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1. Introduction 

The existence of a systematic difference be- 
tween the normal stress and the pressure com- 
municated through a hole, due to the flow of a 
non-Newtonian fluid past the hole, was first in- 
ferred by Broadbent et al. (1) and they provided 
an equation between the pressure error Pe and 
the shearing stress -c which was empirical. Tanner 
and Pipkin (2) considered the creeping flow of 
an incompressible second-order fluid across an 
infinitely deep slot and they found that the 
pressure error Pe was given through 

N1 (~) [1.1] 
P c -  4 ' 

where N 1 (~) is the first normal stress difference 
and ~ the shear rate. Kearsley (3) found that the 
pressure error due to the creeping rectilinear 
flow along an infinitely deep slot of a second- 
order fluid was given by 

N2(~) [1.2] 
P c -  2 ' 

where N 2 (te) is the second normal stress differ- 
ence. Later, the pressure error due to the recti- 
linear motion of a second-order fluid between 
two infinitely parallel plates D apart, the bottom 
plate with a slot of finite depth d and width W, 
and the top plate moving with a constant speed 
V, was determined by Kearsley (4). He obtained 
an exact solution to the problem and found that 
the pressure error Pc was given through 

N 2 (1¢) G(k,a), [1.3] 
P c -  2 

where N 2 (~c) is evaluated at K = V/D and 

1 - k 2 
[1.4] G(k, cz) - 1 - k z sn 2c~' 

568 

with k and sn « being the modulus and the 
modular sine respectively. Rajagopal and Huil- 
gol (5) obtained upper and lower bounds to the 
pressure error for the flow of a second-order 
fluid in the above domain, where in addition to 
the top plate moving at a constant speed V they 
also allowed for a pressure gradient in the flow 
direction. 

While the problem considered by Kearsley (4) 
leads to solving a Laplace's equation for the 
velocity, with appropriate boundary condi- 
tions, the problem considered by Rajagopal and 
Huilgol (5) reduces to solving a Poisson's equa- 
tion for the velocity, with appropriate boundary 
conditions. The complicated nature of the flow 
domain, however, makes it exceedingly difficult 
to solve the problem exactly, and hence we 
adopt a numerical technique to solve the 
problem. 

In this analysis we devise a boundary integral 
technique to obtain the pressure error for the 
problem considered by Rajagopal and Huilgol 
(5). This technique has the advantage of being 
accurate, in addition to permitting a more effi- 
cient use of the computer in comparison to other 
numerical techniques. A numerical solution 
based on this technique for the Laplace's equa- 
tion, using the classical Green's theorem, was 
first introduced by Rizzo (6). Later, a direct 
integral equation for the solution of the Poisson's 
equation was developed by Jawson and Symm (7). 
While we could employ a direct boundary inte- 
gral technique by utilizing the standard Green's 
identity to solve the problem, we adopt an in- 
direct approach which we feel is better suited 
for such problems. The indirect approach that 
we adopt is a modified version of those out- 
lined in Mir-Mohamad-Sadegh and Altiero (8) 
and Mir-Mohamad-Sadegh (9). 
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In section 2 we formulate the problemand ob- 
tain an expression for the pressure error. In 
section 3 after a brief review of the boundary 
integral technique, in general, we obtain the 
boundary integral equation corresponding to 
our problem, and devise a numerical technique 
for solving the boundary integral equation. We 
conclude the analysis in section 4 by comparing 
the results which we obtain with the exact re- 
sults of Kearsley (4) and the bounds established 
by Rajagopal and Huil9ol (5). 

2. Formulation of the problem 

The Cauchy stress T in an incompressible 
homogeneous fluid of second-order is assumed 
to be related to the fluid motion in the following 
manner (10): 

T = - p l  + #A 1 +/~A 2 + 7A2, [2A] 1) 

where # is the viscosity,/3 and 7 the normal stress 
moduli, - p  1 the constitutively indeterminate 
spherical stress due to the constraint of incom- 
pressibility. A 1 and A 2 are the first two Rivlin- 
Ericksen tensors given through 

A1 = grad v + (grad v) 7 , [2.211 

and 

A z = Ä, + A 1 (grad v) + (grad v)rAi .  [2.2]2 

The dot in eq. [2.2]2 denotes material time dif- 
ferentiation. 

