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Abstract

Models of random walks in a random environment were introduced at first by Chernoff in 1967
in order to study biological mechanisms. The original model has been intensively studied since
then and is now well understood. In parallel, similar models of random processes in a random
environment have been studied. In this article we focus on a model of random walk on random
marked trees, following a model introduced by R. Lyons and R. Pemantle (1992). Our point of
view is a bit different yet, as we consider a very general way of constructing random trees with
random transition probabilities on them. We prove an analogue of R. Lyons and R. Pemantle’s
recurrence criterion in this setting, and we study precisely the asymptotic behavior, under re-
strictive assumptions. Our last result is a generalization of a result of Y. Peres and O. Zeitouni
(2006) concerning biased random walks on Galton-Watson trees.
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1 Introduction and statement of results.

Models of random walks in a random environment were introduced at first by Chernov in 1967 ([|6]])
in order to study biological mechanisms. The original model has been intensively studied since then
and is now well understood. On the other hand, more recently, several attempts have been made
to study extensions of this original model, for example in higher dimensions, continuous time, or
different space.

It is remarkable that the random walk in Z¢, d > 1, is still quite mysterious, in particular no precise
criterion for recurrence/transience has ever been found.

In the case of trees, however, a recurrence criterion exists, and even estimates for the asymptotic
behavior have been proven. To present our model and the existing results, we begin with some
notations concerning trees. Let T be a tree rooted at some vertex e. For each vertex x of T we call
N(x) the number of his children {x;, x, ..., Xy}, and % his father. For two vertices x,y € T, we
call d(x, y) the distance between x and y, that is the number of edges on the shortest path from x
to y, and |x| := d(e,x). Let T, be the set of vertices such that |x| =n, and T* =T \ {e}. We also
note x < y when x is an ancestor of y.

We call a marked tree a couple (T,A), where A is a random application from the vertices of T to RY, .
Let T be the set of marked trees. We introduce the filtration ¥, on T defined as

4, =0{N(x),A(x;),1<i<n,|x|<n,xe€T}

Following [120], given a probability measure g on N® ]R*JrN*, there exists a probability measure MT on
T such that

e the distribution of the random variable (N(e),A(e;),A(ey), ...) is q,

e given ¥,, the random variables (N (x),A(x;),A(x5), .....), for x € T,, are independent and their
conditional distribution is q.

We will always assume m := E[N(e)] > 1, ensuring that the tree is infinite with a positive probability.

We now introduce the model of random walk in a random environment. Given a marked tree T, we
set for x € T*, x; a child of x,

A(x;)
w(x,x;) = NGO
142507 Alx;)
and 1
w(xx) = .
1+ 3P A

Morever we set w(x,y) =0 whenever d(x,y) # 1,

It is easy to check that («w(x, ¥)),yer is a family of non-negative random variables such that,

Vx eT, Zw(x,y)z 1,

YET
and
(X, x)
VXET*,A(X):ﬁ, (D
w(X,%)
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where w(e, ‘e ) is artificially defined as

! = Z A(x).

— . =
wle, e) 1o

Further, w(x, y) # 0 whenever x and y are neighbors.

T will be called “the environment”, and we call “random walk on T” the Markov chain (X, Pr)
defined by X, = e and
VX,y € T) ]PT(Xn-i-l = y|Xn = X) = (L)(X,_)/).

We call “annealed probability” the probability Py = MT ® P taking into account the total alea.

We set, forx € T, C, =] [,_, ., A(z). We can associate to the random walk X, an electrical network
with conductance C, along [, x], and a capacited network with capacity C, along [x,x]. We
recall the definition of an electrical current on an electrical network. Let G = (V,E) be a graph, C
be a symmetric function on E, and A, Z be two disjoint subsets of V. We define the electrical current
between A and Z as a function i that is antisymmetric on E such that, for any x € V\(AUZ), the sum
on the edges e starting from x of i(e) equals zero (this is call Kirchhoff’s node Law), and, moreover,
i satisfies the Kirchhoff’s cycle Law, that is, for any cycle x;, x, ..., X, = X1,

n

Z i(x;, Xi11) o,

i=1 C(xif xi+1)

A flow on a capacited network is an antisymmetric function 0 that satisfies the Kirchhoff’s node Law,
and such that, for all edges e, 8(e) < C(e), (for more precisions on this correspondence we refer to
the chapters 2 and 3 of [17]).

We shall also frequently use the convex function p defined for a > 0 as

N(e)

N
p(a) = Eyr |:ZA(ei)“] =E; [ZA(i)“] .
0 0

Remark : This model is in fact inspired by a model introduced in [16]. In this case the tree T and
the A(x) were introduced separately, and the A(x) were supposed to be independent. Here we can
include models in which the structure of the tree and the transition probabilities are dependent. A
simple example that is covered in our model is the following : Let T be a Galton-Watson tree. We
chose an i.i.d. family (B(x)),cr and set, for every x € T, 1 <i < N(x), A(x;) = B(x). This way
the transition probabilities to the children of any vertex are all equal, but randomly chosen. In R.
Lyons and R. Pemantle’s article, a recurrence criterion was shown, our first result is a version of this
criterion in our setting.

Theorem 1.1. We suppose that there exists 0 < a < 1 such that p is finite in a small neighborhood
of a, p(a) = infy<,<1 p(t) := p and p’(a) = E, [Zgi)A(ei)“ log(A(ei))] is finite. We assume that
Z?[:(?A(ei) is not identically equal to 1.

Then,

1. if p < 1 then the RWRE is a.s. positive recurrent, the electrical network has zero conductance a.s.,
and the capacited network admits no flow a.s..
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2. if p <1 then the RWRE is a.s. recurrent, the electrical network has zero conductance a.s. and the
capacited network admits no flow a.s..

3. if p > 1, then, given non-extinction, the RWRE is a.s. transient, the electrical network has positive
conductance a.s. and the capacited network admits flow a.s..

(By “almost surely” we mean “for MT almost every T”).

Remark: In the case where Zi.\]:(i)A(ei) is identically equal to 1, which belongs to the second case,
|X,| is a standard unbiased random walk, therefore X, is null recurrent. However, there exists a
flow, given by 0(x ,x) = C,.

The proof of this result is quite similar to the proof of R. Lyons and R. Pemantle, but there are some
differences, coming from the fact that in their setting i.i.d. random variables appear along any ray
of the tree, whereas it is not the case here. Results on branching processes will help us address this
problem.

Theorem [I.T] does not give a full answer in the case p = 1, but this result can be improved, provided
some technical assumptions are fulfilled. We introduce the condition

N(e) N(e)
(H1): Ya €[0,1], E, |: (ZA(ei)a) log™ (ZA(ei)a) :| < o0,
0 0

In the critical case, we have the following

Proposition 1.1. We suppose p = 1, m > 1 and (H1). We also suppose that p’(1) =

E, [Z?:(i)A(ei) log(A(ei))] is defined and that p is finite in a small neighborhood of 1. Then,

e if p/(1) <0, then the walk is a.s. null recurrent, conditionally on the system’s survival,

e if p’(1) =0 and for some 6 > 0,
Eyr [N(e)1+6] <0,

then the walk is a.s. null recurrent, conditionally on the system’s survival,

e if p’(1) > 0, and if for some 1 > 0, w(x, X ) > n almost surely, then the walk is almost surely
positive recurrent.

Remark: The distinction between the case p’(1) = 0 and p’(1) > 0 is quite unexpected.

The study of the critical case turns out to be quite interesting, indeed several different behaviors
appear in this case. The quantity k = inf{t > 1, p(t) > 1}, associated to q is of particular interest.
When p’(1) > 0, for regular trees and identically distributed A(x), Y. Hu and Z. Shi showed ([9])
that there exist constants 0 < ¢; < ¢, < oo such that

.. MaXp<s<n |Xs| . maXg<s<n |Xs|
¢ < liminf —————— <limsup —————— < ¢y, P—a.s..

n—co  (logn)3 H—>00 (logn)?

maXop<s<n IXsl
(logn)®
explicit constant (see [[7]). Interestingly, this constant has a different form when p’(1) = 0 and

when p’(1) > 0.

It was recently proven by G. Faraud, Y. Hu and Z. Shi that actually converges to an
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p(ty  P(1)<0 p(ty  P()=0 ply P (1)>0

Figure 1: Possible shapes for p in the critical case

In the case p’(1) <0, Y. Hu and Z. Shi showed ([I8]) that

log maXp<s<n |Xs| _ 1

lim P—a.s..

n—00 logn =" min{x,2}’
Results in the case p < 1 have also been obtained by Y. Hu and Z. Shi ([|8]), and the case p > 1 has
been studied by E. Aidekon ([[1]]).

Let us go back to the critical case. Our aim is to study what happens when « is large. When k > 2,

1 .. . . . .
the walk behaves asymptotically like n2z. Our aim is to get a more precise estimate in this case.
However we are not able to cover the whole regime k € [2,00].

We first introduce the ellipticity assumptions
1
J0<gy<oo; Vi, g9 <Ale;) < —,q—as. (2)
€0
and we assume that (A(e;))1<;<n(e) is of the form (A'(i)1;<n(e))i>1, Wwhere (A’());>1 is aii.d. family
independent of N(e) and that E;[N(e)**'] < co. (H2)

Remark : We actually only need this assumption to show Lemma [4.3] we can, for example, alterna-
tively suppose that

1
3No ;N () < No, g = p.s. et Py[N > 2/A(e1)] > - 3)
0

Note furthermore that those conditions imply (H1).

