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Abstract. Necessary and sufficient conditions are given for a certain class of
homogeneous multicomponent Gaussian generalized stochastic fields to pos-
sess a Markov property equivalent to Nelson’s. The class of Markov ficlds so
characterized has as a subclass the class of Markov fields which lead by
Nelson’s Reconstruction Theorem to some covariant (free) quantum fields.

Introduction

In 1948, Levy [1] defined a Brownian motion indexed by the d-dimensional
Euclidean space IRY, With this Brownian motion in mind, he introduced [2] the
notion of Markov property of finite order for (ordinary) stochastic fields, and
conjectured [2] that the Brownian motion indexed by R*'*! v=ga nonnegative
integer, is Markovian of order v+ 1. It was left to McKean [3] to establish the
veracity of Levy’s conjecture. Recently, Molchan [4] has furnished an alternative
proof of Levy’s conjecture while Pitt [5] has extended McKean’s proof to
arbitrary Gaussian stochastic fields which are Markovian of some finite order. In
his proof, Molchan employs aspects of the theory of elliptic partial differential
equations and the notion of the reproducing kernel Hilbert space [6] associated
with a stochastic field. By a blending of the preceding ideas with those of McKean
3] and by applying Peetre’s characterization [7] of differential operators, Pitt
characterized a finite order Markovian Gaussian stochastic field, under some
assumptions, by identifying the inner product of its reproducing kernel Hilbert
space with the Dirichlet form [8] of a strongly elliptic partial differential operator.

Results, of the above type are, of course, certainly of relevance at the initial
stages of development of a theory of Markov stochastic fields. But stochastic fields
which are Markovian of finite order are clearly only a special class of Markovian
fields. Indeed, McKean employs a generalization of Levy’s notion of Markov
property in {37] and his extended definition thus accommodates Markov stochastic
fields which are not necessarily of finite order. In [9] and [10], necessary and
sufficient conditions for a homogeneous scalar Gaussian stochastic field to be
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Markovian in McKean’s sense are proffered under some assumptions on the
spectral measure of the stochastic field.

In this paper, we consider a class of multicomponent Gaussian generalized
stochastic fields subjected to minimal covariance constraints and we study a
notion of Markov property, which implies and is implied by Nelson’s [11] notion
of Markov property, for this class of fields. Our results generalize the results of [9]
and [107]. In Constructive Quantum Field Theory, Nelson has developed a scheme
[11, 12] for generating quantum fields from a certain class of Markov fields which
have more restrictive covariance properties than we impose here. Given the central
role now being played by Markov fields in contemporary Quantum Field Theory
[13, 14], a characterization of the above mentioned quantum-field-yielding class,
or even a wider class such as we study here, of Markov fields is evidently desirable.
Such a characterization immediately also leads to a characterization of the
associated class of quantum fields (by Nelson’s Reconstruction Theorem [11]). On
the other hand, a study of this nature is clearly also of independent interest in
abstract Probability Theory.

1. Ultradistributions and a Paley-Wiener Theorem

In this section, we undertake a cursory review of some of the mathematical
structures employed in the sequel.

We begin with the ultradifferentiable functions. In describing the space of
ultradifferentiable functions, one assumes given a fixed infinite sequence
MZ(Mk)o k2o
of positive numbers distinguished by the following properties:
(1.1) MM,  M,,,, for k=1;

0

M
(1.2) zf«roo;

k=1 k
(1.3) there are constants A and H such that
M, <AH'M,, k20;
(1.4) there is a constant C such that

k! o ,
Q—'(—k;ﬁ)Mk_JMjéch, for allkand] with Oéjék
(1.5) Remark. The need for the conditions (1.1) through (1.4) on the infinite
sequence M=(M,); < <., Of positive numbers will transpire below.

Let M be defined on (0, o) as follows:

1.2)* M) =log

k
sup(i]ff“)], 7e(0, o),

keN k

where N is the set of all natural numbers.
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Then (1.2) is equivalent [15] to

o M o
0 A

We shall be employing the equivalence of (1.2) and (1.2)** in the sequel ; in this
connection, wherever the function M appears below, it shall be assumed, without
further comments, to be defined by (1.2)* and to satisfy (1.2)**.

