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A CHARACTERIZATION
OF SOME IDEMPOTENT ABELIAN GROUPOIDS

BY

J. DUDEK (WROCLAW)

In this paper we prove some theorems (announced in [1]) on idempo-
tent abelian groupoids having a representation as idempotent reducts

of abelian groups and sums of direct systems of such reducts. For the
notion of such sums, see [3].

Let (G; @) be an idempotent abelian groupoid, i.e. *@x = x,
r@y = yPDx. Let us call the operation

Sp(1y Bay ooy ) = (((wl @xz)@)xs’@ @xn—l)@xﬂ

the simple wteration for n = 2, 3, ... (see [2]).

The identity and the transposition interchanging 1 and 2, will be
called the trivial permutations of indices 1, 2, ..., n.

Let S be the group of all permutations of indices 1,2, ..., k for
which all numbers 3, 4, ..., k—1 are fixpoints.

THEOREM 1. If (G; @) s an idempotent abelian groupoid and m is
the smallest natural number such that s, (x,, x5, ..., 2,,) admits a non-trivial
permutation o, then oe Syy.

Proof. Let us assume that the equality
(+) 8m @1y Bay vvy Tp) = S (@i Tiyy oevy @y )

holds for some non-trivial permutation ¢ = (%,, %5, ...,%,) and that m
is the smallest number for which such a o exists. If {i,, ¢,} = {1, 2}, then
$,,_, admits a non-trivial permutation of its variables, namely

Sm—1(Z2y T3y ooy Bp) = 8y (@2 2y, Digy ooy By ) = Sy (Bay Tiy o0y ¥ ),

which contradicts the assumption that m is minimal. If {i,, 7,} N {1, 2} =G,
then by the idempotency and commutativity of @ the iteration s, _,
admits a non-trivial transposition.
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Further, if ¢,, = m, then putting z,, = z,,_,(2y, 2, ..., Z,,_;) 1D the
equality (+) we get

Sm—1(@1y Bay ooy Tpyy) = Sy (Ti)y gy veey By ) D8y (T1) Bay ovvy Ty_y)

= Sm—l(w' Z; )@sm—] (wil’ miz’ MRS ] w’im_])

11’ tz""’ml'

m—1
= S 1By Biyy ovey Ty )y
which also contradicts the definition of m.

Without loss of generality we may assume that ¢, >3, 7, = 2,
im < m—1. If ¢, * m, then the iteration s, admits a transposition (2, ¢,)
for 3 < i, < m— 1. Hence s,, admits a non-trivial permutation of variables
with «z,, as a fixpoint, contradicting ¢, #* m. If ¢,, # 1, then by (+) the
operation 8, (T, oy Tigy +ooy &, &; ) admits the transposition of
variables x,, x, with fixed x; , which is impossible.

Thus o = (m, 2, %35 00y byp_1, 1). Let 4, 5 k for some k£ and 3 <k
< m—1. By (+) and commutativity of @ we have

S @1y Bay oevy Ton_1y Tm) = S By Bgy Ly - o vy Ligy eoes Tip 19 )

= 8 (@ay Loy Tigy oovy Tipy ovvy B ) = Spu(@1y Bay Typy ovvy Ty)-

m—1

Putting x, = x,, we get a contradiction with the minimality of m.
Thus oe 8,.

In the sequel we shall denote by ¢, the class of all idempotent and
abelian groupoids (G; @) satisfying the identities

(*) sm(mly Loy eeey Tyy_1, wm) = 8m(xma Loy eoey Bipn_1y wl)y

(%*) Sp1(Zy Yy Yy ..., y) = for some m = 3.

LemMA 1. If (G5 +, —, 0) is an abelian group for which 2™ *x = w
(m = 4), then the groupoid (G; @), where x Dy = 2™ *(x 1+ y), belongs to
the class 9,,.

Proof. Let (G@; +, —, 0) be an abelian group in which 2™ %z = &
holds for some m > 4. Then the operation x Dy = 2™ *(x+y) is idem-
potent, commutative and

84 (@) Toyvvyity) = A 'y +d Ty + A 22y + ... + &y, + day,,

where d = 2™73,
The groupoid (G; @) satisfies (*) and (*x). Indeed, (G'; @) satis-
fies (x), because

2(m—3)(m—1)_2m-3 — 2nl—3[2(m—3)(m—2)_1] =0 (mOd (2m—2_1)).