Theorem 1.2. Suppose N(e) > 1, g —a.s., @), @3).
Ifp=1, p/(1) < 0 and x € (8,00], then there is a deterministic constant o > 0 such that, for MT

almost every tree T, the process {|X )|/ V o?n} converges in law to the absolute value of a standard
Brownian motion, as n goes to infinity.

Remark : This result is a generalization of a central limit theorem proved by Y. Peres and O. Zeitouni
[21]] in the case of a biased standard random walk on a Galton-Watson tree. In this case, A(x) is a
constant equal to #, therefore k = 0o. Our proof follows the same lines as theirs.

In the annealed setting, things happen to be easier, and we can weaken the assumption on x.

Theorem 1.3. Suppose N(e) >1,q—a.s., @), @). Ifp=1, p’(1) <0 and k € (5,00], then there is

a deterministic constant o > 0 such that, under Pyy, the process {|X )|/ V o?n} converges in law to
the absolute value of a standard Brownian motion, as n goes to infinity.
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Remark : As we will see, the annealed CLT will even be true for ¥ € (2,00), on a different kind
of tree, following a distribution that can be described as “the invariant distribution” for the Markov
chain of the “environment seen from the particle”.

We thank P Mathieu for indicating to us the technique of C. Kipnis and S.R.S. Varadhan ([[12]]), that
was quite an inspiration for us.

Our article will be organized as follows

o In section 2] we show Theorem [1.1]
e In section 3] we introduce a new law on trees, with particular properties.

e In section [4|we show a Central Limit Theorem for random walks on trees following the “new

2

law”.
e In section 5] we expose a coupling between the original law and the new one.
e In section [6l we show some lemmas.

o In section [/ we show Theorem [1.3]

2 Proof of Theorem 1.1l

Let us first introduce an associated martingale, which will be of frequent use in the sequence.

Y@ = Z l—[ A(z)* = Z ce.

x€T, e<z<x x€T,

Let a € RT and

YTS“) is known as Mandelbrot’s Cascade.
(a)
It it is easy to see that if p(a) < oo then pi“a)n is a non-negative martingale, with a.s. limit Y(®.
We have the following theorem, due to J.D. Biggins (1977) (see [3}[4]) that allows us to know when

Y@ is non trivial.

Statement 2.1 (Biggins). Let a € R*. Suppose p is finite in a small neighborhood of a, and p’(a)
exists and is finite, then the following are equivalent

® given non-extinction, Yy@s>o as.,

o PMT[Y(a) == 0] < 1,

® EMT[Y(G)] =1,

* E, [(Zg(e)A(ei)“) log™ (Zg](e)A(ei)a)] < 00, and
(H2):=ap’(a)/p(a) <logp(a),
y(@)

.11
e —— convergesin L.
(@) 8
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This martingale is related to some branching random walk, and has been intensively studied ([[18
3], 4} 13} 14} [1T9]]). We will see that it is closely related to our problem.

Let us now prove Theorem [I.TI We shall use the following lemma, whose proof is similar to the
proof presented in page 129 of [[16] and omitted.

Lemma 2.1.

mln E |:ZA(X) } = Jnax, 1nfy1 ‘E {ZA(x)t} .
<y<1t>0

xe€Ty x€Ty

(1) Let us begin with the subcritical case, We suppose there exists some 0 < a < 1 such that
p(a) = infy<,1 p(t) < 1. Then, following [[11]] (Prop 9-131), and standard electrical/capacited
network theory, if the conductances have finite sum, then the random walk is positive recurrent, the
electrical network has zero conductance a.s., and the capacited network admits no flow a.s.. We

have
Se=3 3 e Lo

xeT* n=0x€T,

Since Yn(“) is bounded (actually it converges to 0), we have

Z Cy <oo, MT—as..
xeT*
This implies that a.s., for all but finitely many x, C, <1, and then C, < C, which gives the result.

(2) As before, we have a such that p(a) = infy<,<; p(t) < 1. We have to distinguish two cases.
Either p’(1) > 0, therefore it is easy to see that, for a, (H2) is not verified, so

> cr=v o,

x€T,

when n goes to co . Then for n large enough, C, < 1 for every x € T,, whence
Z Cy —0,

then by the max-flow min-cut theorem, the associated capacited network admits no flow a.s., this
implies that no electrical current flows, and that the random walk is recurrent MT-a.s..

We now deal with the case where p’(1) < 0, then a = 1. The proof is similar to [[16], but, as it is
quite short, we give it for the sake of clarity. We use the fact that, if the capacited network admits
no flow from e, then the walk is recurrent.

We call F the maximum flows from e in T, and for x € T, |x| = 1, we call F,, the maximum flow in
the subtree T, = {y € T,x < y}, with capacity % along the edge (X, x). It is easy to see that F
and F, have the same distribution, and that

F= Z A(x)(F, A 1). )

[x]=1
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Taking the expectation yields
E[F]=E[F,AN1]=E[F A1],

therefore esssupF < 1. By independence, we obtain from (4) that

esssup F = (ess sup Z A(x))(esssup F).

|x|=1

This implies that F = 0 almost surely, as (ess sup le‘zlA(x)) > 1, when lel:lA(x) is not identi-
callyequalto 1.

(3) We shall use the fact that, if the water flows when C,, is reduced exponentially in |x|, then the
electrical current flows, and the random walk is transient a.s. (see [[I5]]).

We have
N(e)
inf E Ale)* | =p>1
o [ZOI (el)] p

(p can be infinite, in which case the proof still applies).

We introduce the measure u,, defined as

Mn(A) =E [ﬁ(A N {IOg Cx}xeTn)];

where | denotes the cardinality.

One can easily check that
400
$a(2) = J e duy () = B {Z CQ} = p()".
—00 x€T,

Let y € (0,1] be such that p = inf,., yl_tE[erT1 A(x)']. Then, using Cramer-Chernov theorem
(and the fact that the probability measure u,/m™ has the same Laplace transform as the sum of n
independent random variables with law u;/m), we have

1
- log u,([n(—1logy),o0)) — log(p/y).

Now, if we set 1/y < q < p/y, there exists k such that
E[t{x € Te|C > y*}1 > ¢~.
Then the end of the proof is similar to the proof in [[16]]. We chose a small € > 0 such that,
E[f{x € T |C, > y*, and Ve < z < x,A(z) > €}] > ¢~.

Let T* be the tree whose vertices are {x € Ty,,n € N} such that x = 5 in T iff x < y in T and
ly| = x + k. We form a random subgraph T*(w) by deleting the edges (x, y) where

l_[ Alz) < qk or dx <z < y,A(z) <e.

x<z<y
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Let I'y be the connected component of the root. The tree 'y is a Galton-Watson tree, such that the
expected number of children of a vertex is ¢ > 1, hence with a positive probability I, is infinite
and has branching number over g*.

Using Kolmogoroff’s 0-1 Law, conditionally to the survival there is almost surely a infinite connected
component, not necessarily containing the root. This connected component has branching number
at least g*. Then we can construct almost surely a subtree T’ of T, with branching number over g,
such that Vx € T’, A(x) > € and if |x| = nk,|y| = (n+ 1)k and x < y then [ | A(z) > q¥. This
implies the result.

x<z<y

We now turn to the proof of Proposition [I.Tl Let 7 be an invariant measure for the Markov chain
(X,,Pr) (that is a measure on T such that, Vx € T, n(x) = ZyeT m(y)w(y, x)), then one can easily

check that (Yoote,
n(e)w(e, ‘e )
n(x)= ————— o, ) O!:LA( z),

with the convention that a product over an empty set is equal to 1.

Then almost surely there exists a constant ¢ > 0 (dependant of the tree) such that

(x) > cC,.

Z n(x) > CZY(U

xe€T

Thus

-If p’(1) < 0, then (H2) is verified and Y > 0 a.s. conditionally to the survival of the system, thus
the invariant measure is infinite and the walk is null recurrent.

-If p’(1) = 0, we use a recent result from Y. Hu and Z. Shi. In [[I0] it was shown that, under the
assumptions of Theorem [I.T] there exists a sequence A, such that

An An
0< hmmf— <limsup —> < o0
n—oo pl/2 n—oo nl/2

and 7LnYn(1) — 00 Y, with Y > 0 conditionally on the system’s survival. The result follows easily.

-If p’(1) > 0, there exists 0 < a < 1 such that p(a) = 1, p’(a) = 0. We set, for every x € T,
A(x) := A(x)%. We set accordingly C(x) = HO<Z§XA(Z), and

N(e)

p(t):=E, {Zfi(eﬂt] = p(at).
i=1

Note that (1) = 1 = infy.,<; p(t) and p’(1) = 0. Note that under the ellipticity condition
w(x, X ) >, for some constant ¢ > 0

Zrc(x)<cZCx=ZC’i/a.

xeT xeT xeT

Using Theorem 1.6 of [10] with f = 1/a and €, = eV, we get that for any %a <r<a,

r
x€T,
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Note thatasr <1,

(Z) =g

-[(3)]-

whence, using Fatou’s Lemma,

This finishes the proof.

3 The IMT law.

We consider trees with a marked ray, which are composed of a semi infinite ray, called Ray = {v, =
«— «— . .

e,v; = Vy,Vy = vy ...} such that to each v; is attached a tree. That way v; has several children, one

of which being v;_;.

