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Abstract

All GL(n) covariant L, radial valuations on convex polytopes are classified
for every p > 0. It is shown that for 0 < p < 1 there is a unique non-trivial such
valuation with centrally symmetric images. This establishes a characterization
of L, intersection bodies.
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1 Introduction

Let L C R™ be a star body, that is, a compact set which is star-shaped with respect
to the origin and has a continuous radial function, p(L,u) = max{r > 0:ru € L},
u € S"1. The intersection body, I L, of L is the star body whose radial function in
the direction u € S"~! is equal to the (n — 1)-dimensional volume of the section of
L by ut, the hyperplane orthogonal to u. So, for u € S"71,

p(1L,u) = vol(L Nu'),

where vol denotes (n — 1)-dimensional volume.

Intersection bodies which arise from centrally symmetric convex bodies first ap-
peared in Busemann [5]. They are important in the theory of area in Finsler spaces.
Intersection bodies of star bodies were defined and named by Lutwak [27]. The class
of intersection bodies (as defined in [27]) turned out to be critical for the solution
of the Busemann-Petty problem (see [7], [9], [39]) and are fundamental in geometric
tomography (see e.g. [8]), in affine isoperimetric inequalities (see e.g. [19], [36]) and
the geometry of Banach spaces (see e.g. [18], [37]).

Valuations allow us to obtain characterizations of many important functionals
and operators on convex sets by their invariance or covariance properties with respect
to suitable groups of transformations (see [12], [16], [33], [34] for information on the
classical theory and [1]-[4], [14], [15], [20]-[22], [25] for some of the recent results).
Here a function Z : £ — (G, +), where L is a class of subsets of R" and (G, +) is an
abelian semigroup, is called a valuation if

ZK+7ZL=7KUL)+Z(KNL),

whenever K, L, KUL, KNL¢€ L.



In [24], intersection bodies were characterized as GL(n) covariant valuations.
To state this result, we need some additional definitions. Let Py denote the set of
convex polytopes in R™ that contain the origin in their interiors and let P* = {x €
R" : 2z -y < 1 for every y € P} denote the polar body of P € P;. We write S™ for
the set of star bodies in R”. For p > 0, the Ly-radial sum K +, L of K,L € 8" is
defined by

p(K _T_p L,)P = p(K,-)P + p(L,")".

An operator Z : P} — (8", +,) is called trivial, if it is a linear combination with
respect to 4, of the identity and central reflection. An operator Z is called GL(n)
covariant of weight q, ¢ € R, if for all ¢ € GL(n) and all bodies @,

Z(9Q) = |det ¢|* 9 ZQ,

where det ¢ is the determinant of ¢. An operator Z is called GL(n) covariant, if Z
is GL(n) covariant of weight ¢ for some ¢ € R.

Theorem ([24]). An operator Z : Py — (8", +1) is a non-trivial GL(n) covariant
valuation if and only if there is a constant ¢ > 0 such that

ZP=cl1P*

for every P € Pjy.

This theorem establishes a classification of GL(n) covariant valuations within
the dual Brunn-Minkowski theory. Intersection bodies were introduced in [27] as
an analogue in this dual theory of the classical projection bodies in the Brunn-
Minkowski theory. In recent years, the Brunn-Minkowski theory was extended using
Firey’s L, Minkowski addition (see [28], [29]). In particular, Lutwak, Yang, and
Zhang introduced L, projection bodies and obtained important affine isoperimetric
inequalities (see [30], [31]). In [23], a valuation theoretic characterization of L,
projection bodies was obtained.

Here we ask the corresponding question within the dual Brunn-Minkowski theory.
The notion corresponding to L, Minkowski addition is L, radial addition. So we ask
for a classification of L, radial valuations. A complete answer for the planar case is
given in Theorem 3 in Section 3.3. For n > 3, we obtain the following result.

Theorem 1. For 0 < p < 1, an operator Z : Py — (8", +,) is a non-trivial GL(n)
covariant valuation if and only if there are constants c1,co > 0 such that

ZP=c I} P* 1, el P*

for every P € Py. For p > 1, all GL(n) covariant valuations Z : Py — (8™, +,)
are trivial.

Here, for @ € P, the star body I; Q is defined for u € S"~! by

o Qup = [ fuea| v,

QNuTt

where ut = {z € R" : u -2z > 0}. We define [, Q = I} (—Q).
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As a consequence, we obtain the following characterization of L, intersection
bodies. For p < 1, we call the centrally symmetric star body [, Q = I} Q -, LQ
the L, intersection body of Q € P§. So, for u € S*1,

p(I, Q,u)? :/ |u - x| Pdx. (1)
Q
Since
vol(Q Nut) = lim 5/ lu- x| e dx
e—0+ Q
(cf. [18], p. 9),

T
p(IQ,U) = lim Jp(:[p Q?u)pa
p—1— 2

that is, the intersection body of @) is obtained as a limit of L, intersection bodies
of Q. Also note that a change to polar coordinates in (1) shows that up to a
normalization factor p(I, Q,u)? equals the L, cosine transform of p(Q,-)" 7.

We denote by S the set of centrally symmetric star bodies in R™ and classify
GL(n) covariant valuations Z : P} — (S, +p). The planar case is contained in
Theorem 4 in Section 3.3. For n > 3, we obtain the following result.

Theorem 2. For 0 < p <1, an operator Z : P} — (S¥,+,) is a non-trivial GL(n)
covariant valuation if and only if there is a constant ¢ > 0 such that

ZP=cl,P*

for every P € Py. For p > 1, all GL(n) covariant valuations Z : Py — (SF, +p)
are trivial.

Up to multiplication with a suitable power of the volume of @), the L, intersection
body of @ is just the polar L, centroid body of Q. For ¢ > 1, L, centroid bodies were
introduced by Lutwak and Zhang [32]. They led to important affine isoperimetric
inequalities (see [6], [10], [30], [32]). Yaskin and Yaskina [38] introduced polar L,
centroid bodies for —1 < ¢ < 1 and solved the corresponding Busemann-Petty
problem. For applications connected with embeddings in L, spaces, see [13], [17],
and [35]. For a detailed discussion of the operators L} and I, we refer to [11].