Hereafter, U denotes an arbitrary, non-void open subset of R?, de N, and we
shall write Comp(U) for the collection of all compact convex subsets of U.
Furthermore, CZ(U) will denote the linear space of all complex-valued C*®
functions with compact support in U. In the sequel, we shall be working with the
Cartesian product Comp(U) x (0, o). In this connection, if (K, ) and (K',I') belong
to Comp(U) x (0, o0), we shall write

(1.6) (K,)=Z(K',I') whenever KCK',IZ!.

The fundamental function spaces which are employed below will now be
introduced.
(1.7) Definition. The Space 2™(U)

Let (K, 1) belong to Comp(U) x (0, c0). Then 2™(U, K, [) will denote the set of all
functions f in CZ(U), with support in K, such that

D*f)(x
(18) Iflpga= sup DN o
xeK le
Ja| =k, keN
olel
D= lor) =0t +o0, 4+ ... oty

T M Ox% . ox*

We note that with the norm given by (1.8), 2™(U, K, ) is in fact a Banach space.
Furthermore, for (K,l) and (K',I) belonging to Comp(U)x(0,00), with
(K, DZ(K',I"), we have

MUK, DCIMU, K1),

and the injection of 2™(U, K, ) into MU, K',I') is compact [15].
We denote by 2™(U) the inductive limit

MU) = ind lim 2M(U, K, I)
535
of 9M(U, K, 1) as K and [ increase monotonically to U and + oo, respectively.

The Space 2™(K,1). This is the Banach space of all functions f in C*(IR?) with
support in K CIR? such that

I(D*f) ()]

(19) ifla= swp [ <roo.
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We remark that ™K, [)C2™(K,!) whenever [<!l, and the imbedding of
MK, D) in QMK, ') is compact. Denote by 2(K), K compact and convex, the
following inductive limit

IM(K) = ind lim 2K, )

of MK, ) as | increases monotonically to + oo.

The Space £™(U). Finally, we define §™(U) as the space of all functions f in
C*(U) such that for every Ke Comp(U), the restriction f|, of f to K belongs to
IMK).

From the above definitions, it is clear that the spaces 2MU), 2%(K, ), and
SM(U) are all nuclear.

(1.10) Remark

(i) We call 2MU) the space of ultradifferentiable functions on U of Roumieu
type [16,17], so as to distinguish it from the space #™(U) of ultradifferentiable
functions on U of Beurling type [ 18], which we do not define here. However, all the
results we obtain below remain valid when #™(U) is substituted for 2M(U).

(ii) The space 2™(U) has the following attributes: :

(a) it admits an approximate identity, i.e. for every sphere S{e} of radius ¢>0
contained in U, there exists an f(-,¢) in M(U) with the properties:

supp f(-,8)CS(e), f(x,)>0 for all xeS(e),

and [dxf(x,e)=1, ¢>0;
U

(b) for every open covering of U, there is a partition of unity by elements of
MU);

(c) differentiation is a bounded operator on Z™(U);

(d) 2™(U) is an algebra under pointwise multiplication ;

(e) PM(U) is a dense subset of the Schwartz space 2(U) of compex-valued C*
functions with compact support in U.

We note that properties (a), (b), and (e) follow from (1.1) and (1.2) while (c)
follows from (1.3) and (d) from (1.4). This remark underlines the need for the
conditions (1.1) through (1.4).

(iii) Under the operation of pointwise multiplication, 2™(U) is an ideal of
EMU).

(1.11) Definition. The space of ultradistributions of Roumieu type, with support
contained in U, is defined as the dual 2™(U), with strong dual topology, of Z¥(U).

(1.12) Remark. Let {-,-> denote the duality pairing of elements of 2™(U) and
PM(U). The operations of differentiation in 2"™(U) and pointwise multiplication of
elements of 2™(U) by functions in &™(U) are defined thus: with Fe 2™(U) and
ge M(U), then ¢F and D*F are the ultradistributions which satisfy

i) <gF,f[>=<f.9/>,
Gi) (D°F, f>=(=1liCF,D*f>, forall fea™U).



Markovian Gaussian Fields 67

(1.13) Remark

(i) In the above review, we have followed closely the survey in Lions and
Magenes [19].