IDEMPOTENT ABELIAN GROUPOIDS 221

Since 2™* —1 and 2™%—1 are relatively prime, we infer that
2(m—2)(m—3) -1
2m=3 _1

m—2
2 Qkm—3) _ gm-3 =0 (mod (2™ %—1)).
k=1

Hence, in view of the congruence

2(m—3)(m—2) =1 (mod(zm-—.’._l))’

we have
m—2

Smo1 (@ Yy Yy ey y) = 2PNy YT 2HNy — g,
k=1

This completes the proof of the lemma.

THEOREM 2. An idempotent abelian groupoid (G; @) belongs to the
class 9, if and only if it can be represented in the form described in Lemma 1.

Proof. In view of Lemma 1 it suffices to prove the necessity of
the condition. Let 0 be a fixed element of the groupoid (G; ®)e ¥,.
If we put

X1+ %y = 8p_ (%, 2,5, 0,0,...,0),

then z, + z, is commutative and, by (**), we have x+ 0 = =.
By (*) we get

(@1 +@,) + 3 = sm—l(sm-—l(m_u %, 0,0,...,0),2,0,0,..., 0)
= 8_2 (8 (%1, 45, 0,0, ..., 0, 25), 0,0, ..., 0)

= sm—z(sm(a"u 2, 0, 0,...,0,2,),0,0,..., 0) = (@3 + @) + @4
Further, we have
20 = 8, _,(2,0,0,...,0),

2’0 =8y 5(8p_(,0,...,0),0,...,0)
= 8p—3(8m_1(2,0,...,0),0,...,0) = 8,_4(x,0,...,0)

and, generally,
2%c =8, 1 _1(2,0,0,...,0).

Hence for ¥ = m —3 we have 2™ %z = 20 and
2" g = 8o (£@0,0,...,0) =8, ,(20,...,0) = .

Thus we see that (G; -+, 0) is an abelian group satisfying 2™ 2?2z = &
and z@y = 2" *(x+y), q.e.d.
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For the notion of sum of direct system of algebras and P-functions
(partition functions) which we use in the sequel, see [3].

LeMMA 2. If an idempotent abelian groupoid satisfies (x) for some
m > 3, then the operation f(z,y) = $p_1(%, Y, Y, ..., y) 18 its P-function.

Proof. Indeed,
F(f(@, )y 2) = 8y (Sm1(@y Yy ooy ¥)y 2y ooy 2)

= 8o (Sm (%, Yy ooy ¥y 2), 2 .0y 2)

= 8pm_s(8m (2 Yy ..oy Y, @), 2y ..., 2)

= Sp_2(Sm_2(YD2 Yy ..., Y) DTy 2, ..., 2)

= 8 1 (Sm_2(YDZ Yy .oy ¥)y 2y .00y ?)

= S 1(Sm2(¥s 2, Yy oy ¥), B, Y D2, 2, ..., 2)

= 81 (Sm_s (Y D2y Yy o, Y)y T, YD2, 2, ..., 2)

= S 1(Sms(Wy 2, Yy -y U), B, Y D2, Y D2, 2, ..., 2)

= 81 (2, YyD2, Yy D2, ..., Yy D?)
and ‘

fl= f(y, 2))

= S (%) Sm 1 (Uy 2y ooy 2)y S (Uy 2y ey 2)y vy Sy () 2y o ey 2))

= S 1 (B2 (Y D2, 2y e ey 2)y By Sy (Yy By ey B)y vy Sy (B 2y oony 2))

= sm_l(sm_2(sm~,(y, Zy ooy 2)y 2y euey 2)y Ty YD2y 81 (Y 2y oery 2)y oeey
Spm—1(Yy 2y ..oy z))

= S (Sme2 (Y 2y oo ey 2)y Ty YD2y Sy 1 (Yy 2y oe ey )y onvy Sy (Ys 2y ooty 2))

= 81 (Sm—3 (Y D2 2y ooy 2), B, YD2, Sy (Y By ooy 2)y evey Sm1(Yy 2y ouy 2))

= 8y 1 (sm_s(sm_l(y, Zy ooy 2)y 2y eeny2)y By YD2 YD2 81 (Uy 2y oy @)y enny
Sm—1(¥, 2y ..oy z))

= sm—l(sm—3(y7 By eeey 2)y @y Y D2y Y D2y $1p_1(Yy 2y oeey )y oey

oooooooooooooooooooooooooooooooooooooooo

= $pu_1(0, YD2, Y D2, ..., yD?).

Hence operation f satisfies identities (1)-(3) from [3] for P-function.
From Lemma 2 and Theorem 2 of [3] we have
THEOREM 3. An idempotent abelian groupoid satisfies (x) for some

m = 3 if and only if it is the sum of a direct system of groupoids belonging
to class 4,,.
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