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A Class of Accelerated Conjugate Direction Methods
for Linearly Constrained Minimization Problems*

By Michael J. Best and Klaus Ritter

Abstract. A class of algorithms are described for the minimization of a function of

n variables subject to linear inequality constraints. Under weak conditions convergence
to a stationary point is demonstrated. The method uses a mixture of conjugate di-
rection constructing and accelerating steps. Any mixture, for example alternation,

may be used provided that the subsequence of conjugate direction cdnstructing steps

is infinite. The mixture of steps may be specified so that under appropriate assump-
tions the rate of convergence of the method is two-step superlinear or (n — p + 1)-
step cubic where p is the number of constraints active at a stationary point. The
accelerating step is always superlinearly convergent. A condition is given under which
the alternating policy is every step superlinear. Computational results are given for

several test problems.

1. Introduction. In [3] a conjugate direction method is described for minimiz-
ing a nonlinear function subject to linear inequality constraints. An accelerating step
is always performed after the construction of (n — p) conjugate directions, where n is
the number of variables and p is the number of constraints active at the limit point of
the sequence of points constructed by the method. Under appropriate assumptions
this results in an (n — p + 1)-step cubic rate of convergence.

The idea of accelerating the rate of convergence of methods of conjugate direc-
tions for unconstrained optimization has further been pursued in [2] and [9]. In [2]
the construction of conjugate directions is based on Zoutendijk’s projection method
[11], and the accelerating direction is obtained using an approximation to the solution
of certain linear equations involving differences of gradients at previous iterations. In
[9], conjugate directions are obtained by always choosing the descent direction orthog-
onal to n — 1 differences of gradients; and therefore, a set of n conjugate directions
is available at every iteration. This allows an accelerating direction to be used more
frequently than every n iterations.

It is the purpose of this paper to extend these methods to minimization problems
with linear inequality constraints. The algorithm allows considerable flexibility in the
mixture of accelerating and conjugate direction constructing steps. If the algorithm
does not terminate in a finite number of steps it is only required that the number of
conjugate direction constructing steps be infinite. Under appropriate assumptions then
each accelerating step is a superlinear step, and this results in an I-step superlinear rate
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ACCELERATED CONJUGATE DIRECTION METHODS " 479

of convergence where / and the rate of /-step superlinear convergence depend on the
policy used.

As a special case we obtain the rate of convergence characteristic of [3]. An-
other special case is obtained by alternating accelerating and conjugate direction con-
structing steps. In most cases this policy gives a one-step superlinear convergence rate
and in all cases the rate of convergence is at least two-step superlinear.

2. Notation, Formulation of the Problem. let x € E" and assume that F(x) is
a given real.valued function. If F(x) is differentiable at a point x;, we denote its gra-
dient at x; by VF(x’-) or g;. If F(x) is twice differentiable at Xx;, we denote the Hessian
matrix of F(x) at x; by G(x,.) or G;. For any column vector x and any matrix M the
transpose is denoted by x’ and M’, respectively. For any vectors x and y, L[x, y] =
{w;w=0x+ (1 —0)y, 0<8 <1} denotes the set of points on the line segment
joining x and y.

Let 4 be an m x n matrix with rows a}, @,, . . ., a,, and let b be an m-di-
mensional column vector with components bi,by,...,b,,. Define

R = {x € E"/Ax < b}.

We consider the problem of determining a point z € R such that F(z) < F(x) for all
X ER.

A point x € R is said to be stationary if there exist numbers A, A,, ..., A,
satisfying

m
VF(x)= 3 A4
i=1

A@x - b)=0, A<O0 fori=1,2,...,m

The Kuhn-Tucker Theorem states that every local minimizer of F(x) over R is a
stationary point; and that if F(x) is a pseudo-convex function, then every stationary
point minimizes F(x) over R.

It is the purpose of this paper to describe a class of algorithms which either termi-
nate with a stationary point after a finite number of steps or produce a sequence of
points {xj} with the properties:

(1) under a differentiability assumption {F(x]-)} is strictly decreasing; every
cluster point of {x].} is stationary; and if {x].} has an isolated cluster point, then {x]-}
converges.

(2) if the sequence {x;} has a cluster point z and in a neighborhood of z, G(x)
exists and has certain other properties, then {x;} converges to z. The rate of conver-
gence will be [-step superlinear where / and the rate of superlinear convergence depend
on the algorithm specified.

For later reference we formulate:

Assumption 1. F(x) is twice continuously differentiable and there are constants
0 < p < 7 such that plixli? < x'G(y)x < nliyl? for all x and y.

For ease of presentation the convergence and convergence rate results of Sections
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480 MICHAEL J. BEST AND KLAUS RITTER

4 and 5, respectively, are obtained using the rather restrictive Assumption I. In Sec-

tion 6 a modified class of algorithms is presented for which the convergence and con-
vergence rate results apply under much weaker assumptions (Assumptions II and III).
Some computational results are presented in Section 7.

3. General Description of the Algorithm. At iteration j the point x; is known.
The next point in the sequence is obtained by constructing a descent direction S;» a
stepsize o; and setting Xjpq =X;— 08

A N
Let D! =[d,;,d,.,...,d ] bean (n x n) nonsingular matrix and let D;" ! =
i 1> 42j nj 3 i
[e, jr Cojp oo o0yl Suppose for simplicity that the first p constraints are active at

X;. If it is appropriate that these same p constraints be active at x; ,, then 5; must

be orthogonal to a}, a5, . . . , a,. A simple way to do this is to require that d; = a;

b
fori=1,2,...,p and then to take $; parallel to any of the last n — p columns of
D 1. By definition of the inverse matrix the required orthogonality property will be
satisfied. Choosing s; in this manner also results in s; being orthogonal ton — p — 1
of the last n — p columns of le. If these columns are required to be normalized dif-
ferences of gradients at previous points, then s;CgI._i +1 - & 2 = 0 so that $; will be

approximately conjugate to n — p — 1 previous search directions s,

i thus assuring a

rapid rate of convergence.

The columns of D]f will in general consist of gradients of active constraints a,f
and normalized differences of gradients (g]._ i~ i+ N Ilol._ is]._ill. To record the
origin and type of each column we use the index o;; where

-k if dij =8, — ng)/Ilokskll,

I ifd.=a.
ij i

An infinite subset of iteration indices J is assumed to have been specified at the
beginning of the algorithm. For j € J we initially consider any column €y of Dj‘ !to
be a potential search direction and compute the n directional derivatives (u].),. =
c,fjgi/ llc;l. We compute (v;);, the largest derivative in a direction which will drop an
active constraint and |(v;),| the largest derivative in a direction which will maintain the
active constraints. In the first few iterations any direction with a large directional
derivative can be used to reduce F. Eventually, however, the search direction should be
chosen in such a way as to guarantee convergence to a stationary point and to obtain
a rapid rate of convergence. If (v;), is considerably larger than |(vj)k|, then it is clear
that an active constraint should be dropped. To ensure that zigzagging does not occur,
we require that if at iteration j — 1, a new constraint became active then no constraint
may be dropped at iteration j unless there is no other usable direction. The information
required to enforce this rule is contained in the indicator §; which was set equal to one
if a new constraint became active at the previous iteration.

If no active constraint is to be dropped, let r be the column number of D]f cor-
responding to the oldest difference of gradients. Since the rate of superlinear conver-
gence of the algorithm will be determined by the oldest gradient difference information,

the sharpest results will be obtained if we use $; = crj(vi)r and then replace d,; by more
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ACCELERATED CONJUGATE DIRECTION METHODS 481

recent information. In the first few iterations, if I(u].)rl is larger than some fixed posi-
tive constant §, it is quite reasonable to do this. On the other hand, if I(vl.)rl < f but
I(v].)kl is larger than some other fixed positive number 7, it seems more appropriate to
search along ckj(vi)k to obtain a large local decrease in F.

