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A CLARK-OCONE TYPE FORMULA UNDER CHANGE OF
MEASURE FOR LEVY PROCESSES WITH L2-LEVY MEASURE

RYOICHI SUZUKI

ABSTRACT. The Clark-Ocone formula is an explicit stochastic integral repre-
sentation for random variables in terms of Malliavin derivatives. In this paper,
we prove a Clark-Ocone type formula under change of measure (COCM) for
Lévy processes with L2-Lévy measure.

To show the COCM for L2-Lévy processes, we develop Malliavin calculus
for Lévy processes, based on [11]. By using o-finiteness of Lévy measure, we
obtain a commutation formula for the Lebesgue integration and the Malliavin
derivative and a chain rule for Malliavin derivative. These formulas derive the
COCM. Finally, we obtain a log-Sobolev type formula for Lévy functionals.

1. Introduction

The representations of functionals of Brownian motions (or Lévy processes) by
stochastic integrals are important theorems in Probability theory. It has been
widely studied (see, e.g., survey paper by [7]). In particular, the Clark-Ocone
(CO) formula is an explicitly martingale representation of functionals of Brownian
motions in terms of Malliavin derivatives. If an L?-random variable F' has some
regularity in the Malliavin sense, we have

T
F =E[F| —|—/ E[D,F|F,])dW (t),
0

where W is a Brownian motion, D;F' is the classical Malliavin derivative. This
formula was shown by Clark, Ocone and Haussmann (see [5, 6, 12, 19]). White
noise generalization of the CO formula was proved by [1]. This formula has various
applications. For example, the log-Sobolev and Poincare inequalities are obtained
in [4]. In the application to mathematical finance, representation of an optimal
portfolio is given by this formula (see e.g., [15]).

The CO formula for Lévy processes has been also studied. Lgkka ([16]) proved
CO formula for functionals of pure jump Lévy processes. White noise general-
ization of the CO formula for functionals of pure jump Lévy was derived by [10].
Furthermore, we can also see that one for general L2-Lévy functionals also holds
(see [3]).
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Since many applications in mathematical finance require representation of ran-
dom variables with respect to risk neutral martingale measure, Girsanov transfor-
mations versions of this theorem were studied by many people. First, a Clark-
Ocone type formula under change of measure (COCM) for Brownian motions was
proved by [15]: F = Eg[F] + [ Eq[DiF — F [, Dyu(s)dWq(s)|F.]dWq(t). They
also derived an optimal portfolio of Brownian market by using it. Okur ([20])
generalized it by using white noise theory and derived an explicit representation
of hedging strategy of digital option for Brownian market. Huehne ([13]) derived
a COCM for pure jump Lévy processes and gave an optimal portfolio. Note that
Di Nunno et al. ([9]) and Okur ([21]) also introduced one for Lévy processes us-
ing white noise theory. However, their results are different from our results. Our
results have different settings and different representation, for more detail, see
Remark 4.7 and Theorem 4.4 in this paper.

In this paper, we derive a COCM for Lévy processes with L2-Lévy measure in
section 4:

F= EQ[F]+U/TEQ|:DtOF FK(t ft}dWQ()

/ / Eq[F(H(t,z) — 1) + zH(t, 2) Dy . F|F;_|No(dt, dz).
Ro

We precisely define K (t) and H (t, z) and see sufficient conditions for this formula
in section 4. Using this result, we obtain log-Sobolev and Poincare type inequalities
for Lévy functionals. For that purpose, we adapted Malliavin calculus for Lévy
processes based on [11]. Moreover, we show some formulae to show the main
theorem, such as chain rule for Malliavin derivative and commutation formulae for
integrals and the Malliavin derivative. By using o-finiteness of Lévy measure (see
e.g., [2]), we prove it.

This paper is organized as follows: In Section 2, we review Malliavin calculus
for Lévy processes and we also give a chain rule. In Section 3, we first review
commutation formulae like [8]. Second, we give some comments about commuta-
tion formulae as a remark. Finally, we show another commutation formula. In
Section 4, by using results of Section 2 and Section 3, we show a COCM for Lévy
processes with L2— Lévy measure. Using it, we obtain log-Sobolev and Poincare
type inequalities for Lévy functionals.

2. Preliminaries

Throughout this paper, we consider Malliavin calculus for Lévy processes, based
on, [24] and [11].

For given an infinitely divisible distribution ¢ on R, we can construct a Lévy
process from Lévy-Tto decomposition. For details, see the book by Sato [22].

Given an infinitely divisible distribution p on R, we have the Lévy-Khintchine
representation: there exist unique o2 > 0, v € R and Lévy measure v satisfying

v({0}) =0 and /Rmin(l, |2*)v(dz) < o0
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such that its characteristic function has following form:

/ " u(dz) = exp (—U—u2 +ivu —i—/ (e —1-— iuzl|z|<1)u(dz)) ,
R 2 Ro

where Ry means R\{0}. To construct the centered square integral Lévy process,
we assume that v = 0 and fRo 2%v(dz) < oo. In fact, the second condition is
equivalent to the existence of second moment of p.

Second, we give a Lévy process from an infinitely divisible distribution. Let
{Wyt € [0,T]} be a standard Brownian motion and N be a Poisson random
measure independent of W defined by

N(At) = 1a(AX,), A€ B(Rg), AX, = X, — X,_.

s<t

We denote the compensated Poisson random measure by N (dt,dz) = N(dt,dz) —
dtv(dz), where dtv(dz) = A(dt)v(dz) is the compensator of N, v(-) the Lévy
measure of u. We give a centered square integrable Lévy process X = {X;;t €
[0,T]} on a complete probability space (2, F,P; {F;}1e[0,17), as follows:

¢
Xt:UWt+//ZN(dS,dZ),
0o JRo

where F = {F}}1c(0,] is the augmented filtration generated by X.
We consider the finite measure ¢ defined on [0,7T] x R by

q(E) = 02/ dtdo(dz) —|—/ 22dtv(dz), E € B([0,T] x R),
E(0) '
where E(0) = {(¢,0) € [0,T] x R; (¢,0) € E} and E' = E — E(0), and the random
measure @ on [0,7] x R by

’

Q(E) :a/ théo(dz)—i—/ zN(dt,dz), E €B([0,T]xR).
E(0)

Then for n € N, and a simple function h, = 1g,x...xg,, With pairwise disjoint
sets Ey,---,E, € B([0,T] x R), a multiple two-parameter integral with respect
to the random measure @ can be defined as I, (hy) := [[}_, Q(E:). Let L7, (R)
denote the set of product measurable, deterministic functions h : ([0, T] x R)™ — R
satisfying

T,q,n

||h||2L2 = /([OT] . [h((t1,21),- -~ ,(tn,zn))|2q(dt1,dz1)---q(tn,zn) < 00.
TIxR)™

For n € N and h, € L7, ,(R), we denote

In(hn) = / h((th Zl), R (tn, Zn))Q(dtl, d2’1> e Q(dtn, dzn)
([0, T]xR)™

It is easy to see that E[Io(ho)] = ho and E[I,,(hy,)] =0, for n > 1. In this setting,
we introduce the following chaos expansion (see Theorem 2 in [14], Section 2 of
[24]).



