4+ 1 conditions on the linear system of hypersurfaces of degree
in P, for I< M = [(d—1)/(n—1)]; a fortiori, they impose at least
I(m + 1) + 1 conditions on the complete linear system |O4(1)] on €. We
see then that

10, Oo(1—1)) = 1(C, I(1))
<h(C, O(l)) —Un—1)—1

for << M; of course for I > M the points of I" all impose independent condi-
tions on |0.(1)] and we have

R(C, Oc(l—1)) <B(C, Oc(l) — d .
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Adding up these inequalities, then, we have

(0, 0s(1))>m + 1
B0, 00(2))>n + 1 +2(n—1) + 1 = 3n

MM +1)

2

MM + 1)
2

Bo(C, Oc(M)) > (m—1)+ M+ 1

R(C, Oc( M + &) > m—1) + M +1 + kd.

For large k, of course, the linear system |O.(M - k)| will be nonspecial,
and so we can apply Riemann-Roch:

M(M + 1)

3 (n—1) + M + 1 +kd< h(C, Oo(M + k))

= deg Oo(M + k) — g(C) +1
— M + k) —g(C) +1

to obtain
gOy<ay—EELD 1)y
=M(az_M;L Lo+ 1)-—1);

this is our bound on the genus ¢(C).

Now, we may note that if the genus of a curve C c P* realizes this bound,
then equality must hold in each of the inequalitities above. This means in
particular that hy(C, O¢(2)) = 3n, so that ¢ must lie on cotPDin+2=0n—1
= oot~ DB—2-1 gyadrics; and that the points of a generic hyperplane
I’ = H-C of C impose only 2n — 1 conditions on quadries, and so lie on 2
rational normal curve D. Inasmuch as no quadric containing C may be
reducible, it follows that the complete system |J,(2)| of quadrics in P*
containing ¢ cuts out on H the complete system |J,(2)|. The base locus
of |J¢(2)| thus intersects H in D; so that the intersection of the quadrics
containing C c P* is a surface of degree n — 1. We have, then, that

The genus of an irreducible, nondegenerate curve C C Pt of degree d is

M+1

9(0)<M(d— (n—1)_1);
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and any curve which achieves this bound lines on a surface of degree n —1
in P cut out by the quadrics through C.

As an application of Castelnuovo’s bound, we may give an inequality
on the geometric genus p,(V) and E-fold self-intersection ¢¥(V) of the ca-
nonical bundle of a variety V of dimension ¥ whose canonical series is bi-
rationally very ample. Let n = p,(V)—1, and ¥ c P the canonical variety
of V; let ¢ = P»*+1.V be a generic (n— &k + 1)-plane section of V. C is
then an irreducible, nondegenerate curve in P»*+1, of degree (— 1)*¢,(V)*;
and by successive applications of the adjuntion formula we have

K,= k- K¢
i.e.,
29(0)— 2 = k(—1)re(V)*

so the genus of C is (k-(—1)k¢,(V)*)/2 -~ 1. Applying Castelnuovo’s bound
to C, then, we see that

2((k + 1)((—Dreu(V)r— 1) — (k(— 1)*e(79)/2 + 1)
(k + 1)(k + 2)
(—1)rey(V)F—2

n—k 4+ 1<

kF+1
80 that
(—=1)ee(V)r—2

B o1 + k.

pAVI<

We will see in the fourth section that in fact this inequality is sharp, i.e.,
for all numbers n >k there exist varieties V of dimension %, with p,(V) =
=n -+ 1 and

(—1rey (V)= (k + 1)po(V) + 2.

2. — A bound on the geometric genus of projective varieties.

We ask now in general the question that has been asked and answered
for curves: what is the greatest possible geometric genus of an irreducible,
nondegenerate variety V of dimension % and degree d in P»?

The terms of this question require some clarification, inasmuch as we
will not be restricting ourselves to smooth varieties only. Explicitly, given
any variety ¥V ¢ P we can find a resolution of V—that is, a smooth abstract
variety ¥ mapping holomorphically and birationally to V. We take the
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geometric genus p,(V) to be the number (Y, .Q’") = (¥, O, ;) of holomorphic
forms of top degree on 17 inagmuch as this is a birational invariant it does
not depend on the choice of a resolution. In what follows, we will be working
primarily with ¥, but will maintain the terminology of projective geometry:
a « hyperplane section of ¥ » will be the pullback of hyperplane in P» via
the map V2V, O 0:(1) = n*Op,(1) the corresponding sheaf. Likewise, an
m-plane section « Pmr\ V » of V will be the intersection on ¥ of n — m ele-
ments of the linear system |O,(1)[; note that since |0;(1)| has no base points,
by Bertini the generic m-plane section of V will be smooth.

To answer our question about the geometric genus p,(V), we consgider
first a generic (n — k -+ 1)-plane section C = V N P**1, The curve C is
nondegenerate and irreducible of degree d in P=*t1; accordingly, if we set

M:[Z:ﬂ; e=d—1— M(n—F&)

then by our previous argument
in—k)+1, <M

Ro(C, O(l))—h°(0,0(l—-1))>{d’ I>M°

From Riemann-Roch on C, then, we see that

W(Cy 25(—1 + 1)) — (€, 25(—1)
=g(C)—(1—1)d + 1 + k°(C, O(1—1)) —g(C)—1d + 1 4 k*(C, O(1))
d—ln—k)—1 I<M

<
0 Il>M.

Since (0, 24(—1)) = 0 for I sufficiently large, then, it follows that

(C Q46— 1))<d— Mn—Fk)—1
ro(C, QC(—M+° ) <2d— (M —1)(n—k)—2

R(C, Qb(— M + 1))<zd—lf(M—1)(n— k)—1
i=0

= m_l)(n——k) +le

2
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Now let § be a generic (n —k

2)-plane section of V containing C,
and consider the standard Poincaré residue sequence tensored with Og(—1)

0 — QX —1) > QH—1+ 1) > Q¥—1 0.

