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A CHARACTERIZATION
OF TWO WEIGHT NORM INEQUALITIES
FOR FRACTIONAL AND POISSON INTEGRALS

ERIC T. SAWYER

ABSTRACT. For 1 < p < g < 0o and w(z), v(z) nonnegative functions on R",
we show that the weighted inequality

(frr) <e(f )"

holds for all f > 0 if and only if both

, q/p
/ [T(xqv'™")tw < Cy (/ v ) <o
Q
p'/q’
frmrszo([) " <
Q

hold for all dyadic cubes Q. Here T denotes a fractional integral or, more gen-
erally, a convolution operator whose kernel K is a positive lower semicontinu-
ous radial function decreasing in |z| and satisfying K(z) < CK(2z), z € R".
Applications to degenerate elliptic differential operators are indicated.

In addition, a corresponding characterization of those weights v on R™ and
w on Ri’“ for which the Poisson operator is bounded from LP(v) to LI(w)
is given.

and

1. Introduction. Suppose 1 < p, ¢ < 00, v(z) and w(z) are nonnegative
measurable functions (i.e. weights) on R™ and R™ respectively, and that T is an
operator taking suitable functions on R™ into functions on R™. In his survey
article [26], B. Muckenhoupt raised the general question of characterizing when the
weighted norm inequality,

wy ([ mereeae) <o ([ e

holds for all appropriate f. In the case of “one weight”, e.g. p = q, m = n and
w = v, and for many classical operators T, inequality (1.1) can be characterized by
remarkably simple conditions, most notable being that the A, condition,

-1
(4p) (ré.l./ w) <|—é—i/ wl‘p')p < C for all cubes @ C R",
Q Q
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534 E. T. SAWYER

is necessary and sufficient for the Hardy-Littlewood maximal function and Hilbert
transform inequalities (see [19 and 25]).

The case of different weights has been far less accommodating. Only for the
simplest of nontrivial operators, namely the Hardy operator, T'f(z) = foz f(¢) dt,
has a correspondingly simple characterizing condition for (1.1) been obtained (see
(1, 3, 25, 40 and 41]), namely

) 1/q r , 1/p
(/ w) (/ vl_”> <C forallO<r<oo.
4 0

In a sense, the next simplest classical operator is the Hardy-Littlewood maximal
function,

TEQ cube
and in [31] it was shown that for T'= M, (1.1) holds if and only if

Mf(z)= sup ﬁ /Q 1l

1/q 1/p
(/ [M(xgu'™? )]qw) <C (/ v!=P ) < oo for all cubes Q@ C R™.
Q Q

In particular, this says that (1.1), with 7 = M, holds for all f if it holds when
tested over functions of the form f = XQvl“’l (since then fPv = f). This sug-
gested a reasonable conjecture: (1.1) holds for all f provided it holds when tested
over functions of the form XQvl‘p', where the sets Q) are appropriately related to
the geometry of the operator T. While this is born out in the one weight cases
considered above and in the two weight inequality for M, it fails, for example, for
fractional integrals,

Tf@) = Laf(@) = [ 12—yl Sw)dy,

and for higher dimensional Hardy operators

Z1 Tn
Tf(zlv“"zn)=/ / fty, . tn)dty - - dty
0 0

(see [32] and [33] respectively for counterexamples). The point here, first indicated
in the work of B. Muckenhoupt and R. L. Wheeden in [28], is that for linear
operators, one should also test the inequality dual to (1.1) over appropriate test
functions.