When x; is close to a stationary point, then both I(vj),,l and I(v,-)kl will be small.
If ¢,; tends to become orthogonal to g; so that |(v;),| tends to zero and in addition
I(vj)kl remains bounded away from zero, then it is clear that convergence to a station-
ary point cannot be guaranteed using cri(vj)r as a search direction. To avoid this situ-
ation we introduce the test I(v].)rl > Bl(vl.)kl2 and use cri(v].), only if it passes this test.
As j increases, I(v,.)kl becomes small and the test becomes weaker, making it increasingly
more likely that crj(v].)r can be used as the search direction. If the test is not satisfied,

then in order to maintain convergence, s; must have a component parallel to ¢,.. Fur-

e
thermore, it may occur infinitely often tlhat the test has failed. In this case if ;i is
constructed so that it converges to a direction parallel to ¢,j> then the strongest con-
vergence rate results will still apply. Choosing s; = (sign(v)),c,; + CiejV)i)(V)), | when
the test fails ensures that both these properties are satisfied. J, is the set of iteration
indices for which s; is chosen by this rule.

For j € J a special search direction of the form $; = Z“iﬁ oW;C;; is constructed
to accelerate the rate of convergence of {xi}. Assuming that x; is close to a stationary
point z, Taylor’s theorem gives F(x; — ;) = F(x,) — Zwgjc;; + %EW?c;j Ge;; since it
will be shown in Theorem 2 that the ¢;;'s are approximately conjugate directions. An
appropriate way to choose the coefficients w; is to minimize this quadratic approxi-
mation to F. This gives w; = g]'c,.]./c;]-Gcii. In Theorem 2 it will be shown that Gcij =
dillc,Il. Thus it is appropriate to set w; = g"cii/llcijll = (v

In Step II of the algorithm the determination of the stepsize is based on the re-
sult (Lemma 6) that for j ¢ J, the optimal stepsize converges to unity. If a unit step-
size gives a feasible point, then the Armijo test is applied; and the stepsize is repeatedly
reduced until an acceptable stepsize is obtained. It will be shown in Lemma 6 that
after a finite number of steps the Armijo test will always be satisfied with a unit step-

size. Forj € J,, the optimal stepsize converges to

@), oy
@)l T O e, I

and the procedure is similar to the above.

In Step III of the algorithm D, , is obtained from D; by replacing one of its
columns with a new vector. The column to be replaced is either one which contains
the gradient of a constraint which has just become inactive or the column correspond-
ing to the oldest gradient difference information. The new column is either the gradi-

ent of a newly active constraint or the normalized gradient difference d; =
@& -8+ l)/Ilois].ll. Ifs; = (sign(vy),c,; + C1ejVIv;) ! and Ic;idil < Ic;qdj(vj)kl, then
it is not possible to ensure that IID].‘_FI1 I will remain bounded. In this case and when

j & J, the update is not performed; and we set D’.‘,rl1 =Dy 1 1t will be shown, how-

ever, in Lemma 5 that after a finite number of steps D; is always updated forj € J.
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482 MICHAEL J. BEST AND KLAUS RITTER

Since D; differs from D; by exactly one column, it is straightforward to compute

; +ll from Di_ ! using a standard simplex transformation. Finally, it should be empha-
sized that only D].‘l is required for the computations of the algorithm; and that since
D; is not required, it need not be stored.

An important property of the algorithm is that under the assumption of strict
complementary slackness for all j sufficiently large the constraints active at X; are pre-
cisely those which are active at z. Suppose these constraints are p in number. The
algorithm is designed in such a way that the mixture of conjugate direction construct-
ing and accelerating steps is flexible. Performing n — p consecutive regular steps and
using an appropriate approximation to the optimal stepsize gives an n — p-step super-
linear or quadratic convergence rate (Theorem 5). Following these steps with an ac-
celerating step always gives a superlinear rate (Theorem 3) and this rate depends on
the oldest gradient difference information in D]'.. An important feature of the algo-
rithm is that regular and accelerating steps can be performed alternately. This policy
results in a two-step superlinear rate (Theorem 4); and in addition, if the accelerating
step does not converge faster than expected, then both regular and accelerating steps
are superlinear steps (Theorem 6).

4. Detailed Description of the Algorithm and Convergence. In the algorithm we
use constants a > 0, >0,y > 0, and 0 < § < %. Furthermore, we require an in-
finite subsequence J C {0, 1, 2, ... }. For every j & J we choose a special search
direction 5; which is designed to accelerate the convergence of the sequence {x } gen-
erated by the algorithm.

Let x, € R be the initial point and suppose that

al'.x =b, i=1,...,q; a;x0<bi, i=qg+1,..., m
Set

and, if g <n,letd 1,00 - an be any set of vectors such that with D
dyos---5dy0) the matrix D‘ =(Cy9: - - - » C,0) exists. Finally, set By = l,Jl =
{0} and,J(xo) ={a;9> - - ., 0,4} with @0 =15 i=1,...,q,and =0, i=
q+1,...,n

A general cycle of the algorithm consists of three steps which are described below.
At the beginning of the jth cycle the following data are available: x; €R, g = VF(x,-),
Bl, J(x) {all, e, am} and D‘ = (cll, . Cpj)-

Step I. Computation of the Dzrectlon of Descent Sj Let u]f = g;Dj‘ 1 u,'. =
((u)l, .. (u) ) and set

(v].)i = (ul.)i/ Ilcl.jll, i=1,...,n

Define [ = liand k = k; such that
(v].), > (v].)i for all i with o >0,
(CANIP I(v;);l for all 7 with a, <0.
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ACCELERATED CONJUGATE DIRECTION METHODS 483

Ifa < 0 for all 4, set(u)1=0'andifa > 0 for all /, set (v;), = 0.
(1) J¢J, e a spec1al dlrectlon s; is chosen.
Set
5, = a;éocﬁ(vj),-,
and

s; if £5;> 0,
s = ) e, ifg;f'l. <0 and (), >0,
0 otherwise.
(ii) j €J,1ie., a regular direction s; is chosen.
Set
¢, (), if (@), > elw),] and §,=0) or

((v].)k =0 and (v’.)l = 0);

otherwise determine r such that
-, < - ; for all i with a; <0
and set

¢, @), if IB),)> B or (1), > i), and (v), | <)
kz( v), if I(vl.)rl < B and I(vl.)kl >,
(cr] 31gn(v,.)r + ck].(vl.)k)l(v].)kl otherwise.

If 5; = (sign(v)),c vi ¥ eI, set J, =J; U {j}. Go to Step II.