From the first three terms of the associated exact sequence in eochomology,
we have

(8, QX—1 + 1)) — B(8, Q:—1)) <h*(C, RX—1))

and since k8, 25(—1)) = 0 for I <0, it follows that

hO(8, Q3— M + 1)) =

(8, QX— M + 2)) <h(C, QX— M + 1))

<&
and in general

-1
WS, Q23— M + 1) < IR0, 2b— M + 1))

g[ md )(n_k)]

= .l_(.l_::.l_();(.l_:2_)(n_k) +

1—1)
-————-—2 &

The procedure in general is just a repetition of this first step. If T is
generic (n — k 4 3)-plane section of |4 containing S, then we have
similarly

W(T, QY—1 + 1)) —ho(T, Q(—1)) <

ho(8, Q3(—1))
hence

(T, 23— M + 2)) =
and in general

BT, Q(— I + D)< 5 (S, Q(— M + 1))

=2

~\2['_1)%j“*%”“2hw—m]

_(E—1)(F—2)(i—3) i(i—1)(¢—2)
= 51 (n—Fk) +-—~—————6 €
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Continuing in this fashion, we find that

o ! l
(7, Q;(—MM+Z))<(k+1)(n——k)+(k)e

and in particular,

pAV) =1V, Q%)
M M
<(k + 1)‘”_“ + (k)"’

where of course the binomial coefficient Z = 0 when b > a. This, then,

is our bound on the geometric genus of a variety; we note as an immediate
consequence that

The geometric genus of a variety of dimension k and degree d in P* is zero
whenever
d<k(n—Fk) +1.

We will call varieties V:c P® of degree d>k(n —k) + 2 which achieve
our bound on p, Castelnuovo varieties.

Our principal object for the remainder of this discussion will be to show
that Castelnuovo varieties exist, and to describe their properties. To start
with, we consider by analogy with the curve case the linear system of qua-
drics containing such a variety; again, the central point is to show that

The points of a generic (n— k)-plane section of a Castelnuovo variety
VEc P* lie on a rational normal curve,

To see this, we observe that if V is Castelnuovo, then the generie hyper-
plane section D of V must satisfy

(D, Q5 (— M + 1)) = (2) (n—k) + (k_l_ 1)8

for all I< M — 1; hence the double hyperplane section D' of V satisfies

l l
(D', Q5 (— M + 1)) = (70__1) (n—k)y + (k_z)s

for all <M —2 and so on; finally, we conclude that the generic
(n—k -+ 1)-plane section C of V satisfies

1(1—1)

2

(C, Q(— M + 1)) = (n—k) + le
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for all I<M — % -+ 1. Assume for the moment that d—1z0(n—Ek).
Since M >Fk, this gives us in particular

w(C, Q3— M)) =0
and

(O, Qy(— M+ 1)) =d— M(n—k)—1.

Applying Riemann-Roch, we have

R(C, O(M)) —ko(C, O(M —1)) = M(n—k) + 1

i.e., the points of a hyperplane section I" of C impose only M(n — %) + 1
conditions on the linear system |Oq(M)|. Since d> M(n —k) + 1, this
tells that the points of I' lie on a rational normal curve.

In fact, this last argument tells us something more: C—and hence every
generic plane section of V—must be projectively normal, since otherwise
the points of a divisor I'e!0.(1)] would impose strictly more than
M(n—Ek) + 1 conditions on |O.(M)|. Now, since V is projectively normal,
we see from the sequence

0 — 35 pa(1) = Op.(1) = 05 (1) — 0
that
H(P, 3, pa(1)) =0 .

Let D =— V-H again be a hyperplane section of ¥V and consider the sequence
0— JV,P"(l) — JV’pﬂ(z) —> JD’P,._](2) .\

obtained by restriction to H. Since h(P", 3, p.(1)) =0, h°(P", 3y pa(2))
must surject onto h°(P»1, D,p,._,(2)) ; that is, the linear system of quadrics
containing V cuts out on H the complete system of quadrics containing D.
Reiterating, we see that the restriction of |J;(2)| to a generic P»—* is the
complete system |Jr(2)] of quadrics containing the points of I'=V-Pr*;
the base locus of this system—and hence the ¢ intersection of the base locus
of |3,(2)| with P»—*+1—ig thus a rational normal curve. It follows that base
locus of [J,(2)| is a (k + 1)-dimensional variety of (minimal) degree n — k
in P; we have, then, that

A Castelnuovo variety V ¢ P of dimension k lies on a variety S of dimen-
sion k + 1 and degree n —k in P7, cut out by the quadrics conlaining V.
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In case d —1 ==0 (n—k), the same argument works with indices shifted:
we have in this case M >k - 1, hence

(C, QU—M + 1)) =d—Mn—k)—1 =0
R(0, Q4(— M + 2)) = 2d— (2M —1)(n—k)—2
=d—(M—1)n—k)—1

SO
1(C, Oo(M —1)) —19(C, Oo(M —1)) = (M —1)n—k)—1

and the argument proceeds as before.

Now, it is clear from the above that in order to study Castelnuovo va-
rieties further we must have a description of « minimal varieties» X of
dimension % -+ 1 and degree n — k in P». We will give such a description
in the following section, and then return to our discussion of Castelnuovo
varieties in section IV.

3. — Minimal varieties.

We will begin by constructing a class of (k¥ -+ 1)-dimensional varieties
of degree n — k in P, as follows. Choose k + 1 complementary linear sub-
spaces {W,~P*cP"},_, ..,- Note that since the inverse images
Cot1 c G+ of the subspaces W,c P give a direct sum decomposition of

C+1, we must have
B+1

S@+1)=n+1

i=1
ie.,
Sa,=n—k.
Let E;c W, be a rational normal curve, and choose isomorphisms

e Pl—»B,, i=1,.,k+1

and consider the variety

Sal,...,akﬂ‘: U (Pl(p)’ seey ‘Pk+1(P)
peP?

swept out by the k-planes spanned by corresponding points of the curves E,.
To see that the degree of § = 8, is > a;=n—%, we use an induec-

seees@BF1
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tion on %: assume the result for 1’ <k and any », and let # c P* be a generic
hyperplane containing the subspaces W,, ..., W,. H then intersects S tran-
sversely in the variety

Sﬂ],.--,ak+1= LJ, @UD)s Pa(D)y -y Pi(P)
peP?

and the a;., k-planes

{%(P), cery ‘Pk+1(1’)}¢k+,(p)e}1 .