It is convenient at this point to recast (1.1) in a more “natural” form, one that
permits the replacement of the functions v and w by positive Borel measures y and
w, and that leads more naturally to the correct testing functions:

1/p

0o ([ muwerae) so([ verae) . rerw

To see that (1.1) is included in (1.2), set dw(z) = w(z) dz, du(z) = v(z)' =P dz and
replace f by fv? ~!in (1.2). If T is linear and T* its dual under the usual pairing,
ie.

| @n@e@dz= [ [T 0wdy forall fand g
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TWO WEIGHT NORM INEQUALITIES FOR FRACTIONAL INTEGRALS 535

then (1.2) is equivalent to the dual inequality,
(1.3)

([ waer aw) " <o ([ werae)" . s

The new conjecture is that (1.2) holds for all f in L?(u) if and only if both (1.2)
and (1.3) hold when tested over characteristic functions of sets ) appropriately
related to the geometry of T'. In [33], this conjecture was established for the two-
dimensional Hardy operator

Tf(.’l?l,zg)=‘/0 l</.0zz f(tl,tg)dtldtQ

by showing that it sufficed to test (1.2) over rectangles of the form [0,a] x [0, b] and
to test (1.3) over rectangles of the form [a, 00] X [b, 00].

The purpose of this paper is to establish the conjecture above for fractional in-
tegral operators (and some generalizations thereof) along with the Poisson integral
operator. For other work on weighted inequalities for these operators, see (2, 4, 6,
7,9, 10, 11, 15, 17, 20, 21, 22, 23, 27, 30, 32, 35, 36, 39] and references given
there. Before stating our two theorems, we establish some notation. Given a cube
@ and R > 0, denote by RQ@ the cube concentric with @ and with R times the side
length. For any measure y and set E, denote by |E|, the u-measure of E. Finally,
the letter C will be used to denote a positive constant that may change from line
to line but will remain independent of the appropriate quantities.

THEOREM 1. Suppose 1 < p < q < 00, w and u are positive Borel measures on
R"™, and Tf = K = f where K(z) is a positive lower semicontinuous radial function
decreasing in |z| and satisfying the growth condition K(z) < CK(2z), z € R".

Then the weighted inequality

(14) ( / [T(fﬂ)]"dw) " ec ( [r du)l/p for all £ >0

holds if and only if both

1/q
(1.5) (/[T(XQM)]q dw) < CllQI}/” < oo for all dyadic cubes Q
and
’ l/p/ 7
(1.6) (/[T(XQw)]” du) < C|Q|YY <00 for all dyadic cubes Q.

’EflEOREM 2. Suppose 1 < p < q< oo, w and u are positive Borel measures on
RL™" and R™ respectively, and

P = [ Pia=3)1(0) duto)

Pl = [ Py a)alat) dofa,o)

+
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536 E. T. SAWYER

denote the Poisson and dual Poisson operators. Then the weighted inequality

l/q l/p
(1.7) (/R"H[P(fu)]"dw) <C (/R fP du) forall f >0

holds if and only if

1/q
(1.8) (/ [P(xou))? dw) < C|QIY/P < oo  for all dyadic cubes Q C R™

n+1
RY

and
1/q'

1/p’
(1.9) [/ |P*[xg(z, )9 dw(z, t)]|” du] <C (/ ¢ dw(x,t)) < o0
Rn Q
for all dyadic cubes @ C R"

where Q denotes the cube in RT” having Q as a face.

Applications of Theorem 1 to regularity and eigenvalve estimates for degenerate
elliptic differential operators are readily suggested by the following observation:
Suppose f has support in, or mean zero on, a cube Q. Then (see [12])

(1.10) I/ (@)l < ChixelV/(z), z€@,

where I; denotes the fractional integral of order 1 given by
ni@) = [ =i d

Thus if du = x(z)v(z)!~? dz and dw = xo(z)w(z) dz satisfy conditions (1.5) and
(1.6) with T = I,, then we have the two weight Poincaré-Sobolev inequality

(L.11) /Q /(@) Pw(z)dz < Cq /Q 1V1(2)Po(z) da

for all f with either supp f C @ or fQ f =0, and where Cg is a fixed multiple of
C) + C3. This inequality has been used by S. Chanillo and R. L. Wheeden [8] to
study the local behaviour of solutions to degenerate elliptic operators P =V - AV
where the weights w(z) and v(z) are given by the largest and smallest eigenvalues
of A(z) (see also [12, 18 and 38]). Inequality (1.11) is also the crucial ingredient
in estimating eigenvalues for degenerate Schrodinger operators —V - AV + V'; see
S. Chanillo and R. L. Wheeden (7] (see also [5, 14, 21 and 22] for earlier related
results).