Step 1I: Computation of the Stepsize o;. 1f g's, < 0, stop, otherwise let
i JoI

aix - b i
o*= min{ —-—" for allzw1thas <0
i aisl.
and
F(xl.) — F(xl. — osi)
h(x; o) = . , 0>0.
g 98;5;
Set
min{l,o,i"} if/'¢Jl,
0;= (@), e, ;! '
min ;) + (v )k " ", ofr ifjE€J,

**If,fori=1,., m, a,'.v- 2 0, set g* = o, If the minimal vlaue 0¥ is attained for more than
one index, we apply a small perturbation to b in such a way that for the perturbed constraints,
0}' is attained for exactly one index.
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484 MICHAEL J. BEST AND KLAUS RITTER

and let Vi be the smallest nonnegative integer for which h(x,., ?)'].(%)"1') =6,
Set 0; = 0,(#)"/ and x;, ; = x; — 0;5;. Compute g;, , and go to Step III.
Step 1ML: Computation of D7}, J(x;, ), and B, ;.
Case 1. 0; < o]’-", i.e., no new active constraint occurs at Xjyq-
Set B;,; =0 and if j €J, d; = (g; — g;4 1)/ lo;s;ll. Let
! ?f 5; = c”.(vl.),,
v=1{k Tf $; = cki(vi)k, . i
r if $; = cri(v].)k orjE€J, and Icﬂ.dil > lckidj(v].)kl.
Ifj¢Jorj€J; and Icy;d;l < ley;jdiv)yls set DYy = D7t and J(x;,,) = J(x));
otherwise, replace the vth column of D,'. by dj, denote the new matrix by D]'. +1 and
determine D7, from D~ 1 Set

jt+1i
Joe )=l sy s @y iygds
where O ivy =i # v, and oy gy = —
Case 2. 0; = ol’.", i.e., a new constraint becomes active at Xjtq-
Set Bi+1 =1 and

1 if s; = cl’.(vl.)l,

v={k if s; = ckl.(vl.)k or ;= aéoc’i(vf)i’

1
r if $; = cr].(vl.)r or jEIJ,.

Let £ = §; be the index for which the minimum of is attained. Suppose

’
> o ok ok
Icv].aEI > 7Ilcw.||.

Replace the vth column of D]'. by a,, denote the new matrix by Dl'. 4+ and deter-
mine D3, from Dy 1.
Set

Y e T Y

where ; ;4 = oy, i F v, and @, ;1 = &

PROPOSITION 1. Let Assumption 1 be satisfied, x; € R and suppose Sj» 0 and

Di are determined by the algorithm. Then
() D is nonsingular, ie., D 1 exists.

(i) 85 < 0 if and only if x; is a stationary point.

(i) If x; is not a stationary point, then 0; is well defined, Xjpy = X; = 0;5; €R
and F(x;, ,) < F(x;).

Proof. (i) By assumption D, is nonsingular. For every j, D; and D;, , are either
iderltifal or differ in exactly the »th column,ie., d,,,- * dv'j +1- It suffices, therefore,
to show that d;,ﬁ_ 16 0. If g; = of, this follows immediately from the assumption
in Case 2 of Step III of the algorithm. If o; < o}, Assumption I and Lagrange’s for-

***+ The case that this assumption is not satisfied is discussed in Remark 1.
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ACCELERATED CONJUGATE DIRECTION METHODS 485

mula [10] imply that there is £ € L[x;, x; +1) such that

S5 Gy > il > 0
ER I b R A PY B A Y R
It follows now from the definition of v in Step III of the algorithm that s; is parallel
to c,; and, therefore, d,','j+ 1€y # 0.
(ii) Writing g; in the form

n
g = Z )‘ijdij’
i=1
we observe that x; is a stationary point if and only if 7\,.]. < 0 for i with a; > 0 and
N; = 0 for i with &;; < 0. Since A; = c,fig,. = Ilcijll(vj),., x; is a stationary point if and
only if (v].)k =0 and (vl.), < 0. By Step I of the algorithm this is equivalent to s = 0.
(iii) Since a]'.s,- = 0 for all i with a;; > 0, it follows that ¢* > 0 and x; — os; €

i
Rfor0<o< o]i". By Taylor’s theorem there is Ei € L[xi, x; — osl.] such that

F(x].) - F(xl. - os].) =088, — a(g,. - VF(Ej))sI..
This implies that

h(xl’ O') =1- (g] - VF(EI))'s]/gI,S,

where h(x;; 0) is defined in Step II of the algorithm. It follows that lim,_, oh(x;; 0) =
1 so that ; is well defined and F(x;, ;) < F(xi).

Remark 1. In the convergence proof we need that the sequence {ID;” Yy is
bounded. This is shown in Lemma 1 provided |C,',,-ag| = 7||cw.ll for some ¥y > 0. If
this assumption is not satisfied in Case 2 of Step III of the algorithm, the matrix
D]'. 4+ is reset in the sense that all columns djsy such that 0t < 0 are replaced
by unit vectors orthogonal to all other columns of D]'- +1- The details of this procedure
are discussed in [7].

The proof that the sequence {xi} generated by the algorithm converges to the
global minimizer of F(x) over R is rather lengthy. Since the algorithm given in this
paper is a generalization of a method described in [8], we shall not give a new con-
vergence proof but show that the algorithm has the properties upon which the con-
vergence proof given in [8] depends. First, we need

LEMMA 1. Let Assumption 1 be satisfied. Then the sequences {D]-}, {Dj‘ )
and {s].} are bounded.

Proof. Using the arguments given in the proof of Lemma 1 in [7], we see that
{Dj} is bounded and that it suffices to show that there is some w > 0 such that for
aljeJ

1
-1
€] Icpidv’].ﬂl > wllcw.ll,

where v is defined as in Step III of the algorithm.
If 0; = o}", it follows from Case 2 in Step III of the algorithm that (1) is satisfied
for every w < . If 0; < o;‘, we see as in the proof of part 1 of Proposition 1 that
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sldv i1 [.1".\‘]»", which in conjunction with the definition of v and s; implies (1) if

i¢J,.

Forj €J, we have 5; = (c,; sign(v;), + ¢(U;);)I(V;), | and, therefore,

s]fdw.+l sd; = (d]crl sign(v), +d; kl(v) ), | = ulls 'R

or

d c,: s1gn(v) +d; k](v Ve = ulldl.crj sign(vl.)r + djcki(vi)h I

Since {D;} is bounded, the right-hand side of this inequality is bounded away from
zero; i.e., there is a constant § > 0 such that

) dicri sign(vl.)r +d

which implies (1).
The algorithm given in [8] always uses as search direction either ckj(v].)k or
c,l.(v].),. The stepsize 0; is the optimal stepsize, i.e., the solution to

min{F(x; — 05)I0 < 0, < ¢/},

; kl(v) =26 for alleJl,

where o;" is the maximal stepsize defined in Step II of the algorithm.

For s; # ¢;;(v;); the property of s; which is used in the convergence proof given
in [8] is the following: (Lemma 5 in [8]).

Let {x;, j € I} be a subsequence of {x;} which converges to z such that for all
J€1,

ax;=b, i€l ; ax,<b ¢,
where [, is some subset of {1, , m}. If the orthogonal projection of VF(z) onto
{xla,fx 0,i€1,,} is different from zero, then there is € > 0 such that g]s = ¢ for
j € I sufficiently large.

The critical properties of the stepsize 0; are established in Proposition 1 and
Lemma 3 of [8]. The main property used is the following: For every € > O there is
8(¢) > 0 such that g;s; = € and o} > e imply Flxjp,) < F(x;) - 8(e).

In the following two lemmas we shall show that the search direction §; and the
stepsize 0; generated by the new algorithm have these properties too.

LEMMA 2. Let Assumption 1 be satisfied and let {sl.} and {xl-} be determined by
the algorithm. Let I, =& or I, C{1,...,m}. Suppose {xi, J €1} is a subsequence
of {x]-} which converges to some z € E". If, for every j €I,

a;xl. =b, (€Il and a;xj <b, ¢l ,
and the orthogonal projection of VF(z) onto {xla;x =0,i €1} is different from
zero, then there is € > O such that for j € [ sufficiently large

(v, )k Z2€ and $; + c,j(v].)l implies &S; = €.