386 RYOICHI SUZUKI

Theorem 2.1. Any F-measurable square integrable random variable F has a
unique representation

F = i I,(fn), P-as.
=0

with functions f, € LTq »(R) that are symmetric in the n pairs (t;,2),1 <i<n
and we have the isometry

oo

E(F? =S nllful?, .

n=0

Definition 2.2. (1) Let DY?(R) denote the set of F -measurable random variables
F € L*(P) with the representation F' = ">° ' I,,(f,) satisfying

oo
Znn'anH%% < oo,
n=1 -

(2) Let F € DM2(R). Then the Malliavin derivative DF : Q x [0,T] x R — R of a
random variable F' € DV2(R) is a stochastic process defined by

D F = Z nl,—1(fn((t,2),")), valid for g—a.e. (t,z) € [0,T] x R,P — a.s.

n=1

(3) For o # 0, let Dy*(R) denote the set of F -measurable random variables
F € L*(P) with the representation F' = >"°7 I,,(f,) satisfying

Z wnt [ U GO 0% < o
Then for I’ € ]D)(lJ’2 (R), we can define

D, oF = i nln_1(fn((£,0),-)), valid for g—a.e. (¢,0) € [0,T] x {0},P — a.s.

n=1

(4) For v # 0, let D}"*(R) denote the set of F -measurable random variables
F € L*(P) with the representation F' = >_°7  I,,(f,) satisfying

oo T
Znn!/ / s (B2 2Pw(d2)dt < oo,
n=1 0 Ro o

Then for F € D}'*(R), we can define

D, .F = Z nl,_1(fn((t,2),7)), valid for g—a.e. (t,2) € [0,T] x Ry, P — a.s.

n=1
Remark 2.3. If both o # 0 and v # 0, we can see DV2(R) = D*(R) N D;?(R).

We next establish the following fundamental result.
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Proposition 2.4 (The closability of operator D). Let F € L*(P) and Fy €
DY2(R), k € N such that

(1) limk_mo Fk =Fin LQ(P),

(2) {D; . Fy}32, converges in L*(q x P).

Then F € DY and limg_y00 Dy . F, = D; . F in L*(q x P).

Proof. We can show this proposition by the same sort argument as Theorem 12.6 of

[9]. Let =307 0 In(fn), fu € L}, ,(R) and Fr = Y07 In(f), f € L%, . (R).

Then by assumption (1), we have lim_,00 > poo n!||f¥—ful|2, = 0. This implies
T,q,n

that limg_00 f¥ = f, in L2T7q7n for all n. From assumption (2), we deduce that

k,m—

o0

. k .

hmoo Zlnn!an - ffTH%z‘TM = k#ﬁlw I Dt,=Fy, — D2 Fnl|72(gxp) = 0-
n=

Hence, we obtain

oo o0
: 1" £k _ 2 < : s 1" £k _ pm|2
Jim Dl = Jally <2l > tmintandl £ = £7E
= n=

oo
. . . k 2
< 2k11m llrll)lglof E 1nn!||fn — f7T”L2T,q,n =0,
n—=

—0o0 m

because nnl||f¥ — fm(|2, >0 for all n,m, k.
T,q,n

Therefore, we can see that F' € DV?(R) and limg—oo Dt . Fy = Dy . F in L?(q x
P). ]

Next we introduce a chain rule. First we define the following.

Definition 2.5. (1) Let C§°(R™) denote the space of smooth functions f : R” — R
with compact support.

(2) A random variable of the form F = f(Xy,,---,Xy,), where f € C§°(R"),
n € N, and t1,--- ,t, > 0, is said to be a smooth random variable. The set of all
smooth random variables is denoted by S.

(3) For F' € S, we define the Malliavin derivative operator D as a map from S

into L2(q x IP)

Dy F = E %(Xhu T ath)l[O,ti]X{O}(t’Z)
i=1 "

+ f(th + Zl[O,tl](t)v e 7th + Zl[O,tn](t)) - f(th T 7th)

z

1R, (Z)
for (¢t,2) € [0,T] x R.

By Lemma 3.1 and Theorem 4.1 in [11], we can see that the closure of the
domain of D with respect to the norm ||F||p := {E[|F|?] + E[|DF||2.]}!/? is the

space DV2(R) and D; ,F = D, . F for all F € S C DY2?(R). Moreover, by Corollary
4.11n [11], the set S of smooth random variables is dense in L*(P), DV2(R), Dy (R)
and D;*(R).
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Proposition 2.6. Let ¢ : R® — R be a C*-function with bounded derivative.
(1) Let F = (Fy,--- ,F,). If Fy,--- ,F, € D1=2(R) then o(F) € Dy*(R) and

Dy op(F Z D2y F) Do Fy. (2.1)

2) Let F = Fl,---,Fn.]fFl,---,FneID)l’2R,thench € DI*(R) and
1 1
SO(FI"'ZDt,zFla7Fn+2Dt,an)_S0(Fla7Fn)7 2750 (22)

z
Proof. Since ¢ is a Lipschitz continuous function, Lemma 5.1 of [11] implies that
©(F) € Dy*(R) and (2.2) holds. Moreover, we can show equation (2.1) and o(F) €
Dy (R) by a similar step with Proposition 1.30 in [18]. O

Dt,ZSD(F) =

To show a chain rule, we introduce the following lemma (Lemma 4.3.3 in [23]).

Lemma 2.7. Let n € N. For any M > 0 and € € (0,1), there exists a mapping

f € C§°(R™; [0, 1]) with partial derivative bounded by 1 + € such that f(x) =1 for

all z € [-M, M]™ and supp(f) C (—=(M + 1), M + 1)™.

Proposition 2.8. (1) Let F' = (Fy,--- , F,), where Fy,--- | F, € Déz( ) and f €
1/mn 2

CH(R™) for n > 1. Moreover, assume that f(F) € L*(P ) cmd Y oreq (%k L (F)Dy oFy

€ L2(A\x P) . Then f(F) € Dy*(R) and the following chain rule holds:

Dyof (F Z B2, F)Dy o Fy.
p

(2) Let o € CY(R™;R) and F = (Fy,--- , F,) with Fy,--- | F, € D}"*(R). Suppose
that p(F) € L*(P) and
<P(F1+2Dt,zF17"' 7Fn+2Dt,an)_(p(F17"' 7Fn)

z

€ L*(2*v(dz)dtdP).

Then o(F) € Dy*(R) and
O(Fy + 2Dy L Fy, -+ By + 2Dy L Fy) — o(Fu, -, Fy) 240
z ’ '

Proof. (1) We can show it by similar steps with Theorem 4.3.5 in [23].
Step 1-1: We assume that f € C'(R") is bounded and that

or

8
Let € € (0,1),m € N and deﬁne the sets K, and V,,, by K, = [-m, m]" and V,,, =
(=m —1,m+ 1)". By Lemma 2.7, there exists a sequence (¢,,) in C§°(R";[0,1])
with cm( ) =1 for all z € K,, and supp(c,,) C V;, such that “Z are bounded
by 1+ e. We denote f,(x) = ¢ (z)f(z). We will argue that f,, € C'(R") with
bounded derivative. It is clear that f,, is continuously differentiable, and 6f m (:v) =
Gem (1) f () + cm (@) 3L (x). Since (cm) € C§°(R™), both ¢, and 8;7:( ) have

compact support. It follows that af m ( ) has compact support, and since it is also

Dt,Z‘P(F) =

(F)D;oF € L*(\ x P).

continuous, it is bounded. Hence by Proposition 2.6, we can see that f,,,(F) €
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Dy (R) and Dy o fm(F) = Sorey (%k ™ (Fy)Dy,0F). Next note the following: first

9cm ; Ofm
note that Z2= is zero on K. Since ¢, is one on K, we find that a—zk( x) and

g—ggfk(:z:) are equal on K.