2 Notation and Preliminaries

We work in n-dimensional Euclidean space R™ and write x = (1, 22,...,x,) for
vectors x € R™. The standard basis in R"™ will be denoted by ej,eo,...,e,. We
use z -y to denote the usual scalar product x1y1 + xoys + - - - + T, yn of two vectors
z,y € R™, and define the norm ||z|| = /z - 2. The unit sphere {x € R" : ||z|| = 1}
is denoted by S"~!. Given A, Ay, As,..., A, C R, we write [Ay, Ao, ..., Ay] for
the convex hull of Aj, Ao, ..., Ap, we write lin A for the linear hull of A, and set
At ={zeR":2-y=0forall y € A}.

For L € 8™, we extend the radial function to a homogeneous function defined
on R™\{0} by p(L,x) = ||z||"tp(L,z/||z|). Then it follows immediately from the
definition that

p(oL,x) = p(L,¢"'x), =€ R"\{0} (2)
for ¢ € GL(n).



We call a valuation Z : P} — (8", +,) an L, radial valuation. A valuation
Z with Z P = {0} for every P having dimension less than n is called simple. A
valuation is called GL(n) contravariant of weight q, q¢ € R, if

Z¢P = |det 9|99t Z P

for every ¢ € GL(n) and every P € P}. Here ¢! denotes the transpose of the
inverse of ¢. For 0 < p < 1, the operators I;f Py — 8" and I, : Py — S™ are L,
radial valuations and GL(n) contravariant operators of weight 1/p.

The following lemma guarantees that a classification of all L, radial valuations
which are GL(n) covariant with negative weight follows from a classification of all
L, radial valuations which are GL(n) contravariant with positive weight. Moreover,
if we know all L, radial valuations, GL(n) covariant of arbitrary weight, we know
all GL(n) contravariant L, radial valuations and vice versa.

Lemma 1. Let Z be an L, radial valuation and define another L, radial valuation
Z* by Z* P =7 P* for every P € Py. Then Z is GL(n) covariant of weight q if and
only if Z* is GL(n) contravariant of weight —q.

Proof. That Z* satisfies the valuation property is a consequence of
(PUQ)"=P'NQ*, (PNQ)"=PUQ"

for polytopes P, Q € P§ having convex union (see, for example, [36]). The statement
of the lemma follows from the fact that (¢pP)* = ¢~*P* holds for every P € P} and
every ¢ € GL(n). O

2.1 Extension

Given an L, radial valuation Z, we define another valuation Y : P§ — C.(S""1) by
Y P(-) = p(Z P,-)P. Here C+(S™!) is the set of non-negative continuous functions
on the sphere. We want to extend this valuation to the set fg of convex polytopes
which are either in Pj or are the intersection of a polytope in Pj and a polyhedral
cone with at most n facets having its apex at the origin. The following prepara-
tions will show when such extensions exist. For 1 < j < n, let ﬁ? denote the set
of polytopes which are intersections of polytopes in P} and j halfspaces bounded
by hyperplanes Hi,..., H; containing the origin and having linearly independent
normals. We need some more notation. For a hyperplane H C R", Py (H) is the
set of convex polytopes in H containing the origin in their interiors relative to H.
Let C,(S™!) denote the superset of C; (S™™1) consisting of all non-negative func-
tions defined almost everywhere (with respect to spherical Lebesgue measure) on
S"~! which are continuous almost everywhere. We write H+, H~ for the closed
halfspaces bounded by H.

For P € P}(H) and A C S" 1 we say that Y : P} — C(S" 1) vanishes on A
at P if foru € H-\H, v € H"\H and every w € A, there exists a neighbourhood
A(w) of w such that

lim Y[P,u,v] =0 uniformly on A(w)

u,v—0



holds. If there exists a constant ¢ € R such that Y[P,u,v] < ¢ for |lul|, |lv|| < 1,
w€ H \H,ve H"\H and [P,u,v] = [P,u] U [P,v], then we say that Y : P} —
C.(S™ 1) is bounded at P.

Now we are able to formulate the following lemma proved in [24].

Lemma 2. Let Y : P§ — C+(S" 1) be a valuation.

1. If Y wanishes on S"~! at P for every hyperplane H containing the origin and
every P € PJ(H), then Y can be extended to a simple valuation Y : Pg —
C.(S™1).

2. If Y is bounded and vanishes on S" "\ H at P for every hyperplane H containing
the origin and every P € PJ(H), then Y can be extended to a simple valuation
Y . 58 — C4(S™ Y and for P € fg bounded by hyperplanes Hy, Ho, ..., H,
containing the origin, Y P is continuous and bounded on S" 1\(Hy U---U H,).

3. If Y is bounded and vanishes on S"""\H* at P for every hyperplane H contain-
ing the origin and every P € PY(H), then Y can be extended to a simple valua-
tionY : Py — C1(S™ ') and for P € Py, bounded by hyperplanes Hy, Hs, ..., H,
containing the origin, Y P is continuous and bounded on S\ (Hi-U---UH;).

4. If Y wvanishes on S"~\H* at P for every hyperplane H containing the origin
and every P € PY(H), then Y can be extended to a simple valuation Y : Py —
C(S™ 1) and for P € fg bounded by hyperplanes Hi, Ho, ..., H, containing
the origin, Y P is continuous on S '\(H{ U---U H;-).

The extension is defined inductively for j = 1,...,n, and convex polytopes P =
Pyn Hf' n---N H;r with Py € Py and hyperplanes having linearly independent
normals: Foru e HiyN---NHj_1,u € HJ_\H, set

Y P = lim Y[P, u
u—0
on Sl SnI\(HyU---UH;) or S I\(H{} U---U HJL) if Y vanishes on S"71,
SN\ H or S\ H*, respectively.
The proof of the following lemma is omitted since it is nearly the same as the
proof of Lemma 5 and Lemma 8 in [24].

Lemma 3. Let Z : Py — S™ be an L, radial valuation and define Y : P} —
C+(S"1) by Y P(-) = p(Z P, -)P.

1. If 7 is GL(n) covariant of weight q, then for every hyperplane H containing the
origin and every P € Py(H), the following holds: If ¢ = 0, then Y wvanishes on
S"\H at P and if ¢ > 0, then Y vanishes on S"~' at P. In both cases, Y is
bounded at P.