By induction, &,

k+1 i=1
degree Y a; = n—k.
i=1
Note that the construction of the variety S, .. makes sense (of a
sort) when some of the integers a, are zero: if a, — 0, we simply take the
«curve» E; to be the point W,, the map ¢,: P'— ¥, the only one. It’s
not hard to see that, in case all the a/s are positive, the variety 8, .
will be smooth, while if a, = 0 then S, .. will be the cone, with vertex
W,, over the variety S, 5 . cPri
An alternative description of the varieties §, ., . may be given as
follows: denote by H — P! the hyperplane (i.e, point) bundle on P, and
for any collection of k¥ + 1 non-negative integers a; with Y @, =n—¥, con-
sider the vector bundle

k
..o Das degree Z a;, and so H-S—and hence S—has

v Ok

E=H%Q..QH %P

and the associated P*-bundle P(E). A global section ¢ € I'(E*) of the dual
bundle E*~H*@ ... H** gives a divisor (¢ = 0) on P(¥); the divisors
{{0): oe'(E*)} form a linear system of dimension

h(P, O(1*) = 3 h(P2, O(a) = 3 (a;+ 1) =n +1

and we let S, .,  be the image of P(E) under the map to P~ given by this
linear system. Note that the degree of 8, .. —that is, the (k + 1)-fold
self-intersection of the divisors (¢)—is just the number of points in P* where
k - 1 generic section of E* fail to be linearly independent; this is of course

just the first chern class

(B*) =3 e(H") =Y a;,=n—k
of E*,
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To see that these descriptions of S, .. are the same, note that the
linear system {(c)| on P(E) cuts out on the image E, in P(F) of each factor
H~* the complete linear system |Opm(a,)|, and on the fibers of P(E) the
ecomplete linear gystem |Op(1)]: The map given by |(¢)| thus sends each
curve I, to a rational normal curve of degree a, in P, and the fibers of P(E)
to k-planes in P» joining corresponding points of the curves E;. The va-
rieties S, . . are called rational normal scrolls.

We claim now that, with a couple of exceptions which we shall describe
later, all nondegenerate, irreducible (k -+ 1)-dimensional varieties of degree
n — k in P are rational normal serolls. The argument consists of two steps.
We will first show that any irreducible nondegenerate (% -+ 1)-dimensional
variety V c P* of degree nm — k—with two classes of exceptions—is swept
out by k-planes; then that any such variety swept out by k-planes is in
fact a rational normal scroll.

For the first part, we start with a surface S c P of degree n —1. We
claim that unless S is @ smooth quadric in P% of the Veronese surface in P?,
through a gemeric point of S there passes exactly one line of 8. To see this,
first note that any line I meeting S three times (not all at the same point)
lies in §: if it instead met § in isolated points, the image of § under pro-
jection from ! would either be a nondegenerate irreducible surface of degree
<n —4 in P"?—an impossibility—or a curve, in which case § is a cone
over some point of § N1, and hence I c 8. In particular, if 8 is singular
at p, § must be a cone with vertex p; in this case our assertion is clearly true.

Now let p be a generic point of S, and consider the linear system |32(1)]
of hyperplane sections of S tangent to 8 at p. These are generically non-
degenerate curves of degree n — 1 in P, and being singular they must be
reducible; indeed, inasmuch as they are all connected, they must generically
consist of two rational normal curves meeting at the point p. (We see in
particular that, except when n = 3, there can be at most one line on §
through a smooth point of §). By cases, then,

i) if n = 3 or 4, then clearly one or both of the components of a
generic tangent hyperplane section of § will be lines;

ii) If #>6, then T,(S) must intersect S in a curve: otherwise, pro-
jection of § from 7T,(S) would yield an irreducible, nondegenerate surface
of degree <n—>5 in P*-3. But S contains the line joining p to any point
qg#=peT,(SyN S; thus T,(8)N 8 is a line,

iii) If n = 5, the two components of a generic tangent hyperplane
section of § are both conics, and S meets T,(8) only at p, we let Z, denote
the family of conies on S containing p, P?* the space of hyperplanes in P®
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tangent to § at P, and consider the incidence correspondence

IcZ,xP*
given by
I={(C,H): CcH}.

I maps 2— 1 onto P, and so has either 1 or 2 irreducible components,
each of dimension 2; on the other hand, the fibers of the projection m,: I — Z,
are all PVs, so Z, has one or two 1-dimensional components depending on
whether I is irreducible or not. In fact, I must be irreducible: if I had two
components {C,} and {C}} then every tangent hyperplane section of S would
contain one of each; so

0,-C,=1.

But each family {C,} and {C,} sweeps out S: so, given any curve C, in the
first family, we can choose a point ¢ = p € C, and find a curve C; through q.
C, and C; will then have a component in common, and so must be equal:
otherwise both would consist of a pair of lines, contrary to the hypothesis
that 8 contains no lines through p. It follows that S contains irreducible
one-dimensional family Z, = {C,} of conics through a generic point p € §;
and hence alftogether S contains an irreducible 2-dimensional family of
conics {C,}. But now the conics {C,} are all homologous, and hence linearly
equivalent since § is rational; and so we see that S has a linear system of
dimension >2 and self-intersection C# =1. S must therefore be P?, the
curves (, the images of the lines in P2, and § the Veronese surface.

Now we conclude from this that, with two exceptions, a (k + 1)-fold
X ¢ P of degree n — k contains a family of k-planes: let p € X be a generic
point of X, and let L,(X) be the variety swept out by the lines on X passing
through p. Let A € P" be a generie (n — k -+ 1)-plane through the point p.
Inasmuch as p is generically chosen on X, the surface S = A N X is a generic
{k — 1)-fold hyperplane section of X, and hence a nondegenerate irreducible
surface of degree n — I in P**-1. If we assume for the moment that it is
neither a smooth quadric in P? or the Veronese surface in P35, then since p
is generic on § it follows from our description of minimal surfaces that there
is exactly one line on § through p, i.e., that A intersects L,(X) in a single
line. L,(X)is thus a k-plane, and hence X is swept out by k-planes.

Leaving aside for the moment our two exceptional cases—varieties X ¢ P"
whose generic (n — k - 1)-plane section is a quadrie in P3 or a Veronese
surface—we now show that any wariety X c P* of degree n — k swept out
by oo! k-planes is a rational normal scroll. We prove this by induction on k:
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it is clearly true for ¥ = 0; given X as above, choose [n/(k + 1)] of the
k-planes of X, and consider the intersection D of § with a hyperplane H
containing those k-planes. D must contain exactly one component D, in-
tersecting each I-plane of X in a (k —1)-plane; all other components of D
are disjoint from a generic k-plane of X and so are L-planes themselves.
We can thus write