Since ¢,, converges pointwise to 1, f,, converges pointwise to f. Hence, we obtain
limy, 00 fr(F) = f(F) as. Because |[¢m|lec < 1, the dominated convergence
yields that lim f,,,(F) = f(F) in L?(P). Therefore, we obtain

T af of i
< [/ = Dt,oFk— (F)DtOFdet)
0

8
>1/2
of

(E /0 acm(F)f(F)—F(Cm(F)_l)a—wk(F)]Dt»OFdet

afk
>1/2

T n of 1/2
+E/ 150 ye|(em (F) — 1) === (F)Dy o F)|?dt .
( 0 ; (K2) |(em (F') )8a:k( )D¢,0Fk| )

We wish to show that each of these terms tend to zero by the dominated conver-
gence. Considering the first term, by definition of ¢,,, we obtain

8fm of
" /0 — 53@1@ >—(F) = D ——(F))Dy,oFy|dt

>1/2

IN

ch
E / Zl K)ol = (F) f(F) Dy o Fy.|*dt
0 iz

Z 1k 86’” (F)f(F)DyoFy| <

&ck

L+ o)l fllso Z | Deo F|

k=1

which is L2()\ x P)-integrable. Likewise, for the second term we have the L?(\ x P)-
integrable bound

Z (kg (cm(F) 1)83% (F)Dy,0Fy

D> a—f )Dy o F
k=1

0
8; (F)Dy o Fy| .

Since K, increases to R, by the dominated convergence using the two bounds
obtained above, we find that both norms tends to Zero and therefore we may
finally conclude limy, o0 Y 1y azk (FYDyoFr = Y 1y azk (F)Dt oF) in L2(\ x
P). Therefore Proposition 2.4 implies that f(F) € DY2(R) and D;of(F) =
Zk 1 81 ( D40 Fk-

Step 1-2: Let f € C*(R"), f(F) € L*(P) and >, _, 89% L (F)D;oFy € L2(\ x P).
Let € € (0,1),m € N and define the sets K,,, and V,, by K,, = [-m,m] and
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Vin = (—m — 1,m + 1) and and let ¢, be the Lipschitz element of C5°(R; [0, 1])
with ¢, (x) = 1 for all z € K, and supp(cm) C Vin that exists by Lemma 2.7
with Lipschitz constant 1 + ¢. We denote C,, fo ¢m(y)dy. Note that since
¢m is bounded by one and is zero outside of Vm, |ICmlloe < m + 1. In partic-
ular, C,, is bounded. Now, defining f,,(z) = Cu(f(x)), it is then clear f,
is bounded. Furthermore, f,, is C! function and ‘Wm = (2) = em(f(2)) 55 I ().

Bmk

Therefore, we have |> 7 %{c’: (F)DtoFk| = |em(f(F ))Zk 1 azk( )Dy o Fy| <

> ey 8%( )D¢,0F%|, hence, >, _, (%k = (F)Dy oFy, € L?(\ x P). Thus, f,, is cov-
ered by the previous step of the proof, and we may conclude that f,,(F) € D2(R)
and Dy ofm(F) = Y 14 %(F)DM)F;C. As in the previous step, we will extend
this result to f by applying Proposition 2.4.

To this end, note that since ¢y, is bounded by one, |Cr (2)] <[5 |em (y)|dy < |2]
and that E[| fn,(F) — f(F)[?] = E[|Co (f(F)) = f(F)[?]. Since |Cp (f(F)) = f(F)] <
|Con (f(E)| + |F(F)] < 2|f(F)|, we conclude by the dominated convergence that
the above tends to zero, hence lim,, o0 fin(F) = f(F) in L?(P). Likewise, for the
derivatives, we obtain

Ofm 9
/ |Z f DtOFk— af(F)DtOFdet

=K

‘/0 |Cm(f(F)) ,; 8—M(F)Dt’0Fk - I; a—xk(F)Dt,oFdet

T n 6
_® / enlfF) = DY 2L DR

k=1

and since ¢, — 1 tends to zero, bounded by the constant one, we conclude by
dominated convergence that the above tends to zero T herefore, Proposition 2.4
implies that f(F) € DV2(R) and Dy of(F) = > p_, az L (F)D; o Fy.
(2) Step 2-1: We assume that ¢ € C1(R") is bounded and that
QO(Fl +2Dt,zF17"' 7Fn+ZDt,an) —<P(F17"' 7Fn)
z

Let € € (0,1),m € N and define the sets K,, and V,,, by K,,, = [-m, m|" and V,,, =
(—m —1,m+ 1)". By Lemma 2.7, there exists a sequence (¢,,) in C§°(R";[0,1])
with ¢, () = 1 for all z € K, and supp(cp,) C V4, such that g‘;’: (x) are bounded
by 1+ €. We denote ., (z) = ¢ (z)p(z). By 1-1, we can see ¢, € C1(R") with
bounded derivative. Hence, by Proposition 2.6, we can conclude that ¢, (F) €
Di 2( ) and th@m(F) _ Om(Fi+zD¢ . F1,--- Fp +thzF )—@m (F1, ,Fp) 2 7& 0.

Since ¢, converges pointwise to 1, ¢, converges pointwise to . Hence we ob-

tain limy, 00 om (F) = ¢(F) a.s. Because ||¢im |0 < 1, the dominated convergence
yields that lim ¢,,(F) = @(F) in L?(P). Moreover, we have

lim Spm(Fl +ZDt,zF17"' 7Fn+ZDt,an)_(pm(Fla"' 7Fn)

m—00 z

SQ(FI‘FZDt,zFl;"' ;Fn+ZDt,an)_90(Fla"' aFn)

)

€ L*(2%v(dz)dtdP).

z
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(t,z,w)-a.e. On the other hand,

‘<Pm(F1+ZDt,zF1;"' ;Fn‘i‘ZDt,an)_(pm(Fl;"' 7Fn)

z
_(p(Fl + 2Dy By, Fp+ 2Dy Fy) — o(Fy, -+, Fy)
z
em(F1 + 2Dy Fy, -+ Fp+ 2Dy Fy)o(Fy + 2Dy P, -+ Fy, + 2Dy, F,)
- z
Cem(P)p(Fr, B (B 2Dy B B+ 2Dy o Fy) — (B )
z z

S |Cm(F1 +2Dt,zF1;"' ;Fn+ZDt,an)|
« ’(Qp(Fl +ZDt,zF17"' 7Fn+2Dt,an)_(p(F17"' 7Fn)

z

n ‘(p(Fl, oo Fo)em(Fy + 2Dy L Fy -+ By + 2Dy L Fy) — cm(F))‘
z
n ‘(p(Fl + 2Dy By, Fp+ 2Dy F) — o(Fy, -+, Fy)
z
< 2‘90(F1 + 2Dy Fy,--- F,+ 2Dy F,) — @(F1, - F)
z
+ (L4 )l @llocy | (D12 Fr)? € L*(2*v(dz)dtdP)

k=1

because ¢y, is a Lipschitz continuous function with Lipschitz constant 1+ ¢. There-
fore, the dominated convergence theorem yields that

<Pm(F1+ZDt,zF1;"' ;Fn‘i‘ZDt,an)_(pm(Flv"' 7Fn)

lim
m— o0 z
o <P(F1+2Dt,zF17"' ;Fn+ZDt,an)_<P(F17"' aFn)

in L?(2%v(dz)dtdP).
z

Therefore, Proposition 2.4 implies that ¢(F) € D}*(R) and

@(FI‘FZDt,zFl;"'7Fn+ZDt,an)_(p(Fla"'7Fn)
z

Dy 2 p(F) = 2 #0.