Proof. Let Px denote the orthogonal projection of x onto {xla;x = 0,i €1}.
It follows from Lemma 2 in [8] that, for j €7, p, IIPgiII < l(v;);|. Hence, PVF(z) # 0
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implies that there is € > 0 such that |(v;),| > € for j € I sufficiently large.

Since {D;} is bounded above, there is a constant w > 0 such that Ilc,.ill = w for
all i and j.

Thus, if 5; = ¢;/(v;), we have

g],sl = g;cki(vi)k = “CkI"((Uj)k)z > Z((U,-)k)z-

If s; = (c,; sign(v), + ¢;;j(V);)I(V))y |, we have
6)) g 5; = (|g’c”| + le, M, )k)2)|(u )| = @I, )k
Finally, if 5; = Eaij‘ 0c,.]-(v]-)i, then
&% = >j3<0 le,M@))? = Ne, @), )* > &((v), 2,
which completes the proof of the lemma.

LEMMA 3. Let Assumption 1 be satisfied, and let {s,.} and {oj} be determined
by the algorithm. For every € > 0 there is §(¢) > O such that for all j,

g 5; = €eand o* € imply F(x,.H) < F(xl.) —8(e),
"xi+l - x.Il >e implies gfs. > 8(e),
g S; = eand o; < a* imply Hx x].II = 8(e).

Proof. By Taylor’s theorem there is § € L[x., X; — as.] such that for 0 > 0,
Flx) — F(x, - 05) . (VFE) —g; ) S;

) ;
0g;5; g $;

Because VF(x) is uniformly continuous and {si} is bounded, there is 7 > 0 such
that for all j,

) IIVF(EI.) - gl.|| Ilsjll <e?2 for0<o<T.

If g, ; = €, it follows, therefore, from (1) and (2) that for 0 <o <

3) F(x) — F,(x]. — 0s) - IIVF(EI.)’— gl.ll Ilsjll S 1 -
08;5; &5 2
By inequality (1) in the proof of Lemma 2 we have
) (v)k €, >0 foralljeJ thhgs 0.

Hence, gl ; = € and oF > € imply that 0 0; > €, > 0 for some ¢€,. By (3) and
the definition of v; we have therefore,

©) o, > Y%min{r, €,} > 0
and
F().cl.) — F(x’.H) = o’.Bg].s]. > ¥%6e min{7, ez} >0.
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If g,'.sj Zeand 0; < olf", it follows from 3} < 0;", (3), and the definition of v
and 0; that o;“ = 7. Thus, (5) holds in this case too. Furthermore, gl'.sl. 2 € implies
||sl-|| = €4 for some e; > 0, which proves the last part of the lemma.

Since {0;} is bounded, it suffices now to show that ||st| > € implies g,'.sl. = 8(e).
By the definition of $; and the boundedness of {Di_ 13 we have, for some €, >0,

= i =2
I(vl.)kl >e, if 5 # cll.(v].), and lls}.ll > e,

and
i = = €.
(vf)l = €4 if Sj clf(vj)l and "SI“ 2 €

As in the proof of Lemma 2, it follows then that g]'.sj > we? where w is a lower bound
for { Ilc,ill}.

Based on the results of Lemmas 1—3 we can now use the convergence proof given
in [8] to derive the following.

THEOREM 1. Suppose Assumption 1 is satisfied. Then, there is a unique z € R
such that F(z) < F(x) for every x € R, x # z. The algorithm either terminates after
a finite number of iterations with z or generates an infinite sequence {x]-} which con-
verges to z.

Assume thata;z = b, i=1,...,p,anda;z<b, i=p+1,...,m. By the
Kuhn-Tucker Theorem there are A, . . ., )\p such that

p
VF@)= X N\a, A\<0,i=1,...,p.
i=1

If A, <0, i=1,...,p,the strict complementary slackness condition is said
to be satisfied at z. In this case, it can be shown that after a finite number of itera-
tions, the set of constraints active at the elements of {xl.} does not change.

PROPOSITION 2. Suppose Assumption 1 and the strict complementary slackness
condition is satisfied. Then, there is j, such that, forj 2 j,,

aix].=bi, i=1,...,p and aixl.<b,., i=p+1,...,m

The proof of this proposition is identical with the proof of Proposition 2 in [8]
and, therefore, omitted.

5. Superlinear Rate of Convergence. In this section we demonstrate the rate of
convergence associated with several important specifications of the index set J of reg-
ular or conjugate direction constructing steps. To obtain these results it is reasonable
to require that for all j sufficiently large the set of constraints which are active at X;
are precisely those which are active at z. Therefore, we assume throughout this section
that Assumption I and the strict complementary slackness assumption are satisfied so
that Proposition 2 applies.

For notational convenience we assume without loss of generality that for all
J 2 jo the columns of D} have been ordered so that the last p columns contain the
gradients 4}, a5, . . ., al', of active constraints and the first ¢ = n — p columns contain
normalized differences of gradients.

The convergence rate results will be based on upper bounds on errors associated
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with various approximations. The following lemma demonstrates the relationship
among several of these error estimates. The matrix E; of part (c) occurs when Taylor’s
theorem is used to express g;, ; in terms of g; and G = G(2).

LEMMA 4. (a) For any integer 120, Ix;,; — zll = O(lx; - zl).

() lx; -zl = O(lg; — VF@)), lg; — VF)I = O(llx; ~ z1).

(©) Defne E = = fd G(x +1(xj4 — x))dt — G; then IE) — O asj —> o If
G(x) satisfies a Ltpschztz condztton in a neighborhood of z, then ||E].l| = O(le,. - zl.

Proof. (a) Letj>j,. Since by Proposition 2, (xj — z) is orthogonal to VF(z),
it follows from Taylor’s theorem that

Flx;) — F@) = %(x; - z)'G(E].)(x]. -z) where { € L[x, z].

Thus, from Assumption I,

o _ .2 < _ < n _ o2
2IIx]. zI* < F(x’.) Fiz) < 2|Ixj zl*,
Since / > 0, by Proposition 1, F(xl. ) < F(xj). Therefore,

E _ 2 < _ < 2 _ 2
2|lx].+l zl \F(xl.H) Fi) < 2le]. zl

and

-zl < \/n//.lllx —zI.

(b) From the Lagrange formula [10]} and Assumption I,
IIgl. — VF) IIxj -zl > & - VF(z))'(x]. —2)=(x; - Z)IG(Ei)("fi -2)

> ullx]. - zI?,
where £; € L[x;, z]. Therefore, llx; — zIl < (1/u)lg; — VF(z)l. Again from the La-
grange formula and Assumption I,

lg, — VF@I? = @; — VF@))'@; — VF@) = (x; — 2) G(E)g; — VF(2))

< n||x. —zIl Ilg. — VFQ@)N,

where £; EL[x z], so that IIg] — VF)I < nllx -zl

(©) Since F(x) has continuous second derlvatlves and since by Theorem 1 x; —>
z as j —> oo it follows that IIE].II —> 0 as j — o0, If G(x) satisfies a Lipschitz condition
in a neighborhood of z, then there is a number L > 0 such that for all j sufficiently
large

||E].II < oiu& 1 IIG(x]. + t(x]. 1o xl.)) — G2l

<L sup le(x,,  —2)+ (1 - )x, —2)l
0<<1 1 !

<I{ le]._H —zl + IIxI. —zI}.

It now follows from part (a) that IEl = O(llx; — zll).
LEMMA S. (@) Fori=1,2,...,q, )| = 0(|Ix,. - zl).
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(b) For any integer | = 0,
llxj_H — zIl = O(max{lg’ 416 ” =1,2,...,4q}).