Since the fluid obeys the balance of linear 
momentum, we obtain that 

div T + p b = p b, [2.3] 

where b is the specific body force. The con- 
straint of incompressibility permits the fluid to 
undergo only isochoric motions, and hence 

div v = 0. [2.4] 

We are interested in the determination of the 
velocity field in a cartesian co-ordinate system 
corresponding to the rectilinear flow of a fluid, 
whose stress in characterized by eq. [2.1], along 
the z-axis in a domain as shown in figure 1, such 
that 

2 = 0 ,  3 ) = 0  and } = w ( x , y ) .  [2.5] 

2) The constitutive relation [2.1] has been shown to 
be a second-order approximation in the sense of retar- 
dations to all simple fluid models (10). However, the 
relation [2.1] has also been considered as an exact 
model for some fluid in its own right (11, 12). 
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• Fig. 1. The flow domain 
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As has been shown in (5), if one assumes that the 
body forces can be neglected, one can show that 
in a cartesian co-ordinate system, eqs. [2.3] and 
[2.4] for the creeping rectilinear steady flow of 
an incompressible second-order fluid yield 

A w -  1 ~I) _ C, [2.6] 
# 0z 

where C is a non-positive constant, w = w(x,y) 
the velocity in the z-direction and A is the two- 
dimensional Laplacian operator 

(~2 02 
A = ~x 2 +--'~y2 [2.7] 

The velocity field w satisfies the following bound- 
ary conditions (see fig. 1) 

V on y = d + D,  

W 
O, Ixl_<- T ,  y = O ,  

W [2.8] w =  o, Ixl=- T ,  O_<y_<d, 

W 
O, Ixt> T ,  y = d ,  

w ~ w ( y )  as Ix[-+oe.  

Kearsley (4) has shown that if (W, po ) is a New- 
tonian velocity pressure pair that satisfies [Z5], 
then the velocity pressure pair (w,p) correspond- 
ing to a second-order fluid satisfies [2.5] if 

P = P o -  C ( 2 7 + f l )  w. [2.9] 

Thus using eqs. [2.1] and [2.9], one can cal- 
culate the normal stress Tyy to be 

By = _pO + ½(27 + fl) [(w,2 _ w 2 y )  _ 2Cw],  

[2.10] 

whe re  c o m m a  denotes partial differentiation 
and w 2,~ = (c3w/~?x) 2, etc. 
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The pressure error made in measuring the 
pressure at 0 (see fig. 1) would then be the dif- 
ference between the undisturbed normal stress 
at + o0 and the normal stress at 0. Hence, 

Pc-- Tyr(+-oo,d)-  Tyy(0,0). [2.11] 

On the bottom plate with the slot, both w and 
w,~ are zero. Therefore, by virtue of eq. [2.101, 
eq. [2.11] can be rewritten as 

27 + fl [w2(_+m,d) _ W2y(0,0)l. [2.12] 
Pc=  2 

Eq. [2.12] can be further simplified into the form 

2 ' 

where 

[ w~(0,0) 1 [2.14] 
6 -  I w ~ ( + ~ , d )  , 

Är 2 is the normal stress difference based on the 
shear rate at x = + c~ and y = d. 

Thus, the determination of the pressure error 
reduces to the determination of the function G. 
The function G can be determined by obtaining 
the velocity field w which satisfies eqs. [2.6] and 
[2.71. In the next section we devise a numerical 
technique for obtaining w,r and hence G. 

3. Numerical technique 

a) Formulation of the boundary integral 

Ler w be the solution to the partial differential 
equation 

Aw=(o(x ,y ,z)  in D, [3a.1] 

subject to the boundary conditions 

w=f (x , y , z )  on 8D 1, [3a.211 

8w 
- 9(x,y,z) on 802, [3a.2]z 

gn 

where 8D = 8D~ U 0D2 is the boundary of the 
domain D and n is the co-ordinate in the direc- 
tion of the outward unit normal to the bound- 
ary OD. Suppose, we embed the domain D in an 
infinite space D' and subject the boundary 8D 
of D to a layer of source points P* (x,y,z) where 
(x,y,z) e öD, and define a function ~ through 

ffv(x) = w(x) - ~ (o(¢)G(x,¢)dv(~) ; [3a.3] 
D 

we use the notation x = (x,y,z) and ~ = (~,r/,~), 
dv(~) denotes the volume measure in three 
dimensions and G(x,~) denotes the Green's 
function which is the fundamental solution 2) to 
the Laplace's equation. Then, by virtue of eq. 
[3 a.l], we obtain that 

A # = 0 in D, [3 a.4] 

and hence, by virtue of the superposition prin- 
ciple, # can be represented as 

fv (x) = ~ P* (~) G (x, ~) da (¢), [3 a.51 
0» 

where da(~) denotes the usual area measure. On 
substituting eq. [3a.5] in eq. [3a.3], we obtain 
that 

w(x) = S P* (0  ~(x, ~) cla(~) 
OD 

+ ~ ~ (~) G (x, ~) dv (~). [3 a.6] 
» 

The layer of source points P* (~) is unknown in 
the above equation and can be obtained by 
employing the boundary conditions [3a.2]. 
Thus, when x' ~ 8Da, 