Step 2-2: Let ¢ € CY(R"), ¢(F) € L?(P) and assume that W(FJFZD“;F)_“’(F) €
L?(2%v(dz)dtdP). Let € € (0,1),m € N and define the sets K,, and V,, by K,, =
[-m,m] and V,,, = (—m — 1,m + 1) and and let ¢,, be the Lipschitz element of
C5°(R;[0,1]) with ¢ (x) = 1 for all z € K, and supp(c,) C V,,, that exists by
Lemma 2.7 with Lipschitz constant 1+ e. We denote Cy,(z) = [ ¢m (y)dy. Note
that since ¢, is bounded by one and is zero outside of Vi, ||Cinllec < m + 1. In

particular, Cy, is bounded. Now, defining ¢, (2) = Cp,(p(x)), it is then clear ¢,
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is bounded. Furthermore, ¢,, is C* function and

Sﬁm(Fl +ZDt,zF1; e 7Fn + ZDt,an) - Sﬁm(F)
z
'Cm(sp(Fl + ZDt,zFlu e 7Fn +ZDt,an)) - Cm(QP(F))’

z

/kp(Fl“l’ZDt,zqu"' 7Fn+ZDf,ZF")
—1
0

w(F)
em(y)dy — / cm(y)dy
0

= |z|
L @(F1 42Dy Fy -+ ,Fpn+2zDy . Fy)
-7 e 1)y
w(F)
< |zl Mo(Fy + 2Dy o Fr, -+ By + 2Dy L Fy) — (F)| (2.3)

hence, £mfatzle:F, F"+ZD”F") em) ¢ 12(220(dz)dtdP). Thus, @y, is covered

by the previous step of the proof, and we may conclude that ¢,,(F) € Dl 2(R) and
Dt SD (F) — 4Pm(F1+ZDP 21, Fn+ZDt an) Pm

() | As in the previous step, we will
extend this result to ¢ by applylng Proposition 2.4.

To this end, note that since ¢y, is bounded by one, |Cp ()| <[5 lem (y)|dy < ||,
and that E[|gy, (F) —~ ¢(F)P] = El|C (¢ (F)) —o(F)?]. Since [Cn((F)) ()] <
|Con (@ (F))| + |o(F)| < 2|¢(F)|, we conclude by the dominated convergence theo-
rem that the above tends to zero, hence lim,, o0 @m (F) = ¢(F) in L?(P). More-
over, by (2.3)

‘Cm(<ﬂ(F1 + 2Dy P,y + ZDt.,an)) — Cr(p(F))

z
@(Fl‘i‘ZDt,zFl;"';Fn‘i‘ZDt,an)_@(F)
z
Fy+ 2Dy Fi,---  Fu+ 2D Fy) — o(F
32“"( L+ 2 sy T D) = 6| ¢ a2y a2 dede).
z

Hence, we conclude by the dominated convergence theorem that

Spm(Fl +ZDt,zFlu' o 7Fn +2Dt,an) - (pm(F)

lim
m—00 z
SD(FI +2Dt,zFlu' e 7Fn +ZDt,an) - SD(F)

in L?(2%v(dz)dtdP).

2
Therefore, Proposition 2.4 implies that o(F) € D}*(R) and

w(Fl +ZDt,zF17”' aFn+ZDt,an) _<P(F)
> .

Dt,Z@(F) =

By Proposition 2.8, we can immediately derive the following;:

Proposition 2.9 (Chain rule). Let p € C1(R™;R) and F = (Fy,--- , F,), where
Fy,-- F, € DY2(R). Suppose o(F) € L*(P), S1_) 32-¢(F)DioFy € L*(A x
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P), and £FFEPezF it 2DesFe) — oo Fh) ¢ 12(52)(dz)dtdP). Then o(F) €
D“2(R),

"9
Dt,0<P Z 8— Dt oF}%

and
O(Fy + 2Dy o Fy, - -+, Fy + 2Dy . Fy) — @(Fu, -, Fy)
A

Dt,ZSD(F) =

If we take p(z,y) = xy, then we can derive the following product rule.

Corollary 2.10. Let Fy, F; € DY2(R) and FyFy € L*(P). Moreover, assume that
Fi\Dy  Fs + FoD; ,Fy + 2D; ,Fy - Dy . Fy € L?(q x P). Then F1F» € DV2(R) and

Dt)zFlFQ = F]_Dt)ZFQ + FQDt)ZFl + ZDt7ZF1 . Dt7zF2. (24)

3. Commutation of Integration and the Malliavin Differentiability

In this section, we consider commutations of integration and the Malliavin dif-
ferentiability, which has an interest of its own and could be applied for other
purposes than the one of this paper. First we introduce the following classes.

Definition 3.1. (1) Let L*?(R) denote the space of product measurable and F -
adapted processes G : %[0, T] xR — R satisfying E[f[o T)xR |G (s, 7)|?q(ds, dz)] <
0, G(s,z) € DM2(R), g—a.e. (s,x) € [0,7] x R and

< 00.

E / |Dt,zG(SaI)|2q(d57dI)Q(dtvd'z)
([0,T]xR)?

(2) Let Ly*(R) denote the space of measurable and F -adapted processes G :
Q x [0,T] — R satisfying EU[O,T] |G(s)]?ds] < 0, G(s) € DV2(R), s € [0,T],a.e

and E [ [l 71,5 Jio ) 1D22G(s) Pdsa(dt, d2)] < oo.

(3) Let H;}z(R) denote the space of product measurable and F -adapted processes
G:Qx[0,T] x Ry — R satisfying

2
E [/ |G(s,a:)|21/(dx)ds] < oo, E (/ |G(s,a:)|u(dx)ds> < 00,
[0,T]xRo [0,T]xRg

G(s,z) € DM2(R), (s,z) € [0,T] x Ry, a.e. ,

2
IE/ / |D: .G(s,z)|v(dz)ds | q(dt,dz)| < oo
[0,T]xR [0,T1xRo

and

IE/ / |D; .G(s, x)|*v(dz)dsq(dt,dz) | < co.
(0,7 xR J[0,T]xRo

We next discuss the commutation relation of the stochastic integral with the
Malliavin derivative.
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Proposition 3.2. Let G : Q x [0,T] x R — R be a predictable process with
E {f[o,T]xR |G(Sax)|2(J(dS,d$)} < 0. Then

G € LY*(R) if and only if G(s,2)Q(ds, dx) € D'*(R). (3.1)
[0,T] xR

Furthermore, if f[07T]XRG(s,x)Q(dS,dx) € DY2(R), then for q -a.e. (t,z) €
[0,7] x R, we have

Dt,z/ G(s,r)Q(ds,dx) = G(t, 2) —|—/ D, .G(s,x)Q(ds,dx), P-as.,
0,T] xR

[0,T]xR
(3.2)
and f[o T]XRDt>ZG(S’ x)Q(ds, dz) is a stochastic integral in Ito sense.
Proof. We can show the same step as Lemma 3.3 in [8]. O

Next proposition provides a commutation of the Lebesgue integration and the
Malliavin differentiability.