2. If 7 is GL(n) contravariant of weight q, then for every hyperplane H containing
the origin and every P € Py(H), the following holds: If ¢ > 0, then Y wvanishes
on S"N\H* at P and if ¢ > 1, then' Y vanishes on S*~' at P. Forq>1,Y
s bounded at P.



Let Z be an L, radial valuation which is GL(n) contravariant of weight g.
For ¢ > 0, Lemma 2 and Lemma 3 guarantee the existence of an extension of
Y P(-) = p(Z P,-)P to Py for which we write Y. We extend these functions from
S™=1 to R™\ {0} by making them homogeneous of degree —p. From the definition
of this extension it follows for ¢ € GL(n) and P € f{j bounded by hyperplanes
Hy,Hs, ..., H; that

Y ¢P(z) = [det Y P(¢'x) (3)

on S"N\¢ HH{FU---U HJJ-) for 0 < ¢ <1 and on S"~! for ¢ > 1.

If Z is an L, radial valuation which is GL(n) covariant of weight ¢, we proceed
as above. For ¢ > 0, Lemma 2 and Lemma 3 guarantee the existence of an extension
of Y P(:) = p(Z P,-)P to P for which we write Y and which we extend from S"~! to
R™\{0} by making it homogeneous of degree —p. From the definition of this exten-
sion it follows for ¢ € GL(n) and P € fg bounded by hyperplanes Hy, Ho, ..., H;
that

Y oP(x) = |det o1 T P(¢12) ()

on S""N\¢(Hy U---UH;) for ¢ =0 and on S™! for ¢ > 0.

3 Proof of the Classification Results

We first establish a classification of valuations which are GL(n) contravariant of
weight ¢ > 0 and then a classification of valuations which are GL(n) covariant of
weight ¢ > 0. By Lemma 1, combining these results gives a classification of GL(n)
covariant valuations. The classification result for n > 3 is contained in Theorem 1.
The result for n = 2 is stated in Section 3.3.

Let Z : P} — (8", +,) be a valuation which is GL(n) contravariant of weight
g > 0 and let Z denote its extension to f’[}. Let T™ = [0,e1,...,ey] be the standard
simplex in R™. First, we show that Z is determined on fg by its value on T™.

Since Z is a simple valuation on fg, it suffices to show the statement for a poly-
tope P € fg contained in a simplicial cone C' bounded by n hyperplanes containing
the origin and with linearly independent normal vectors. We dissect P = T1U- - -UTy,
where T; € fg are n-dimensional simplices with pairwise disjoint interiors. Let H
be a suitable affine hyperplane such that D = C N H and S; = T; N H are (n — 1)-
dimensional simplices. We need the following notions (see [26]). A finite set of
(n — 1)-dimensional simplices aD is called a triangulation of D if the simplices have
pairwise disjoint interiors and their union equals D. An elementary move applied
to aD is one of the two following operations: a simplex S € aD is dissected into
two (n — 1)-dimensional simplices S1, S2 by an (n — 2)-dimensional plane containing
an (n — 3)-dimensional face of S; or the reverse, that is, two simplices S1, So € aD
are replaced by S = S; U Sy if S is again a simplex. It is shown in [26] that for
every triangulation aD there are finitely many elementary moves that transform
aD into the trivial triangulation {D}. Note that to each (n — 1)-dimensional sim-
plex S € aD, there corresponds a polytope @ € fg such that QN H = 5. If S is
dissected by an (n — 2)-dimensional plane E' C H corresponding to an elementary
move into S, .52, then @ is dissected by the cone generated by F into ()1, Q2 € fg.
Since Z is a simple valuation on fg, we obtain ZQ = ZQ; +p 7Z.Q>. The same



argument applies for the reverse move. Thus, after finitely many steps, we obtain
that ZP =ZT, +, - +p ZT}. Since Z is GL(n) contravariant, this proves that Z is
determined on Py by ZT".
We set
fz) = p(ZT", z)"

almost everywhere on R”. Since Z is GL(n) contravariant and 7™ does not change
when the coordinates are permutated, we obtain

flze,...;zn) = f(zry, ..., Tk,) (5)

for every permutation (ki,...,ky,) of (1,...,n). We derive a family of functional
equations for f.
For 0 < Aj <1landj=23,...,n, we define two families of linear maps by

¢j€j = )\jej + (1 — /\j)el, @-ek = e, for k # j,
¢j€1 = )\j@j + (1 — )\j)el, ’lﬁjek =¢p for k # 1.
Note that
_ 1 1—X; _ )
¢j163_)\76]— y ey, ¢; ter = ey for k # j,
vle = — Aj e; + ! e v lep =ep for k #1
;oel SV 1_)\j1, €k = €k .

Let H; be the hyperplane through 0 with normal vector Aje; — (1 — Aj)e;. Then
we have T™ N H;r = ¢;T" and T" N H; = ;T™. Since Z is a simple valuation, it
follows that

ZT" = Z(o;T™) +p Z(0;TT).

Since Z is GL(n) contravariant, this and (3) imply
f(@) = N f(¢52) + (1= X)) f (g52) (6)

almost everywhere on R™ where the set of exception depends on the value of q.
Similar observations can be made if the valuation Z is GL(n) covariant of weight
g > 0. Then we have by (4)

fla) =N f (g5 2) + (1= NP f (45 ) (7)
almost everywhere. Note that (5) holds in the covariant case, too.

3.1 The 2-dimensional Contravariant Case

Lemma 4. Let Z : P§ — (82, +,) be a valuation which is GL(2) contravariant of
weight ¢ = 1. Then there exists a constant ¢ > 0 such that

ZP =cys (P4, (—P))

for every P € Pg, where wg denotes the rotation by an angle 7.



Proof. Since p(P uQ, ) - max{p(P, ')ap(Qa )}7 p(P NnaQ, ) = min{p(Pa ')7p(Qa )}a
(2) implies that the function P +— ¢z (P +p (—P)) is in fact an L, radial valuation.
Since

Yzovy’ = (det§)o™" (8)
holds for every ¢ € GL(2), we obtain by using (2)
plevg (6P Ty (~0P)), 2l = pl((det )P, vz 6"} + Pp(~(det )P, vz gla)?
= (| deto|P, w3 6" + P p(—| det 6|, v e )
= plldetdlo™tews (P Ty (~P)), 2.