C=Dy+ Wi+t ... + W, m>hﬁ%€}

Wiy ooy W, all k-planes. Clearly the degree of D, is n — L — m. We claim
that the span of D, is an (n — m — 1)-plane in P": having degree n — k — m
and dimension %, it cannot span more than an (» — m — 1)-plane; if, on
the other hand, D, were contained in a P2, we could simply choose
m + 1 points p,, ..., Puis of X lying on distinet k-planes W,,...,W, ., of X

and lying off D,; the hyperplane Pr—m—2, IT ,_p;:l ¢ P" would then contain
the variety D, + W, + ... +W,, ;¢ X of degree n—k -~ 1 and so contain X.
Thus D, spans a P»——1; and being swept out by (¢ — 1)-planes, it is by in-
duction hypothesis of the form 8, c Pl Let a, be the smallest of
the a/’s, and E, the corresponding rational normal curve in D,; we have

n—k—_m
k

deg B, = a, <

_(n—k)k +1)—n
- Ek +1)

n
“r i

Now each k-plane of X meets F, in a point; we can accordingly choose a,
k-planes W, ... W, of X and find a hyperplane H'c P* containing W; ... W,
but not containing E,. As before, the divisor D' = H-X will contain exactly
one component D, meeting each k-plane of § in a (k— 1)-plane; and again D’
will be of the form §, . , swept out by the (k —1)-planes spanned by co:-
responding points of I rational normal curves ¥, ..., F,. Note that in fact
D, is the only component of D' other than the planes W;. Any other com-
ponent of D' would necessarily be a k-plane, and so meet E,; H' would then
meet F, in a, + 1 points and so contain E,, contrary to hypothesis. We
thus have

D'=D;+ W, +..+W,;

in particular, D, is of degree » — k —a, and spans a P -1 Finally, E, is
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disjoint from Dj—again, if Dy met E, H would contain a, + 1 points of E,—
80 each k-plane of S meets D(', and E, in a hyperplane and point disjoint
from one another; thus S8 may be described as the variety swept out by the
k-planes spanned by ecorresponding points of the rational normal curves
B, P, ..,

Lastly, we consider the two exceptional cases: varieties X c P* whose
generic (n — k - 1)-plane sections are smooth quadrics in P*—in case k —
= n — 2—or Veronese surfaces in P in case k = n— 4. In the former
case X is of course a quadric hypersurface of rank >4; for the latter, we
claim that

Any (n—3)-fold X c P* whose generic 5-plane section is & Veronese sur-
face, is a cone over a Veronese surface.

To see this, it is sufficient to show that X is singular: it will then follow
that X is a cone over a variety X' c P*1 whose generic 5-plane section is a
Veronese surface, and hence by an induction a cone over the Veronese sur-
face. Now, suppose that X were smooth, § = X P% g generic 5-plane section.
By the Lefschetz theorem on hyperplane sections, then, the map

Hy(S,Z)—Hy\(X, Z)

induced by the inclusion 8 ¢ X would be a surjection. But § ~~ P2, and
H,(8, Z) is thus generated by the class of a line in P*—that is, a conic curve
in 8. It would follow then that every curve on X was homologous to an
integral multiple of a conie curve on X, and in particular that X contained
no lines. This is impossible: a generic singular 5-plane section of X will
consist of a minimal surface other than the Veronese, and so must con-
tain lines.
Summing up, then, we have seen that

An irreducible nondegenerate variety X of dimension k -+ 1 and degree
n—Fk in P* is either
i) a rational normal seroll;
ii) a quadric of rank >4; or

iii) @ cone over a Veromese surface.

3’. ~ A note on degeneration of minimal varieties.

We have seen that, with two exceptions, the isomorphism classes of
irreducible nondegenerate varieties X of dimension k - 1 and degree n—k
in P» are described by sequences of integers 0<a,<a@,< ... < &, With
zai =mn—k We ask now a question about the relations among these
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varieties: when is the variety 8§ a degeneration of the variety S
[ Y y

@yseeesOlty?

or, equivalently, if we denote by CX*1(P") the Chow variety of degree n—F
(k + 1)-folds in P” and by C, the subvariety of those isomorphic to

PREEY 2 2%Y

8,......acs,» When does C, ., lie in the closure of ¢, . 7% The answer
is that
Sy b, ¥ @ degeneration of S, .. if and only if, when we arrange the
indices so that a,<a,<...<&y and b, <...<bpi,

& &

sz‘<2az

i=1 i=1

for all o.

The first step in proving this is to consider the automorphism group of
the variety P(E)=PH "®..® H ™). Now, inasmuch as projective
space P* does not contain two disjoint divisors, it cannot map holomorph-
ically to Pt; thus the only divisors isomorphic to P* in the variety P(E)
are the fibers of the map P(E)— P!, and correspondingly any auto-
morphism of P(F) preserves these fibers. The automorphism group of P(E)
is thus an extension, by Aut (P') = PGL(2), of the subgroup G of auto-
morphisms of P(E) fixing each fiber; and G may be described as follows:
On each fiber P(E), of P(E), let Y,, ..., ¥4+, be homogeneous coordinates
corresponding to the decomposition £* = H*® ... @ H**. If ¢: P(E)— P(E)
is any automorphism carrying P(E), to itself for all ¢, the automorphism
of P(E), induced by ¢ is given by a matrix (o;(T)) (defined up to scalars),
where the entry o,,(!) is a section of the bundle Hom (H*, H*) = H%~*— P1;
conversely, the generic collection of sections {o',»j e H(P1, (‘)(a,—a,-))} defines
in this way an automorphism of P(F) preserving individual fibers.

The above description of Aut (P(E)) enables us to compute the dimen-
sion of C, . :since the line bundle O(1) on 8, .. =~ P(E)—being the
only line bundle on P(F) intersecting each fiber in a hyperplane and having
(k + 1)-fold self-intersection n — k—is preserved by any automorphism of
P(E), every automorphism of 8 c P* is projective, and the dimension

dim G, ,,, = dim PGL(n + 1) —dim (Aut (P(E))) .

yeees Qi

But we have seen that

dim (Aut (P(E)) = 3 + dim G
=3 + > r(P, Oa;—a;))—1

=2+ (w -+ Z.(ai_ai) + #{(";, ji<jya,= aa‘}
(F + 1)k + 2)

=2 +————2—— —(k + 2)n—k) + 227:%‘"#{(7:, i<, ai= a}
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and hence

WREL RS

—2 z@“z+ #{@7 fri<j,a;= ai}'

dim C,,...,ae,, = (0 + 1)2—

The main point of our description of Aut (P(E)), however, is the following
observation: if for each o« =1, ..., k¥ + 1 we let S, denote the image of the
sub-bundle H=® .. H % in § = P(H " @...» H **+) (that is, the inter-
section of 8 ¢ P* with the subspace spanned by the curves F,, ..., E,) then
we see from the above argument that the automorphisms of S act transitively
on 8s — Sx._,—or, to put it differently, if p € Sx — Say, then S may be realized
as the join of rational normal curves E, of degree a;, with p € E,.