REMARK 1. Neither (1.5) nor (1.6) alone is in general sufficient for (1.4) as
shown by the example in [32]. Note however that (1.5) and (1.6) coincide when
w=pand g=7p'.

REMARK 2. A modification of the proof of Theorem 1 given below shows that
in conditions (1.5) and (1.6), the integrations on the left need be taken only over
the cubes @ and 12Q) respectively. We do not know if it is possible to restrict both
integrations to Q.
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TWO WEIGHT NORM INEQUALITIES FOR FRACTIONAL INTEGRALS 537

2. Proof of Theorem 1. Assume (1.4) holds. Then so does its dual inequality

(2.1) ( / [T(gw)]”'du>1/pl <C ( / g dw)l/q’ for all g > 0.

With f = x¢ in (1.4) and g = x¢ in (2.1) we obtain (1.5) and (1.6).

Conversely, suppose (1.5) and (1.6) hold and, without loss of generality, that f
is nonnegative and bounded with compact support. Now T'(fu) is lower semi'con~
tinuous and so for each k, we can write the open set O = {T'(fu) > 2¥} as U,Q¥
where the Q;? are the dyadic cubes maximal among those dyadic cubes @ satisfying
RQ c Q. Choosing R > 3 sufficiently large, depending only on the dimension n,
we obtain

(2.2) (i) (disjoint cover) Ok = JQF and Q¥ NQF =D for i # 4,
)

(i) (Whitney condition) RQ? C (k and 3RQ§~ NQE # D for all k, 7,
(iii)(finite overlap) Z X3Q% < Cxq, for all k,
J

(iv) (crowd control) The number of cubes Q¥ intersecting a
fixed cube 3Q§ is at most C,

(v) (nested property) Q¥ c Q; implies k > I.

In fact, (i) and (v) are obvious, (ii) follows as in Theorem 2.1 of [16], and (iii) and
(iv) are a consequence of (ii) and a geometric packing argument on p. 16 of [13].
We now claim the following maximum principle holds:

(2.3) T(X(aQ;)cf#)(l‘) <Cc?, zeqQk

for all (k,j) where C is a constant. To see this, momentarily fix (k,7) and choose
z € 3RQ; N Qf, which is possible by the Whitney condition (2.2)(ii). From
the growth assumption on K(z), we conclude there is a constant C such that
Kz—y)<CK(z—y)forz e Qf, yE (3Q§)°. Multiplying this inequality by f(y)
and then integrating over (SQ;?)” with respect to du(y) yields T(x(an)c fu)(z) <

CT(fu)(z) < C2F since z & Q. This proves (2.3).

Now fix an integer m > 2 satisfying 2™~2 > C where C is the constant appearing
n (2.3). Define Ef = Q¥N(Qtm—1—Qk4m) for all (k, 7). For z € EF C Qpym-1,
the maximum principle (2.3) yields

T(xa:f1)(z) = T(fp)(z) — T(x(3@%)- f1)(2)
> 2k+m—l _ Czk > 2k+m—1 _ 2k+m—2 — 2k+m—2 > 2k

and so

|EX|, <27 [ T(xaqe fu)dw = 27* / ST (xgew) dp
E* 7 3Q§ ’

J

=2 [ ITOw)du+ [ fTlxppe)du
3Qf“nk+m ’ 3Q;nnk+m 7

_ o—k1. k k

=2 [0'] + T]' ].
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538 E. T. SAWYER
We now estimate the left side of (1.4) by
[T do < T 1001~ Deml
k

<CY |EF| 2%
(2.4) k.g

=c( Yoo+ >+ Y )lEfle"q

(k.J)EE  (k.j)EF  (k.J)EG
= C(I+11 +1II)

where
E={(k,): |Eflv < BIQ%|w},
F= {(k’j): |E;c|w > ﬁlQ;ch and 0'_;'0 > TJ,'c}v
G ={(k,4): |Eflo > BIQ}| and of < 7f},
and where 3, to be chosen later, satisfies 0 < 8 < 1. We have