(ii) The next result, which generalizes Theorem 4 in [15], gives a characteri-
zation of 2"(U) by means of its Fourier-Laplace image.

(1.14) A Paley-Wiener Theorem. An ultradistribution F belongs to 2™(U) if and
only if there are positive numbers b and c such that the Fourier-Laplace transform

z2>F(z = [dxe™™*F(x)
of F satlsﬁes

(1.15) |F(z)|§cexp( ('b')+H (z))

where

(1.16) Hy(z)=supIm(x-z)

xelU
X Z=X121 4+ X2, 4+ X2, (X 2)eRXC,  j=1,2,...,d
(Hy is called the support function of the open set U).

(1.17) Remark
(i) The open set U occuring in the preceding theorem may be replaced with any
convex set K without prejudice to its validity.

(i) Let U be an open subset of R?, In the sequel, we shall have cause to employ
certain pseudo-differential operators. The general definition of the latter is as
follows:

Let P(-,-) be any member of C*(U x IR with the property that there are real
numbers m, g, and J, with ¢ >0 and 6 20, such that for every compact subset K C U
and for all a=(a;, ..., o), B=(B,, ..., B,) in N, we have

IDEDEP(x, &) S C, 4 x(1+ €]y el *lfl

for all (x, &)e K x R?, where C, 5.k 1s some positive constant and [a| = + ... +]o,|.
Then P(-,-)is called a symbol and the integral

(2m) =4 [ d¢ P(x, &)u(&)e™*

is absolutely convergent for every ue C3(U), where it here denotes the Fourier
transform of u. The operator P(x, D), xe K, which maps Cg'(U) into C*(U), defined
as follows:

P(x, D)u(x)=(2m)"* [ dE P(x, &)ii(¢)e™ <, ue CF(U),

is called a pseudo-differential operator of order m and type (g, 6).

We remark that the pseudo-differential operators employed by us below do not
depend on x, i.e. for such pseudo-differential operators, the symbol (x, &) P(x, £) is
independent of x.

(iii) To us, Theorem (1.14) is an important result which we employ below. It
leads rapidly to the following equally important result which may also be found in

[157].
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(1.18) Theorem. Let
(119) zJ@)= Y az
la] =0
=zi'zy ...z zeC,  j=1,2,...,d
a, =complex constants, ae N,

be an entire function which satisfies the growth condition that for any b>0, there is a
positive number ¢ >0 such that

(1.20) |J(2)|Scexp(M(blz])), zeC’.

Then for any open subset U of RY, the pseudo-differential operator

(121) J(D)= i a,D*,

l«| =0

which is rigorously defined as in Remark (1.17) (ii), maps D™(U) continuously into
itself. Furthermore, the sequence

h

S(f)= Y aD*f, n=0,1,2,...

la| =0

of partial sums is absolutely convergent in the topology of Z™(U) for any f in
MU,

(1.22) Definition. An entire function J which satisfies inequality (1.20) will be
called a multiplier for the Fourier-Laplace image of 2™(U).

(1.23) Remark
(i) Obviously, if J is a multiplier for the Fourier-Laplace image of 2™(U), then
J(D) is a local operator on 2M(U), i.e. Z™(U) is invariant under J(D):

J(D)FNU)SIMU).

(i) We note here that the spaces {2™(U): U is open in RY, M=(M,) <1<
fixed} satisfy the next property:

if U, and U, are open subsets of R? such that
U,2U,, then
MU, )EDMU,)
and this imbedding is compact.

(1.24) Definition
(i) We denote by Z2M(IRY) the following inductive limit

PMRY) = ind lim FM(U)
of ZM(U) as U increases monotocially to R%
(ii) The strong dual of 2™(RY) will be denoted by 2"™(IR%).

(1.25) Remark. With the foregoing preliminaries, we may now introduce the class
of generalized stochastic fields considered in this paper.
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2. Homogeneous Multicomponent Generalized Stochastic Fields
and Markov Property

Let (2, %, 1) be a complete probability space. We denote by L°(€, 4, u) the space of
all complex-valued random variables on (2, 4, 11); we make L°(Q, 4, p) into a
topological space by endowing it with the topology of convergence in measure.