As we did for usual trees, we can “mark” these trees with {A(x)},cr. Let T be the set of such trees.

Let Z, be the sigma algebra o(N,,A, ,v, < x) and Z,, = 0(F,,n = 0). While unspecified, “mea-

surable” will mean “%,, - measurable”.

Let ¢ be the law on N x R*Y" defined by

Remark : For this definition to have any sense, it is fundamental that E, [lev(e)Ai] = 1, which is
provided by the assumptions p’(1) < 0 and p = 1.

Following [21]], let us introduce some laws on marked trees with a marked ray. Fix a vertex v,
(the root) and a semi infinite ray, called Ray emanating from it. To each vertex v € Ray we attach
independently a set of marked vertices with law §, except to the root e to which we attach a set of

ZA;V(’) and identify it
with the child of v on Ray. Then we attach a tree with law MT to the vertices not on Ray. We call

IMT the law obtained.

children with law (q + G)/2. We chose one of these vertices, with probability

We call 8V T be the tree T “shifted” to v, that is, 8V T has the same structure and labels as T, but its
root is moved to vertex v.

Note that as before, given a tree T in T, we can define in a unique way a family w(x, y) such that
w(x,y)=0unless d(x,y)=1,

VxeT, Zw(x,y)z 1,

YET
and —
w(x,x)
VXET,A(X)Z—(_. (5)
w(x, %)

We call random walk on T the Markov chain (X,,P;) on T, starting from v, and with transition
probabilities (w(x,y)) yer-
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Figure 2: The IMT law.

Let T, = 6%: T denote the walk seen from the particle. T, is clearly a Markov chain on T. We set,
for any probability measure u on T, P, = u® Py the annealed law of the random walk in a random
environment on trees following the law u. We have the following

Lemma 3.1. IMT is a stationnary and reversible measure for the Markov process T;, in the sense that,
for every F : T2 — R measurable,

EIMT[F(TOJ Tl)] = EIMT[F(TD To)]-

Proof : Suppose G is a &,-measurable function, that is, G only depends on the (classical) marked
tree of the descendants of v,,, to which we will refer as T™" and on the position of v in the n — th
level of T™". We shall write accordingly G(T) = G(T ™", vy)

We first show the following

Lemma 3.2. If G is &, measurable, then

Enr[G(T)] = Eyr |:Z C,G(T,x) (%)} . (6)

x€T,

Remark : These formulae seem to create a dependency on n, which is actually irrelevant, since
N

B3y Ale)] = 1.

Proof : This can be seen by an induction over n, using the fact that

N

Ene[G(T™",vo)] = E, [ Ale)E [ G(T'(i,N,A(e))), v0)|i,N,A(ej)]] ,

i=1
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where T'(x,N,A(e;)) is a tree composed of a vertex v,, with N children marked with the A(e;), and
on each of this children is attached a tree with law MT, except on the i-th, where we attach a tree
whose law is the same as T~("~1).

Iterating this argument we have

Enr[G(T™",v)] = Eyr |:Z CyE [G(T”(X,T),X)|X,T]:| s

x€T,

where the n first levels of T"(x, T) are similar to those of T, to each y € T/, x # y is attached a
tree with law MT, and to x is attached a set of children with law (g + ¢q)/2, upon which we attach
MT trees. The result follows.

Let us go back to the proof of Lemma [3.]] Using the definition of the random walk, we get

Eqyr [F(To, T1)] = Equr |:Z w(Vo,X)F(T,QxT)} .

x€T

Suppose F is Z(;,_3) X & (n_2) measurable; then T — F(T,0*T) is at least F(,,_;) measurable. Then
we can use (6) to get

EIMT[F(TO’ Tl)] = Eyr |:Z Cy

x€T,

(%) > w(x, y)F(T, GyT)] .

yeT

It is easily verified that

14+ Y A(x; 1+ Y Aly;
Vx,y €T, w(x,y)#cx = w(}/ﬁ)#@-

Using this equality, we get

Eqyr [F(Ty, T7)]

[
£
5

TS w00, ( + 240 )F((T,x),(ny))]

|l x€T, yeT

«— 1 A i «—
= En| ), ©(0,Y)C, (#) F((T,Y),(T,)

_yeTn+1

1+ > A(y;
+ B | Y, D 0¥)C, (#) F((T,y),(T,y))

YETy 1 i

Using (6) and the fact that F is Z(,_5) X Z(,_p)-measurable, we get

Err[F(To, T1)] = Emr [w(e,?)F(Q?T, T)} + Ervr |:Z w(e, ei)F(GeiT>T):|

= Emr [F(Tb TO)] :
This finishes the proof of (3.1).
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4 The Central Limit Theorem for the RWRE on IMT Trees.

In this section we introduce and show a central limit theorem for random walk on a tree following
the law IMT. For T € T, let h be the horocycle distance on T (see Figure 2). h can be defined
recursively by

h(vo) =0
h(%)=h(x)—-1,VxeT’
We have the following

Theorem 4.1. Suppose p = 1, p’(1) < 0 and k € [5,00], as well as assumptions () and (H2) or

@3). There exists a deterministic constant o such that, for IMT — a.e. T, the process {h(X|,;|)/V o2n}
converges in distribution to a standard Brownian motion, as n goes to infinity.

The proof of this result consists in the computation of a harmonic function S, on T. We will show
that the martingale Sy, follows an invariance principle, and then that S, stays very close to h(x).

W,=lim > [T 4.

x€T,v<x,d(v,x=n) v<z<Xx

Statement 2.1 implies that W,, > 0 a.s. and E[W, |0 (A(x;), N(x),x < v)] = 1. Now, let M, = 0 and
ifX,=v,

Let, forv €T,

-W, ifX, 1=
My — M, = . .
WV," 1fo+1 = vl

Given T, this is clearly a martingale with respect to the filtration associated to the walk. We intro-
duce the function S, defined as S, =0 and forall x € T,

Sy, =Sy + Wy, 7)

in such a way that M, = Sy, .
Let
n= EGW[WO2]: (8)

which is finite due to Theorem 2.1 of [[13]] (the assumption needed for this to be true is k > 2). We

call
t

1 .
Vei= o D Er[(Miyy — Mi)’| 2]

i=1
the normalized quadratic variation process associated to M,. We get

N(X;)
2 _ w2 2 _
Er[(Mi1 — MiP|Z,] = X, X)W + Y| X X)W = G(T),
j=1
where X;; are the children of X; and G is a L(IMT) function on T (again due to x > 2).

Let us define o such that Ey[G(T)] := 02n2. We have the following

Proposition 4.1. The process {M|nt]/+/c?n?n} converges, for IMT almost every T, to a standard
Brownian motion, as n goes to infinity.
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Proof : We need the fact that when t goes to infinity,
Vi — o2n?.

This comes from Birkhof’s Theorem, using the transformation 8 on T , which conserves the measure
IMT. The only point is to show that this transformation is ergodic, which follows from the fact that
any invariant set must be independent of Z} = o(N(x),A(x;), v, < x,h(x) < p), for all n, p, hence
is independent of F,.

The result follows then from the Central Limit Theorem for martingales. Our aim is now to show
that h(X,) and M,/n stay close in some sense, then the central limit theorem for h(X,) will follow
easily.

Let
€0 <1/100,6 € (1/2+1/3 4+ 4¢€y,1 — 4¢€g)

and for every t, let p, be an integer valued random variable uniformly chosen in [t,t + 1£%]].

It is important to note that, by choosing €, small enough, we can get 6 as close to 1 as we need.

We are going to show the following

Proposition 4.2. For any 0 < € < €,
lim Pr(IM, /n—h(X, )| >evt)=0, INT—a.s.,
t—00 ¢ t

further,

lim Py sup  |h(X,)—h(X)| > tY?>¢ | =0, IMT—a.s..
t=0o rs<t,|r—s|<t®

Before proving this result, we need some notations. For any vertex v of T, let

Sty = > W, .

y on the geodesic connecting v and Ray,y¢Ray

We need a fundamental result on marked Galton-Watson trees. For a (classical) tree T, and x in T,

set
Se= 2, W
e<y<x
with W, as before, and

A =<{veTd(ve)= S—V—
s=1veT,d(v,e)=n, " n

el

Lemma 4.2. Let 2 < A < k — 1, then for some constant C; depending on €,

We have the following

Eyr | D Co| <Cn ™2, 9)

€
X€EA;,
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Proof : We consider the set T* of trees with a marked path from the root, that is, an element of T*
is of the form (T, vy, vy,...), where T isin T, vy = e and v; = v; ;.

We consider the filtration F; = o (T, vy, ...V, ). Given an integer n, we introduce the law I‘T’lﬁ on T* de-
fined as follows : we consider a vertex e (the root), to this vertex we attach a set of marked children
with law ¢, and we chose one of those children as v;, with probability P(x = v;) = A(x)/ D A(e;).
To each child of e different from v; we attach independently a tree with law MT, and on v; we iterate
the process : we attach a set of children with law §, we choose one of these children to be v,, and
so on, until getting to the level n. Then we attach a tree with law MT to v,,.

Y.