(c) For all j € J sufficiently large, D,_+11 #+ D"
Proof. (a) Forj=2j,andi=1,2,...,q, by definition of the inverse matrix
¢y is orthogonal to a'l, a'z, RN a;, and is thus also orthogonal to VF(z). Therefore,

’

8¢
®); —ﬁ—(g VF@) T “

and by Lemma 4(b), I(v;);] < lg; — vF@)I = O(llx; - zl).
(b) Let T={t €E", t = ZP_, £,4;}. First, we show that

o for any t € T, llx’. -zl = 0(||g]. — tli).

To verify (1) choose any ¢ € T and let j > j,. By Proposition 2, (x; — z) is orthogonal
to both ¢ and VF(z). Thus from the Lagrange formula and Assumption I,

lg, — dlix, — 20> (g, - (x, - 2) = @g; - VFE)) (x; ~ 2)
= (x; - z)'G(E].)(x]. -2)> p||x]. - zI?,

where £ € L[x;, z]. Therefore, llx; — zIl < lg; — #ll/u which proves (1).
Now let / be any fixed nonnegative integer, j > j,, and define w; = g, D5 L (3
follows that
- (w )-‘gH” fori=1,2,...,q, and

g+I=D,'.w,.—Z(w)d +1,

4 iif
&
where by Proposition 2, t; € T. From Lemma 1, D; is bounded so that by (1),

IIx].H -zl = O(max{l(w.).l, i=1,2,...,49})
= O(max{lg’ 41 " i=1,2,...,49}.

(c) From part (a) and Lemma 1 it follows that |d;c, (v;),| — 0 as j —> o,
Therefore, from Eq. (2) of Lemma 1 and for all j € J, sufficiently large |d,"r,| =6/2>
0 so that from Step III of the algorithm for all j € J sufficiently large, D,—+11 #D; 1

The following theorem relates column i of Dy ! to the search direction used when
column i of D]f was last replaced. In addition, it shows that the first ¢ columns of D~ 1
are conjugate directions.

THEOREM 2. (a) Foreveryj=Zj,andi=1,2,...,q,

— 1
cii/ Ilcl.jll = s_“ij/ "s_“ii" + Wi

= 2

= Ilcil.lld'.l +w,, and

e}, [Gel = 0(||w,21.|1) fori<k<g,

where Ilwlll w? A — 0asj— oo
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(b) In addition, if G(x) satisfies a Lipschitz condition in a neighborhood of z,

then
1 2 =
I!wil.ll, Ilw'.,.II = O(le_aij - zl.

Proof. Letj=j, and 1 <i< g be arbitrary but fixed. Let v = 0y €, =
€,(7) = sign((v,);), and let k be such that |(v,), | = I(v,),l forI=1,2,...,q. We
first show that when column i of D! is updated it is true that Coir/le;pay =
s,/ls, Il and that the following updates do not substantially change this ith column.

From Step I of the algorithm, Lemma 5(a), and Proposition 2,

{civ(v W) ifvgJ,
s =

(1) iv v‘(v )kl + O(l(v )k|2) if v EJ

Column i of D!, is obtained from the update formula

i & ~ 8y
pvrr =g Ve d, =Ty
Therefore,
s, lis M
hﬂGKﬂi@) St
2 Civ+1 =

s, < fis ! >
— ] +0((v,), D, veEJ.
Is, M \e, Iv,), e, 4, vk 1
For v ¢ J, it follows from (1), the Lagrange formula and Assumption I that

3) (v )xcw v _ s;G(Ev)sv
Is, I s

=2u>0.

Similarly, for » &J,

€,lv,), lc;,d _s;G(zu)s

vy

) =
Is, | s, I2
v

+0(®,), D) > 1> 0.

From (2), (3), (4) and Lemma 5(a) it follows that

) St + O(lIx, - zl)
e, o ls,

In general D ! may not be updated for several iterations so that

Dv_+l —D;+2 ”'=D_ ¢D$_+l’

where £ is the iteration at which the next update occurs. It follows that £ = — «
where

rj

-a, —mm{ o, -—a,].>v,l=l,2,...,q},
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and Dy, , is obtained from D, by replacing column 7 by d;, = (g, — g, )/ logs, Il
Column i of Dg_431 is obtained from the update formula

czsdz

6) c, =c,
iE+1 it crEdE
We next show that Ic,fzd£| is appropriately small so that column i is left approximately
unchanged after one update.
From Taylor’s theorem,

' , S %
) citdg =c <G m + EE m),
3 3
where E; is defined in Lemma 4(c). By definition of £, ¢;. = ¢; ,,, so that from (5),
s
1 4
Ge,, = ||c,.,v+1|IG Tl + 0(lx, - zl).
14

Since di,, = d,.' £+l = d,, we have from Taylor’s theorem,

G2 =g L
— =, - E —.
s N LE+1 Vs |
14
Thus,
’ s’

®) cisG = "Ci,v+l" di,E+l s " + O(lx, - zl).
Furthermore, from (5),

3 c

£ rg+i
9 — = —=— 4 O(llx, - zI).
®) Is 0~ e, ., :

Substituting (8) and (9) into (7), applying Lemma 1 and Lemma 4(a) and observing
that since i # r, d;,5+lcr,5+l = 0 gives

(10) Iclfzdgl = O(max{lx, — zI, IE I, IE ).

From (1), (3) and (4) it follows that |c,.d,| > u. Finally, since ¢;, = ; v+ it follows
from Lemma 1, (5), (6) and (10) that

Cie41
1) —_—— = + O(max{ lIx ~zl, IIE I, IE II})
lle, s II
it+1
From iteration v = — o;; to iteration j each column of D,, will have been replaced
at most once. These updates w1ll occur at iterations j, <j, <j; <---<j; <j,
where j, = - =, J,=—a, i = £, ...,etc. Repeating the arguments which yielded
Eqs. (6) to (11) at most g — 1 times, it follows that
c,. S_a
(12) i _ U
Ilcil.ll Ils_a i y

if
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where
1 —1 —
IIwiI.II = O(max{ ||xl.l zll, IIEI.III, IIEJ.ZII, e, IIEiiII}).

Since J is infinite, — 0y —> o asj —> oo, Therefore, from Lemma 4(c), fori =1, 2,
., 4, ||w I|—>Oas1—>°°
Furthermore from (12) and Taylor’s theorem,

(13) Ge., = e .. + w2,
if iy oy Uj

where

S
2= ||< +E —2);
it i T S g u>

and thus, w2 il — 0asj— o

Fmally, from (13), since for k > i, ¢} ;d;; =

o(Iw? i), which completes the proof of part (a).
The proof of part (b) is immediate from (12), (13) and Lemma 4 parts (a) and

0, it follows that Ick]Gc | =

().

In Step II of the algorithm if j & J, the stepsize procedure first attempts to use
a unit stepsize. If necessary, this stepsize is reduced by a factor of % until an Armijo-
Goldstein test is satisfied. The importance of beginning with a unit step is that the
optimal stepsize converges to unity for j & J,, and that as a consequence after a cer-
tain number of iterations the unit stepsize will always be accepted. For j € J, similar
remarks apply but with the unit stepsize replaced by

le, Il
+ 1), |

©),

@)y

The precise results are contained in the following lemma.
LEMMA 6. There is a j, such that forallj=j,, v = 0 and '5]. < o]i". In parti-
cular, this means that forj 2 j,, 0; = 1 forj & J, and

||c K

+ i@ )k ic ]" forj€lJ,.

(v,.)