(2.1) Definition. A continuous linear map from 2™(R?) into the topological space
L%Q, B, 1) is called a generalized random variable on (2,4, ). And, by an N-
component generalized stochastic field on (2, %, 1), we mean a collection

HYQ)={&)=C(f):j=12 ..., N): fe PR}
of N-tuples of generalized random variables on (Q, 4, u).

(2.2) Remark
(i) We assume throughout this paper that H°(Q) is of second order i.e.

Hf)eHYQ) implies &(f)eLXQ B, ), feMRY, j=1,2,..,N.
Let M(f) and B(f®, f'V) denote the matrices whose entries are
W) =<LE(N ) 120, f € ZMIRY,

and

Bij(f(Z)s f= <éi(f(2))s ij(f(l))>L2(Q,@,u)’ fPe PMRY),

k=1,2, respectively, where {-, > 4, i the inner product of LY(Q, %, ). 1t is
clear that IM(f) is the column vector of expectation functionals of components of
Ee HY(Q) while B(f@, ) is the matrix of their correlation functionals.

(ii) Throughout the rest of this paper, we assume that H%(Q) is Gaussian, i.e.
finite collections of members of H°(Q) have Gaussian probability distribution.

(iti) In addition to the assumption in (ii), we are interested in this paper only in
N-component generalized stochastic fields which have the transformation pro-
perty mentioned in the next definition.

(2.3) Definition. Let a—>1, be the representation of R? in Aut(2"(R%) defined as
follows:

(r, )= f(x—a), xeR?.

Then H®(Q) is called a homogeneous N-component generalized stochastic field
if it is such that the column vector IM(f) of expectation functionals and the
matrix B(f®, f%) of correlation functionals of an arbitrary member
N)=ELN):j=12,...,N), feZ"(R?), in HO(Q) satisfy

1 Me, f)=IM(f),
(i) Bl f?, 7, fV)=B(f?, V)
for all aeR? and all f, 1V, £ in ZY(IRY).

(2.4) Remark. In connection with homogeneous N-component generalized stochas-
tic fields, there is the following result.
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(2.5) Theorem. The N-component generalized stochastic field H(Q) is homo-
geneous if and only if the matrices W(f) and B(f®, 1) have the following
representations :

i M)=mfdxf(x),
@) B(f®, )= [Fdp)f>p) [ p)

for all f, Y, £ in QURY), where: m is an arbitrary constant N-component
column vector, and

A-TF(A)=(F(A):i,j=1,2, ..., N),

A= Borel subset of IRY, is a positive-definite matrix of complex measures, on the o-
algebra generated by the Borel subsets of RY, which satisfy the following condi-
tion:

§ I {dp)] exp(— M(¢(Ip)) + Hy(p) < 0,

for all compact convex subsets K of R* and all increasing functions ¢ such that

limM=

A /1

0.

(2.6) Remark. Since the proof of Theorem (2.5) is straight-forward, we shall omit
1t.

There is no loss of generality in assuming that the arbitrary constant column
vector occurring in (2.5)(i) is indeed the zero column vector. Hence, in what follows,
we set m=0, the zero column vector.

Additionally, we shall assume in the sequel that the complex measures
A= (), i,j=1,2,...,N, are given by complex-valued densities p—IF, (p), i.e.

(2.7) TF,(A)= [dpIF,(p), A=Borel subset of R?,
A

which satisfy:
detlF(p)=det(IF,(p))+0, for almost all p in R?,

with respect to d-dimensional Lebesgue measure.
For convenience, we list below all the assumptions we have imposed thus for
on H%(Q):

(i) H°(Q) is of second order and is Gaussian;
(i) H%Q) is a mean zero, homogeneous N-component generalized sto-
chastic field;

(2.8) 4 (iii) the matrix A~IF(A) of spectral measures of members of H%(2) has
entries which may be represented as in (2.7); furthermore, the matrix
p=TE(p)=1IF, (p)) of densities occurring in (2.7) is pointwise invertible
for almost every peR? with respect to d-dimensional Lebesgue
measure.