Figure 3: the law Iﬁ‘\i

The same calculations as in the proof of Lemma [3.2] allow us to see the following fact : for f
F,-measurable,

Egs [f (T, Vo, -+, V)] = B {Z fo(T,p(x))] , (10)

x€T,

where p(x) is the path from e to x. Note that, by construction, under lq'l"\;"l conditionally to 1:": =
(Cy,,0 <i < n), the trees T, 0 < i < n of the descendants of v; who are not descendants of Vig1
are independent trees, and the law of TOD is the law of a MT tree, except for the first level, whose
law is g conditioned on v;, 1, A(V;11).

For a tree T in T* we have

w,, = Z AQCOW, + AV )W, = W+ AW )W,

P
V=X ,XFVii1

k+1°

where

Wik = lim E | | A(2).
n—00
XET,v;<x,vj;1 Zx,d(vj,x)=nv=z=x

Iterating this, we obtain

Wy =D W/ ﬁ A(V)+ W, ]_[ A,
j i=k+

1 i=k+1



with the convention that the product over an empty space is equal to one. We shall use the notation
A; :=A(v;) for a tree with a marked ray.

Finally, summing over k, we obtain

n—1 j J n n

w Y [Ta+w, > []a- (11)

=0 = k=0i=k+1 k=0 i=k+1

LetBj =2 1, 1_[1 411 Ai- We note for simplicity W, := W} Note that
2
Eﬁz[wo] = Eyr (Z Cx) = EMT[M,?]
x€eT,

converges to 1) = EMT[WOZJ as n goes to infinity. Indeed, recalling that Ey;[M,] = 1, we have

[ /N 2
E[(Myp1 —1)’] = E (ZA(ei)Ui - 1)
i=1

[ NG N(e) 2
= E; (ZA(ei)(Ui —1)+ZA(31')—1) )
i=1 i=1

where, conditionally to the A;, U; are i.i.d. random variables, with the same law as M,,. We get
Eyr[(My1 = 1)*] = p(2)Eu[(M, = 1)*] + G,

where C, is a finite number. It is easy to see then that E[M 21 is bounded, and martingale theory
implies that M, converges in L2. Using the fact that EMT* W, ]= E_— [WO] a “Cesaro” argument
implies that E=[S,, ]/n converges to 1 as n goes to 1nﬁn1ty In view of that and (IQ) it is clear that,

for n large enough

Z Ce| = [Z Colls,~Es (s, ]>n6/2:|

X€EAS x€eT,
< o ne
< P |[si, — B (s, F|>
ne
+ pﬁ:[ Ege 15,17~ B >?} =P, +P,,

Let us first bound P;. Let W]* = W* [W IF*] and A € (2,x — 1). We have

MT*

A7k
i Bi

i LSy, |F]

MT MT*

n

1 —
ED = E— [

A
}A

”*

MT, MT*

B
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Inequality from page 82 of [22]] implies

n
2 - 2 A
EV <O E Z i [ (W;B;) |F;f] } < Con*? B [ZBi } :
where we have admitted the following lemma
Lemma 4.3. Vu < k, there exist some constant C such that
EMT;[(Wi*)“IF,T] <C. (12)
moreover, there exists some £, > 0 such that
EMTZ[VVi*lF:] > £7.
We postpone the proof of this lemma and finish the proof of Lemma[4.2] In order to bound E; [B’q
we need to introduce a result from [4] (lemma 4.1).
Statement 4.1 (Biggins and Kyprianou). For any n > 1 and any measurable function G,
Eyr [Z CyG(Cy,e<y =< x)] =E[G(®;1<i<n)],
x€T,
where S, is the sum of n i.i.d variables whose common distribution is determined by
N(e)
E[g(S)] = E, [ZA(ei)g(logA(ei))]
i=1

for any positive measurable function g.

In particular, E[e*%1] = E, [ZN(Q)A( )1 = p(A+1) < 1. We are now able to compute
2 . 2
B [5] =B | SC0 ( S A(z)) _5 (Z )
x€T, e<y<xy<z=<x k=0
Using Minkowski’s Inequality, we get
1

A
Eﬁ* BA (ZE eHSk=Sn) 7) (Zp(xﬂ) A) <C,. (13)

We can now conclude,
2
EW < ggn??,

and by Markov’s Inequality,
P, < C¢/(e*n?'?). (14)

Now we are going to deal with

PZZPPT,IE[

ook
B 15, |7~ Egz[5,,)| > ne/2]
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Lemma (4.3 implies that E [

function of A; ;. We shall note accordingly

I/V].*ll:“: ] is bounded above and away from zero, and a deterministic

B (W]IE] == g(A)10). (15)
Recalling (I1I), we have
k
Egz:[S,,1F7] = ZEMT* WiEDB = Y, | [As@e)-
0<j<k<n i=j
with the convention g(A,,;) =1 and Ay = 1. We set accordingly

E=[S, [F] :=F(A;,...A)).

L

Recalling that, due to Statement[4.1] under the law I‘XT\;;, the A; are i.i.d random variables we get

k
B [F(An.oA)]= D | | EmlAdEgLe(A)).

0<j<k<n i=j

For m > 0 we call

F™[Api1s Ayl

k m k
= Y, | EellEmls@ul+ Y | [Ezlad [] Avsan).
0<j<k<n i=j 0<j<k<n i=j i'=m+1
k<m-1 k>m

Note that F® = F and F" = EﬁT\* [Sy, ], thus we can write

[Sv |F 1= Svn] :FO(AI:---An) —F"

MT* MT*[
=F%A;,..A) - Fl(A,,..A)
+Fl(A,,..A) — F?(As,..A))....

+F"l(A,) - F™.

A;] = p(2) < 1, and for a random variable X, X := X —

We introduce the notations p := E@[

E[X].

MT*
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The last expression gives us
%
EﬁT\i [Svn |Fn] - Eﬁﬁ [Svn]

= 8(A) +A1((A2) +A28(A3) + ... + | [Aig(Ansr))
i=2

n j
+p8A) +A4,0+p) | D] Jaig@)

j=3i=3

nJj

+p28(A) +A;(1+p +p%) | D] JAig@ji) | + -
4

+p" A +A(1+p+p%+..00h).

We deduce easily that

n
<G+ GO AD(1+p+p? +..p5 1), (16)

k=1

Tk
EI‘?’I‘\; [Svn|Fn] - EI‘T’I‘\; [Svn]

where C;, Cg are finite constants and

n J
Dy = Z l_[ Aig(Aji1).

j=k+1i=k+1

To finish the proof of Lemma [4.2] we need to show that for every € > 0, PW[ZZZIAka(l +p+

_ c
p2+..pfk ) >nel < nl,(ze_)l.

Recalling that A < k — 1, we can find a small v > 0 such that A(1 +v) < k¥ — 1. Then we have, by
Minkowski’s Inequality

. . 1214 A0+
A(1+v) A(1+u)
EﬁT\:[Dk V]g Z(E@[CSHAI. })
j=k+1 i=k+1
A(1+v)
n
1/2(1
< [ 37 (Cop@+ A1+ pyyrken) A < Cpo.
j=k
(17)
Markov’s Inequality then implies
2 Vi | < n
PI‘?I‘\:; rl?gz(Dn > (6 Tl) 1+ | < CHW. (18)
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On the other hand, we call for 0 < k <n,
n .
Ny := Z Dig(An)(1+p+p>+..077 ).
j=n—k

It is easy to check that Ny is a martingale with respect to the filtration 5% = o(A;,n —k < j < n).
We can compute the quadratic variation of this martingale

k
)= 3 Eger LN = NP4 =)0,
1 j=1

J:

On the other hand, the total quadratic variation of N; is equal to

k k
]:= D Nk = Nj-1)* = D Ay Dy ).

j=1 j=1

It is easy to check that if the event in (IISD is fullfilled, then there exists some constant C;, such that
(Ny) < Clzn gECD and [N ] < Clzn 2(1+V> Therefore, using (18) and Theorem 2.1 of [2],
(en)?

n
~ n
P[> ADy| > ne] < Cpy—m— +2exp——— " (19)
" ; nl/zek 2C12n1+ﬁ

Putting together (I14) and (19), we obtain (). This finishes the proof of Lemma 4.2l In particular,
if k > 5, we can choose A > 4, so that
EMT[Z C.l<nt,

X€EAS
with u > 1. The following corollary is a direct consequence of the proof.

