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Abstract

The paper shows that a uniform space X is trans-separable if and only if
every pointwise bounded uniformly equicontinuous subset of the space of con-
tinuous real-valued functions Cc (X) equipped with the compact-open topol-
ogy is metrizable. This extends earlier results of Pfister and Robertson and
also applies to show that if Cc (X) is angelic then X is trans-separable. The
precise relation among DCCC spaces and trans-separable spaces has been also
determined.

1 Preliminaries

A uniform space (X,N ) is called trans-separable if for every vicinity U of N there
is a countable subset C of X such that U [C] = X, [8, 9]. Separable uniform spaces
and Lindelöf uniform spaces are trans-separable but the converse statements are not
true in general, although every uniform pseudometrizable trans-separable space is
separable. Clearly a uniform space is trans-separable iff it is uniformly isomorphic to
a subspace of a uniform product of separable pseudometric spaces. For topological
vector spaces (tvs) X trans-separability means exactly that X is isomorphic to a
subspace of a product of metrizable and separable tvs. In particular, if X is a locally
convex space (lcs) with topological dual X ′, then X is trans-separable provided with
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(the translation-invariant uniformity of) the weak topology σ(X, X ′). Among other
permanence properties, the class of trans-separable uniform spaces is hereditary,
productive and closed under uniform continuous images. Hence each uniformly
continuous image of a trans-separable space onto a uniform pseudometrizable space
is separable. Trans-separable lcs are closed under transition to linear subspaces,
topological products and continuous linear images.

Trans-separability has been successfully used to study several problems both in
analysis and topology, for example while studying the metrizability of precompact
sets in general uniform spaces and in the class of lcs, [3, 6, 15, 16] (see also [5, 11]).
Pfister [14] showed that a lcs X is trans-separable iff the equicontinuous subsets in
the weak* dual (X ′, σ(X ′, X)) are metrizable, and then he applied this fact to show
that precompact sets in (DF )-spaces are metrizable.

In the Theorem given in [15], Robertson demonstrated that a uniform space
(X,N ) which is covered by a family {Kα : α ∈ N

N} of precompact sets such that
Kα ⊆ Kβ if α ≤ β is trans-separable. In [6] we proved that in a completely reg-
ular Hausdorff space X every compact set is metrizable iff the space Cc(X) of all
realvalued continuous functions on X equipped with the compact-open topology τc

is trans-separable. As a nice application of this result, we showed in [6] that the
compact (precompact) sets of a lcs X are metrizable iff the dual X ′ equipped with
the locally convex topology of uniform convergence on the compact (precompact)
subsets of X is trans-separable. In this paper we complete the picture by showing
the following theorem, where τN denotes the uniform topology on X, that is, the
topology defined by the uniformity N for X.

Theorem 1. For a uniform space (X,N ) the following statements are equivalent :

1. (X,N ) is trans-separable.

2. Every pointwise bounded uniformly equicontinuous set of functions from (X,N )
to R is metrizable in Cc (X, τN ).

3. Every pointwise bounded uniformly equicontinuous set of functions from (X,N )
to R has countable tightness in Cc (X, τN ).

Theorem 1 applies to show that a uniform space (X,N ) is trans-separable when-
ever the space Cc (X, τN ) is angelic (Corollary 4), but the converse statement fails
(Example 3). Since for a large class of topological spaces X (introduced and studied
by Orihuela [13] under the name of web-compact spaces) the space Cp(X) of the
realvalued continuous functions defined on X endowed with the pointwise conver-
gence topology τp is angelic, Corollary 4 applies to show that every web-compact
uniform space is trans-separable, which extends Robertson’s Theorem of [15]. The
relation among Wheeler’s DCCC spaces and trans-separable spaces has been also
determined by showing that each uniform space (X,N ) such that (X, τN ) has the
DCCC is trans-separable, but there exist trans-separable spaces (X,N ) such that
(X, τN ) does not have the DCCC.

Recall that a topological space X is said to have countable tightness [1] if for every
set A in X and every x ∈ A there is a countable subset of A whose closure contains
x. A Hausdorff space X is angelic [7] if relatively countably compact sets in X are
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relatively compact and for every relatively compact subset A of X each point in the
closure of A is the limit of a sequence of A. In angelic spaces (relatively) compact
sets, (relatively) countably compact sets and (relatively) sequentially compact sets
are the same. A family F of functions from a uniform space (X,N ) into a uniform
space (Y,M) is called uniformly equicontinuous [2, X.2.1 Definition 2] if for each
V ∈ M there is U ∈ N such that (f (x) , f (y)) ∈ V whenever f ∈ F and (x, y) ∈ U .