Proposition 3.3. Assume that G : Q x [0,T] x R — R 4s a product measurable
and F -adapted process, 1 on [0,T] X R a finite measure, so that conditions

E / G (s, 2)Pn(ds, dx)
[0,T]xR

< 00,

G(s,z) € DM*(R), for n—a.e. (s,2) € [0,T] x R,

< 0

E / \D, G5, 2)|Pn(ds, dz)q(dt, dz)
([0,1] XR)2

are satisfied. Then we have / G(s,x)n(ds,dr) € DV*(R) and the differenti-
[0.T] xR
ation rule

Dt,z/ G(s,z)n(ds, dx) :/ D, .G(s,x)n(ds, dz)
[0,T]xR [0,T]xR
holds for q -a.e. (t,z) € [0,T] x R,P -a.s.

Proof. We can show the same step as Lemma 3.2 of [8]. O

Remark 3.4. We already know the following:

(1) If G(s,z) € L'(n) is a deterministic function, and n([0,7] x R) < oo or
n([0,T] x R) = oo, then we can see f[O,T]XR G(s,z)n(ds,dr) € DM?(R), and
D, f[o,T]xR G(s,z)n(ds,dz) =0 = f[OyT]XRDt)ZG(s,x)n(ds, dr).

(2) Let n(dz, ds) = dgr, (z)v(dz)ds with v(Rp) < 0.

Then Proposition 3.3 implies that f[o T)xR, G, 2)v(dx)ds € DY?(R) and the dif-
ferentiation rule holds.

(3) We assume v satisfies v(Rg) < oo or v(Rg) = oo. Moreover if G(s,z) =
91(2)g2(s), where g (z) € L'(v) is a deterministic function and go(s) € L™ (R) is a
stochastic process. Then f[O,T]XRo G(s,)v(dr)ds = [, g1(x)v(dw) f[o,T] g2(s)ds =
Cf[o oy g2(s)ds, where C := fRo g1(x)v(dx) is a constant number. Therefore, by
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Proposition 3.3, we can see C’f[o 1) 92(s)ds € DY2(R) and the differentiation rule
holds.

By using o-finiteness of v and Proposition 3.3, we can show the following propo-
sition.

Proposition 3.5. Let G € L1'*(R). Then Jo.1)xm, G (s, @) (dx)ds € DY2(R) and

the differentiation rule

Dt,z/ G(s,z)v(dz)ds :/ D, .G(s,x)v(dx)ds
[0,T]xRo [0,T] xR

holds for q -a.e. (t,z) € [0,T] x R,P -a.s.
Proof. Since v is o-finite measure, we can find a sequence (4,,n € N) in B(Ry)
such that Ry = U2 ; A, and v(A,) < co. Hence, Proposition 3.3 implies
/ G(s,x)v(dz)ds € D?(R),k € N
[OvT] XU!VCLZI An
and

Dt,z/ G(s,z)v(dz)ds = / D, ,G(s,x)v(dz)ds.
[0,T]xUk_, An [0.T]xUy5—; An

Next, note the following;

lim G(s,z)Ljx_ 4, (2) = G(s,2), v @ A®@P-ae,
k—o0 "

n=1

hence,
lim G(s,2)1qk_ 4o(z) =0,r @ A®@P-ae.,
k— o0 n=1*"n
Gls, )1 (@) — Gls,a)| = |Gls,2)1s ac(@)] < Gls,a)] € L v x \)

and
2

~/[0,T]><]R0 G(s, 2)v(dz)ds — / G(s,z)v(dz)ds

[OvT] X Uﬁzl An

2
< (/[o,T]xRo |G(s,x)|y(dx)ds> e L (P).

Then by Lebesgue’s dominated convergence theorem, we can see

2
lim E / G(s,z)v(dz)ds —/ G(s,z)v(dz)ds| | =0.
k—o0 [0,T] xRq 0,71xUk_, Ay,
Moreover,

lim Dy .G(s,2)1 e 4, (¥) = Dy .G(s,2), v@ARP®q-ae.,

k—o00
hence,
khﬁrgo D, ,G(s, x)lﬂﬁzl ac(@) =0, v@AQP®q-ae,
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1Dy 2G5, 211, (2) — DyaGls,2)] = 1Dy Gls, D)1y 4 (@)l
< |Dy;.G(s,x)| € L*(v x \),

and
2

/ D, ,G(s,x)v(dr)ds —/ D, .G(s,x)v(dx)ds
[0,T]xRq [0,TTxUk—; An

2
< </ |Dt7zG(s,x)|u(d:E)ds> € L' (g x P).
[0,T]xRo

Then Lebesgue’s dominated convergence theorem shows

/ E
[0,T]xR

xq(dt,dz) — 0 as k — oo. Therefore, by Proposition 2.4, we can conclude

/ G(s,z)v(dz)ds € DM*(R)
[0,T]xRo

2

/ D, .G(s,z)v(dzx)ds —/ D, .G(s,x)v(dz)ds
[0,T]xRo [0,77x Ui:lAn

and the differentiation rule
Dt,z/ G(s,x)v(dx)ds = / D, .G(s,x)v(dx)ds
{O,T]XRO {O,T]XRO
holds for ¢ -a.e. (t,2) € [0,T] x R, P -a.s. O

4. A Clark-Ocone Type Formula Under Change of Measure
for Lévy Processes

In this section, we introduce a Clark-Ocone type formula under change of mea-
sure for Lévy processes. First, to use the Girsanov theorem for Lévy processes
(see, e.g., Theorem 12.21 in [9]), we assume the following.

Assumption 1. Let 0(s,z) < 1,8 € [0,T],x € Ry and u(s),s € [0,T], be pre-
dictable processes such that fOT Sz, {[log(1—0(s,z))| + 62 (s, z) v (dz)ds < o0, a.s.,

fOT u?(s)ds < 0o, a.s. Moreover we denote
¢ ¢ ¢

Z(t) := exp (—/ u(s)dW(s) — %/ u(s)?ds —|—/ / log(1 — 6(s, z))N (ds, dz)
0 0 0 JRo

+/0 /Ro(log(l —0(s,x)) + 9(8,I))I/(d$)ds> . telo,T).

Define a measure Q on Fr by dQ(w) = Z(w,T)dP(w), and we assume that Z(T')
satisfies the Novikov condition, that is,

E |:6% f(;r u2(s)ds+f[;r fRD{(lfe(s,x))log(170(5,1))+0(s,x)}v(dz)d5 < 0.

Furthermore we denote Ng(dt,dz) := 0(t, z)v(dz)dt + N(dt,dz) and dWg(t) :=
u(t)dt + dW (t).

