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Abstract. By the interval function of a finite connected graph we mean the interval func-
tion in the sense of H. M. Mulder. This function is very important for studying properties
of a finite connected graph which depend on the distance between vertices. The interval
function of a finite connected graph was characterized by the present author.

The interval function of an infinite connected graph can be defined similarly to that of a
finite one. In the present paper we give a characterization of the interval function of each
connected graph.
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The letters f—n will be reserved for denoting integers here. By a graph we will
mean an undirected graph without loops or multiple edges. A graph will be referred
to as finite or infinite if its vertex set is finite or infinite, respectively.

Let G be a connected graph with a vertex set V(G) and an edge set E(G), and
let dg(u,v) denote the distance between u and v in G, where u,v € V(G). By the
interval function I of G we mean the mapping of V(G) x V(G) into the power set
of V(G) defined as follows:

IG(x’y) = {w € V(G)v d(x,y) = d(x,w) + d(w’y)}

for all z,y € V(G).

This function is very important for studying properties of a connected graph which
depend on the distance between vertices. The interval functions of finite connected
graphs were widely studied by Mulder [3].

The following notion will be important for us.
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Let W be a nonempty set. We will say that J is a geometric function on W if J
is a mapping of W x W into the power set of W such that the following statements
are fulfilled for all u,v,x,y € W:

if ve J(u,z) and y € J(v,z), then v € J(u,y) and y € J(u, z);
z € J(u, x);

J(u,u) = {u};

J(u, ) = J(x,u).

Our term geometric function was inspired by the terminology of Bandelt, van de
Vel and Verheul [2] and Bandelt and Chepoi [1], namely by their term geometric
interval space: if J is a geometric function on a nonempty set W in our sense, then
J together with W form a geometric interval space in the sense of [1] and [2]. Note
that every geometric function on a finite nonempty set is a transit function in the
sense of Mulder [4].

Let G be a graph, and let J be a geometric function on a nonempty set W. We
will say that J is associated with G if W = V(G) and

E(G) = {{u,v}; u,v € V(G) such that u # v and J(u,v) = {u,v}}.

It is easy to show that if GG is a connected graph, then Is is a geometric function
associated with G.
The following lemma will be presented without proof. Its proof is easy.

Lemma 1. Let G be a finite graph, and let J be a geometric function associated
with G. Then G is connected and J satisfies the following Axiom (Z):
(Z) if u# x, then there exists v € J(u,x) such that {u,v} € E(G)
(for all u,z € V(Q)).

The following theorem was proved by the present author in [5]. (A different proof
of a slight modification of this theorem was given in [6]). Using the terminology of [1]
and [2], we may say that this theorem gives a necesary and sufficient condition for a
finite geometric interval space to be graphic.

Theorem 0. Let G be a finite connected graph, and let J be a geometric function
associated with G. Then J is the interval function of G if and only if J satisfies the
following Axioms (X) and (Y):

(X) if{u,z}, {v,y} € E(G), u,ve J(z,y) and xz € J(u,v), theny € J(u,v)
(for all u,v,z,y € V(Q));
(Y) if {u,z),{v,y} € E(G) and x € J(u,v), then either v € J(z,y)
orz € J(u,y) ory € J(u,v) (for all u,v,z,y € V(Q)).
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Let G be a graph, and let J be a geometric function associated with G. Let
Ug, -, Um € V(G), m > 0. We will say that (ug,...,un) is a path in J if u; €

J(usyur) foreach 0 < i < j <k <m,andif m > 1, then {ug,u1},...,{ttm-1,um} €
E(G). Obviously, if (ug,u1,...,uy) is a path in J and m > 1, then both
(W, - u1,u9) and (uy,...,u,) are paths in J. Since J is a geometric func-

tion associated with G, we see that every path in J is a path in G. Let P(J) denote
the set of all paths in J.

Observation 1. Let J be a geometric interval function associated with a graph G,
let 0 < m < m, let ug,...,un, v € V(G) and (uog, ..., un) € P(J). If up € J(tm,v)
and {un,v} € E(G), then (up,...,un,v) € P(J). If ug € J(v,um) and {v,uo} €
E(Q), then (v, uq, ..., un) € P(J).

Observation 2. Let J be a geometric interval function associated with a graph G,
let 0 < m < n, let ug,...,u, € V(G) and

(Uoy -y Um), (Umy oy up) € P(J).

If wp € J(ug, un), then (ug, ..., um,...,u,) € P(J).

Let G be a graph and let J be a geometric function associated with . Consider
y € V(G). By a *—y slide in J we will mean an infinite sequence (vg,v1,vs,...) of
vertices of G such that

viy1 € J(vi,y) and {v;,viy1} € E(G) for each i > 0.

If 0 = (vo,v1,v2,...) is a *—y slide and z = vy, then we say that o is a z—y slide. By
virtue of the definition of a geometric function, if (vg,v1,vs,...) is a *—y slide in J
and m > 0, then (vo,...,vy) is a path in J.