Corollary 4.4. Foreverya>0and2 <A <k —1,

kl A2

P—

i LISy, —knl>al = €

at

We now give the proof of Lemma [4.3] As we said in the introduction, for this lemma we need
either the assumption (H2) or the assumption (3). We give the proof in both cases. Note that, by
construction of MT*, as, using Theorem 2.1 of [13]], for every x a child of v;, different from v;,,
W (x) has finite moments of order u,

Bur: [(W,VIF2]

CoEr: Z A(x)

L X =V, xE Vi

( u
Alx) | 1A(n) 21

\IxI=Txn

F* (20)

CoE,
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Note that the upper bound is trivial under assumption ([3). We suppose (H2), Let f be a measurable
test function, we have by construction

B 2
E, DA | fam)

lx|=1,x7#v;

[N(e) H

. ZA(e) D Ale) | flAle)
i#j

n

ZP(N(e)—n)E ZA(z) DAQ) | F@AQ)
i#j

IA

By standard convexity property, we get that the last term is lesser or equal to

ZP (N(e) = n)E, ZA QL WA TIZ(O)
i#]
< E[A'(1)"] ) [ Py(N(e) = mn**1E, [A'(D)f (A (i))]
n=1
= Eg[A(1)1E, [A(D)f (A (D)] Eq [N(e)*],

while, still by construction

Eq [f (A(V1)):|

N(e)
E, [ZA(e )f (Ale; ))]

= Y p,WN(e)=n)E, [ZA(l)f (A(D)]

=1

= q[N(e)]E [A(1)f(A(1))]

Therefore the result is direct. To prove the lower bound we begin with assumption (3. Actually we
will only use the second part of this assumption, which is trivially implied by (H2), so the proof will
also work for this case.
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We have

N(e)
Eq[ D A | =E, ZA(e) D Ale)) | flAle))
[x|=1,x#v; i#]

€0 D | Eq[Ae))f (Ale)) 1 ey (N (e) — 1)]

>
i=1

> ZE [Ae;)f (Ale))Lgi<n(er3(N(e) — 1)] + €oE,[A(e1)f (Ale1))(IN (e) — 1)]
i=2

> ZE [ACe;)f (Ale))Li<n(en;] + €0Eq[Aler)f (Ae1))P(N(e) > 2|A(e;))]

Il
IS

i

N(e)
€
> 2 [ZA(e )f (A )} = B, [FA0)],
0 =
indeed for i > 2, the event {i < N(e)} implies N(e) — 1 > 1. This finishes the proof of Lemma [4.3]

Let us go back to IMT trees. We consider the following sets

Ray

B, = {ve T,d(v,Ray) = n, VT -n

> e} ) (22)

We can now prove the following

Lemma 4.5.
lim Pr(X, €U;2,B;)=0, IMT —a.s..

t—00

Proof : we recall that a IMT tree is composed of a semi-infinite path from the root : Ray = {v, =
e,v; = Vp...}, and that

Wj* = lim Z l_[ A(z2).

XET,vj<x,vj_1£x,d(vj,x=n) v=z=x

Recalling Lemma [4.3] under IMT, conditionally to {Ray,A(v;)}, Wj* are independent random vari-
ables and E [W].*] > £.

Let 1/2 <y < &. For a given tree T, we consider the event
r,= {Elu < 2t|Xu = vl_tYJ}'

We have
l—‘t - {ulngt Mu S SVUYJ}‘»

and IMT almost surely, for some e,

[t7]
S| S~ Z Wj* < —et?,for t large enough.
0
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Since M, is a martingale with bounded normalized quadratic variation V,, we get that, for IMT
almost every tree T,

]P)T(rt) — 0.
Going back to our initial problem, we have
Pr(X,, €Un_1B;) < Pr(X, €Uyl B ;T +Pr(T}) 23)
Ay,
1
= |£3] Er Z ]leeugf:len +P(T)), (24)
s=0

where H,, is the first time the walk hits v,.

As before we call T the subtree constituted of the vertices x € T such that v; < x £ x. The first
part of the right hand term of (23) is equal to

H

LE7] 7V 1 [t7] By,

]1 00 € i) < — E ]l - N;

151 E : E X €U BENTVi — 1.5 E : T E : Xs=v; i
t J s=0 ! |-t J i=0 s=0

where N; is the Pr-expectation of the number of visits to U72 ; BE N T™) during one excursion in T,
Lemma [4.2]implies that, under IMT conditioned on {Ray,A(v;)}, N; are independent and identically
distributed variables, with finite expectation, up to a bounded constant due to the first level of those

H,
subtrees. We are now going to compute E; [Z = 6” Ix -, } . Given T, we have

HVWJ

Dy, S14M,
s=0

where M; is the number of times the walk, leaving from v;, gets back to v; before hitting v|¢r|. M;

follows a geometric law, with parameter p; = P‘}i [H"m ;< H,].

Standard computations for random walks on Z, (see, for example, Theorem 2.1.12 of [24]]) imply
that
(Vi Vig1)

14+ 20 T A

pi =

and, going back to our initial problem,

Cp, L [er]=1 |e7)
Pr(X, €U®_BS) < IP>T(1")+L JZ 1+ Av) | N

7]

PT(Ft)+V Z

IA

. r—1 T
with V, =1+ ZJ“:(J) ]_[,Lf:j._lA(vk).
As in the proof of Lemma [4.2] statement [4.T] implies that Eyy;[V,*] < C;s for some a > 2. Now we
can choose 6 close to one and y close to 1/2, and p such that 1/a<u <& —vy
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Markov’s Inequality and the Borel Cantelli Lemma imply that, IMT-almost surely, there exists t, such
that YVt > t,,V, < t", and then,

L)
Cie

PT(XP[ S Ug’;len) < }P’T(Ft) + m ZNi.
i=0

Since 6 — u < v, an application of the law of large numbers finishes the proof of Lemma [4.5]

We are now able to prove the first part of Proposition[4.2] Note that under IMT, S, follows the same
law as S, ina T" tree under I‘Tﬁ, whence

Sy, /n - M
n n—o00

in probability. Let Q, be the first ancestor of X, on Ray. Statement4.1]and standard RWRE theory
imply that Q, is transient, therefore
So./h@) = 1,

so that, for any positive €4, for large t,

1Sq,/n —h(Q)I < €; sup [M,]. (25)

s<2t

We can now compute
R
My, /1 —hXp )l =18 /1 — d(X,,,Ray) + Sq,/n — h(Q,)I.
In view of on the event {X 0, & ur> B¢}, we have

IMy,/n —h(X, )l < 2€; sup | Mg].

s<2t

The process V; being bounded IMT a.s., a standard martingale inequality implies

lim lim sup P9(sup |M,| > ev/t/(2€,)) = 0.

€1-0 00 s<t
It follows that
lim Pr(IM,, /0 —h(X,, )| = ev/t)=0,IMT — a.s.
We are now going to prove the second part of Proposition The course of the proof is similar to

[21]]. We have the following lemma

Lemma 4.6. forany u, t > 1,
Pyur(1X;| = u for some i < t) < e u/2t

Proof : We consider the graph T* obtained by truncating the tree T after the level u — 1, and adding
an extra vertex e*, connected to all vertices in T,,_;. We construct a random walk X on T* as
following

wlx,y)if|[x| <u—1or|x|=u—-1,|y|=u—2
JP’?(X;"H:le;k:x): 1-—ow(x,%)if|x|=u—-1,y =¢*
oe*,y)ifx=e"|y|=u—-1
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We can choose @&(e*,y) arbitrarily, provided ZyeTu_l w(e*,y) = 1, so we will use this choice to
ensure the existence of an invariant measure : indeed, if 7 is an invariant measure for the walk, one
can easily check that, for any x such that |x| < u — 1, calling x" the first vertex on the path from e
to x,

1
ﬁ(x)_n(e)w(ex ) l_[ Al2).

w(x, x ) xW<z<x
Further, we need that, for every x € T,,_;

n(x)(1 = w(x, %)) = n(e")d(e*, x).
Summing over x, and using ZyeT o(e*,y)=1, we get

n(e") = n(e) Z w(e, x(W) l_[ Az )M

X€T,_; xMDez<x w(x, X)

gn(e)z l_[ A(z) < n(e)Y,.

€Ty x(M<z<x
Then,

t
Pir(3i <, X, 2 0) SPg(Ai S 6, X[ =€) < D Pyr(X] = ).
i=1
By the Carne-Varnopoulos Bound (see [[17]], Theorem 12.1),

Pr(X; =€) <24/ Y,e v /2,
Since, by Jensen’s Inequality, Eyr(4/Y,) <1,
Pyr(X; > u for some i < t) < zte—uz/zt'

We have the following corollary, whose proof is omitted

Corollary 4.7.
Prr([h(X,)| > u for some i < t) < 4¢3e~ W= 1%/2t,

Proof : see [21]], Corollary 2.

We can now finish the proof of the second part of Proposition 4.2l Under Pryy, the increments
h(X;11) — h(X;) are stationnary, therefore, for any € and r,s < t with [s —r| < t0,
3 —tl o—2¢

Pryr(Jh(X,) = h(X,)| = £1/77¢) < Prg(Jh(X, )| > £1/27¢) < 4¢%e

Whence, by Markov’s Inequality, for all t large,

Pryy (TP’(% (Ih(Xr_s)| > t1/2—e) > e_tl—ﬁ—e) -

1-6-€
—t
e .

Consequently,

Prur (P(% ( sup  |h(X,) —h(X,)| = tl/Z—e) > e-tl—ﬁ—e) <ot

rs<t,|r—s|<t®
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The Borel-Cantelli Lemma completes the proof.

We are now able to finish the proof of Theorem [4.Il Due to Proposition [4.1I] the process
{M|nt]/+/o?n?n} converges, for IMT almost every T, to a standard Brownian motion, as n goes

to infinity. Further, by Theorem 14.4 of [5], {Mp,./+/ 0>n?n} converges, for IMT almost every T, to
a standard Brownian motion, as n goes to infinity. Proposition 4.2 implies that the sequence of pro-

cesses {Y/'} = {h(X, )/V o2n} is tight and its finite dimensional distributions converge to those of
a standard Brownian motion, therefore it converges in distribution to a standard Brownian motion,

and, applying again Theorem 14.4 of [5], so does {h(X ,,;|/V o?n}.