I= > |EF.2" <8 |Qk,2k
k.j

(k.J)EE

<BY 2UT(fu) > 2} by (2:2)(1)
k

< ﬁ/ (Z 2qu{Tfu>2k}) du
%

<08 [1T(mw)*d

(2.5)

20k 1?
_ k| ok k J
SPIL LAl

(k,j)EF (k,j)EF

q
<CF LI, [Ilew / oo, fT(XE;w)du}

/v’ q/p
E¥|., !
5, | / fr du]
3Q;_Qk+m

C q
'H EIQ’CIQ
a/p
C(Cy)ip7¢ Pd by (1.6
(C2)78 kz;(/m_mmf u) y (16)

a/p
<Cpe Z/ fPdu since p < ¢
kg V3R~ Dktm

/
<cp (/f”du)q '
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TWO WEIGHT NORM INEQUALITIES FOR FRACTIONAL INTEGRALS 539

since
D X3@t-0ksm S C D X0y SC(m+1) by (2.2)(ii).
j k

To estimate term III in (2.4) we will need the following easy variant of the
maximal theorem in [37]. For v a positive Borel measure on R", define

- 1 1
Muf(x) - erS:ilt?adic [lQIU -/Q |f| dV] 3 f € Lloc(”)'

MAXIMAL THEOREM. For 1< r < o0, and v a positive Borel measure on R",

(2.7) / (M, f)"dv < C, / Ifl"dv  for all f € L™ (v).

Inequality (2.7) follows by interpolation from the weak type (1,1) and type
(00, 00) estimates for M, (both with constant 1) as in [37].
Let Hf = {i: Qf*™ N3Q} # @} so that 3Q% N Qeym C Uicpr Q™. In order

to estimate 1'}c we observe that the growth condition imposed on the kernel K (z)
implies that for y ¢ 3Q¥*™,

max K(z—-y)<C min _K(z-y)
zeQft™ zeQit

which in turn yields

max T(XEkOJ)( )< C min T(xEkw)(x) ieH;‘,

zteH-m er+m

since 3Q* ™™ C Qyim (see (2.2)(ii)) and Qg4 does not intersect E;‘ It follows
that

7'1"c =/3an9"+’" fT(XE;w) du<C Z [ min T(XEkw)( )] /QHmfdll«

iGH;‘ Qk " i
(2.8)
1
<cy |f xw)du] [——— / fdu] .
,GZH:; [ Qtm ’ lQi'H'qu Q™
For notational convenience, set
1
Afb=—0 | fdu
! IQﬂu Q¥

and let L¥ = {s: Q¥ N3Q* # @}. Then we have

r]'-c <C Z /Q’.‘+"' T(XE;;w) d,u] Aftm
(2.9) -

<c > [ |y POz )

seLk i QEtmcQk

k+m
Ai
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540 E. T. SAWYER

For future reference, note that the cardinality of L;? is at most C by (2.2)(iv). We
now claim that

(2.10) Y |EF.2M<cC ( / fP du)m

(k.j)EG
k>N
k=M (mod m)

with a constant C independent of the integers N and M where —co < N < o0,
0 < M < m. Fix such integers N and M and introduce the convention, in force
until the proof of (2.10) is completed, that all indices (k, j) are understood to be
restricted to k > N, k = M (modm).

With this convention we introduce “principal” cubes as in B. Muckenhoupt and
R. L. Wheeden [29, p. 804]. Let G consist of those indices (k,7) for which Qf is
maximal. If G, has been defined, let G, consist of those (k,7) for which there
is (t,u) € G, with Q;‘? C Q¢ and

(i) A¥ > 24,

(ii) A% < 2A% whenever Q% G Q) C QL.