We are now prepared to degenerate minimal varieties. As a first step,
we will show that

S degenerates to S

[ PUSIN ¥ Brgenay@iy—1,ai 1+ 1,884, "

To do this, we consider in general the projection of the variety S, .. cP"
from a point p lying on the rational normal curve E,; c § into a hyperplane.
Under this map, all the curves F;, j#1, are mapped into rational normal
curves E; of degree a;; E,, on the other hand, is mapped to a rational normal
curve E,; of degree a;—1. The k-planes spanned by corresponding points
of the curves E, are, with the exception of the one passing through p, map-
ped to k-planes joining the curves {177,} The k-plane through p is collapsed
to a (k — 1)-plane, with the exceptional divisor of the projection taking its
place; we recognize the image as the variety S, ., _; ... Finally,
since any point pe S8, — 8,-, may be considered a point of E,; we see that
the image of 8, under projection from a point p € 8; — 8-, is the variely

Y 1Sy

Biseres@i—LguiesBher

This gives us explicitly our primary degeneration: let

§=28

[ PPN TE 0 W TR YRR "X

cPr,

let y(¢) be an arc in 8; with y(0)e8;—, y()¢ 8-, for £+#40, and let
Prc Pr+t be a hyperplane disjoint from the arcy. If 8, is the image of §
under projection from y(¢) to P, then, the varieties {8,} form a family with

S~ Sa19...,ak+1 for ¢+ 0’ and Sp= Sﬂxx---:'lf—r—l,at+1,---,ak+1'
We claim now that by a sequence of these primary degenerations, we

-2

, Whenever Z ;>

can degenerate a variety 8, .
i=1

- into a Va'rlety Sb,,...,bm,
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> b, for all «. This is fairly clear: a priori we have a,>b,; for a, > b,,
i=1
degenerate S, .. t0 8, _; .., . . and reorder the indices if necessary.
This preserves the inequalities and reduces a, —b,, so after a few steps
we have @, = b,; continuing in this way we arrive at S, , .
To prove the converse, we first have to establish one point: that #no
&*
plane V of dimension less than > a,+ a—1 in P* meets every k-plane of
i=1

variety 8 = 8, ..., " an (x—1)-plane. This may be seen by induction:

S0k 4
projecting from a point of VN 8 gives a ( Sai+a— 2)-plane in P! meeting
i=1

every k-plane of a variety S, ., .. in an (¢—1)-plane. It follows
also—in case @y, > ao—that the linear span of S is the unique ( Sata— 1)-
plane in P" meeting every k-plane of S in an («— 1)-plane: if any such

( Eai—}-a——l)-plane contained a point p of S, — 8., projection from p
i=1

onto a hyperplane would yield a ( a;+ o —2)-plane meeting every k-plane
=1

i
Of & Varlety Sal,-..,aa,a“+1_1’...,ak+1

mily of varieties S, with S,~8,

in an (¢—1)-plane. Now, if we have a fa-
for ¢ 540, So%‘sbl,..., y Aoty > Qay

eeeyGhty b4y

then the limiting position of the ( a; -+ a——l)-planes V= IS’—,“ is a
3 i=1
( Sa,+ a—l)-plane meeting every k-plane of the variety S, in an (x—1)-
i=1 & «
plane; this shows that > b,< a; if @ay, > as. Finally, it follows that
& o i=1 i=1
S>b.<>a, for all a: if «, were the first number of which this inequality
i=1 i=1 o+ 1 ag+ 1
failed to hold, we would have sy, = @, and bs> as, 80 > b;> Y a;, hence
&Ko+ 2 xo+2 i=1 i=1
Qaty = Oai1y Datr™> s, and Y b,> > a,, and so on until we arrive at
k+1 k+1 i=j i=1
n—k=>b;>>a,=n—k.
i=1 i=1

A note: the degeneration of the surface § = 8, , into the surface S,_; ;.
may be performed geometrically as follows. Let E; be the rational normal
curves of degree a and b on 8, ¢,: P'— K, the isomorphisms used in the
construction of 8. If we take a generic hyperplane H containing only a — 1
lines of 8, the residual intersection of H with S will be a rational normal
curve F, of degree b -+ 1, meeting ¥, once at a point p. Every line on §
will meet E, once, and so S may be realized as the union of lines joining cor-
rvesponding points of E, and E, (or, more precisely, the closure of the union
of lines joining points g =% p e E, with corresponding points of E,.) Now,
let {E,(1)},c, be a family of rational normal curves lying in the span
W, = P and passing through p degenerating to the sum of a rational normal
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curve B, = F,(0) of degree a —1 and a line I; let
pa: P—Ey(4)

be a family of maps with ¢,(¢7'(p)) = p. (Explicitly, if with suitable co-
ordinates £ on P! and on W,~ P4 we have

@a(t) = [1,2, 8% ...,8°], P = @(c0) =][0,...,0,1]

we may take
(pl(t) =[1,1, 8, .., At“]

and E,(A) the image ¢@i(P'); E,(0) will be the image ¢,(P*) plus the line
{10y ...y 0, g1y p21}.) Let

8(2) = U ¢a(t), 92(0);
iteP1

for 450, then, S(4) will be isomorphic to S, , while 8(0) will be the sur-
face S,_, ,., obtained by joining the curves E; and E,, the line split off as
E,(4) degenerates to E, appearing as a fiber of the ruled surface S(0).

All degenerations of varieties may be seen from this: to degenerate
8§=38 into 8, o..axsyy We realize S as the join of the

Gyyoee sty AyseessBty—1,01+1
surface S, with the variety 8 and, holding the latter

~1, 34 AyseoesGiogsGig1seess @ty
fixed, degenerate the former into 8, _; , 4.
Note finally that since every family {E,— Py}, , of vector bundles of
rank k¥ + 1 and chern class —— n + &k on P! generates a family of varieties S,
of minimal degree; and conversely any family of such varieties 8, lifts to
a family of vector bundles, the result applies as well to degeneration of

vector bundles of fixed chern class on P,

4. — Castelnuovo varieties.

We now wish to consider each of the types of minimal varieties con-
structed in the last section, and show that they do indeed contain Castel-
nuovo varieties.

We start with a rational normal scroll 8§ =8, .. .

The group of divisors on § is freely generated by the hyperplane section H
and a k-plane W c §; we first compute

LEMMA. The canonical class Kg is

Kgm—(k +1)H + (n—k—2)W.
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Proor. We start with the case k =1, that is, with a ruled surface
S =8, ,,- The intersection pairing in § is given by
H=n—~k=n—1, H-W=1, W-W=0;
if we write
Kg=oaH 4 W

then we can solve the equations

:Mﬂ+1=

0 = (W) . g

+1

and

HH+EH _@+1)tan—0+F

to find that «=—2, f=n—3.