2 Proof of Theorem 1 and Applications

Henceforth we assume R equipped with the uniformity generated by the usual metric
on R. If (X, d) is a pseudometric space, we denote by Nd the pseudometric uniformity
for X generated by the pseudometric d on X. If (X,N ) is a uniform space, we
represent by τN the topology on X defined by the uniformity N .

We are ready to prove Theorem 1.

Proof. 1 ⇒ 2. Assume that (X,N ) is trans-separable and let C be a pointwise
bounded uniformly equicontinuous set of realvalued functions on (X,N ) closed in
Cc (X, τN ). Given that C is pointwise bounded, the map

(x, y) 7→ supf∈C |f (x) − f (y)|

defines a pseudometric m on X. Since C is uniformly equicontinuous, given ǫ >
0 there is a vicinity U on X × X such that m (x, y) < ǫ for every (x, y) ∈ U .
The latter means that the identity map ϕ from (X,N ) onto (X,Nm) is uniformly
continuous. Moreover, since obviously supf∈C |f (x) − f (y)| < ǫ iff m (x, y) < ǫ,
then C is uniformly equicontinuous on (X,Nm) and in particular C ⊆ Cc (X, m). As
in addition C is clearly closed in Cc (X, m), Ascoli’s theorem [2, X.2.5 Corollary 2]
guarantees that the set C is compact in Cc (X, m).

Given that (X,N ) is trans-separable, the uniform continuity of ϕ implies that
(X, m) is separable. Let D be a countable and dense subset of (X, m). If for each
x ∈ X we set δx (f) := f (x) for f ∈ C (X), then {δx|C : x ∈ D} is a countable
family of continuous functions that separates the points of C. Hence C, as a compact
subset of Cc(X, m), is metrizable. Since the map T : Cc (X, m) → Cc (X, τN ) defined
by Tf = f ◦ ϕ is one to one and continuous, it follows that C is a (compact and)
metrizable subset of Cc (X, τN ).

2 ⇒ 3 is obvious. Let us prove 3 ⇒ 1. Let P be the family of all pseudometrics
for X generating N and let d ∈ P. First note that if C is a set of pointwise bounded
uniformly equicontinuous functions from (X,Nd) into R then, by Ascoli’s theorem,

C is a relatively compact subset of Cc (X, d). So the compactness of C
Cc(X,d)

in
Cc (X, d) and the continuity of the immersion from Cc (X, d) into Cc (X, τN ) imply

that C
Cc(X,d)

= C
Cc(X,τN )

. As in addition Nd is smaller than N and therefore C
Cc(X,τN )

is uniformly equicontinuous on (X,N ), it follows from the hypothesis that C
Cc(X,d)

has countable tightness in Cc (X, d).

Now we show that (X, d) is separable, for which we may assume that d is
bounded. Let K (X, d) be the family of all compact subsets of (X, d) and de-
fine fA (x) := d (x, A) for x ∈ X and A ∈ K (X, d). Then the family H :=
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{fA : A ∈ K (X, d)} of uniformly bounded realvalued functions is uniformly equicon-

tinuous on (X,Nd) and consequently H
Cc(X,d)

has countable tightness in Cc (X, d).

Since c0 ∈ H
Cc(X,d)

, where c0 is the null function on X, it follows that there exists

a sequence (An)n in K (X, d) such that c0 ∈ {fAn
: n ∈ N}

Cc(X,d)
. If x ∈ X and

ǫ > 0, there is k ∈ N such that fAk
(x) < ǫ, so

⋃∞
n=1 An is a dense subspace of

(X, d). But since every compact pseudometric space An is separable, it follows that
(X, d) is separable. Given that (X,N ) is uniformly isomorphic to a subspace of the
uniform product

∏
d∈P (X,Nd) of pseudometric separable spaces, the space (X,N )

is trans-separable.

It is well known [1, III.3.7] that every compact subset of Cp (X) is Fréchet-
Urysohn (hence has countable tightness) provided X is compact. On the other hand,
since every pointwise bounded uniformly equicontinuous set of realvalued functions
on a uniform space (X,N ) which is closed in Cc (X, τN ) is compact (by Ascoli’s
theorem), Theorem 1 applies to get the following

Corollary 2. Let (X,N ) be a uniform space. If every compact subset of Cc (X, τN )
has countable tightness, then (X,N ) is trans-separable.

Surely the converse of Corollary 2 holds for separable uniform spaces, but fails
in general, as the following example shows.