S P* (¢) o (x, ¢) da (~) 
0D 

= f(x')  - ~ Ó (~) G (x', ~) dv (~), [3 a.71 
D 

and, when x' ~ 0D2, 

jDP*(~) 8-~~. G(x',~)da(«) 

= g(x') - ! ~(¢) ~~3 6(x',¢)dv(~) . [3a.8] 

In the above eq. [3 a.8], 8/On x, denotes the deriv- 
ative in the direction of the outward normal at 
the point x'. We note that the integral on the 
left-hand side of eq. [3 a.8] is a singular integral 
and its value can be found to be ½P*(x'), (14). 
The indirect integral eqs. [3 a.7] and [3 a.8] can 
be solved for P* (~), and once P* (~) is obtained, 
we can determine w(x) through eq. [3a.6]. In 
the next subsection we outline a numerical 
scheine for solving eqs. [3 a.7] and [3a.8]. 

2) The fundamental solution, cf. (13), to the Laplace's 
equation in three (two) dimensional domains is 

1 (G(x ,~)=-~logr) ,  G(x,~)- 4rer' 

where r denotes the distance of point (x,y,z)((x,y)) 
from the point (~,q,~) ((~,~/)). 
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b) Numerical solution 

On subdividing the boundary ~3/) into N 
discrete intervals AS i (i = 1 ... . .  N), and assum- 
ing that P*(x'), f(x')  and g(x') are constant 
over each of the intervals, we can rewrite eqs. 
[3 a.7] and [3 a.8~ in the form 

= f~ - ~ ÓkG(i,k)dvk, [3b.1] 
D 

and 

P~, 
2 

G(i,k)dv k . [3 b.2] 

In the above equations, i and j as a subscript 
represent the value at the mid point of the 
intervals and i and j  also denote the co-ordinates 
of the variables x' and ~, respectively. 

The eqs. [3b.l]  and [3b.2] can be written in 
the following matrix form: 

[Kij ] {Pj*}  = {H/} - {El}, [3b.3] 

where [K~j] is a N x N matrix whose elements 
contain boundary integrals, {Pj*} is a N x 1 
vector whose elements contain the unknown 
source points, {Hi} is a N x 1 vector whose 
elements contain the boundary values and {E~} 
is a N x 1 vector whose elements contain the 
integral over the domain D. Once eq. [3 b.3] has 
been solved for the vector Pf,  the solution at 
any point in D can be found from 

G(x,j)daj Pj* + ~ Ok G(x,k)dvk. 
A J D [3b.4] 

c) Solution for the slot 

We shall now consider the problem of the flow 
of a second-order fluid in the domain shown in 
figure 1. For this problem, the equations of 
motion reduce to form 

A w = O ( x )  in D, [3c.1] 

and the boundary conditions to the form 

w = f ( x )  on ~D. [3c.2] 

The fundamental solution G(x,¢) for the two- 
dimensional problem reduces to 

1 
G(x,~) = 2-~-log r ,  [3c.3] 

and hence, on substituting [-3c.3] into eq. [3a.7] 
we obtain that 

I ~ p , (¢) log r(x',~)da(~) 
2re a» 

= f ( x ' ) -  2-2@~ (o(~)logr(x',¢)dv(¢). [3c.4] 

As ~ approaches x' the integral on the left-hand 
side of eq. [3c.4] becomes singular. However, 
we avoid this singularity by making the assump- 
tion that P* (¢) is constant over the interval AS 
and integrate over the path shown in figure 2. 
Thus, eq. [3 c.4] can be re-written as 

1 
+ 2-~-~~D ~As log r (x', ~) P* (~) da (~) 