Now, if 8 is any minimal variety of the form §, ., ., the hyperplane
section 8’ = §-H of S is likewise; moreover the divisors H and W on §
restrict to H and W respectively on 8. By adjunction,

Ks' = (Ks + H)|s
but by an induction hypothesis

Ky = —FkH + ((n—l)—(k—l)—z)W
= —ktHn—k—2)W
and it follows that Kg=—(k +1)H + (n—k—2)W.
‘We claim next that

A Castelnuovo variety VE c S of degree d must have class either (M + 1)H —
—(n—k—1—&)Wor M-H -+ W (in case ¢ = 0), where M = [(d—1)/(n—Fk)]
ond e =d—1— M(n—k).

ProOOF. We may a priori write

Ve (M +14a)H +(d—(M +1 + a)n—Ek)W

for some a. Let C be a generic (n — k - 1)-plane section of V, T the cor-
responding (n — k - 1)-plane section of §. We have seen that if V is
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Castelnuovo,
B(C, Q— M+ 1)) =d—Mn—k)—1.

But now we have
Kpy=—2H +(n—k—2)W
80 .
Ko=((M—1+ a)H + (d— (M + a)(n—k) —2) W),
and
Ko— (M —1)H = (aH + (d— (M + a)(n—k)—2) W),

- (aH + (e—l—a(n—k))W)lo

where e = d —1 — M(n — k). Moreover, since ¢(7') = 0, the Poincaré residue
map
H(T, Q%C)) — HYC, 2))

is onto, and a fortiori the map
HY(T, QZC)(— M +1)) - H(C, 24— M +1))
is. Thus we must have
1(T, O,(aH + (6—1—a(n—k))W)) Se.

Let us restrict ourselves for the moment to the case e=40, that is, d—1%
#0(n — k). We see immediately that a must be non-negative: otherwise
the divisor D = aH + (¢—1—a(n—Fk))W would have negative inter-
section number with the fiber W of T, and so could not be effective. On
the other hand, if @ were strictly positive, D would have negative intersection
with the smaller rational normal curve B, = H—a, W on T'~ S, , ;indeed,
we would have then

|D| = aB, + (e —1—a(n—k—a;)) W|
= all, + |(e,—1—a-a,) W|
and correspondingly #°(D)<<e unless @, = 0 in which case k(D) =e.
Finally, the case a> 0, @, = 0 can be eliminated out of hand: in this case,

C~(M+1+a)H + (d—(M + 1 + a)(n—k)) W would have negative in-
tersection number with F,, and so contain F, as a component. The argu-
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ment in case d =1(n—Fk) is the same: here we must have
w—k=d—(M—1)n—%k)—1

= 1(C, Q— M + 2))
<W(T, Or((a + 1) H— (a(n—k)—1) W)

which is satisfied if and only if ¢ = 0 or — 1.
Let us now check that an irreducible divisor

Ve~ (M + 1)H 4 (d— (M + 1)(n—k)) W

on 8, whose singularities impose no adjoint conditions, does indeed achieve
our bound on p,. We note first that sinece S is rational, H%(S, Q%*!) =
= H'(8, 25*') = 0 and so the Poincaré residue map

HO(8, V1 (V)= H(V, T})
is an isomorphism. Thus

2(V) = (S, Q51 (V))
- h°(S, O((M — ) H + (d—M(n—k)—2)W)) .

Now, to compute this number, we consider first sections of the line bundle
(M —k)H on the variety S = P(¥) = PH™ @ ...® H 1), Such a sec-
tion ¢ gives, on each fiber P(H), of the bundle P(E)-> P, a polynomial of
degree M — k. If as before we take Y, ..., Yy, to be homogeneous co-
ordinates on the fiber P(E), corresponding to the decomposition P(E); =
=PE) =PH}®OHPD...® H*), and write

— 1 T+
0lp(g), = > i, i) X1 X1y
Gyt bk =M—k

then, the coefficients o; . (f) are sections of the bundle
(H")®: & (H*)®%®) ... ® (H%)®%" — [ wia
conversely, any collection of sections

{Gi,,...,ik+1 EHO(PI’ O(g “a":a))}z ia=m—
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gives a section of Os((M —k)H). In other words, we have an isomorphism
H(P(E), O(M — k)H) =~ H'(P*, 0 Sym;,_,,(E¥))

gHO(Pl’ O( 2 H"®...® HajM_k))

Jc{l,..., k41}
p=M—k

R

L3 HPL O+t ).
C#{J;'lii—;

Similarly, a section of (M —k)H—eW is given by a section of

(M — k) H vanishing identically on chosen fibers P, (E), ..., P(¥), , in turn

given by a collection of coefficient functions aih___,imeH"(Pz, O(Ziaaa)),
where all o; vanish at ¢, ..., ,—i.e., by a collection of sections  *

O ier, EH(Py, O(F inan—€)) .

s lity

We have, then,

PolV) = (8, O(M — k) H + (d— M(n—k)—1) W)
— > (P, O3 isas + d— M(n—k)—2))

iyt tigey=a—k—-1

(l;f) (d— M(n—%k)—1) + > > iata

iyt tie=m—k «

I

:(]71;[) (d— M(n—k)—1) +(k l_‘fl)-zaa

:(le[) (d— M(n—k)—1) +(k J_‘fl) (n—F)

80 V does indeed achieve the bound.

It remains to check that we can actually find, in the divisor class
|eH —bW| on a suitably chosen 8 =8, . (a>k+1,b<n—k—1),
irreducible divisors whose singularities impose no adjoint conditions. For

this purpose we will take § =8, . the «generic» minimal variety, i.e.,

—k —k
0= oo = Opeppq == I:/Z—ﬁ] m=n—k—(k + 1)(;:—_‘{_“1)
—k
A 2™ o0s == ak+1=[—~———z 1:' + 1.

Again, if we let Y, ... Y., be homogeneous co-ordinates on each fiber of
8 o~ P(E) corresponding to the decomposition E* = H*® ... H**, then
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a section ¢ of |aH — bW/ is given by a polynomial

g = > T ) B SN s )

Hht+..tikg=a
where the coefficient funetions

o,

{yse0rs ikt

e H(P, O(3 iaaa—0)) .
Now, for any multi-index I = 4,, ..., 4,4, such that
b<Y ixa

2

*

(*) _ a‘[n— k] 5
1 azk—m+2

the value of the corresponding coefficient function o, may be prescribed

at any given value #; thus the system |aH — bW| cuts out on each k-plane

P(E), of 8 ~ P(E) the subsystem of |Op.(a)| generated by monomials Y7

satisfying () above. In particular, in case

a ——H>b
L+1|7

—as will occur most often, inasmuch as a>% + 1 and b<n —k — 1—we
see that the system |aH — bW /| has no base points on S. By Bertini, then,
the generic element of |aH — bW/| will be smooth and hence irreducible:
writing a reducible element V of aH — bW as a sum V = V' + V7 we see
that V' will intersect V” in codimension 1.