5 Proof of Theorem 1.2l

In this section we finish the proof of Theorem Our argument relies on a coupling between
random walks on MT and on IMT trees, quite similar to the coupling exposed in [21]]. Let us introduce
some notations : for T,S two trees, finite or infinite, we set LT the leaves of T, that is the vertices
of T that have no offspring, T° = T/LT and for v € T we denote by T o” S the tree obtained by
gluing the root of S to the vertex v of T, with vertices marked as in their original tree (the vertex
coming from both v and the root of S is marked as v). Given a tree T € T and a path {X,} on T we
construct a family of finite trees T;, U; as follows : let T = 1y = 0, and U, the finite tree consisting
of the root e of T and its offspring, marked as in T. Fori > 1, let

T, =min{t >n;_, : X, € LU;_;} (26)
n; =min{t > 7;X, € U/ ,}. (27)

Let T; be the tree “explored” by the walk during the excursion [7;,7);), that is to say T; is composed
of the vertices of T visited by {X,,t € [7;,7;)}, together with their offspring, marked as in T, and
the root of T; is X . Let U; = U;_; o*%i T, be the tree explored by the walk from the beginning. We

call {ui}?;f"_l the path in T; defined by u! = X 4¢- If T is distributed according to MT, and X, is

the path of the random walk on T, then, the walk being recurrent, Py;—almost surely T = lim U;.

We are now going to construct T € T, a tree with a semi-infinite ray emanating from the root,
coupled with T, and a path {X,} on T, in such a way that, if T is distributed according to MT, and
X, is the path of the random walk on T, then T will be distributed according to IMT and {X,} will
follow the law of a random walk on T.

Let U, be the tree defined as follows : we choose a vertex denoted by e, as the root of U,, and a
semi-infinite ray {e = vy, v;,...}. To each vertex v; € Ray different from e we attach independently
a set of marked vertices with law §. To e we attach a set of children with distribution (q + §)/2 If

i > 1 we chose one of those vertices, with probability ZA(/)XC()y)’ and identify it with v;,_;. We obtain a
y

tree with a semi-infinite ray and a set of children for each vertex v; on Ray, one of them being v;_;.

We set T, = 1]y = 0. Recalling the relation (5] between the A,. and the w(x, y), one can easily check
that for any vertex x, knowing the {w(x, y)},cr is equivalent to knowing {A(x;)} x, children of x- Thus,
knowing U, one can compute the {cw(x, ¥)}xeray,yen, and define a random walk X, on U,, stopped

when it gets off Ray. We set accordingly £; = min{t > 0: X, € LU,}.
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We are now going to “glue” the first excursion of {X t}. Let

S

UO Tl Tl:
=71 +M1 — 71,
v ym—1 _ 1
{Xt tifl =U
X’ﬁl =X’ﬁ1—1_
One can easily check that {X t}e<#, follows the law of a random walk on 0.

We iterate the process, in the following way : for i > 1, start a random walk {X t}e=#,_, O U,_,,and
define

Finally, set U = Ugo U; and T the tree obtained by attaching independents MT trees to each leaves of
U. It is a direct consequence of the construction that

Proposition 5.1. If T is distributed according to MT and X, follows Py, then T is distributed according
to IMT, and X, follows Pj.

As a consequence, under proper assumptions on ¢, application of Proposition [4.1]implies that for MT
almost every T the process {h(X lne )/ V o?n} converges to a standard Brownian motion, as n goes
to infinity.

We introduce R, = h(X,) — min;_, h(X;). We get immediately that

{Rne)/V o2n} converges to a Brownian motion reflected to its minimum, which has the same law
as the absolute value of a Brownian motion.

In order to prove Theorem[I.2] we need to control the distance between R, and |X/|.

Let I, = max{i : 7; < t} and I, = max{i : ¥; < t} the number of excursions started by {X,} and
{X,} before time t. Let A, = Zf‘:l(ri —1n;_1)and A, = Zf;l(%i — 7;_1), which measure the time
spent by {X,} and {X,} outside the coupled excursions before time t. By construction, the distance

between R, and |X,| comes only from the parts of the walks outside those excursion. In order to
control these parts, we set for 0 < a < 1/2

7,—1

Z 2. Lz

i=1s=n;_1

similarly,

I #—
Z Z ]ld(Xs,Ray)St“-
i=1 s=1j;_
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Finally, let
B, = max (h(X;) — h(X,)),
0<r<s<t,X,€Ray,X;€Ray

be the maximum amount the walk {X,} moves against the drift on Ray. We have the following

Proposition 5.2. Under the assumptions of Theorem[1.2} for some a0 < 1/2

tlirn Pr(A; #A})=0,MT —as., (28)
—00
and
lim Pr(A; #A%) =0, INT — a.s.. (29)
—00
Further,
. A
lim sup - =0, MT —a.s., (30)
and .
. Ay
11msupT =0, IMT —a.s.. (3D
Finally,
Bt
limsup— =0, IMT —a.s.. 32
p T (32)

Before proving this proposition, note that on the event {A, = A7} N {A, = A‘t"}, we have

min _ ||X,| —R,| < 2t* +B,.
sifs—t|<A+A,

Therefore we obtain that almost surely, there exists a time change 6, such that, for t large enough,
|X t Ret |
ﬁ _>L'—>OO 0

and
|9r_t|

t

— 0

t—o0 Y-

As we said earlier, Proposition 4.1 implies that {R,,;;/V 0?n} converges, as n goes to infinity, to the

law of the absolute value of a Brownian motion. Therefore so does {R |4,/ V o2n}. We deduce the
result for |X,|.

. . k
We now turn to the proof of Lemma[5.21 We introduce some notations: for k > 1, let a; = Y. i=1Tj>

b, = Z;:é n; and Jy = [ay — by + k, ax41 — bryq + k]. Note that {Jy}r>; is a partition of N, such
that the length of J; is equal to the time spent by the walk between the k — th and the k 4+ 1 — th
excursion. Fors € Jy, let t(s) = ny +s — (ax — by + k) and Yy = 0,Y; = X, and YV, = Xy(5). {Vi}i0
is the walk X, restricted off the excursions, it is clearly not Markovian, nevertheless, it is adapted
to the filtration G; = o(Xj, k < t(s)). For a fixed t, we set the sequence ©; of stopping times with
respect to G, defined by ®, = 0 and

= |(log )**}.

0, = min{s > O,_1: |Ys| - |Y9i—1|
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Similarly, we set, for k > 1, d; = Z?Zl ar E’i = Z;:S fi; and Ji = [ — by +k, @1 — Diyy + K,
and for s € Ji, we call £(s) = 7y +s — (dx — by + k) and Y, = 0,Y; = X; , and Y; = Xj(,) the walk
X, restricted off the excursions. We set G, = o (X, k < £(s)). For a fixed t, we set the sequence of
stopping times ©; with respect to G, defined by &, = 0 and

(%, Ray) —d(fo,_,,Ray)l| = (og "1}

©; = min {s >0, ;:

We need the following lemma, whose demonstration will be postponed.

Lemma 5.1. Foralle >0

(t1/2+e \
tll,rf}oPT Z (mi—7i)<t]|=0,MT—a.s., (33)
i=1 }
(t1/2+5 \
lim Py | Y (- %)<t |=0,IMT—as., (34)
t—00 :
\ =1 J
3’ >0: lim Pr (Is < £, Wy, > t/4) =0, MT - as,, (35)
—00 s
and tlim Py (Els <t,Wy > t1/4_6/) =0, IMT —a.s., (36)
—00 s
tllm ]PT(EIk < It,ei_l,@i S Jk: |Y@| > |Y@ 1|) = 0, MT —a.s., (37)
500 i i—
tlim Pr(3k <I,,6;_1,0; € Ji,d(Vs ,Ray) > d(Yg »Ray)=0, IMT —a.s., (38)
—00 i i—
tli)ngo Py (X, € U,ita_(logt)zAi forsomes <t)=0,MT —a.s., (39)
tlir{)lo Pr(X, € Ult{;aiaogt)zBi for some s <t)=0, IMT — a.s.. (40)

Using this lemma, we can finish the proof of Proposition[5.21 We shall prove the following statement,
which implies : for some a <1/2,

lim Pr( max [|Y;| >t%)=0, MT —a.s.. 41
t—=o00 SEUit:le

It is a direct consequence of ([33) and that, MT almost surely, with P; probability approaching
1 as t goes to infinity,
t(Oyp1/2+) > t,

whence, using lemma

lim Py ( max Y | > t%)

t—o0 SGUktZIJk
2t1/2+€
<limsup Z Py (Elj >i:|Yg |>t*—(logt)? Yo =e,
t=00 =0 ' [
Sy, = (n—€1)t%/2, [Yg, | >0,Vi<k<j;
J
2t1/2+6
Sx, — IX|| < €lX,|,¥s < t) i=limsup D Py;
s t—00 i:1 H
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where €’, €, are positive numbers that can be chosen arbitrarily small.

For a fixed i and a fixed t, we set M, = Sx, »and
i+s

K, =min{s > 1:X, =0 for some r € [s(0;;1),5(0;4)]}-
The process {N;} = {M,x — M} is a supermartingale with respect to the filtration G = Ggm;

indeed as long as the walk does not come back to the root, the conditional expectation of Sy, — Sy,
is lesser or equal to 0, and by construction the walk can only return to the root at a ;.

Note that M, and N; depend on t, whereas this is omitted in the notation. Let A, be the predictable
process such that N, 4+ A, is a martingale.

Note that, on the event {Wy < t1/4=¢' Vs < t} the increments of N, are bounded by t/4~¢(log t)*/2.