This proves the contravariance of weight 1.
From Lemma 2, Lemma 3, and (6) we know that

(@) = N f(dm) + (1 — M) f (w3) (9)

holds for every € R? which does not lie in the linear hull of e1, e or Age; —(1—A2)es
Thus it follows by induction that for £ =1,2,...,

k
Fl(w Z (1= X)P D f(h (e )'w) + (1= M) () (10)

holds on R? except on a set consisting of countably many lines. For suitable ¢ > 0,
we can evaluate (10) at x = e; — €ey. From this we obtain, using the homogeneity
and the non-negativity of f, that

k
Fler = (1= Xa)fe(vy)re2) 2 N5 Y f(dh(er — (1= h)'e(¥y ) e2)). (11)
i=1

Note that (15 ")¥es = — Ao Z o (1=X2)""Fes +eq. Thus |le; — (1 —Ao)ke(1hy)Fes| >
1. Let kK — oo in (11). By Lemma 2, f is uniformly bounded on S'\{+e;,+es}.
So f(eh(er — (1 — A2)’e(v3)ies)) — 0 as i — oo. It follows from the continuity
properties of f, that f((1 +¢)(e; + (1 — Aa)ea)) = 0. Taking the limit ¢ — 0, we
obtain

f(1,z22) =0, for 0 <z < 1. (12)

By (5), this implies
f(z1,1) =0, for 0 <z < 1. (13)

Relations (12), (13), and the homogeneity of f imply
f(x1,29) =0, for x1,z9 > 0. (14)
By evaluating (10) at —e; — €ea we get in a similar way
f(—=x1, —x9) =0, for 1,z > 0. (15)
Formula (9) gives

F=1L1) = X5f (=1, =14 2X2) + (1 = A)P (=1 + 2X2, 1).



In combination with (14) and (15) we obtain

1
f(—l, 1) = )\gf(—l,—l +2)\g) for B < Ag < 1,

F=1,1) = (1= AP F(—1 4200, 1) for 0< Ap < =,

2
Hence
Cp
f(=1,z9) = T for 0<ap <1,
Cp
f(=z1,1) = m for 0<uz <1,

with ¢ = 2Pf(—1,1). Since f is homogeneous of degree —p, we get

Cp
f(=x1,29) = m for x1,z9 >0,
and by (5)
Cp
f(z1, —z2) = m for x1,x9 > 0.

Combining these results finally yields
f(.Z') = Cpp(quTQv m)p + Cpp(,lp%(_TZ), x)p
almost everywhere on R2. O

For given p,q € R, we define the function g, , on R? by

(@) =2 P) /(w1 —a2)P? for 0 < @p <y,
Gnal@1,a2) = § /(2 — aa )P for 1 > 0.2 <0
0 otherwise.

Define the linear transformations ~;, ¢ = 0,1, 2, by

Yo(z1,22) = (=1, —22), 71(21,22) = (22, 21), Y2(T1,22) = (—22, —71),

that is, 79, 71, and 2 are the reflections with respect to the origin, the first median,
and the second median, respectively.

Lemma 5. Let f : R2\{0} — R be a function positively homogeneous of degree —p
such that

f($1,562) = )\qu(Il, (1 — )\)l‘l + )\CCQ) + (1 — )\)qu((l — )\)1‘1 + )\LEQ,IEQ) (16)
holds on R2\{0} for every 0 < A < 1. Then
[ = f(l, 0) 9pg T f(—l, 0) 9p,q O Y0 T f(Oa 1) 9Ipq O V1 T f(O, _1) 9p,q © V2 (17)

on R2\{(z1,22) : 11 = x2}.



Proof. Equation (16) evaluated at the points £(1,0), £(0,1), (=X, 1 — \) and the
homogeneity of f yield

a1 = AT ) (18)
- = T ) (19)
D) = 0D, (20)

1 — \P4—P
f(=A-1) = mf(o’ -1), (21)
f(_)‘v 1- )‘) = )‘pq_pf(_LO) + (1 - )\)pq—pf((]’ 1)7 (22>
FOOA=1) = XNIPF(1,0)+ (1 — A)PTPF(0,—1). (23)

First, suppose that z1 > xo > 0. If 2o = 0, it follows from the homogeneity of f
that f(z1,0) = 27 f(1,0) = f(1,0) gp4(x1,0). For z1 > x5 > 0 we obtain by (18)

fly, @) = a"f(1L,1 - (1—a2/a1)) = wlptl__(f;éilv)lip:

= L2 £(1,0) = £(1,0) gpg(x1, z2).

f(1,0)

Since gp.q ©70, gp,g © 71, and gp 4 072 are zero for x1 > x5 > 0, (17) holds in this part
of the plane. (19) gives

(1= (z2/21))Pd

= L2 f(—1,0) = f(~1,0)(gp,g © 70)(—21, —2).

f(=z1,—x2) = aPf(—1,(1 —ag/z1) — 1) =2 f(=1,0)

But gp.q, gp,q 71 as well as g, 072 vanish for 1 < z3 < 0 and therefore (17) is true
if x1 < x2 < 0. Using the homogeneity we obtain that (17) is correct for z; < 0,
Tro = 0.

Now, assume x9 > x1 > 0. If 1 = 0, then we have

f0,22) = 2,7f(0,1) = £(0,1)(gp.q ©1)(0, 22),
f(ov —.fg) = xZ_pf(Ov _1) = f(oa _1)(gp,q © 72>(07 _1'2)'
Formulae (20) and (21) for zo > 1 > 0 yield

Flonan) = ag?flonfoa 1) =y P

f(0,1)

= g T = 10,1 (g 0m) (w1, 22),
— (21 /20)PIP
flmor=an) = @ feanfea—1) =y 0, )
xgq—p_leoq—p

= = f(0,=1) = f(0,=1)(gpq © 72) (=21, —22).



Since gp.q, Jp,g ©705 Gp,q © Y2 are zero for xo > x1 > 0 and gp g, gp,g ©705 Gp,q©1 Vanish
for z9 < x1 < 0, it remains to prove identity (17) if the coordinates have different
signs.