It follows from Lemma in [5] that if J is a geometric function associated with a
finite connected graph G and y € V(G), then there exists no *—y slide in J.

Example. Let G be the graph defined as follows:

V(G) = { U2, U—1,UQ, UL, U2, . - }

and
EG)={...,{u_g,u_1},{u—1,u0}, {uo,u1}, {ur, u},...},
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where the vertices ..., u_s,u_1,ug, U1, us, ... are mutually distinct. Then G is infi-
nite and connected. For all f and g, f < g, we put

J(up ug) ={us} if f=g,
J(ug,ug) ={up,upi1,...,ue} f0< f<gor f<g<O,
Jug,ug) ={up,up_1,up_2,...} U{ug, ugr1,ug42,...} if f<0<g

and
J(ug,up) = J(uf, ug).

It is easy to see that J is a geometric function associated with G. Moreover, we see
that J satisfies Axioms (X) and (Z) but it does not satisfy Axiom (Y). Finally, we
see that if 1 <0 < jor j <0 < ¢, then

(a) there exists no path from u; to u; in J and

(b) there exists a u;,—u; slide in J.

Lemma 2. Let J be a geometric function associated with a graph G, let J satisfy
Axiom (Y), let ug and x be distinct vertices of G, and let (ug,uy,us,...) be a x—x
slide in J. Assume that y is a vertex of G adjacent to x. Then there exist at most
two distinct j > 0 such that uj 1 € J(uj,y).

Proof. Suppose, to the contrary, that there exist f, g and h, 0 < f < g < h,

such that upi1 &€ J(uys,y), ugr1 € J(ug,y) and upy1 & J(up,y).
First, let y € J(ug, ). Recall that J is a geometric function. Since

upr1 € J(ug,x), ..., ug € J(ug_1,x),
we get
upr1 € J(ug,y), ..., ug € J(ug—1,y);

a contradiction.
Now, let y & J(ug,z). By virtue of (Y), x € J(ug+1,y). Since

Ugro € J(Ugt1,2), ..., Unt1 € J(up,x),
we get
Ugro € J(Ugy1,Y), -5 unt1 € J(un,y);
a contradiction. O
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Corollary 1. Let J be a geometric function associated with a graph G, let J
satisfy Axiom (Y), let x and y be adjacent vertices of G, and let (ug,u1,us,...) be
a (x—x) slide in J. Then there exists k > 0 such that (ug, Ug4+1, Ukt2,--.) IS a ()
slide in J.

Theorem 1. Let J be a geometric function associated with a graph G, let J
satisfy Axiom (Y), and let u and x be vertices of G. If there exists a path from u
to x in GG, then there exists no u—x slide in J.

Proof. Let there exist a path from w to x in G. Suppose, to the contrary, that
there exists a u—x slide in J, say a u—z slide (ug, u1, ug, . ..). By virtue of Corollary 1,
there exists m > 0 such that (tm, Um+1, Umt2,--.) is & x—u slide in J. Hence 41 €
J(um,u). Since (ug,u1,us,...) is a x—x slide, we see that (ug,...,Um,Um+1) IS a
path in J. Since u = ug, we get u,, € J(u,um41). This implies that w,, = Umi1.
The vertices u,, and u,,+1 are not adjacent in G, which contradicts the definition of
a slide. O

Corollary 2. Let J be a geometric interval function associated with a connected
graph G, and let J satisfy Axioms (Y) and (Z). Then there exists a path from u to v
in J for each ordered pair of vertices u and v of G.

Lemma 3. Let G be a connected graph, let J; and Jo be geometric functions
associated with G, and let u,xz € V(G). Assume that J; satisfies Axioms (Y) and
(Z) and that Ji(u,z) — Ja(u,x) # 0. Then there exists a path o from u to z in Jy
such that o & P(J3).

Proof. Obviously, there exists v € Jy(u,z) — Ja(u, ). Since v & Ja(u,x), we
get u # v # x. Corollary 2 implies that there exist ug,...,ur, vo,...,vm € V(G)
such that k > 1, m > 1, up = u, up = v = vg, Vm = x, and

(ug, .- uk), (vo, .- ,vm) € P(J1).
Since v € J1(ug, vpm), it follows from Observation 2 that
(’lJ,o,...7uk = UO,...,Um) S P(Jl)

Since v &€ J2(u, x), we get

(Ugy .-y Uk = V0, ..., Um) & P(J2).
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Let G be the graph defined in Example. Then G — ug is not connected. It is easy
to find a geometric function associated with G — ug which satisfies Axioms (X), (Y)
and (Z).

Clearly, if G is a connected graph, then P(Ig) is the set of all geodesics (i.e.
shortest paths) in G.

The next theorem gives a characterization of the interval function of a (finite or
infinite) connected graph.

Theorem 2. Let J be a geometric function associated with a connected graph G.
Then J is the interval function of G if and only if J satisfies Axioms (X), (Y) and
(2).