One can easily see that the increments of A; are also bounded by ¢/ 4—6’(10g £)3/2. Therefore Azuma’s
Inequality implies
P < exp (—t%/t1/242¢ +2(1/4~¢)).

Recalling that we can choose ¢ arbitrarily small and a arbitrarily close to 1/2, we get the result.
The proof of is quite similar and omitted.

To prove we introduce
T¢(t) = min{s : |X,| > c/?*€}. (42)

By Lemma [4.6] we have
Pyr(T(£) < £) < te t".

Using the Borel-Cantelli Lemma, we get that, MT almost surely

P(T.(t) <t)<e ™ fort > ty(T). (43)
Let Cy; be the conductance between the root and the level | of the tree. Recalling that for w an
offspring of v, the conductance associated to the edge [v,w] is C,,, Thomson’s principle implies that

2

l
C()_’llzfuniiltlflowZZ Z ﬂ

i=0 veT; w offspring of v =~ W

. CuW, .
As one can easily check, f,, = =% is a unit flow from the root to Tj, so we get

l
1
-1 2
Cot <7 D0 CuW2.
€ i=1verT;

As, conditionally to ¥;, Wj are independent and identically distributed variables, with finite moment
of order two (the assumption needed for that is k > 4), we have

2
Eyr (Z CW2->" CWEMT[Wj]) <Cyp(2),

VET; vET;
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for some constant C;,, then, using Markov’s Inequality, for every v > 0 there exists a constant C;g
such that

Pur | D CuIW2—E[W2]|>v | <Cigp(2).

veT;

This is summable, so by the Borel-Cantelli Lemma, for some constant C(T) dependant only on T,

we get
> c,wi<a(m))C,.

veT; veT;

The last part being convergent, thus bounded, we get
Co; < C(TIL. (44)
If Ly(t) denotes the number of visits to the root before time t, we get

Er [Lo(Te(t)] =1+ Cy e

indeed Ly(T.(t)) — 1 follows a geometric law with parameter 1 — C(;tll J2rer

Let N(a) = thczo 1x,|<¢« On the event that T,(t) > t, we have, using Markov’s property,
tﬂ
Er[Ne(@); Te(t) > t] < Er[Lo(Te(0)]7 (U Tt) < Cpo(T)eH/2Fere,
0
Thus as P;(T.(t) < t) < C19(T)e_"e, using the monotonicity of N,(a), we obtain N,(a)/t — O,
from which the result follows, as AY < N and Py(A, # AY) — 0.

Now we turn to the proof of (31)). By the same calculations as in the proof of Lemma[4.5] for k > 5,
we get that Ener[ Y, Tagx ray)<ee] < t/27%H€ for any e > 0, from which the result follows by
an application of Markov’s Inequality and the Borel-Cantelli Lemma, using also the fact that the
quantity in the expectation is non-decreasing in n.

The conductance from v to v;_, is at most C,, _, thus we have the bound

t
Pr(B, > 1) <t ) IE[A(Y,).
k=u

By Theorem and Lemma the IMT-expectation of the right hand side is of order at most
t2p(2)Y, therefore follows by standard arguments.

6 Proof of Lemma 5.1l

It is clear that (B3)) and (34) are equivalent. We postpone the proof of these parts to the end of the
section.
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Proof of (35) : following [21]], we call “fresh time” a time where the walk explore a new vertex, we
have

t
Pyr (Els <t,Wx > t1/4_6/) < Z]P’MT[WXS > t1/47¢; 5 is a fresh time]
0

= Pyr[Wp > f1/4_€/] < Czof/t“(1/4+€/),

for u < k. If k > 8, for € small enough, we can chose u such that this is summable. Then the
Borel-Cantelli Lemma implies the result.

Proof of ([36) We are going to use the same arguments, excepted that we have to treat separately
the vertices on Ray. More precisely

Pyr (3s < £, Wy, > £1/47)
t
< Z]P’IMT[WXS > t1/47¢';5 is a fresh time and X, €Ray]+
0

Pyr (3s <, W, > /47

The second term is easily bounded, and the first one is similar to the previous case.

Proof of (87) : the event in the probability in implies that, before time t the walk X, gets to
some vertex u, situated at least at a distance |(log t)3/2], then back to the ancestor a(u) of u situated
at distance |(logt)*?| from u, then back again. Decomposing on the hittings of the root, we can
majorate this probability by

t

DPrXe=e) Y. D Pr(H,<H)PFH, <),

st k=|(log t)%/2 | u€Tk

where H,, stands for the hitting time of u. Using the fact that the conductance from O to u is bounded
by C,, the probability we are considering is at most

t

noo Y Y G, <.

k=|(log t)3/2J ueT;
Denoting by C(v — u) the conductance between v and u, we have easily

Clv—-u) C,

P'(H,<t)<t——— —.

As a direct consequence of Theorem [4.1] we have

C
Eyr |:Z CuP(;(u)(Hu < t):| < ¢t Eyy [Z Cum :|

ueT) ueTy a(u)

[og /2] ”
< Cq tz (Eq [ZAl eXp(lOg(Al))] ) < 1 tzp(Z)mOgt) J
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The result follows by an application of the Borel-Cantelli Lemma.

Proof of (38) : The proof is quite similar to the precedent argument, summing over the different
TW),

Proof of : using k > 5, by Lemma 4.2l we can find an ¢ > 0 such that IMT- almost surely the
sequence n3/2te n(A¢) is summable, thus bounded, so there exists a constant C’(T) such that for
eachn, C,_p < C "(T)/n3/%*e. Recalling from the proof of the definition of Ly(t), and T.(t)
we have

Pp(X, € A%t < T.(t)) < By [Lo(Te())]C/(T)/t¥3/2+e) < ¢1/2+e'~all+e), (45)
where €’ can be chosen arbitrarily close to 0. By choosing a close enough to 1/2, the result follows
easily, using (43).

Proof of (4Q) : we recall from the definition of the sets B. By the same argument as in the
proof of Lemma [4.5] we get

Lt1/2+EJ

tli)rgo Pr(X; € Bja for some s < t} < H| /24 Z ut,
i=0

with H, =1+ Z;;é ]_[,i:j_lA(vk), and Ul.ta is the probability to get to B;, during one excursion in
T'i. By the same argument as in the proof of Lemma [4.2] we get that, almost surely, there exists a
constant C”(T) such that
H, < C"(T)t"7,
whence
Lt1/2+e ]

tlirgo]P’T(Xs € B¢, for some s < t} < c’(T)eM7 Z Uita.
i=0

Then, denoting Zfio Uft”el := E;, the E; are i.i.d. variables (under IMT) with finite expectation
for €’ small enough and U} < g%Ei- Then the result follows, using the law of large numbers.

Proof of (33) and (34): Note that, under MT, the random variables 1; — 7; are i.i.d.. On the other
hand, as a consequence of (2)), for some constant v, > 0,

Pyr[n; — 7 > x] 2 voPur[To > x],
Where T, is the first return to the root. We recall from (42) that
T¢(t) = min{t : |X,| > t'/2*€}
Then, following the proof of Lemma 10 of [21]], we have,
Pr[Ty > t] > Pr[Ty > T2 (O)]Pr [T/3(6) > t|Ty > TE(1)]. (46)
As a consequence of (44), for come constant depending on the tree C5(T),

Pr[Ty > T¢/2(t)] > Co(T)t~V/27¢/2,
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On the other hand,

P, [T%(t) < t .
P[T¢%(t) < t|Ty > T/?(t)] < rlT77(0) < t] < Cu(THt/?Heet ”
Pr[To > T¢/2(t)]

MT—almost surely, using and the previous estimate. We get then that almost surely, for t large
enough (the “enough” depending on T),

P, [T¢%(t) > n|Ty > T?(t)] > 1/2.
Therefore for some positive constant Cs(T),
Pr[Ty > t] > Cs(T)t~Y27¢/2,
We deduce by taking the expectation that
Pyp[To > t] = Copt 7V/27¢/2,

for some positive and deterministic constant C,,. Now

t1/2+e

Pyr Z n,—T;<t| < (1 _ Voczzt—l/Z—e/z)
i=1

1/2+
t /2+e S e—CZBtE/Z.

An application of the Borel-Cantelli Lemma finishes the proof of (33) and (34). This finishes the
proof of Lemma [5.11

We now turn to our last part, namely the annealed central limit theorem. The proof has many parts
in common with the proof in the quenched case, so we feel free to refer to the previous part.

7 Proof of Theorem 1.3l

We recall from section [3] the definition of the “environment seen from the particle T, = 6"(T). As
for the quenched case, we will first show a central limit theorem on IMT trees, then in a second part
we will use the coupling to deduce the result for MT trees

7.1 The annealed CLT on IMT trees

We will first show the following proposition :

Proposition 7.1. Suppose N(e) > 1, q—a.s., @). If p=1, p’(1) <0 and x € (2,00], then there is a

deterministic constant o > 0 such that, under Pryy, the process {h(X,,,)/V 0?n} converges in law to
a standard Brownian motion, as n goes to infinity.

Remark : This result is of great theoretical interest, as it is the only context where we are able
to cover the whole case k > 2, we could actually make the proof of Theorem without this
proposition, but as it has an interest in itself, we give the proof in the general case.