We shall not waive any of the assumptions in (2.8) throughout the discussion.
(2.9) Remark. To conclude this section, we introduce next the notion of Markov
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property studied by us in the following section. In this connection, let Z2M¥(R?)
denote the N-fold Cartesian product of Z™(IRY) with itself, and set

(210) BE2AD)= Y [dpfPp)F, )] 0),

i,j=1

for fe ZMMIRY), k=1, 2.

Clearly, B(-, -) is a continuous Hermitean functional on 2™ N(IRY) x M- ¥(IR%)
which is antilinear in its first argument and linear in the second argument.
Furthermore, in view of the positive-definiteness of the matrix

F(A)=(F,(A):i,j=1,2, .., N),

for every Borel ACIR? it follows that B(f,f)>0, for all fe 2™ ¥RY), ie. the
functional IB(-, -) is itself positive-definite. This fact enables us to make the next
definition.

(2.11) Definition. Let #(R?) denote the uniquely determined Hilbert space of
N-component vectors which possesses IB(-, -) as its reproducing functional (for this
notion, which generalizes the notion of a reproducing kernel introduced by
Aronszajn [6], see [20], for example), and let <+, -, ga denote the inner product
of #(RY).

(2.12) Remark. We note the following properties which connect the reproducing
functional B(-, -) of #(R?) with the inner product -, - ga, of H(R%):
() for each ge 2™ ¥(RY), the vector-valued ultradistribution
B,(-): 2" NR)—~C, the complex numbers
f—1B,(f) =B(g, )

belongs to H#(IR%);
(i) the Hilbert space #(IR) is generated by

{B,(-):ge 2" N(RY)} ;

(iii) for all (f,g)e 2™V (RY) x Z™N(IRY), there is the equality:

By, ]Bg>.#(IRd) =B(f,g).

In the sequel, we employ the foregoing properties without further comments.

(2.13) Definition. Let U be any open subset of R? and K be any closed subset or an
arbitrary convex subset of R?. Then, we denote by #°(U) the sub-Hilbert space of
H(R?) generated by

{B(-):fe 9™ Y(RY), suppfE U},
and we define #(K) by
H(K)= () #(0),
05K

where the intersection is taken over all open subsets @ of IR which contain K.
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In the sequel, P, will denote the projection of #(IRY) onto #(K), where K is an
open, a closed or an arbitrary convex subset of R,

The Hilbert space #(IRY) is isometrically isomorphic to the Hilbert space
H(R?) which is the completion of 2™ ¥(R? in the topology afforded by the norm
derived from the inner product

(f’ g)‘_><f> g>H(]Rd) =IB(fa g)s f9 gE QM’N’(IRd) .

From property (i) of (2.12), it follows that each h in #(IR%) has a representation of
the form

(2.14a) h=IF%D)f, for some {feH(RY),

where IF*(p) denotes the matrix which is adjoint (i.e. the transposed complex
conjugate) to IF(p), peR%, and p—TF, (p) are the spectral functions occurring in (2.7).
For any open U in R% H(U) is the sub-Hilbert space of H(IRY) generated by
{fe PMN(RY): suppfC U} ; for K closed or convex, the sub-Hilbert space H(K) is
now defined as for #(K). We note too that H(K) and #(K) are isometrically
isometric, with each h in s#(K) admitting a representation of the form

(2.14b) h=IF*(D)f, forsome feH(K).
From (iii) above, we deduce that if u, v belong to #(R%, then
(2.15) <0, V)pga = | dpa*(p)IF*~ 1 (p)¥(p),

where @* is the transposed conjugate of the column vector @i. Since <+, * D g 18 an
inner product, and hence separately continuous in each of its two arguments, and
by the nuclearity of #(RY, it follows from the Abstract Kernel Theorem ([21],
p. 73-79) that the inverse Fourier transforms of the entries of the matrix
p—IF~Yp), pcR? are (translation-invariant) ultradistributions on @R x RY),
which are clearly not identically zero.

We make use of (2.14) and (2.15) below.

It is now opportune to introduce the notion of Markow property discussed in
the next section.