Define ' = {J, -, Gr and for each (k, ), define P(Qf) to be the smallest cube QY,
containing Qf and with (¢,u) € I'. Then we have

(i) P(Q¥) = Q implies A¥ < 24!,

2.11
(211) (i) Q% G QL (k,5) and (t,u) €T imply Ak > 24

Using (2.9) and the fact that the cardinality of Lf is at most C, we obtain
(2.12)

27k
ST IEML2k < ST |EH [
|E¥].,

(k.J)EG (k.J)EG
|Ef | e
<0t Y i

. 1Bl -
<Cp QE Z Iqulq Z /k+m T(Xqu))du A
kg seLk 011 i p@Etmy=p(@t) L@
Qtrmeal
q

Ek
vorg B s [ mgaa]
i€H¥: (k+m )€l Q.
(since if Q**™ C Q¥ and (k+m,?) ¢T,
then P(Q;*™) = P(QX))
=IV+V.
We will use conditions (1.5) and (1.6) to estimate terms IV and V respectively.
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TWO WEIGHT NORM INEQUALITIES FOR FRACTIONAL INTEGRALS 541

First, note that for a fixed (¢,u) €T,

Ek
NN i - I o e
ki selk: P(@6)=QL 7 |i: P(@ET™)=P(@¥) L%

QFtmcQk

q
<> > 1Bk [ﬁ /Q kT(xQ;w)du] (245)7 by (211)()

k.J aGLk P(Qk)=qt,

q
<(2A‘)"Z Z | f|w [lel / (XQtl")d“’J

k,j aeL" P(Qk)=qt,

(2.13)

< C(AL)? / [Mu[T(xqe w))]?dw since cardinality of L¥ < C(n, R)

< c(Ah)e /[T(XQ;#)]Q dw by the maximal theorem

< C(AL)UC1)UQLIYP by (L5).

Summing (2.13) over (t,u) € T yields
(2.14)
a/p

IVSCA™® 3 |QuiP(4)T<CB | 3 IQLIk(AL)?|  sincep<q.

(t,u)er (t,u)er

To obtain the corresponding estimate for V, we note that for a fixed (k,j),
Holder’s inequality yields
(2.15)

|E¥|w
T w)dp| Akt™
|Q§|3; Z Qk+m (XQ;‘ ) dp :

ieH" (k+m,i)er

q

,79/7
|E5 L. y ’
S J Qk+m p/p / T w)d,
QR | 2 OETT [ POy du
zEH"
a/p
x Z IQ;¢+mI“(A:C+m)p
ieH;.‘: (k+m,i)er
a/p’ q/p
|Ek|w 2
<= )0 [T(xqrw)l® du Yoo QEL Ak
IQjIw ) Q’f+m J . .
:eH;‘ i IEH;.‘: (k+m,i)er
q49/p
< (C2)" ) L aaa MV Lot by (16).
ieH;: (k+m,i)er
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542 E. T. SAWYER

Summing (2.15) over (k,j), using the fact that p < ¢, and then noting that any
fixed Qf"’"’ occurs at most C times in the resulting sum (by (2.2)(iii)), we obtain

a/p
(2.16) VSCﬂ“’[ > |Qf,|u(Az)”] :

(t,u)er

Combining (2.12), (2.14) and (2.16) shows that the left side of (2.10) is bounded
by

q/p

> 1QLlu(4L)

(t,u)er

q/p
<Cpe [ / [ > (AL)”XQ;(@)] du(x)]

(t,u)er

(2.17) cpe

q/p
<05 | [ (17 au
since (2.11)(ii) implies that for any fixed z,

D (AL)Pxqe(z) < 2° sup (AL)P < 2P M, f(z)P.
(t,u)ET T€Q,

From (2.17) and the maximal theorem we obtain (2.10). Now let N — —oo in
(2.10) and then sum over M =0,1,2,...,m — 1 to obtain

(2.18) I < CB~ 1 ( / P d,u) Q/p.

Combining (2.4), (2.5), (2.6) and (2.18) we have

1) [ir¢uide<cs [Tl o+ oo ( [r du)q/p-

Now chose 3 so small that C8 < % and then subtract the first term on the right side
of (2.19) from both sides (it is finite by (1.5) and our assumptions on f) to obtain
(1.4) for f > 0 bounded with compact support, and hence for arbitrary f > 0 by
the monotone convergence theorem. This completes the proof of Theorem 1.