Proof : Let, as in the quenched setting, 0 < 6 < 1 and p, be a random variable, independent of the
walk, uniformly chosen in [t,t + t°]. We recall from (7)) the definition of S.,x € T and from (8)
the definition of 1. We are going to show the following
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Lemma 7.1. Under the assumptions of Theorem [1.3]

SXP[ (47)
X, "

in probability.

We admit for the moment this lemma and finish the proof of Proposition [7.1l We have

h(X,,) h(Xp,)
h(Xpt) = S—pSX . = T)SX + |: SXP —1N SXPt .
Pt

The first term converges to a Brownian motion with variance o, by the same arguments as in the

quenched setting, while the second one is a o(SXp ). The result then follows easily, using the same
t

arguments as in the proof of Theorem [T.2]

We now turn to the proof of Lemma [7/.1l The proof is quite similar to the proof of Proposition [4.2}
we take some small € > 0, then we estimate the number of visits to the points in B_ during one
excursion in T", and estimate the number of such excursion before time n. We rely on the following
lemma, similar to Lemma [4.2]

Lemma 7.2. Suppose that the assumptions of Theorem [ 3l are true. Then for 1 <A <k —1A2, and
n > 0, there exists some constant C{ such that

X€EAS

Proof : the proof relies on the same ideas as the proof of Proposition 4.2l First recall that, for n
large enough,

- ne
Eyr ZE Cy| = Pﬂ |: Sy, —E@[SVJFH] > Zi|
X €Ay,
[k ne .
+ Pz | | Bz LS ) ‘Eﬁ;[svn]‘ > | =Pt

To bound P;, we recall that, under the law I\Tl"\fl,
n
Sv, — Eqpe (S, |Fx]1= ) W/B,
i=0
where W; are centered and independent random variables with bounded moments of order A 41
and



Using Inequality 2.6.20 from page 82 of [23]], we obtain that, for some constant C,
7(, n
E[ } <CZZE[B£].
k=0

Then, using the same arguments as in the proof of Proposition 4.2] we get that E [Bi‘] is bounded
independently of n and k, whence

d

Using Markov’s Inequality, there exists C4 such that

Svn - Eﬁr\: [Svn |F::|

- A
S, — Eg=[S, |F?] ] < Csn.

MT?

C
P, < fn—u-l). (48)

On the other hand, recalling (16),

B (8, 77— B 5, ]| < Gs +

n
D ADg (M)A +p +p% + oK D),
k=1

where Cs is a finite constant and
n J
Dy = Z l_[ Aig(Aj11),
j=k+1i=k+1
where g is a bounded function. We recall that
n .
Nei= Y. AD(1+p+p*+..p77")
j=n—k

is a martingale with respect to the filtration 5 = o(Aj,n — k < j < n), whence, using Burkholder’s
Inequality,

n A/2
Egr [(N2)*] < CoFigs (Z(DJZ)
i=0

We recall that 1 < A < (x — 1) A 2, whence, by concavity, the last expression is bounded above by

n
CoEg: {Z(Dm] <Cn.
i=0

Therefore, using Markov’s Inequality, we get that
b, < n'=*.

This, together with (48), finishes the proof of Lemma[7.2]
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We now finish the proof of Lemma[7.1] Let us go back to IMT trees. We recall the definition of the
sets By :
Ray

B, = {ve T,d(v,Ray) = n, VT -n

> e}. (49)

We are going to prove that
tILIEOPT(XPt €Uy’ By )=0, IMT—as..
We introduce v > 1/2, and recall the definition of the event
r,= {Elu < 2t|Xu = vl_tYJ}'

It is easy to see, using the same arguments as in the proof of Lemma [4.5] that

Prye[T] oo 0.
Furthermore, we introduce the event

If={30<u<t,d(X,Ray) > n'};

then it is a direct consequence of Lemma that

PIMT[F/t] t—’ 0.

—00

As for the quenched case, we have

C

Prr(X,, €Up_1B;) < Ppn(X,, € U?nylefn; ren F/t) + Prgr(T) + Prr(T7,)
H
ey

LEIMT Er Zﬂ

= 169 ] X,eut_ B, +o(1), (50)
s=0

where H, . is the first time the walk hits v, .

Vier)

We recall that T() the subtree constituted of the vertices x € T such that v; < x,v;_; £ x, the same
computations as in the proof of Lemma imply

1 Lt7] By,
]P)IMT(Xpt eur B°)< EEIMT ZET Z Iy, | Ni |, (51)
i=0 s=0

Where N; is the P;—expectation of the number of visits to U”m5:1Bfn N T during one excursion in
T™), Lemma [7.2] and the method of @.3]imply that, under IMT conditioned on {Ray,A(v;)}, N; are

independent and identically distributed variables, with expectation at most equal to C{ Z?LO =
for some A > 1. By choosing y close enough to 0, we get Eryr[N;|{Ray,A(v;)}] < C{nl/ 2=¢ for some

£ > 0. We recall that

Hy ) ler]=1 [¢7]
Er | > Iy, | <C”| 1+ > [T 400
s=0 j=0 k=j-1
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The latter expression has bounded expectation under IMT, as an easy consequence of Statement [4.7]
and Lemma [3.2]

We deduce that X
Pryr(X,, € UX_ BE) < Csnz~*H170,

Since y can be chosen as close to 1/2 as needed, the exponent can be taken lower than 0. The end
of the proof is then completely similar to the quenched case.

7.2 The annealed CLT on MT trees.

We now turn to the proof of Theorem [I.3] We use the coupling and the notations presented in
section 5l Our main proposition in this part will be the following:

Proposition 7.2. Under the assumptions of Theorem[L.3] for some a < 1/2

lim Pyr(A, # A%) =0, (52)
t—00
and
t—00
Further, under MT,
A
lim sup Tt =0, (54)
and under IMT, )
. Ay
lim sup e =0. (55)
Finally, under IMT,
B,
limsup — = 0. 56
p 7 (56)

(Here lim sup denotes the limit in law.)

Before proving the latter proposition, we introduce some technical estimates, whose proof will be
postponed.
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Lemma 7.3. Foralle >0

tl/2+€

tli)I&PMT ; (mi—Ti)<t]| =0, (57)
(1/2+e

tli{rolo]P)IMT Z (i —t)<t|=0, (58)
i=1

tli,n(}OPMTGk <I;,0,1,0; €Ji,|Ye,| > |Ye._,[)=0, (59)

tli)n;OIP’IMT(EIk <I,,6,_1,6; €], d(fféi,Ray) > d(ffc:)i_l,Ray) =0, (60)

}E&PMT(XS € U;{;a_(logt)zAi for somes <t} =0, (61)

Jlim Ppr(X, € U;ia:ta_aogt)zBi for somes <t)=0. (62)

tlLII;OEDMT (WXS > tY47¢ for some 0 <'s < t) =0 (63)

lim Py (WXS > t1/4¢ for some 0 <5 < t) =0 (64)

We now turn to the proof of (52). As a consequence of and (59) that, with Py probability
approaching 1 as n goes to infinity,
t(®2t1/2+€) > t,

whence, using Lemmas[7.3] and [4.6]

. >
tlggoPMT( max Y| = ¢ )

SEUktzl.]k
2t1/2+6
<limsup Z Py (3j>1: |Y@j| >t — (log t)?, Yo =e,
t—00 ;
i=0

Sye, = (0= €1)t%/2, Yo, > 0,Vi <k < j; Wy, < t1/4evo<s<t
2t1/2+e

ISx, — IX,|| < et/*~<|x,|,Vs < t) :=limsup > Py,;
i=1

t—00

where €, €, are positive numbers that can be chosen arbitrarily small. We recall that the process
{N;} = {Sx, } is a supermartingale. and that there exists a previsible and non-decreasing process
i+sAK¢

A, such that N; + A; is a martingale. Furthermore, on the event {Wy < t1/4=2y0 < s < t}, the
increments of this martingale are bounded above by t1/27¢. Azuma’s Inequality implies the result,
as in the quenched case.

The proof of (53) is similar and omitted.

We recall that in the proofs of (30),([31) and (32) we only used the assumption x > 5, therefore the
proof of (54),(55) and are direct consequence, by dominated convergence.
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We now turn to the proof of Lemma [7.3l The proofs of (57), (58), (59), and follow
directly from equations [B3), (34), (37D, (38) and ([39), whose proofs did not use any assumption
other than x > 5, by dominated convergence.

To prove (62), note that, similarly to the proof of [7.1]
Prr(X; € U,i:ta_(logt)zBi for some s < t)
Le7] By
= Eur ZET Z Lx,=y, Ni/ ’
i=0 s=0
=t*—(logt)?
in T, Lemma[.2land the method of Lemma.3]imply that, under IMT conditioned on {Ray, A(v;)},
N/ are independent and identically distributed variables, up to a bounded constant, with expection
at most equal to C’(log t)?t~**~1 for some A > 2. We also recall that

where N/ is the Py —expectation of the number of visits to Ui BiﬂT(Vi) during one excursion

Hy ) le7]=1 [¢7]

Er | >y, | <C7 |14 ] A

s=0 j=0 k=j—1

has bounded expectation under IMT, as an easy consequence of Statement 4.1 and Lemma [3.2] By
choosing y close enough to 0 and a close to 1, we get the result.

The proofs of and are easily deduced from the proofs of and (36)), the only difference
being that we do not need to apply the Borel-Cantelli Lemma.

Acknowledgement: We would like to warmly thank Y. Hu for his help and encouragement.
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