(2.16) Definition. Let U be an arbitrary open subset of R? with complement U’,
closure U and boundary 0U. Then

HYQ)={&N=():j=1,2, ..., N): fe PR}
is said to have the Markov property if and only if
(217) Py Py=P,,Pg
or, equivalently, if and only if
(218) Py Pg=P,.
(2.19) Remark.
(1) It is fashionable [11] to formulate the notion of Markov property in terms of

g-algebras of fields and conditional expectations rather than in terms of Hilbert
spaces of vector-valued ultradistributions and orthogonal projections, as we do
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here. Since we deal only with Gaussian fields throughout this paper, the two
formulations are equivalent.

(ii) In the next section, we give a complete characterization of fields which have
the Markov property.

3. Necessary and Sufficient Conditions for Markovicity

We shall now state and prove the main result of this communication. In this
regard, we need the following notation.

Let IP=(IP,) denote the N x N matrix whose entries IP;; belong to 2™(IR%) and
are related to the entries (]F_l)ij(-) of the matrix IF~1(-) whose adjoint occurs in
Eq. (2.15) as follows:

(31) (P> =(EY),f>, forevery feg™RY),

where (-, - > is the duality pairing of members of 2™M(R% and 2M(IR?). Thus IP is
the matrix of inverse Fourier transforms of the entries of the matrix IF~ (), which
itself exists pointwise almost everywhere in IR? (with respect to d-dimensional
Lebesgue measure).

_ Equation (3.1) gives the definition of the ultradistributional Fourier transform
P=(IP;;) of the matrix IP=(IP;;) of ultradistributions and it says simply that

(3.2) P(p)=F '(p), for almost every peR?.

We employ (3.2) in the formulation and proof of our theorem, which we now give.

(3.3) Theorem. Let (Q,%,u) be a complete probability space and let H°(Q)
={LN=E(N):j=12,...,N).fe GM(RY)} be an N-component generalized stochas-
tic field over (8, B, 1) which satisfies all the assumptions of (2.8). Then a necessary
and sufficient condition for H°(Q) to have the Markov property is that each of the
functions

p—Pp), ij=12,..,N, peR,
is, almost everywhere (with respect to d-dimensional Lebesgue measure), the
restriction to RY of an entire function which satisfies an estimate of the form (1.20).
Proof. The condition of the theorem is necessary. For, if H°(Q) is indeed
Markovian, then

Py Pg=P,,, for every open subset U of R
Hence, P, f belongs to #(3U) for every f belonging to #(U). This implies that
(3-4) <ga PU'f>9f(1Rd):Oa

for every g in #(U'°) and for all f in #(U), where U’® denotes the interior of U’
Since P.g=g, for every ge #(U'°), then using Eq. (2.14), Eq. (3.4) becomes:

(3.5)  0=<g 1 pge=J dxg*x)(P*+)(x),
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for every ge #(U'°) and very fe #(U), where IP*+f denotes the convolution of P*
and f. In particular Eq. (3.5) remains valid if
0
0
0 " R
f= Pt f,e 2 (U), j arbitrary,
0
0

and

[=ERRN « N e)

g= g 0, €PMU®),  k arbitrary,
k
‘0
0

where the non-vanishing components of f and g are f; and g,, respectively. Then
(3.5) takes the form:

(3.6) 0= fdxgk(x)(lf_’jk*fj)(x) .

We shall suppose in the following that the open set U is an arbitrary
neighbourhood of the origin of R?

Let S(e)CU be a sphere of radius ¢>0, centred at the origin of R%, and let
f(-,e), supp f(-,€)CS(e), be an approximate identity for Z™(IR?), and set

fi=f(-,¢), >0
in Eq. (3.6). Then we have
(37) 0= dxgjk(x)(lf’jk*f( -, &)){x).

In the limit as ¢ tends to zero, Eq. (3.7) now yields
(3.8) 0= {dxg ()P ;(x).

Next, since
(i) g, is an arbitrary member of Z%(U'°),
(i) the open set U is an arbitrary neighbourhood of the origin of R? which may
be made as small as we please, and
(iii) P, e 2MMRY,j,k=1,2,...,N,is not the identically zero ultradistribution, it
follows from Eq. (3.8) that

(3.9) suppP;,={0}, forall jk=1,2,..,N.
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But the support function of the singleton {0} is the function which is identically
zero. Hence, by Theorem (1.14), P, k,j=1,2,..., N, is almost everywhere (with
respect to d-dimensional Lebesgue measure) the restriction to R? of an entire
function which satisfies an estimate of the form (1.20), where the function t— M(t),
te(0, 00), occurring in (1.20) is defined by (1.2)* and satisfies (1.2)**. Hence the
condition of the theorem is indeed necessary.