Second, we assume the following.
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Assumption 2. We denote

T T
H(t,z2) := exp( / 2Dy yu(s)dWg(s) — %/0 (2Dy ,u(s))?ds

/ /Ro [thz s,x) + log (1 lDt—zo ;) (1— 9(5,:5))} v(dzx)ds
/ /R o (1 T 982) No(ds, dx)) :

and K(t) = fo Dy ou(s)dWo(s) + fo S [ir oee((ss; No(ds,dz) and assume that

o # 0. Furthermore we assume the following:
(1) F,Z(T) € Dl’z(R), with FZ(T) € L*(P),

Z(T)Dy ,F + FD; .Z(T) + 2D .F - D; . Z(T) € L*(q x P),
(2) Z(T)Dy plog Z(T) € L*(\ x P), Z(T)(e*Pr=108 2(T) — 1) € L2(v(dz)dtdP),
(3) u(s)Dyou(s) € L2(A x P), 2u(s) Dy u(s) + z(Dy u(s))? € L*(22v(dz)dtdP),

S-

W

log (1 — 2 Bty € [2(u(dz)dtdP), Bt € L2(\ x ), (5,2) -ae.

(4)
(5) o tu, 1log(l —0(s,x)) € LM (R),

(6) u(s)? € Ly? and 6(s, x),log(1 — 6(s, z)) € L}*(R),
(7) and FH(t 2), H(t,2)D; . F € LYQ), (t, ) -a.e.

We also introduce a Clark-Ocone type formula for Lévy functionals.

Proposition 4.1 (Clark-Ocone type formula for Lévy functionals). Let F' €
DY2(R). Then

F=E[F] + /[O - EIDFIF Qe i

T T ~
:E[F]+a/0 E[Dt,0F|ft,]dW(t)+/o i E[D, .F|F,_|zN(dt,dz). (4.1)

Proof. The proof is equal to the one for the Brownian motion case (see, Theorem
4.1 in [9]) and pure jump Lévy case (see, Theorem 12.16 in [9]). O

We also introduce the following
Lemma 4.2. Let F € DV2(R). Then for 0 <t < T, E[F|F] € DV2(R) and
D, E[F|F] = E[Ds o F|Fi]l{s<yy, for g—a.e. (s,z) € [0,T] x R, P—a.s.

Proof. We can show the same step as Proposition 1.2.8 in [17] O

To show the main theorem, we need the following.
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Lemma 4.3. Under Assumption 1 and Assumption 2, we have

Dy oZ(T)

r $,1) -
=Z(T) | —o tu(t / Dy ou(s)dWo(s) — /0 . %N@(ds, dx)
(4.2)
Dy .Z(T) = 2~ Z(T)[exp(2D; . log Z(T)) — 1], z # 0, (4.3)
where
T T
D, logZ(T) = —/ Dy u(s)dWg(s) — %/0 2(Dy ou(s))?ds
/ /R 1AL (s,2) (1 = 0(s, 2)) + Dy .0(s,2))v(dz)ds

+ /0 /RO 27 Ap (s, 2)No(ds, dx) + 27 log(1 — 0(t,2)),z # 0. (4.4)

and Ay s(s,x) = log (1 — z55752)) 2 £ 0.

Proof. By conditions (1), (2), (5) and (6) in Assumption 2, Proposition 2.8-1 lead
to:

T T
Dy oZ(T) = Z(T) —Dt,o/o u(s)dW(s)—%Dm/O u(s)?ds

T ~
+ Dt10/0 /RO log(1 — (s, z))N (ds, dz)

T
+Dt70/0 /RO (log(1 —0(s,x)) + 6(s, I))V(dI)dS] . (4.5)

From assumption (6) in Assumption 2, Proposition 3.3 implies

T T
Dt,o/ u(s)?ds = / Dy ou(s)?ds (4.6)
0 0

and by Proposition 3.5

T
Dt,o/o /Ro(log(l—6‘(3,:6))+9(s,x))u(dx)ds

T
= / (Dyolog(l —0(s,x)) + Dy 00(s, z))v(dx)ds. (4.7)
Ro
Since conditions (3)-(5) in Assumption 2 hold, by Proposition 2.8-1, we have
Dy ou(s)? = 2u(s) Dy ou(s) (4.8)
and
Dt,09(57 x)

Dyolog(l — 0(s,z)) = — (4.9)

1—0(s,x)"
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From condition (5) in Assumption 2, Proposition 3.2 implies

T T
Dt’O/o u(s)dW(s) :Uﬁlu(t)—l—/o Dy ou(s)dW(s) (4.10)

T ~
DtO/ /Ro log(1 — 6(s,z))N (ds dz) = /0 . Dy log(l — H(S,x))N(dS,EJZ)l,l)

Hence, by (4.5) - (4.11), we obtain

T
Dy oZ(T) = Z(T) | —o tu(t / Dy ou(s)dW (s) — /0 u(8)Dy ou(s)ds

_/OT i Dt_ozgz N(ds, dz) / /R< Dtoﬁ ;+Dt09(s x)) V(dx)dsl

T
_ Dt.Oo(Sax) X
—o tu( Dy ou(s)dW, / ———— = No(ds,dx)| .
0 [ Drontorits) - | [ Do Nofds, da)
By (1) and (2) in Assumption 2, Proposition 2.8-2 implies

D, 2(T) = exp(log Z(T') + ZD,;Z log Z(T)) — Z(T)

=271 Z(T)[exp(2D; . log Z(T)) — 1].

= Z(T)

Furthermore, by conditions (5) and (6) in Assumption 2, Proposition 3.2 and
Proposition 3.5 show that

T 1 T ,

Dy, logZ(T) = —D,g,z/0 u(s)dW(s) — §Dt7z/0 u(s)“ds

T
+Dt1Z/O /R ' log(1 — 0(s, z))xN (ds, dx)

T
+Dt’z/o /R (log(1 —6(s,x)) + 6(s, z))v(dz)ds

T 1 (T ,
—/0 Dy u(s)dW(s) — 5/0 Dy . (u(s))ds
T ~

+/ s D, . log(1 —6(s,x))N (ds,dx)

log(1 — 6(¢, z)) (4.12)

T
+ / (Dy,z1log(1l — (s, x)) + Dy .0(s, x)) v(dx)ds +
Ro

Now we calculate D; ,(u(s))? and D;_, log(1 — 6(s, z)). By Proposition 2.8-2,
Dy . (u(s))? = 2u(s) Dy su(s) + 2(Dy Lu(s))?, (4.13)
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because, u € DV2(R) and condition (3) in Assumption 2. Furthermore we can
calculate the following by Proposition 2.8-2:

Dy . log(1 —0(s,z)) = 2 'log (1 - z%) . (4.14)

From equations (4.12), (4.13), (4.14) and denoting A, (s, z) = log(1 —z%(:f))),

T T
we have, DtyzlogZ(T)_—/O Dtyzu(s)dWQ(s)—%/O 2(Dy cu(s))?ds
T
271 tz(s,x —0(s,x t20(s,2)) vidr)ds
[ A s = 0s.) ¢ Dy(s, ) i)

T
+ / / 27 A, (s, ) Ng(ds, dz) + 2 Llog(1 — 0(t, 2)).
0 Jro
O

We next introduce a Clark-Ocone type formula under change of measure for
Lévy processes.

Theorem 4.4. Under Assumption 1 and Assumption 2, we have

F= EQ[F]+U/TEQ|:DtOF FK(t }'t]dWQ()

/ / Eq[F(H(t,z) — 1) + zH(t, 2) Dy . F|F;_|No(dt, dz).
Ro

Proof. First we denote A(t) := Z~1(t),t € [0,T]. Then by the It6 formula (see,
e.g., Theorem 9.4 of [9]), we have

dA(t) = A(t—) <%u2(t) —/R (log(1 — 0(t, 2)) + 9(t,z))u(dz)) dt
1 1 .