Furthermore, if 61. is such that F(x; — §6;5;) < F(x; — os ;) for all 0 < 0 < of, then
6—>lasj— > j&J, and’&}/&i—> lasj—> oo ]EJ
Proof. From Lemma 5(a), the definition of s; and Proposition 2 it follows that
0F —> o asj—> . Thus, from the definition of '6']. in Step II of the algorithm it
follows that for all j sufficiently large, 3} <o}
We next show that
$; Gs
1 ——1+e wherelejl—*Oasj-—No,jﬁEJl.
gls]
Letj€J —J, andj>j,. Then $; = Cri(vi)r for some r, 1 <r <gq. Therefore, g,'-sj =
e, l((v;),)*. From Theorem 2,
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s]'.GsI. = ((vj)r)zc;chrj = ((v’.)r)2(||cn.|| + 0(||wf,.u)).

Therefore,

= 2
) sGsI/g]s] 1+ 0(lw, lI)

Nextlet j & J and j > j,. From Step I of the algorithm s; = E' . "(v) and g, 5 =
L, ||c,]||((v );)?. Let k be such that el = 1)y, = 1 2,...,q. Then, gl i =
ey I((v)x)*. Furthermore, from Theorem 2(a),

s,st]. = (:Z‘l (vj)icil> <Z(v e N, + @), ">

- :Zl((v")‘)z le, | + O, Pmaxtiw2l, w31, . .., w2 }).

Therefore,
y Gs 2 2 2
(3) g]s] =1 + O(max{ Iw} ll Iwy Il , Ilwqjll}).

Equation (1) now follows from (2), (3) and Theorem 2(a).
From Taylor’s theorem,

F(x]. - s].) = F(xl.) —gs; + %s].G(Ei)s].,
where £ € L[x;, x; - s].]. Thus, for j & J,,
Flx) - Flx; - 5)) o 1 s]'.G(Ej)s]. .

’ 2 !
85 8%

h(x, 0).= h(x, 1) =

We have from (1) and Assumption I,

SGE)s;  sGEs; ( s{(G(E) — G)s, >

i i
; (1+e ) =(l+e ) 1+
&5 s,.Gsl. s].Gs].

1 + O(max{ Iel.l, 1 G(E,.) — GI}).

Since s, — 0, & —zasj—> o, & J,, and since F(x) has continuous second deriva-
tives it follows that h(x;, 0}) = h(x;, 1) — % asj—> oo, j & J,. Since § <%, we
have for all j ¢ J, sufficiently large that h(x;, 3',.) = h(xi, 1) > 8 and thus, v;=0and
0; = 1.

Let 6]. be defined as in the statement of the lemma. It follows from the Lagrange

formula that for all j sufficiently large

!

4 I h L[ ]
0, = where £ € L[x; x; AR
4) 5, 6, £ i5;
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As in the previous argument,
&]. =1+ O(max{lel.l, IIG(SI.) — GI}).

From (1) and Assumption I, g,'.si <2 Ilsjll2 so that [6;] < 4n/u for all j ¢ J, sufficiently
large. Since 8 — 0, it then follows that Ei —zasj—> o, j¢ J,. Therefore, Gj—> 1
asj-—>oo j&J,.

Now letj€J, andj = j,. Let k = k() and r = r(j) be such that I(v )kl
I(v) land —a,; <-oayfori=1,2,...,q9. Wehaves; = (s1gn(k) )c + (e f )

I(v )i | so that glsl = (I, + IIckl.II((vi)k)z)I(v |- From Theorem 2,

Gs; = Gign((u) e, Md,; + (), le, Md,; + O(max{ ||w3jl|, 1) | Ilwfcjll}))l(v].)kl.

Therefore,

sl'.Gs]. = ((v’.)k)z(llcrjll + O(max{ Ilwfjll, LA ||w§iil, ((v].)k)2 )]
and

gs; <( v), e, |I>

o= + 1) (1+e)
©) sl.Gsl. 1), | L

= al.(l + ej), where by Lemma 5(a) and Theorem 2(a),

ej—->Oasj—>°°,j€Jl.

From Taylor’s theorem,

F(x; ) F(x)—ogs +Yza sG(E)s,
where §; € L[x;, x; 'E}s,.]. Therefore,

hx;, 0) =1 - ‘/zo $;G(E)s,8;5;-

It follows from (5) that

L0 6@y (1 56 - G)s,.>

! ’ - r
g5 50s(lte)  1+te 5;GS;

=1+ O(max{lel.l, IIG(EJ.) — Gy,

where the last equality follows from Assumption I. Since 8;- is bounded and §— o,
it follows that £ —> z; and thus, IIG(E ) — Gl — 0 asj — o, j €J,. Therefore,

( )—> %; and since § < %, we have for all j € J, sufficiently large that h( )
>8 andthus v; Oando =3,

i
From (4) and (5), as m the above arguments

31./6’. = 1 + O(max{lel, ||G(£j) — Gy,

where § € L[x;, x; — o;s;]. Since I6;5,1 — 0, it follows that §; — z asj —> 5, j€E
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J,. Therefore 8']./6 —>1asj— oo, j €J,, which completes the proof of the lemma.
The following theorem shows that the rate of convergence of the subsequence of

points constructed by the accelerating step is superlinear. The rate of superlinear con-

vergence depends on the oldest gradient difference information contained in D}.
THEOREM 3.

X1 —zI

—0 asj— oo jEJ
IIxI.—zll

@

(b) In addition, if G(x) satisfies a Lipschitz condition in a neighborhood of z,

then
lx,, . — zI
L ox —zl), j¢J
llxl. ~zI Y

where r= min{—a,.].; 1<i<q}.

Proof. (a) We first show that forallj¢ Jandi=1,2,...,g4,

' - _ 2
1) Ici].gl. 1l = O(llxl. z max{llwijﬂ, IIE].II}),

where wizj and E; are as defined in the statements of Theorem 2(a) and Lemma 4(c),
respectively. Let 1 <i<gandjéJ,j>j,. From Lemma 6, 0;=1s0 that x

j+1
xX; == From Taylor’s theorem,

’ ’ ! !
. . c..=g.c,.—5.Ge,. —s.Ec,.
@) 8416y = 86 ~ 559Cy — 556y
— 2. : — q !
From Theorem 2(a), Gc;; = lield;; + wi;; and since s; = Z (ol llc,l-ll)c,jgj and further-
more since d;; is orthogonal to ¢, ¢, . .., €,y b €y jp - - - » €y it follows that

’ ' .2
s.Ge.. =g.c., + s.w.
175 = &Gy jif

Substituting this expression into (2) gives

' 2 4
=-sw. —s.Ec,..
&1 SiWip ~ Si%iC
Since Ix;,, — xl = lsll < Ix;4y =zl + lIx; — zl, it follows from Lemma 4(a) that

ls;l = O(llx; — zlf). By Lemma 1, le;;ll is bounded. Therefore,

Lgl'.ﬂcil.l = 0(Ix, - zll max{ IIE’.II, Ilw]? i,

which verifies (1).
Finally, from (1) and Lemma 5(b),

lx., . -zl
3 Y . B 2 2 2
3 O(max{ ||EI.II, Ilwll.ll, Ilwzill, ey IIWqJ.II})

lel. -zl
and part (a) follows from Lemma 4(c) and Theorem 2(a).
(b) Part (b) follows immediately from (3), the definition of r;, Theorem 2(b) and
Lemma 4,parts (a) and (c).
A particular member of the class of algorithms described in this paper is obtained
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by specifying the index set J of regular steps. The convergence rate properties of any
particular algorithm will depend to a large extent on the choice of J. The following
theorems give specific convergence rate results for a number of important special cases.