The condition of the theorem also suffices. To see this, we need to establish
that, under the condition of the theorem, for every open subset U of R?, the vector

(3.10) h=P,f

belongs to #(8U) for every f in #(0). _
Now, since f belongs to s#(U), there is a ¢ in H(U) such that

(3.11) f=TF*D)p, by (2.14b).
Similarly, since h belongs to #(IR%), there is a  in H(R?) such that
(3.12) h=IF*D)y, by (2.14a).

The onus is now to prove that W does in fact belong to H(0U), under the condition
of the theorem.
From (3.10), we have

(3.13) (g, h>9¢(md) =<g, PU'f>9f(1Rd) =<g, f>yf(md) >

for every g belonging to #(U'®), where U'® is the interior of U'. By (3.11) and
(3.12), Eq. (3.13) becomes:

(3.14)  <IFX(D, FHDWD s ey = CIFH(D, F* (D)) ey »

for every ge #(U'°) with g=IF*’D)n, for some ne H(U’®). In particular, Eq. (3.14)
holds for every ge #(U’°) with g=IF*(D)y, for some ne 2™ ¥ U’®). Thus, by the
isometric isomorphism of #(IR?) and H(IRY), we have from (3.14) that

D gay = § dx*() (IF(D)) (x)
={n, ¢>H(IR")
= [ dxn*(x)(F(D)$)(x),

for every ne 2M-N(U°).
Hence

(3.15) FDW=FD)o,

as vector-valued ultradistributions on U’°.

Since the condition of the theorem implies that IF(D) ™! is a matrix of local
pseudo-differential operators, Eq. (3.15) is equivalent to y=d¢, as vector-valued
ultra-distributions on U’°. But ¢ has support in U=UudU and ¢ is the zero
vector-valued ultradistribution on U’°.

Hence

suppy CoU
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and, consequently, \ye H(@D). This now implies that
h=F*DW\y =P, f

belongs to #(0D), for every fe #(U).
This concludes the proof.

Remark
(i) The foregoing Theorem extends the work of [97] and [107] which only consider
scalar ordinary Gaussian stochastic fields.

(i) The Markovian fields characterized in Theorem (3.3) form a substantially
wide class.

(iii) The conditions of Theorem (3.3) imply that H°(Q) is Markovian if and
only if the Fourier-Laplace transform of the entries P, i,j=1,2,..,N of the
matrix P are multipliers for the Fourier-Laplace image of 2™(K) for every
KeComp(R?Y). In Theorem (1.18), we supplied a characterization of the multipliers
for the Fourier-Laplace image of 2™(K), Ke Comp(R?Y. For the purpose of
applications (or for the sake of furnishing examples of multipliers) the following
result which characterizes the set of entire functions which are multipliers for the
Fourier-Laplace image of each of the spaces 2¥(K), Ke Comp(R?) is evidently
useful:

An entire function {— E((), (e C, of one complex variable is a multiplier for the
Fourier-Laplace image of 9™ (K), Ke Comp(RY) if and only if

(@) it has Hadamard's factorization:

EQ)=("T] (1— f—), n, =a positive integer,
=1 ;

and

(b) for any b>0 there is ¢ >0 such that the function

0 N(@)= fdﬂ@)_—"o
O l

satisfies the estimate
N(@)=M(bg)+loge,  ¢€(0, ).

where n(J) is the number of c¢; such that |c¢|< 2, and M is as usual defined by (1.2)*
and satisfies (1.2)**,

The result just quoted features as Proposition 7 of [15]. Using this result, one
may now readily construct numerous examples of the functions p—1P,(p), peRY,
i,j=1,2,...,N, occurring in Theorem (3.3), which are the restrictions to IR? of
multipliers for the Fourier-Laplace image of each of the spaces 2(K),
K e Comp(IRY),
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