+ A(t=)u(t)dW (t) + EA(t—)u2(t)dt + 5 At—) (m - 1) N(dt,dz)

1
+ /Ro {A(t—) o0 A(t—) + A(t—)log(1 — H(t,z))] v(dz)dt
B a2 " 0(t,z)? do 0(t,z) - s
= At ){ (t)dt + (t)th—i—/RO =009 (d )dt+/RO 71_9(t72)N(dt,d )}
B 0(t,z) -

Denoting Y (t) := Eg[F|Fi],t € [0,T], by condition (1) in Assumption 2, the Beyes
rule (see, e.g., Lemma 4.7 of [9]) shows that Y (t) = A(t)E[Z(T) F|F].

From (1) in Assumption 2, Lemma 4.2 implies that E[Z(T)F|F;] € D“*(R)
holds. We apply Proposition 4.1 to E[Z(T)F|F;], then by Lemma 4.2, we have

E[Z(T)F|F] = E / / Do (Z(T)F)|F.]Q(ds, d2).
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Denoting V(t) := E[Z(T)F|F, Y (t) = A(t)V (¢) holds. It6’s product rule implies
that

dY (t) = A(t—)dV (t) + V(t=)dA(t) + d[A, V],

= MBI (ZTIP)F W (O + | BID(Z(T)P)|FiJoN(at,d2)

+ V(t—)A(t=) [u(t)dWQ(t)+ /R %N@dt,dz)}

A NouOED(ZDF)F + [ G ED @) PR

ae-) [ O0-2) gD, (2(T)F)|Fi_)2N (ds. dz)

0 1- 9( )
= A(t=)E[o Dy o(Z(T)F)|Fi-|dWq(t) + A(t—)E[Z(T) Fu(t)| F-|dWo(t)

E[D, (Z( VE)Fi-]
+A(t—)/RO 0. 2) No(dt, dz)

TA(t-) /R E {Z(T)Fl f(Z(j,)z)

Now we shall calculate Dy o(Z(T)F) and D, ,(Z(T)F). As for D, o(Z(T)F), by
(1) in Assumption 2, Corollary 2.10 yields that

Dyo(Z(T)F) = FDuoZ(T) + Z(T)DyoF. (4.16)
Therefore combining (4.16) with (4.2), we can conclude

Dio(Z(T)F) = FDoZ(T) + Z(T)Di o F

T
D;o0(s,x) -
-0 u Dy ou(s)dW / ’ No(ds, dz
/ rou(s)dWo(s) — o Jo T—0s.) o )

+ Z(T)DyoF = Z(T) [DyoF — F (o u(t) + K(1))] - (4.17)
Next we calculate Dy .(Z(T)F). From condition (1), Corollary 2.10 implies that
D (Z(TF)=FD,,Z(T)+ Z(T)Dy ,F + 2Dy ,Z(T) - Dy . F. (4.18)

]—"t] No(dt,dz). (4.15)

= FZ(T)

We can describe
H(t,z) = exp(2Dy . log Z(T) — log(1 — 6(t, 2)))
by (4.4). Then from (4.3),
Dy Z(T) = 2~ ' Z(T)[(1 - 0(t, 2)) H (t, ) — 1]. (4.19)
Therefore, combining (4.18) and (4.19), we obtain
Dy (Z(T)F) = = 2(T)[(1 - 8(t, 2)) AL (¢, 2) — 1] F
+ Z(T)D;.F + Z(T)[(1 — 6(t, 2))H(t, z) — 1]D; . F
= Z(T) [z—l((l —0(t,2))H(t,z) — 1)F + (1 —0(t,2))H(t,2)D; . F|.  (4.20)
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From (4.15), (4.17), (4.20), we arrive at:

dY (t) = A(t—)E [Z(T) [0DyoF — F (u(t) + o K(t))]

ft_} dWo(t)

s

+ A(t—)/R E[Z(T) [F (I?I(t,z) - %) + zﬁ(t,z)DmF}
x No(dt,dz)
+ A= )E[Z(T)Fu(t)| F_|dWo (t) + At—) /R E{Z(T)F%

x No(dt, dz)

-

= oA(t-)E {Z(T) [DyoF — FK(t)]

]—"t] dWo(t)

+A(t—)/R [ (T ){F( (t, z)—1)+zH(t 2)Dy, F} ]-'t} No(dt, dz).

From (5) and (6) in Assumption 2, we have K(t) € L?(P) t-a.e. Hence, by
(1) in Assumption 2, Eg[|FK (1] = E[[FK(1)|Z(T)] < E[|K ()2E|FZ(T)] <
oo. Moreover, from (1) in Assumption 2, we have D;oF € L?*(P) t-a.e. and
Eql|DeoF ] = E[[DyoFZ(T)] < E{DyoFPJEIZ(TY] < co. Then by (7) in As-
sumption 2 and F, D; oF, FK(t) € L*(Q) t-a.e., the Beyes rule implies

dY (t) = oEq {Dt,OF — FK(t)

ft} dWo(t)

+/ Eo[F(H(t,z) — 1) + zH(t, 2) Dy . F|F;_ | No(dt, dz). (4.21)
Ro

Since Y(T') = Eg[F|Fr] = F,Y(0) = Eg[F|Fo] = Eg[F], Integrating equation
(4.21) gives

F — Eg[F] = U/TE@ [DtOF FE()

ft_] dWQ(t)
/ / Eo[F(H(t,2) — 1) + zH(t, 2) Dy . F|F;_ | No(dt, dz).
Ro
The proof is concluded. ([

Remark 4.5. (1) If 0 — 0, w = 0 and v # 0, then 2D; . F' = D(; . F, we obtain a
COCM for pure jump Lévy processes:

F = Eg[F / / EolF(H(t, 2) — 1) + H(t, 2)Dys o F|Fo- | No(dt, dz),
Ro
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where

D(tz)G(s ?) —0(s,z))| v(dr)ds
A, 2) —exp<//Ro[ (P(s,) 4 log(1 = T (1~ (s, ) | ()

T
D(t Z)@(S, .’L‘) ~
+// 10g<1—’7 No(ds, dx
0JRo 1—0(s,x) al )
and D .y F" is a Malliavin difference operator (see Difinition 4.6).
(2)Ifo #£0,0 =0, and v = 0, then D; oF = 0~ D;F and we can derive a COCM
for Brownian motions: F = Eg[F] —l—fOT Eq [DtF—FfOT Dyu(s)dWo(s)|Fe]dWe(t),
where D F is a classical Malliavin derivative (see Definition 4.6).

Definition 4.6. The classical Malliavin derivative is defined by
DiF =Y nLV (WY (t,), A—ae. t €[0,T],P —as.

for F € D © L2(P) = {F = T2y 1Y () + S, nnllf v < o0}

n=0"n
where Ln(hy) = [igoqpye v (01)s -+ 5 (82)) AWy, -+ dWe, Byl € L2(A™).
For F € Dy? C LA(B) = {F = 020 LI (h1) + oy nnl | Bt |3 () < 29

where In](hi) = f([O.,T]XRo)” hn((tl, z1)y 0 (tn, zn))N(tl, z1) - N(tn, Zn)s h,Jl €
L?((\ x v)™), the Malliavin difference operator for pure jump Lévy functionals is
defined by

D F = an (R1((t,2),")), A x v—a.e. t €[0,T] x Ry, P — a.s.