In case a[(n—E)/(k + 1)]< b, the linear system will have base locus
(though as we shall see, if a[(n — k)/(k - 1)]>>b — m, the generic element
of [aH — bW| is still smooth): since the coefficient of any monomial having
fewer than b—a[(n—k)/(k + 1)] factors among Y,_,is, ..., Yiy, DMust be
zero, the generic divisor V e|aH — bW| will have maultiplicity b —a-
‘[(m—k)/(I + 1)] along the locus Y, , = ... = Y4, = 0 in 8, that is, the
subvariety S,_,.+; spanned by the curves Ey, ..., B, ,.4,- We consider in
this case the blow-up § of § along the subvariety S,_,4, (note that the case
m = 1 concerns us only if either [(» —k)/(k + 1)] = 0—that is, n —k =1
and we are dealing with a hypersurface—or ¢ = k -+ 1—in which case our
bound is zero). In the fiber F,~ P»1 of the exceptional divisor F of
the blow-up S8 over a point p € §', the proper transform of a divisor
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Ve |laH —bW| given by

o = Z G, ;’Uc+1(t) yh Y;ckrl

Bt tip =0

is given, in terms of homogeneous co-ordinates ¥ 13 ey Yy DY

7 — T i
V - Z aik—m-}z;o.‘,ik+1(t) Ykk mn’:"{~2 Ykk-:ll
ik-mist.cFirry=b—a[(n—k)/(k+1)]

The proper transform |a-n*H —ba*W — (b—a[(n Hk)/(k + 1)]) F| of the
linear system |aH — bW| thus cuts out on each fiber F,~n(p) = P
of the exceptional divisor the complete system O (b — [(n — k)/(k + 1)]);
and so has no base points on 8. 1t follows that the proper transform ¥ of
the generic element V of |aH — bW| is smooth (and hence, as before, irre-
ducible), and we may use the Poincaré residue formula on S to compute
(V) = p,(V). We have

K. —a*Kg+ (mH1)F

V =n*V-(b-a[Z—i{—-_—ﬂ)F

" 'k

and

S0

But b<n—%k—1, and since a>k +1,
a n—bk Sn—Ek—m
E+1|7 ’

k
m— b—}—a,[k_l_l] >0.

80 we have

Thus
po(V) = ho(S, O,(K + V) =18, O5(Es + 7))

which, by our calculation, achieves the bound on p,.

Finally, we wish to check the two exceptional cases: quadric hyper-
surfaces and cones over the Veronese surface. As for quadrics, a quadric
of rank 4 or less (thatis, a cone over a quadric in P?) is of the form 8, , o o,
8,,0,0,....0 and so covered by our first computation.
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Consider now a quadric @ of rank »>5 in P». The desingularization Q
of Q—obtained by taking the proper transform of @ in the blow-up P» of P~
along the vertex P»—r of ¢—is a P*r1-bundle over a smooth quadric Q'
of dimension » — 2: in fact, since r — 2=3, by Lefschetz the second coho-
mology H?Q') is generated by the class H of a hyperplane section, and

Q = P(E)
where

E=[HN®C®..0C>¢,

the map —Q c P being given by the dual of the tauntological bundle on
P(E), i.e., by the linear system

{(0' )}aeH"(Q',O(E‘)) .

The group of divisors on { has two generators: the inverse image H' of a
hyperplane section of @’ (this is the proper transform of the intersection
of @ with a hyperplane containing the vertex of @) and the hyperplane class.
The difference H — H' is just the exceptional divisor F' of the blow-up
@ — Q, that is, the image in P(E) of the sub-bundle ¢® ...® C c E; in fact
it is the basis H and F we will use.

To find the canonical bundle K, let P~ be the blow-up of P~ along the
vertex Vo~ P" of (. Then

K:=Kp.+ @l
=H(n +1)H + (r—1)F + 2H—2F
=—nm—1)H+ (r—3)F.
Now, let ¥ be a smooth divisor on @; if the degree of the image V of ¥
in P~ is d, we may write
d
Ve~ 5 H—bF

80

K;+ I7~(g——n +1)H +(—b+r—3)F

i.e., as long as b<» — 3, the canonical series on ¥V is simply cut out by hyper-

dj2 +1
n

surfaces of degree d/2—n + 1 in P~ There are ( such hyper-
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surfaces; and since any such hypersurface contains V if and only if it con-
tains Q, (d/ 2n—— 1) of them pass through V. The geometric genus of V

is thus

(d/2 -+ 1)_(d/2—1) =(M—i— 2)-—(M)(M== d—1 =';l_1)
»n n n ) n—~k 2
_ (M+2(M+1)...(M—n +3)—MM—1)-...-(M—n 4 1)
n!

n!

MM—1)....(M—n + 3)
= n!

=2(20) +2)

which equals our bound. Thus we see that the generic complete intersection
of @ with a hypersurface passing r — 3 or fewer times through the vertex of
is a Castelnuovo variety.

Lastly, we consider divisors on a cone S c P" over the Veronese surface.
Again, the desingularization S of such a cone § is obtained by blowing up
the vertex of the cone once; again, § is a P»-s-bundle over P2 Letting Hp.,
be the hyperplane class on P?, we see that

(2(M—n + 2)n + n(n—1))

S = P&)
where
E=Hs!9C®..0C— Pz

again, the map § % 8c P is given by the dual of the tautological bundle
on P(E). The divisors on S are generated by two classes: the hyperplane
section of 8, and the inverse image L of a line in P2, that is, one half the
proper transform of s hyperplane section of 8 containing the vertex. (Note
that the proper transforms in 8 of complete intersections with 8 haveindex 2
in the group of divisors on S, being the subgroup generated by H and 2.L.)

To compute the canonical class Ky of S, we may argue as follows: the
divisor L on 8§ — P~ is a variety 8,4, o, Spanning an (n — 3)-plane; the
class of L restricted to L >~ 8,, , is the class W of an (n-— 5)-plane
in 8,4 .o, Now we have seen that

(K;+ L)y =K, =—(n—4)H
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80
K

s=—m—4)H—L.