3. Proof of Theorem 2. The proof of Theorem 2 follows very closely the line
of argument used in Theorem 1, but applied to the dual Poisson operator P* rather
than P. In order to minimize confusion in referring to the proof of Theorem 1, we
set T = P*, ie. T(fu)(z) = [ Pi(z —y)f(y,t) du(y,t), interchange the roles of w
and u, g and p/, and consider instead the inequality,

1/q 1/p
(3.1) (/R"[T(fu)]qdw) <c (/R+ f”d,u) for all f > 0.
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TWO WEIGHT NORM INEQUALITIES FOR FRACTIONAL INTEGRALS 543

We will show that (3.1) holds if and only if both

62 |[ (Thole0r " duta0)? do] "o | dutz) ™

l/p' l/ql
(3.3) / (PXQw)”' du <C (/ dw) < 0o
R}T! Q

hold for all dyadic cubes @ C R™.
Condition (3.2) follows by setting f(z,t) = x4(z, t)t? =1 in (3.1), and (3.3)
follows by testing the inequality dual to (3.1) with xq.

Conversely, we begin exactly as in the proof of Theorem 1 but with the maximum
principle in (2.3) replaced by

(34) T(X@gr)- f1)(2) C2,  zeqQf.

To see (3.4), choose z € 3RQ§ NQ as before by the Whitney condition. Inequality
(3.4) now follows from the inequality

Pt(x_y)SCPt(z_y)’ er;’ (y’t)¢3Q§a

after multiplying by f(y,t) and then integrating over (3@;?)0 with respect to du(y, t).

From this point up to the inequality in (2.8), the proof of Theorem 1 can be
applied verbatim provided that in the context of the measure space (R'I“,du),

cubes Q are replaced by Q and the sets () are replaced by () = U,- Qf The
only new development in this proof arises now: T*(xgrw) is no longer roughly
7

constant on any Qf+m, but merely roughly constant on level planes of Qf"’"‘ (see
(3.6) below). The substitute for (2.8) is

k * *
k= ST (xpew) dis = / ST (xprw) ds
’ /so;nmm K 2 grrm ™

i€EHF
(3.5) )
<cC / T*(ngw)t‘ldﬁ} [— / ferr dﬂ]
i€H* [ Qr ’ QF ™z Jor+m
where dji(y,t) = t* du(y,t). To see the inequality in (3.5), observe that if xf*m is

the centre of Qf+m, then for (z,t) € Qf+m7

* * t % m
(36)  T'(xew)@t) ~ T (xpp) ™ ) ~ T (xgpw) (a7, )
J

since 3Q**™ N Ef = &. Here df is the side length of Q¥ and the symbol of
approximate equality means the ratio of the sides is bounded between absolute
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544 E. T. SAWYER

positive constants. From (3.6) we have

* 1 *
Jopon IT g i T () ) [ pCr (o)

J Q‘:C+m
-féi”'" Eth*(XE;w)(Zerm, d*)t?' =1 du(z,t)
= fQ".H'm tp’ dll/(ll?, t) A?+m f(z, t)t du(x, t)

Jor+m dit /Qf+m d g

which yields (3.5) upon summing over ¢ € HY.

R

In view of (3.5), it is now appropriate to define the averages A;? by
(1/ |Q;‘|,-,) Jor ft1=? dji. With these changes, the argument in the proof of The-
J

orem 1 now leads to the conclusion, as in (2.17), that the left side of (2.10) is
dominated by CA~9(f(Mzg)? djt)%/? where g(z,t) = t'~7 f(z,t) and

1 .
Mgg(z,t) = sup [-—-/ Igldu] .
(z,t)€Q dyadic |Q|ﬁ Q

cube in R_"‘,“

The maximal theorem now shows that
/(Mﬁ)p dp < C/gp din = C/fpt(l—z?')ptp' du

¢ [ i
and the proof of Theorem 2 is now completed as in the proof of Theorem 1.
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