Example 3. A trans-separable space (X,N ) such that Cc (X, τN ) contains a com-

pact set K which does not have countable tightness. Let ω1 be the first ordinal of
uncountable cardinal and let E denote the locally convex direct sum of ℵ1 copies
of R. Then the dual of E is isomorphic to F := R

[0,ω1). If (X,N ) denotes the
linear space E equipped with the translation invariant uniformity N associated to
the weak topology σ (E, F ) on E, then (X,N ) is trans-separable and, since the
product topology on F coincides with the strong topology β (F, E), then R

[0,ω1) is
embedded in Cc (X, τN ), where τN = σ (E, F ). Let A denote the family of all finite
subsets of [0, ω1) and, if A is a finite subset of [0, ω1), define gA : [0, ω1) → R so
that gA (γ) = 1 if γ ∈ A and gF (γ) = 0 if γ ∈ [0, ω1) \ A. In the compact set

K := [0, 1][0,ω1), the constant function f : [0, ω1) → R such that f (γ) = 1 for each
γ ∈ [0, ω1) belongs to the closure of the set {gA : A ∈ A}. But no countable family
{An : n ∈ N} ⊆ A verifies that f ∈ {gAn

: n ∈ N}. Indeed, if ξ ∈ [0, ω1) \
⋃∞

n=1 An

then U (f, ξ) :=
{
h ∈ R

[0,ω1) : |h (ξ) − 1| < 1
2

}
is a neighborhood of f in R

[0,ω1) such

that gAn
/∈ U (f, ξ) for every n ∈ N.

Recall that in [13] Orihuela introduced and studied a large class of topological
spaces X (web-compact spaces) for which the space Cp(X) is angelic. In particular,
separable spaces, countably K-determined spaces and K-analytic spaces are web-
compact. The first part of the next corollary implies that every web-compact uniform
space is trans-separable.

Corollary 4. Let (X,N ) be a uniform space. If the space Cc (X, τN ) is angelic, then

(X,N ) is trans-separable. In particular, a uniform space (X,N ) covered by a family

{Kα : α ∈ N
N} of precompact sets such that Kα ⊆ Kβ if α ≤ β is trans-separable.



A characterization of trans-separable spaces 497

Proof. If Cc (X, τN ) is angelic, then each compact subset of Cc (X, τN ) is Fréchet-
Urysohn and Corollary 2 applies. For the second statement note that if (X̂, N̂ )
denotes the completion of (X,N ), then the uniform subspace Y of (X̂, N̂ ) covered

by the closures of the sets Kα in
(
X̂, τ

N̂

)
is web-compact [13], so the first part

shows that Y provided with the relative uniformity is trans-separable. Since X is a
uniform subspace of Y , we are done.

Corollary 5. Let X be a metric space. Then Cp (X) is angelic if and only if Cc (X)
is angelic if and only if X is separable.

According to [17] a topological space X is said to have the Discrete Countable

Chain Condition (DCCC) if every discrete family of open sets is countable, which
is equivalent to require that each continuous metrizable image of X is separable.
It is shown in [17, Theorem 3.5] that if Cp (X) is angelic, then X has the DCCC.
Hence each web-compact space has the DCCC. Since a topological space X has the
DCCC iff every pointwise bounded equicontinuous subset of C (X) is τp-metrizable
[4, Theorem 4] and τp and τc coincide on the equicontinuous sets, it follows from
Theorem 1 that if (X,N ) is a uniform space such that (X, τN ) has the DCCC then
(X,N ) is trans-separable. However, as the following example shows there exists a
trans-separable space (X,N ) such that (X, τN ) does not have the DCCC.

Example 6. Let X = [0, ω1) be the ordinal interval, ω1 being the first ordinal of un-
countable cardinality. For each γ ∈ X set Uγ := {(α, β) : α = β ∨ (α ≥ γ ∧ β ≥ γ)}.
Then the family {Uγ : 0 ≤ γ < ω1} is a base of a uniformity N for X. For a given
vicinity Uγ with 0 ≤ γ < ω1 choose Cγ := {α ∈ X : α ≤ γ}. Given β ∈ X then
(α, β) ∈ Uγ for α = β if β < γ and (α, β) ∈ Uγ for α = γ if β ≥ γ, which means
that Uγ [Cγ] = X. Since the set Cγ is countable, it follows that the uniform space
(X,N ) is trans-separable. On the other hand, since τN is the discrete topology on
X (see for instance [10, Chapter 6, Exercise C]) and X is uncountable, then (X, τN )
does not have the DCCC.
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