Now suppose ¥ is an irreducible divisor whose image V = z(¥) in P»
has degree d. Inasmuch as H has degree 4 and L degree 2 in P*, we can
then write
d—4a

V~aH + 2

L.

Note that both coefficients must be non-negative; otherwise ¥V would
confain the exceptional divisor of the blow-up n: S8~ 8§ as a component.
Following the same argument as in the main case, we see that

pV) = h°(§, 05 ((a—n + 4)H + (g— 2a—1)L))

= h° (Pz, Ops (Sym®~—+E*) (g —2a— 1))

= > he P2,0(2il+§—2a—1)
Bt ting=a—n+4 2

(26, + d/2 —2a)(26, + d2—2/a + 1)

it entina=a—n+4 2

=l s1a4 3 4

1t Fing—G—n+4 2 it tina—a—n+d

1 d (d )
- - —2all-—2a 1
- 2i,+...+i,._z.:=a—n+4(2 ) 2 +

=4(““1)+ 3 +d——4a)(::;) +%(d—4a)(d—4a +2)(“_1).

=4

n—2 n—4

Now, in case d is divisible by 4 and we take a = d/4—that is, take V to be
the complete intersection of S with a hypersurface—this achieves one bound;
for @ < d/4 it falls short. On the ofther hand, for d =2 mod 4, this number
achieves the bound only when a = (d <+ 2)/4—which is not the class of an
irreducible divisor on §. Thus, a divisor V on 8 is a Castelnuovo variety
if and only if it is a complete intersection of § with a hypersurface not pas-
sing through the vertex of 8, whose singularities impose no adjoint conditions.
Since the linear system all on S has no base points, such divisors clearly exist.
To sum up, then,

The greatest possible geometric genus p,(V) of a nondegenerate irreducible
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variety Vc P of dimension k and degree d is

o) em+(i)e

where M = (d—1)/(n—k), e =d—1— M(n—k). A variety which achieves
this bound is either

1) residual to n—Fk—1—¢ k-planes in the complete intersection of a
rational normal scroll 8 with a hypersurface of degree M -+ 1, for any d, n and k;

1') homologous on 8 to a k-plane plus a complete intersection of S
with a hypersurface of degree m;

ii) the complete intersection of a quadric Q@ c P* of rank r>5 with a
hypersurface passing v — 3 times or fewer through the vertex of @, in case
EF=n—-2; or :

iii) the complete intersection of a cone S over the Veronese surface in P®
with a hypersurface not containing the vertex of the case S, in case k = n — 4.

Finally, we can now see that our inequality on p,(V) and C¥(V) for a
variety V of dimension k whose canonical bundle is birationally very ample
is sharp; for any » and k we may take a generic divisor

Ve~ik +2)H—(n—k—2)W

on a minimal surface S, ., cP~

.8

5. — Some properties of Castelnuovo varieties.

To conclude, we wish to list a few properties of Castelnuovo varieties,
for the most part clear from our description of Castelnuovo varieties as
divisors on minimal varieties.

The first observation is that

The generic hyperplane section of a Castelnuovo variety V is again a Castel-
NUOVO variety.

This is easy: if V sits on a rational normal secroll 8 then we have seen
that V has class

Ve (M 4+ 1)H + (d— (M + 1)n—k)) W

and that the singularities of V impose no adjoint conditions; the generic
hyperplane section V' = V-H then sits on the minimal variety 8’ = 8-H,
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again has class V'~ (M + 1)H + (d— (M + 1)(n—k) W on 8, and its
singularities impose no adjoint conditions. Likewise, if V is the complete
intersection of a quadric ¢ of rank r with a hypersurface passing no more
than r— 3 times through the vertex of @, then so0is V' = V-H; and if ¥V
is the complete intersection of a cone X over a Veronese surface with a
hypersurface not containing the vertex of X, then V' is as well.

In particular, we see that the geherio (n — & -+ 1)-plane section of a
Castelnuovo variety V is a Castelnuovo curve C; as we saw in section 1,
C must be arithmetically normal and so

A Castelnuovo variety V is arithmetically normal.

We note that we may expect a Castelnuovo variety Vc 8 = 8

[} PYTPR: ;- F8Y

to contain a number of subvarieties which are also Castelnuovo: in addition
to the hyperplane sections of V, the intersection of ¥V with any of the sub-
varieties 8, ., C & are Castelnuovo if they are not too singular, and of
course the intersection of ¥V with the k-planes of 8 are hypersurfaces in P¥,
trivially Castelnuovo varietics.

Next, we observe that since the linear system |O4(V')| of a Castelnuovo
variety V on the minimal variety containing it (or, more properly, on fhe
blow-up of 8 along the base locus of |O4(V)|, as deseribed in the previous
section) has no base locus and positive (k + 1)-fold self-intersection,

Hi(8,0(—V))=0 fori=0,..,k.
Accordingly, from the sequence

0— Os(“"" V) i OS—> OV—>O
we see that

Hi(V, Oy) :Hs(S’ Os) =0 for 4 =1, ...,k—'l.
On the other hand, since we know that the sequence
0> Q=) - Q5(—1 + 1) > &5 (—1) >0

(V' = V-H the generic hyperplane seetion of V) is exact on global sections
for 1>1, it follows by an induction that

HY(V, 0%(—1)) = B}V, 05(=1) =0

for alll, ¢ =1,..,k—1.
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Finally, in case V is smooth, we have the following characterization:

A smooth variety Vi c P» is Castelnuovo if and only if its generic hyper-
plane section V' = V-H is.

Proor. Suppose V' is Castelnuovo. We go back to the sequences
0> Q5 (—1) > Q5 (—1+ 1) = Q5 —1) = 0;
we note first that the coboundary map
Hy(V', Q571(—1)) — HY(Vm Q(—1)

is injective: in case k > 2, this is true simply because H'(V’, Q%7 1(—1)) = 0;
it k¥ = 2, the map is dual to the restriction map

HO(V’ OV(Z)) “>H0( v, OV'(Z))

which is surjective since V' is arithmetically normal. We see that
HY(V, Q%(—1)) surjects onto H{V, 2%(— 1 + 1)) for all I; since V is smooth,
however, H{(V, 2%(—1)) = 0 for | < 0 and so HY(V, P%(1)) =0 VL. Tt fol-
lows then that

oV, Q41 + 1)) — Eo(V, Q1)) = H(V', B~ 1)) =
M— —1
=)+ (N en

WV, Q%) = (k J’fl) (n—F) + (l,i[)e

and hence

so V is Castelnuovo.
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