Finally, let x; and x2 be greater than zero. By (22) and (23) we have

fl=z1,22) = (z1+22) P f(—21/(21 + 22), 1 — 21/(21 + 72))
l’gqip xﬁq*p
= (-Tl + x2)qu(07 1) + (951 i $2)qu(_17 0)
= f(0,1)(gpq o) (—z1,22) + f(—1,0)(gpq © Y0)(—71, 72),
flz1,—22) = (z1+22) P f(21/(21 + 22), 21/ (21 + 22) — 1)
xgq*p :L.l;q*p
= Wf(ov—l)+mf(1ao)

= f(0, _1)(9p,q o2)(z1, —w2) + f(1, 0)91)41(351’ —Tg).

The fact that g, , and gy, 4 072 are zero in the second quadrant and g, 4 © 70, gp,q© 71
are zero in the fourth quadrant completes the proof. ]

In the following, we have ¢ > 1. Therefore Lemma 2 and Lemma 3 imply that
f is continuous on S"~!. Thus (6) holds on R\{0} and f satisfies the conditions of
Lemma 5. Combined with (5) this implies that

[ =F(1,0)(gpq + gpgo71) + [(=1,0)(gp.q © Y0 + gpg ©72) (24)
on R%\{0}.

Lemma 6. Let Z : P§ — (82, +,) be a valuation which is GL(2) contravariant of
weight q. Letp>1,qg>10or 0<p<1,q>1/p. Then

7P ={0}
for every P € PZ.
Proof. For x5 > 0 fixed, we obtain by (24) that
A

9611—13612-"- f(l’l, xQ) - 1‘11—13}24‘ (fL'l - IEQ)pq

f(1,0)

has to be finite. This implies that f(1,0) has to be zero.
Considering limg, 5,4 f(—x1, —x2) proves f(—1,0) = 0. So by (24), f vanishes
on R?\{0}. O

Lemma 7. For p < 1, let Z : P? — (8% +,) be a valuation which is GL(2)
contravariant of weight ¢ = 1/p. Then there exist constants c1,ca > 0 such that

ZP=c1P+ycl, P

for every P € PZ.
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Proof. A simple calculation shows

p(I; T2’ ,)P = (p2 - 3p + 2)_1(gp,1/p + gp,l/p © '71) (25)

almost everywhere. Therefore

p(L, T2, = p(Ly T2, 70()" = 0 =30 +2) " (gpa/p 0 Y0 + Gpajp o 12)-  (26)
Combined with (24), these equations complete the proof. O

Finally, we consider the case p < 1 and ¢ € (1,1/p). We define

p(L, T, )P = (9p.g + Ip.g © 1) ().

The restrictions on ¢ show that p(L; , T2, ) is continuous and non-negative on R?\ {0}.
By definition, p(L}, T?,.) is positively homogeneous of degree —1 and thus the radial
function of a star body.

We extend this definition to all simplices in R? having one vertex at the origin
(we denote this set by 7?):

g | det ¢|2¢p~ L, T2 if S is 2-dimensional and S = ¢T?2,
pa= ) {0} otherwise.

Note that L is well defined on 7 since p(L} T2, -) does not change if the coordi-
nates are interchanged. We claim that I} is a valuation on T2. To prove this, it
suffices to check the valuation property if the two involved simplices coincide in an
edge. Since by definition I} , is GL(2) contravariant, it suffices to check the valuation
property for the standard simplex. Thus it suffices to show that

LT =0 (T*nHY) 4, I} (T°NH")
where H is the line with normal vector Ae; — (1 — A)eg, 0 < A < 1. Therefore we
have to prove

oI5, T2 (w122 = Np(T;, T2, (@, (1= N1 + Aza))?

(27)
+(1 — )\)pq’O(I;—’q T2, ((1 — )\)xl + Axo, $2)>p.

The case x1,x2 < 0is trivial. So assume x1 > x9 > 0. Then z1 > (1—-\)x1+Axg > 0,
(I — XN)ax1 + Az > x9 > 0, and the right hand side of (27) equals

PITP (1= A)zy + Adg)PaP

\pa L1 : : ; ; (L= N1 + Awg)PI7P — 257P
xr1 — 1—)\1‘1—)\1‘2 pq

((1 — )\)ZL‘l + )\ZL’Q — :Ez)pq

+(1— AP

which is nothing else than p(L;, T2, (x1,22))P. Similar, we obtain (27) for points
xo > x1 > 0. To check (27) for (x1, —mz2), x1,22 > 0, we first assume that (1 —
A)z1 — Azg > 0. Then 0 < (1 — N)z; — Aza < 27 and the sum appearing in (27)
equals

pPq—p __ ((1 _ A)l‘l _ )\xg)pq_p

)\pqxl ((1 = AN)axp — Axg)PI7P
(x1 — (1 = AN)z1 + Axg)Pe

((1 — )\)Il — Axrg + xg)pq '

+ (1= X)P

12



If (1 = M)z — Azg < 0, the right hand side of (27) is

pg—p
L1

qu
(a:l — (1 — )\)1'1 + )\:cg)Pq

These two expressions are equal to p(I} T2, (x1, —x2))P. The case (1—\)z1—Az2 =0
is simple and the remaining part can be treated in an analogous way.
Now, we extend the valuation I} / to fg by setting

p(L, , P, x)P Zp (I, Sis )P,
el

where {S; : i € I, dimS; = 2} C 73 is a dissection of P, that is, I is finite,
P = J;c; Si and no pair of simplices intersects in a set of dimension 2.

Given two different dissections, it is always possible to obtain one from the other
by a finite number of the following operations: a simplex is dissected into two 2-
dimensional simplices by a line through the origin, or the converse, that is, two
simplices whose union is again a simplex are replaced by their union (We remark
that the corresponding result holds true for n > 3, see [26]). Since L; , is a valuation

on 7¢, this shows that I} is well defined on fg.

We have to prove that I is a valuation. To do so, let P,Q € fg be two 2-
dimensional convex polytopes such that their union is again convex. We dissect
R? into 2-dimensional convex cones with apex 0 in such a way that each vertex
of P,Q,PNQ,PUQ lies on the boundary of some cone in this dissection. The
intersection of such a cone with the boundary of P and @) are line segments which
are either identical, do not intersect, or intersect in their endpoints only. Therefore
I, is a valuation and obviously it is GL(2) contravariant of weight g.

We define the L, radial valuation I, , by setting I, P = I (—P). Now, (24)
implies the following result.