Proof. PutV =V(G), I =1Is and d = dg. Let J = I. It is obvious that J
satisfies (Z). Moreover, it is easy to show that J satisfies (X) and (Y); cf. [5].

Conversely, let J satisfy (X), (Y) and (Z). We will prove that J = I. Suppose,
to the contrary, that J # I. Then there exist n > 0 and u,x € V(G) such that
d(u,z) =n, J(u,x) # I(u,x),

(1) J(v,y) =I(v,y) for all v,y € V such that d(v,y) <n
and
(2) if I'(u,x) C J(u,z), then I(w, z) C J(w, 2)

for all w,z € V such that d(w, z) = n.

Since J is a geometric function associated with GG, we have n > 2. We distinguish
two cases.

Case 1. Assume that I(u,z) C J(u,z). Then J(u,z) — I(u,z) # 0. Recall
that P(I) is the set of all geodesics in G. By virtue of Lemma 3, there exist
20y -y Tmin €V (where m > n) such that xg = u = Tpyn, Tm =z,

(o, 21, .., Tm) € P(J) — P(I) and (Zm, Tmt1,- - Tmin) € P(I).
Put

(3) af = ($f,$f+1,---,xf+m), Bf = ($f+m,$f+m+1,---,$f+m+n)

for each f, 0 < f < n, where p1mt+1 = 21, Tnint2 = T2, ., Tmit2n = Tn-

Let o, € P(J). Then xny1 € J(Tn,Tnim). Since m > n, Tpmyn = 2o and
ag € P(J), we have x,, € J(Zpt1, Tntm). This implies that z,41 € J(ay,z,) and
thus z,, = x,4+1, which is a contradiction. We get «,, & P(J).
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Recall that Gy € P(I) and I(u,z) C J(u,z). Combining these facts with (1), we
get Bo € P(J). There exists h, 0 < h < n, such that ay, B, € P(J) and

(4) Qp+1 ¢ P(J) or ﬁh-{-l ¢ P(J)
Put
(5) T=1Th, $=Thil, Y =Thim and 2z =Tpimyl.

Let Bpy1 € P(J). Then r € J(s,z). Since ap, B, € P(J), we have s,z € J(r,y).
By (X), y € J(s,z). Since ap, € P(J), Observation 1 implies that ap41 € P(J),
which contradicts (4). Thus Bry1 & P(J).

Clearly, d(s,z) < n. Assume that d(s,z) = n. Then f,4+1 € P(I). By (2),
I(s,z) C J(s,2). Combining this fact with (1), we get Br4+1 € P(J); a contradiction.
Thus d(s,z) < n.

Since ay, € P(J), we have (zp+1,...,Zhtm) € P(J). If d(s,y) < n, then (1)
implies that (zpt1,...,Them) € P(I) and thus m — 1 < n; a contradiction. Thus
d(s,y) = n.

We get d(s,y) = n and d(s,z) = n — 1. Hence z € I(s,y). By (2), z € J(s,y).
Since s € J(r,y), we have s € J(r,z). Obviously, d(r,z) < n. By (1), s € I(r,2).
Therefore, d(s,z) < n — 1; a contradiction.

Case 2. Assume that I(u,z) — J(u,z) # . There exist o, ..., ZTmin € V (where
m > n) such that xg = v = Tpyn, Tm =z,

(0,21, ..., xm) € P(J) and (Tm,Tmi1,--., Tmin) € P(I) — P(J).

Let us use notation (3). Since By ¢ P(J), we get o, € P(J). There exists h,
0 < h < n, such that ap, € P(J), By & P(J) and

(6) apt1 € P(J) or fp+1 € P(J)

Now let us use also notation (5).

Recall that oy, € P(J). Let d(r,y) < n; by virtue of (1), o, € P(I); this means
that m < n — 1; a contradiction. Thus d(r,y) = n. We get 8, € P(I). Since
d(r,z) =n—1, (1) implies that (h4m+1;-- -, Themtn) € P(J). Since Gy, & P(J), it
follows from Observation 1 that z & J(r,y).

Let apy1 € P(J). By (6), Brnt1 € P(J). Thus r,y € J(s,z). Since oy, € P(J),
we get s € J(r,y). By (X), z € J(r,y); a contradiction. Hence ap4+1 € P(J). Since
ap € P(J), we get y & J(s,2).
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Recall that s € J(r,y), y & J
By (1), s € I(r, z). Hence d(s,z
Therefore, z € I(s,y). By (1)
contradiction.

Hence J = 1. O

(s,z) and z & J(r,y). According to (Y), s € J(r, 2).
) =mn—2. Since d(r,y) = n, we have d(s,y) =n — 1.
z € J(s,y). Since s € J(r,y), we get z € J(r,y); a

)

Combining Theorem 2 with Lemma 1, we get Theorem 0. This new proof of
Theorem 0 is simpler than the proof of Theorem 0 given in [5] and than the proof of
a modification of Theorem 0 given in [6].
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