One way of mixing regular and accelerating steps is by alternating them. This
results in a two-step superlinear convergence rate; and the rate of superlinear convergence
depends on the information of the previous 2q iterations, this being the number of
iterations to update all of the first g columns of Dy 1

THEOREM 4. Let J ={j;j=2i,i=0,1,2,...}. Then

l|x2]. P zl

(@) “x2i —zIl

— 0 asj—> oo

(b) if G(x) satisfies a Lipschitz condition in a neighborhood of z, then

||x2].+2 - z||/||x2i -zl = 0(||x2]._2q+2 - zi).

Proof. Part (a) follows from Theorem 3(a) and Lemma 4(a). To demonstrate
part (b) we observe that from Lemma 5(c) and the definition of J,

{-ai’2j+l;i=1,2,...,q} ={2,2/-2,...,2j—2q9 +2},

so that in the statement of Theorem 3(b), 7,;,; = 2/ — 2¢ + 2. The present theorem
now follows directly from Theorem 3(b).

Each regular step generates a new conjugate direction. Performing g such steps
consecutively in a space of dimension ¢ leads us to expect a g-step superlinear or
quadratic rate of convergence. These steps may then be followed by a superlinearly
convergent accelerating step to achieve a cubic rate over the entire ¢ + 1 iterations.
The precise result which is similar to that obtained in [2] and [9] for the unconstrained
case and [3] for the linearly constrained case is contained in the following theorem
and its corollary.

THEOREM 5. LetJo, ={j;j — 1,j —2,...,]j — q €J} and suppose J, is in-
finite. In addition, if Gi denotes the optimal stepsize at iteration j and for j € J,,

Oy =045 055 =0;_5,...,0,_o=0;_,, then
Ix, —zlflx, —zl—0 asj— oo jEJ ;
(a) 5~ elllx,_ i JE€J,;

(b) in addition, if G(x) satisfies a Lipschitz condition in a neighborhood of z,
then Ix; — zIl = O(lx;_, - zI?).

Proof. Let j and I be such that j € J,, j = j, and 1 <! <gq. To simplify nota-
tion we assume without loss of generality that the columns of D,f have been ordered
so that

—a”.=]'—1,—a2].=]—2,...,—aqj=]—q.

From the identity

1-1
g =- Z:l dlx,_; - X i Vg,
=
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and the definition of an inverse matrix, it follows that gic;; = g;_,, ,¢;;. Since 0;_; =

61._,, we have g;_, 15 = 0. Also, from Proposition 2, both ¢y and §;_ are orthog-
onal to VF(z) so that
' ' sf—l
8¢y = (g,._H_1 — VF(2)) <clj - Ilcljll > .

lIs]._ il

From Lemma 4 parts (a) and (b) and Theorem 2(a), Lg]'t,jl = O(IIxI._ a" zI llw}l.ll); and
therefore, from Lemma 5(b),

Ix, — zH
I

= 1 1 1 , oo i
"x]-_q _ Z" = O(max{“Wl’ll, "w2]"’ ey "qull}) —_— O asj—> oo, j E'Io'
This completes the proof of part (a). Part (b) follows from Theorem 2(b) and Lem-
ma 4(a).

COROLLARY. Suppose for j € J, as defined above, j & J and for j € J, 0; = 6]..
In addition, suppose that G(x) satisfies a Lipschitz condition in a neighborhood of z.
Then forj €J,, IIxj+l -zl = O(IIxj_q —zI®).

Proof. From part (b) of Theorem 3 forj €J,,

IIxI.+1 —zl = O(IIx]. —zI IIxj_q ~ zll) where r; =j—q.

Remark. Theorem 5 and its corollary also apply if for j € J instead of using
0; = 6,. the optimal stepsize, 0; is obtained using a quadratic interpolation procedure
described in [8]. Although 0; as computed in Step II of the algorithm converges to
unity, the rate of convergence is not sufficiently rapid to be compatible with the super-
linear, quadratic or cubic rates of Theorem 5.

For the policy of alternating regular and accelerating steps if 8; is an accelerating
direction, then Theorem 4(b) shows that llx;, , ~ zl/llx; — zIl = O(lx;_5q+, — 2D
If the subsequence of points determined by the accelerating step does not converge
faster than this upper bound predicts, then the following theorem shows that {x;} is
every step superlinearly convergent. The rate of superlinear convergence is sharper for
the accelerating step than for the regular step.

THEOREM 6. Let J be as in Theorem 4. Assume that G(x) satisfies a Lipschitz

condition in a neighborhood of z and there is an € > 0 such that

“xi+1 -zl | |
—— > e¢llx, —zIl foralljéJ
Ix; — 2 = Wj_2q+41 forallj &
Then
IIx].+l —zll
"xi - 0("xi—2q+1 —zl) foralljgyJ,
and
IIxI.+1 zll | |
= 0(lx. -z oralljeJ.
Ix, - 21 (Ix;_4q4o =20 forallj
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Proof. Letj €& Jsuch thatj >j,; and thus by Lemma 6, 0; = 1. We assume
without loss of generality that the columns of D} have been ordered so that

-a, —]—1 =j—3,. y—a, —]—2q+1

Let 1 <v <gq. Sinces; = ZL ;c;(v;);, it follows from Taylor’s theorem and Theorem 2
that

’ !
Coi8ir1 = c &~ c (z cu(v)> - cl.El.s].

's. —c E.s

—c —llc IId c -—w ,
i8; v ; i vt

l!]

GRS

=—w2s. — ¢ Es.
vi'y vy

Since ls;l = O(lx; — zl), it follows from Theorem 2 and Lemma 4 that

2 .
) e/ wi&i+ N O(llx]. —zI I!ww.ll),
and therefore,
max{lcﬁgjﬂl; i=1,2,...,q}= 0(|lxl. —zI "xj—2q+l — zl.
From Lemma 5(b), Ibe;, ; — zl/lx; — zIl = O(lx;_, 4, — 2I).
From (1) and the assumption in the statement of the theorem,
' >

@ Icv].g,. +1 _ I!w II _ IIx] a1 —zI

"xi+l —zIl ||x] 2q+1 —zIl Ile._zq+1 zl
Thus from Theorem 4, forv=1,2,...,q —1, Ic;jgj_,_lllllx]-+l —zl—> 0asj—> oo,

j ¢ J. However, by Lemma 5(b),

Icg I

1 = O {max —’1—;i=1,2,...,q
hx., . — zI
j+1

so that there is a constant § > 0 which, for all j ¢ J sufficiently large, satisfies
|C‘,"-gj+l|/"xj+l - Z“ > 0. Since j ¢J; cij = ci1i+ 1° Thel'efore, I(Ui+ l)q[ > I(vj+ l)il’
i=1,2,...,q;and from Step I of the algorithm, Si+1 = cqi(vi+l)q'

From Taylor’s theorem, Lemma 6 and Theorem 2,

! — [ _ [}
Ci8i+2  Cuidi1 €,160¢4iWis 1) CV]E]+1 41

= c;l.gl._H e IIdlcql(v ) le ||wws 1~ c;,.E].“siH.
Therefore, from (2), Lemma 4, parts (a) and (c),and Theorem 4(b)
O(lej+ ~zi le._ q+3—z||), v=12,...,9 -1,

Ic'g. .|=
vPj+2
P 0(|!x].+ -zl llx] 2q+1 -z, v=gq.

Finally, from Lemma 5(b),
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le,.+2 - zII/IIxI.H -zl = O(IIx]._4q+3 - zll);
and since j & J implies j + 1 € J, the theorem follows.