Lemma 8. For p < 1, let Z : P? — (8% +,) be a valuation which is GL(2)
contravariant of weight 1 < q < 1/p. Then there ezist constants c1,ca > 0 such
that

ZP=c 1}, P +p €2 L,P

for every P € PZ.

3.2 The 2-dimensional Covariant Case

Let Z : P53 — (8% +,) be a valuation which is GL(2) covariant of weight ¢q. Let

q > 0. As before, let Y P(:) = p(Z P,-)? and denote the extension of Y to 5(2) by Y.
Note that Lemma 2 and Lemma 3 imply that Y is continuous on S*. We define the
valuation Y by Y P(-) = Y P(¢z1(-)) for every P € fg. From (4) and (8) it follows
that for ¢ € GL(2) with det ¢ > 0

Y ¢P(z) = det g™ Y P(¢™ "5 'z) = |det "I Y P(¢'x)

13



for every P € fﬁ. So YTQA satisfies (16) with ¢ + 1 instead of ¢. From the GL(2)
covariance it follows that Y T?(xq,22) = Y T?(—x9,—x1). Thus Lemma 5 shows
that

YT?%= S?T2(1a 0)(9p,q+1 + 9p,g+1© Y2) + ?TQ(Oa 1)(9p,q+1 ©7 + 9p,g+1 © 7). (28)

Considering the limit

Pq

pq
L1

. - LU2
lim ——=—
z1—zo+ (x] — X9)PITP

for fixed 25 > 0, we derive for p > 1 that Y T%(1,0) = Y 72(0,1) = 0 since Y T2 is
continuous on R?\{0} and has to be finite on the first median. This limit also proves
that Y 72(1,0) = YT2(0,1) = 0 for p < 1 and ¢ > 1/p — 1. Now, (28) implies the
following result.

Lemma 9. Let Z: P3 — (S%,+,) be a valuation which is GL(2) covariant of weight
q>0. Letp>1,¢g>00r 0<p<1l,qg>1/p—1. Then

ZP ={0}
for every P € PZ.

For p <1 and g € (0,1/p — 1), we define J} , by

p(J;»q TQ’ x)p = (gp,q-l—l + gp7q+1 o ’YQ)('(/}%JT)

Similar to the contravariant case, J;q can be extended to a covariant valuation on
P2. We define Jpq by Jp g P =T} ,(=P). Now, (28) implies the following result.

Lemma 10. For p < 1, let Z : P§ — (S?,+,) be a valuation which is GL(2)
covariant of weight 0 < g < 1/p — 1. Then there exist constants c1,ca > 0 such that

ZP=c1J,,P +p €2 Jpa P
for every P € PZ.

~ For ¢ =1/p—1, the continuity of Y T2 at the first median and (28) yield that
Y T?(1,0) = YT?(0,1). Therefore we obtain the following lemma by using (25),
(26) and the identity ¢z I, P = ¢5 ' 1, P.

2

Lemma 11. Let Z : P2 — (8% +,) be a valuation which is GL(2) covariant of
weight ¢ = 1/p — 1. Then there exists a constant ¢ > 0 such that

ZP=cisl, P

for every P € PE.
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3.3 The 2-dimensional Classification Theorems

Using the lemmas of the preceding sections and the planar case of Lemma 12 and
Lemma 17, we obtain the following result.

Theorem 3. For 0 < p < 1, an operator Z : P¢ — (S?, +,) is a non-trivial
valuation which is GL(2) covariant of weight q if and only if there are constants
c1,cy > 0 such that

ClI;P*‘T‘pCQ:[;P* fO’[’q:—l/p
aly,P*Fpel,  P* for —1/p<qg<—1
ZP= ez (P4, (=P7)  forg=—1
aldi,Ptpead, P for0<qg<l/p—1
Clwg I, P forq=1/p—1

for every P € PE. For p > 1, an operator Z: P§ — (S?,+,) is a non-trivial GL(2)
covariant valuation if and only if there is a constant ¢ > 0 such that

ZP =iz (P Ty (—PY))
for every P € PZ.

Next, we consider an operator Z with centrally symmetric images. Note that in
this case also the extended operator Z has centrally symmetric images. Using again
the lemmas of the preceding sections and the planar case of Lemma 12 and Lemma
17, we obtain the following result. Here I, P =17 P +,1, P.

Theorem 4. For 0 < p < 1, an operator Z : P¢ — (S2,+,) is a non-trivial
valuation which is GL(2) covariant of weight q if and only if there is a constant
¢ > 0 such that

(prP* forq=—-1/p

cl,qP* for —1/p<qg<—1
ZP={cy=z(P” +p (=P*)  forq=-1

cYzlpg P forO<g<1l/p—1

cyz L, P forq=1/p—1

for every P € P3. Forp > 1, an operator Z: P§ — (S2,+,) is a non-trivial GL(2)
covariant valuation if and only if there is a constant ¢ > 0 such that

ZP = cipz (P*+, (—PY))

for every P € PZ.
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3.4 The Contravariant Case for n > 3

Lemma 12. Let Z : P} — (8", +,), n > 2, be a valuation which is GL(n) contra-
variant of weight 0 < q < 1. Then

ZP = {0}
for every P € Pjy.
Proof. From (6) we deduce that for « ¢ line; U---Uline, Ulin(Aje; — (1 — Aj)e;)

fla) = N f (o) + (1= Xj)Pf () (29)
holds. First, we want to show that f is uniformly bounded on S™ 1\ {#e1, ..., +e,}.
To do so, note that since f is positive, equation (29) for j = 2 at (z1,1—Xg, x3,...,2p)
and (x1,—(1 — X\o),z3,...,x,) gives

f(xl,(l—Ag)(ﬂSl+)\2),x3,...,$n) A;qu(xl,l—/\2,$3,...,xn), (30)
flzr, (1= Xo)(x1 — A2), @3, ..., Zn) A;qu(xl, —(1—=X2),x3,...,2p). (31)
Let z1 — — Mg, T2, ..., o, — 0in (30). Since f is continuous on S" '\ {+ey,..., +e,}

and homogeneous, it is bounded in a suitable neighbourhood of —Age; + (1 — A2)es.
Thus f is also bounded in a suitable neighbourhood of —Age;. From (5) we conclude

<
<

that f is bounded in a neighbourhood of every —e;,i = 1...,n. Proceeding in an
analogous way but taking the limit z; — Ay and taking (31) into account we obtain
the boundedness in suitable neighbourhoods of ¢;,i =1...,n.