Remark 4.7. To see different points, we review a result of [21]. Let us denote
PW, P the Gaussian white noise probability measure on (2, F/') and the pure
jump Lévy white noise probability measure on (£2,, F7.), respectively, where the
sample space is the Schwartz space S'(R), F}/V and F;' be the augmented filtration
generated by the Wiener process and pure jump Lévy process, respectively. Let
Q=8R) xS R), F¥ @ F} and P = P" x P". The orthogonal basis for L?(P) is
the family of K, with [[K||z2) = a! := aWla®@l and K, = Hy) (@) Ky (@),
where (W, w”) € Q, a = (@, a?) and {aP};=; 2 € T are multi-indexes defined
in section 2 of [21], H, and K, are the orthogonal basis for L*(P") and L*(P")
respectively. Moreover, for all ' € L?(P), there exist unique constants c, such
that F(w) = Y, cp2 caK(w). For F € L?*(P) with some condition, Hida Malliavin
derivatives are defined as DiF' = > o Zizl caal(-l)Kam,eiei(t), and Dy, F =
Y acl? Dai>1 caoz,(iz_’j)ei(t)pj(x), where ¢¥ = (0,---,0,1,0,---,0) with 1 in the k
th position, k(i,j) = j + %, {ei(t)}i>0 C S(R) are Hermite functions
on R and p;(z) = ||I;- 1HZ21 (@ V(dm) yalj—1(z), where {lo, 11,12, -+ } with I = 1 is the
orthogonalization of {1, x, 2?2, -} with respect to inner product of L?(x?v(dz)).
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In this setting, Okur derived the following equation:

D:F — F/tT Dyu(s)dWqy(s)

T
FZEQ[F]+/ Eq
0

ft] dWQ (t)

Ro

for any F € L? (.FT; P), where

[ = exp (/ /R [Dm (5,2 —l—log(l—%((’))) (1 6(s, ))} V(d2)ds
e e (1 Pepied) e

Of course, to show this equation, we need more conditions, see [21].

Corollary 4.8. Assume in addition to all assumptions of Theorem 4.4, that u
and 0 are deterministic functions, then we have

T
F = EQ[F] + O'/ EQ[DLOFL/Tt ]dWQ / / EQ Dt ZF|JT,5 ]ZNQ(dt dz)
0 Ro

Proof. If w and 6 are deterministic functions, then we have D, u(s) = 0 =
D, .0(s,z) and H(t,z) = 1. Therefore, thanks to Theorem 4.4, we can get the
claimed equation. ([

Remark 4.9. If F € DV2(R), u = 0 and § = 0, then we can see that Assumption
1 and Assumption 2 hold and we obtain equation (4.1).

Corollary 4.10. We assume that 0(t,z) € [-1,1) for (t,z) € [0,T] x Ry is a
nonrandom function and denote vg(dz,dt) = (1 + 0(t, z))v(dz)dt.
(1) Under Assumption 1 and Assumption 2, we have

T
Eg[(F — Eg[F))?] < o? /0 Eq [|DioF — FK ()] dt

T r ~
—i—/o /RO Eo[|F(H(t,z) — 1) + zH(t, ) D, . F|*lvg(dz, dt).

(2) Let F € DV2(R) with F > n for some n > 0 and we assume that F,— = F; for
all t > 0. Moreover, we denote M(t) = Eq[F|F:] and we assume that M(t) > 0
and M(t) + Eg[F(H(t,z) — 1) 4+ zH(t, 2)D; . F|Fi] > 0. Then under Assumption
1 and Assumption 2, we have

1

T
Eg[Flog F] — Eg[F]log Eg[F] < 502/0 Eq [M(t)"'|DioF — FK ()] dt

/ /R]E@ VPt 2) — 1) + 2H(t, 2) Do F2]vg(dz, db).
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Proof. (1) Theorem 4.4 implies that

Eg[(F — Eg[F))?] = Eg [(0/0 Eq [DWF — FK(t) ]—'t_} dWo(t)

/ / Eo[F(H(t,z) — 1) + zH(t, 2) Dy . F|F;— ]N@(dt,dz)> ]
Ro

2

/ / Eo[Eo[F(H(t,2) — 1) + zH(t, 2) Dy . F|Fi_|2vg(dz, dt)
Ro

Eg {Dt oF — FK(t)

<o /EQHDtOF FE()] dt

/ / Eol|[F(A(t, 2) — 1) + 2F(t, 2) Dy FPlig(dz, dt),
Ro

where we use Jensen’s inequality and It6 isometry. ~
(2) First we denote ((t) = Eq[D,oF — FK(t)|F] and &(t,z) = Eg[F(H(t,2) —
1)+ zH(t, 2)D; . F|Fi). The 1t6 formula (see, e.g., Theorem 9.4 of [9]) implies that

Flog F — Eg[F]logEg[F]
T
=0 [ tog )+ D) + o [ a0 e
w0+ €080 + €00 2) ~ oo 0
— (log M (t) + 1)&(t, z) fro(dz, dt)
/ [ {10 + 6. 2)) 008V (1) +€(0.2)) = MO log M (1)) Nodr, ).

Then we obtain

EqlF log F] — Eq[F]log Eq[F]

:—HE@/’wf 1«>dt+EQ/’ M) + £(t, 2)) (og(M(t) + £(t, 2)
M (8108 M (1) — (g (1) + 1e(t, ). )

| —
w

E@/ M(t)~1¢(t)dt] +IE@/ i M(t)rE(t, 2)*vo(dz, dt)]
T

IN
N = N

02/0 Eq [M(t)"'|DyoF — FK ()] dt

+

/ ' / EQ[M () |F(A(t, 2) — 1) + 2 H(t, 2) Dy FPvg(dz, dt),
0 Ro
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where we use Jensen’s inequality and the following inequality:
2
(x+y)log(z +y) —zlogax — y(1 +logzx) < %,x >0,z+y>0.

O

Remark 4.11. (1) Assume in addition to all assumptions of Corollary 4.10, that u
and 6 are deterministic functions, then we obtain a Poincare’s inequality for Lévy
functionals on Q:

T T
Bol(F ~BolF)?] < o* [ Bo [DuoFPlat+ [ [ BollaDy.FPlug(ds.ar),

(2) If F € DM?(R), w = 0 and 6§ = 0, then we can see that Assumption 1 and
Assumption 2 hold and we obtain a Poincare’s inequality for Lévy functionals:
E[(F —E[F <f0 J2 El|Ds, . F|?]q(dt, dz).

(3) Assume in addition to all assumptions of Corollary 4.10, that « and 6 are
deterministic functions, then we obtain a logarithmic Sobolev inequality for Lévy
functionals on Q

T
BolFlog F] ~ Bq[F|og EqlF] < go* [ Bo [M(t)™!DyoF P d

/ / Eg[M ()~ |2Ds . FPlvg(dz, dt).
Ro

(4) Assume in addition to all assumptions of Corollary 4.10, that « = 0 and 6 = 0,
then we obtain a logarithmic Sobolev inequality for Lévy functionals:

1 T
E[F log F] — E[F]log E[F] < 0/ E [M(t)"'|DyoF|?] dt

/ /Ro )"H|2Dy, FIJv(dz, dt).
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