= f ( x ' )  - ~ ( x ' ) ,  [3c.5) 
where 

• (x') -= ~1--~-- I qS(~/)log r(x',~l)da(~l). [3c.6] 
z~7~ D 

Y 

Fig. 2. The integration contour 

X 

Eq. [3 c. 5] can be further rewritten in the form 

~~~~(1o~ ~~: ~) 
N 

V P..* log rijAS j = f~ - 4~ i [3c.7] 
+ 27zj__~1 J 

j ~ i  

where i and j are defined in section 3 a. Defining 
the resultant source point at the midpoint of 
each interval through 

IP* = I Pk* dak , [3 C.8] 
ZISk 
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and using the trapezoidal rule, eq. [3 c.7] can be 
put into the form 

= 2~ [{f~} - {~b~}], [3c.9] 

which we can recognize to be of the form of eq. 
[3 b.3]. Thus, solving eq. [3 c.9] for P* and sub- 
stituting this into eq. [3b.4], we can obtain 
w(x). However, since the pressure error is only 
a function of Ow/Oy, we are only interested in 
obtaining 

0w 1 u y _ qj P* 

qS(x,y)(y - tl) [3c.10] 
+ ~ - - ~ ! ( x - _ - ~ ß T Õ ~ : ù ) £  da.  

In our problem, since ~b(x) = C and s ince f ( x , y )  
is either a constant V o r  zero, the integral [3 c.6] 
and the integral in eq. [3 c.10] can be calculated 
easily, and hence Ow/@ determined. 
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d) Computation 

The boundary is subdivided into 90 meshes 
as shown in figure 3. Using the non-dimensional 

quantity 100 

CD 2 
T = V ' [3d.1] 90 

a computer  program has been written to calcu- 00 
late P* from eq. [3c.9]. Choosing the two field 
points as shown in figure 3, the value of ~w/~y .70 
at the two points has been calculated. The func- 
tion G which appears in the pressure error eq. 60 
[2.13] is then computed. The results have been 
plotted as graphs in figures 4 to 6. ~ 50 
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Fig. 4. The boundary integral equation results com- 
pared with the exact solution for T = 0 and D/W = I 
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Fig. 3. The flow domain with the meshes used in the Fig. 5. Upper and lower bounds G1 and G 2 and the 
numerical computation B.I.E. solution when c :4 0, V > 0, T = 0.25, D/W = 0.5 
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Fig. 6. Upper and lower bounds G 1 and G 2 and the 
B.I.E. solution when c :p 0, V > 0, T = 0.5, D/W = 0.5 

4. Results and discussion 

When the non-dimensional  parameter  T = 0, 
which corresponds to the problem considered 
by Kearsley (4), we find that  our  numerical  
results compare  very favorably with the exact 
solution obta ined by Kearsley, as shown in 
figure 4. When  T =p 0; i.e. when there are pres- 
sure gradients along the direction of the flow, 
we find that  our  numerical  solution lies within 
the bounds  established by Rajagopal and Huilgol 
(5), as shown in figures 5 and 6. We have plot ted 
graphs of G vs. d/W for a fixed value of D/W for 
T = 0.25 and T = 0.5. One  can easily observe 
from figures 5 and 6 that  when d/W is small in 
the sense that  d/W is less than 50%, the 
numerical  solution is closer to the lower bound,  
while for large d/W the numerical  solution is 
closer to the upper  bound.  It  can be observed 
in all the cases considered, the function G peaks 
rather  fast. 

For  very small values of  d/W, namely when 
d/W is less than 10%, our  numerical  scheme 
does no t  provide very good  results. This is 
because when d/W is very small, the corners A 
and B (A' and B') approach  each other (see fig. 1) 
and this creates problems in the computa t ion  
since the two singularities due to the two corners 

coalesce. This problem could possibly be over- 
come by smooth ing  out  the corners, cf. (7). How-  
ever, since the upper  and lower bounds  obtained 
by Rajagopal and Huilgol (5) are very close to 
each other (see figs. 4 to 6) in this range for d/W, 
we restricted our  at tent ion to comput ing  G for 
values d/W > 10%. Also to ensure better ac- 
curacy in our  computa t ion,  we allowed the 
intervals containing our  field points O and Q to 
be longer than the other intervals so as to reduce 
the effect due to the source points in neighbor-  
ing intervals. 

Summary 

The rectilinear flow of a second-order fluid is con- 
sidered between two infinitely wide and long parallel 
plates. The bottom plate is at rest and has a slot of 
depth 'd' and width 'W' while the top plate is flat and 
moves along the flow direction with constant speed. 
A boundary integral equation technique is developed 
to determine the pressure error due to such a flow. We 
find that our numerical results compare favorably with 
the exact solutions obtained by Kearsley for a special 
case. Also our results lie within the analytical bounds 
established by RajagopaI and Huilgol for the pressure 
error for such flows. 

Zusammenfassun9 

Es wird die geradlinige Strömung einer Flüssigkeit 
zweiter Ordnung zwischen zwei unendlich ausgedehn: 
ten parallelen Platten betrachtet. Die Bodenplatte ruht 
und ist mit einer rechteckigen Nute der Tiefe d und der 
Breite W versehen, wohingegen die flache Deckplatte 
mit konstanter Geschwindigkeit in Strömungsrichtung 
bewegt wird. Eine Integralgleichungsmethode (bound- 
ary integral equation technique) wird entwickelt zur 
Bestimmung des durch die Nute in einer derartigen 
Strömung hervorgerufenen Druck-Fehlers (pressure 
error). Es wird gefunden, daß die auf diese Weise er- 
haltenen numerischen Ergebnisse gut mit den für einen 
Spezialfall von KearsIey berechneten exakten Lösungen 
übereinstimmen. Gleichfalls liegen die Ergebnisse in- 
nerhalb der von Rajagopal und Huilgol für solche 
Strömungen auf analytische Weise erhaltenen Grenz- 
kurven. 
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