From (29) we know that

F(y'w) = N f () + (1 = M) f (1305 )

for z ¢ line;U---Uline, Ulin(e; + (1 — A2)ez2). Thus we obtain for (—1,1,z3,...,2,)
by using the homogeneity and the non-negativity of f that

NP (=1, 1,23, ...y xn) < f(=A2,2 — Aoy Aas, ..., Aayy).
Since pg — p < 0 and f is bounded, this yields
f(=1,1,23,...,2,) =0, xz3,...,2, € R.
Evaluating (29) at (—1,1,z3,...,x,) proves
0=XM77F(=1,2 2 — L,z3,...,20) + (1 = X)PIf (2N — 1, 1, 23, ..., @p).
for Ay # 1/2. Since f is non-negative,

f(=1,z9,23,...,2,) =0, —1<axy<1, x2#0, x3,...,2, €R,
flz1,1,23,...,2,) =0, —l<z<l, x21#0, z3,...,2, €R

Because of (3) we also have for —1 < z; <1, =1 < x9 < 1, 21,22 # 0 and arbitrary
T3y...,Tp

f($1,—1,fl'3,. . '71"77,) = 07
f(l,z0,23,...,2,) =0.

These last four equations prove that f is equal to zero almost everywhere on R”. [
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Lemma 13. Let Z: P} — (8™, +p), n > 3, be a valuation which is GL(n) contra-
variant of weight g = 1. Then
7P = {0}

for every P € Pjy.

Proof. By Lemma 2 and Lemma 3, f is continuous and uniformly bounded on S™~!
except on line; U---Uline,. By (6), we have for 2 < j <n

fl@) = N f(dfx) + (1= X)) f () (32)

on R™ except on a finite union of lines. Using this repeatedly, we get
fl@) = M- Mo f(¢n - dha) + ZA” AP F (55 - dh)

+(1 = M) f(¥ha)
> b NF(@ - gha) + (1= M) f(wha).

This implies for £k =1,2,...,

k
F(pg Y Fx) = M5 N0 (1 = Ag)PRT (gl g () ) (33)

=1

except on countably many lines. Define ' = xse3 + - - - + xpe,. Evaluating (33) at
suitable e; 4+ ' and multiplying by (1 — A2)"P* shows that

k
Flev+ (1= Aa)ka’) = N5 28 37 (g - dher + (1 — Ag)'a')).
i=1

Let k — oo. Since f is uniformly bounded and continuous at ¢!, - - - ¢be; = ey + (1 —
Aa)ea + -+ + (1 — Ay )en, it follows that f(¢f --- dber) = 0. So we get

fl,ze,...,x,) =0, 0<umg,...,x2, <1.
From (5) we obtain (using the homogeneity of f) that
f(L,zo,...,xy) =0, mo,...,xp >0, 0<Tpy1,...,Tpn <Ll

So f(z1,...,2n) = 0 for z1,...,2, > 0. Considering —e; + 2’ and (33) like before
shows f(—z1,...,—x,) =0 for z1,...,2, > 0.

Note that (32) for j = 2 and arbitrary ¢ > 1 at (¢,¢, —1, ¢, ..., c) proves (since p #
1) that f(c,c,—1,¢,...,¢) =0. Let 1 <0, z2,...,2, > 0,and (1-Xj)z1+Ajz; > 0.
By (32) and the fact that f vanishes at points having all coordinates greater than

zero we get
1

F(0h - 00) = 5y F @)

except on finitely many lines. Thus we obtain

NP NP (=l e—e,e..0,0) = f(Ph - dh(—1,c—e,¢,...,0))
=f(-1,—-1+X(Q+c—¢e),-1+X3(1+¢),...,—1+ A (1 +0))
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for suitable ¢ > 0 and Az, ..., A, > 1/(1 + ¢ —€). The continuity of f shows
f(=1L,zo,...,2y) =0, 0<x9,...,2, <cC.

But ¢ > 1 was arbitrary, so f(—1,z9,...,2,) = 0 for z2,...,2, > 0. The ho-
mogeneity yields f(—z1,x9,...,2,) = 0 for x1,29,...,2, > 0. In conclusion,
f(z1,...,2,) = 0 if at most one coordinate is negative. Suppose f(z1,...,2,) =0
where at most 1 < k < n — 1 coordinates are negative. Let z be chosen such that
X1y, Tpr1 < 0 and xgq0,...,2, > 0. Suppose z2 < 1 < 0. Choose Ay with
0 <xi/xa < Ay < 1. Then

I A

(Wy'on = (6ovy "o = 1= N 1 _2/\2%'2 >0,
(Wy'a)i = ($hvy'2)i >0,  i=k+2,...,n
Since f(15 w) = Nf(phwos'x) + (1 — A2)P4f(x) we obtain f(x) = 0. By (5) we
conclude f(z) = 0 for the case x1 < x3 < 0. O

In the following, we have ¢ > 1. Therefore Lemma 2 and Lemma 3 imply that
f is continuous on R™\{0}. In the proof of Lemmas 14 to 16, we use the following
remark. Suppose we have two functions fi, fo which are continuous on R™\{0}
satisfying (5) and such that for 0 < \; <1, j=2,...,n,

filx) = N fi( @) + (1 = M) filjr)

holds on R™. Further assume that these functions are equal for all points where at
most two coordinates do not vanish. Then an argument similar to that at the end
of the last proof shows that these functions have to be equal.

Lemma 14. For p > 1, let Z : Py — (8", +,) be a valuation which is GL(n)
contravariant of weight ¢ > 1. Then

ZP ={0}
for every P € Pjy.

Proof. Define f(xl,:vg) = f(z1e1 + x2e2). Then f is continuous and satisfies the
conditions of Lemma 5. The proof of Lemma 6 shows f = 0. By (5) this implies
that f(z;e; + zje;) = 0 for arbitrary 1 <4, j < n. Thus f vanishes on R™\{0}. O

Lemma 15. For p < 1, let Z : P} — (8™, +,) be a valuation which is GL(n)
contravariant of weight ¢ = 1/p. Then there exist constants ci,co > 0 such that

ZP:cll;;Pq—chI;P
for every P € Pjy.

Proof. For & = x1e; + xgep, note that p(L; T, z) is a multiple of p(I} T2, (21, 22)).
This and an analogous argument as before proves the lemma. O
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Lemma 16. For p < 1, let Z : P} — (S™,+,) be a valuation which is GL(n)
contravariant of weight ¢ > 1, ¢ # 1/p. Then

ZP={0}
for every P € Pj.

Proof. By (6) we have

Fla) = AP f(dhz) + (1 — )P f ()

on R™\{0}. Since e3 is an eigenvector of #% and ! with eigenvalue 1, we get f(+e;) =
0fori=1,...,n. For f(x1,22) = f(x1€1+x2e2) this implies f(1,0) = f(~1,0) = 0.
Lemma 5 proves f = 0. O

3.5 The Covariant Case for n > 3
Lemma 17. Let Z : P} — (S™,+,), n > 2, be a valuation which is GL(n) covariant
of weight ¢ = 0. Then there exist constants c1,ca > 0 such that
ZP=c P+,c(-P)
for every P € Pjy.

Proof. By Lemma 2 and Lemma 3, f is continuous and uniformly bounded on
S\ (et U---Uel). By (7), the equation

fla) = f(o5 ') + f(y; 'z) (34)

holds for x ¢ et U---Uei U (\jer — (1 — Aj)ej)*. Using this, we get by induction

for k=1,2,...,
k

Floha) =" f(wy'gha) + f(x) (35)

i=1

for ¢ e3 U---Ueb 2, (e1 + ajez)t and a suitable sequence (a;). Define 2/ =
xr1e1+r3es+xgeq+ - - +xpe, where xq, 23,24, ..., 2, # 0 and 1 # 1 —a; for every
i. Then (35) at ez — e1 + 2’ and the non-negativity of f show

k
FNS(e2 —er) +a') =D fihy M (Ny(ea — e1) + ).
=1

Let k — oo. Since f is uniformly bounded, lim; .o (15 *(Ms(ea — e1) + 2)) = 0.
The continuity properties of f yield

x —Xox
f <1_1)\2, 1_2)\;,563,...,3:”) =0, forxy,xs,..., 2, #0. (36)

From (36) we obtain that

f(x1,29,...,2,) =0, for xzy,z9,...,2, # 0 and not all x; have the same sign.
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For j =2,3,...,n and x = x1e1 + x2e3 + - - - + e, where all the x; have the same
sign, it follows that at least two coordinates of 1/Jj_1¢jx have different signs. Thus
(34) gives

n—2 k
f(on - pox) = f(x), foraz¢ ef U---u eﬁ U U (e1 + Z(l - )\2+i)62+i)J_' (37)
k=0 i=0

Evaluating (37) at (1,...,1) gives
FA+A=X) 4+ (1 =), Aoy s M) = f(1,...,1),

from which we conclude

flz1,...,zn) = f(1,...,1), forO<uza,...,2, <1, z1=n—22— -+ —xy. (38)
But (37) for positive xa, ..., x, is nothing else than

flx1,...;zn) = f(z1+ (L= X)za + -+ + (1 = Ap)zp, AaZa, . o, Any).
Choosing sufficiently small A, ..., \,, we obtain by (38)
flxy, ... xn) = f(1,...,1), foraxy,...,xp, >0, 11 =n—29— -+ — .

Similarly, we derive

fl=x1,...,—xpn) = f(=1,...,=1), foraxy,...,xp, >0, 11y =n—29 — -+ — .
This shows that f(z) = c1 p(T™, )P + co p(—=T", z)P. O

Lemma 18. Let Z : Py — (8™, +,), n > 3, be a valuation which is GL(n) covariant
of weight ¢ > 0. Then
ZP ={0}

for every P € Pjy.

Proof. Since ¢ > 0, Lemma 2 and Lemma 3 imply that f is continuous on S"~!. By
(7) we have

fl@) =N f (g5 2) + (1= X)Pf (45 ) (39)

on R™\{0}. The vector e3 is an eigenvector with eigenvalue 1 of ¢ L and hy 1. So
for pg # 1, (39) and (5) imply f(+er) = 0 for k = 1,2,...,n. For pqg = 1, (39)
evaluated at e; for j > 1 yields

fle))A;" = flej — (1= Xj)er).

Since f(ej —eq) has to be finite and f is continuous, f(e;) has to be zero. Thus also
in this case f(+er) =0for k=1,2,...,n.
Hence (39) gives

FI(L=Xj)er + Ajes) = AP f(ej) + (1 — Aj)P f(er) = 0.
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Therefore f(z1e1 + e;) = 0 for positive ;. Using (39) again shows
f(=er) = N f(=e1) + (1= \)PTP f(—e1 + Ajey),
and so f(xie; +e€;) =0 for 1 < —1. But
fleg) = NP F(—(1 = Mjer + ;) + (1= AP f(ey),

which proves, together with the observations made before, that f(zi1e; +e;) = 0 for
all z1. By (5) this implies that f(e; 4+ xje;) = 0 for all ;. The homogeneity of f
shows f(x1e1 + xjej) = 0 for all 1, 2. Thus f vanishes on all points with at most
two coordinates not equal to zero.

We use induction on the number of non-vanishing coordinates. We assume that
f equals zero on points with (j — 1) non-vanishing coordinates. Set z’ = zoeq+-- -+
zj-1ej-1. By (39),

f((l — )\j)el + )\jej -+ a;’) = )\?qf(ej + a:’) + (1 — )\j)qu(el + JI/) = 07

which gives f(z1e1+e; +2'/A;) = 0 for 1 > 0. Therefore f(zi1e; +e;+2') =0 for
all z1 > 0 and 2’ = x2e + -+ + zj_1€j—1. But by (39)

f(—61 + .le/) = )\?qf(—el + iL‘,) + (1 — )\j)pq+pf(—€1 + )\j €; + (1 — )\j).%'/),
f(ej + :L‘/) = )\gq+pf(_(1 — )\j)el +e; + JJ/) + (1 — )\j)qu(ej + /\j l‘/).

So f(zie1 + e+ ') =0 for all 1 and @’ = xoea + -+ + xj_1€;_1. By (5), f(e1 +
zjej+a') =0 for all z; and 2’ = x9ea+---+xj_1€j_1. The homogeneity of f finally
shows that f(zie1 + -+ xje;) =0 for all z4,...,z;. O
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