6. A Modified Algorithm. All convergence results in the previous sections are
based on Assumption 1. Since it is in general difficult, if not impossible, to verify this
assumption it is desirable to try to obtain convergence results under weaker assump-
tions. It is the purpose of this section to show that for a simple modification of the
algorithm, convergence can be proven without assumptions on second order derivatives.
Furthermore, it will be shown that, if the sequence generated by the modified algo-
rithm has a cluster point in a neighborhood of which G(x) exists and has certain prop-
erties, the results of Section 5 on the rate of convergence are applicable.

We shall use the following

Assumption 11. Let x, € R be the starting point of the algorithm. Then there
exists a compact convex § such that { € R|F(x) < F(x,)} C S, and F(x) is continu-
ously differentiable on some open set containing S.

It is clear that under this assumption an optimal solution z exists. By the Kuhn-
Tucker Theorem, z is a stationary point. We cannot expect that the sequence {x].} gen-
erated by the modified algorithm converges to z if we only have Assumption II. How-
ever, we would like to show that every cluster point of {xl.} is a stationary point, i.e.
satisfies the necessary conditions for an optimal solution.

The proof of this result requires that the sequences {Dj} and {Dj_ 11 be bounded.
This has been shown in Lemma 1. The proof is based on the inequalities

's. > =
1) d].sl. /.tlls].II and lldill n,

which follow from Assumption I. Without this assumption, (1) need not be true. There-
fore, we have to modify the algorithm in such a way that we test whether (1) is satis-
fied and update D} ! only if the answer is affirmative.

We describe now a general iteration of the modified algorithm. The quantities
Di_ l, J(xi) and 6]- are defined as before. In addition, we use two constants 0 <1y, <',.

Step 1: Computation of the Direction of Descent s;. Same as in previous algo-
rithm,

Step 11: Computation of the Stepsize. Same as in previous algorithm.

Step 1II: Computation of Di_+ll’ J(xj 1), and B, ;.

Case 1. o; < a}", i.e., no new active constraint occurs at Xjg1-

Set B4 = 0,d; = §; — 841/ llo;s;l if j €J and let v be defined as in the pre-
vious algorithm. Ifj & J or (j €J, and lc;jdil < Ic;cid]-(vj)kl) or

Id’.sjl < " Ilsl.ll or Ildl.ll > Vs

set Di'jrll =Dy ! and J(xj+ )= J(xj); otherwise, proceed as in the previous algorithm.
Case 2. 0; = o}"; i.e., a new constraint becomes active at Xjyq-
Same as in previous algorithm.
It is easy to verify that Lemma 1 holds. Since the first two steps of the algo-

rithm are unchanged, Lemmas 2 and 3 remain valid. Therefore, we can again use the
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convergence results of [8] to prove the following.

THEOREM 7. Let Assumption 11 be satisfied. The modified algorithm either ter-
minates after a finite number of iterations with a stationary point or generates an infinite
sequence {x].} with the following properties:

(@ lxjyy —x0—0asj— oo

(ii) Every cluster point of {x;} is a stationary point.

(iii) If {xj} has an isolated cluster point z, then {x;} converges to z.

Proof. Because of Lemmas 1—3 the second statement of the theorem follows
from Theorem 1 in [6]. If there is € > 0 and a subsequence {x;, j €J} of J such that
Ix;,; — x;I1 > € for j € J, then it follows from Lemma 3 that

g]'.sl. > 8(e) for j €J and some 8(¢) > 0.
By the definition of s, this implies ‘that any cluster point of this subsequence is not a
stationary point in contradiction to part (i) of the theorem. The last statement of the
theorem follows from the fact that lej 1 - xl-ll —>Qasj—> oo,

In order to derive results concerning the rate of convergence we need the follow-
ing.

Assumption 111. Let z be a cluster point of the sequence {xj} and let a;z =b,,
i=1,...,p,andaz<b,i=p+1,...,m Then

(1) There are numbers A; such that

P
VF(z)=%Y"Aa, and A <0, i=1,...,p
le 1 H

(2) F(x) is twice continuously differentiable in some neighborhood of z.
(3) There are numbers 0 < u < 7 such that

ulxl? < x'Gz)x < nlxI?

for all x EE" witha;x = 0,i=1,...,p.

Since by Theorem 7 every cluster point of {x,.} is a stationary point, the first part
of Assumption III states that the strict complementary slackness condition is satisfied
at z. Furthermore, it is easy to see that Assumption I implies Assumption II and the
last two parts of Assumption III.

As a first consequence of Assumption III we have

ProPoSITION 3. Let Assumptions 11 and 111 be satisfied. Then xX; >z and there
is jo such that for j 2 jg,

’ — . ’ .
aixl.—bi, i=1,...,p and a,.x].<bi, i=p+1,...,m

Proof. 1t follows from Assumption III that z is an isolated stationary point. By
Theorem 7 this implies that z is an isolated cluster point of {x;}. Thus, again by The-
orem 7, x; = z. The last statement follows then from Proposition 2.

By Assumption III and Proposition 3, there is a convex neighborhood u(z) of z
with the following properties:

1 x; € u(z) for j sufficiently large.

(2) ulxl?> < x'G()x < nlxI? for all y € u(z) and all x € E” with ax = 0,i =
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Because a;sl. =0, i=1,...,p,forjsufficiently large, it follows then from

Taylor’s theorem that, for j sufficiently large,

'si>= 1<
ld].sl.] > pllsl.ll and IIdlll <n,

i.., the test in Step III of the modified algorithm is satisfied for j sufficiently large
provided v, < u and 7y, 2 1. But then the two algorithms are identical for j suffi-
ciently large and it follows from (1) and (2) that all the results of Section 5 are appli-
cable. We formulate the result as

THEOREM 8. Let Assumptions 11 and 111 be satisfied and suppose that v, < u
and v, 2 n. Then the convergence results of Section 5 also apply to the sequence
{xj} generated by the modified algorithm.

7. Computational Results. In this section we give the results of some computa-
tional tests in which the method presented in this paper was used to solve four test
problems. Two of the problems are taken from the Colville study [S] (Nos. 1 and 7)
and another two, the Chemical Equilibrium and Weapons Assignment problems, are
taken from {4]. Table 1 gives the timing results in standardized units (see [5]). For
the Colville problems, timing results are also given for the revised reduced gradient
method (RRG). This method was chosen for comparison because it gave the fastest
time among the methods considered by Colville. The times reported for RRG are
taken from [5].

The computations were performed on a Honeywell 6050 computer at the Uni-
versity of Waterloo. Colville’s standard timing programme executed in an average
time of 53.8466 seconds on this system, and the standard times in Table 1 were com-
puted using that figure.

The mixture of accelerating and conjugate direction constructing steps was de-
termined as follows. The first n iterates were obtained using only conjugate direction
constructing steps since the accelerating step is based on the availability of a complete
set of conjugate directions. After n iterations, an alternating policy was used since, by
Theorem 6, this gives the sharpest convergence rate. '

Step II of the algorithm uses a unit stepsize provided that it is feasible and passes
certain tests required for convergence. Lemma 6 shows that after a certain number of
iterations the unit stepsize will always be used. Examination of the intermediate out-
put showed that the unit stepsize was used for 76% of the iterations for the four test
problems.

The Weapons Assignment problem is of particular interest because of its size of
n = 100 variables. Although this problem has considerable structure no account was
taken of this structure when solving it with the method described in this paper. It is
interesting to note that an accurate solution was obtained after approximately 1.7n
iterations.

Theorem 6 predicts that the rate of convergence of the accelerating steps will
be faster than the rate for the conjugate direction constructing steps. This prediction
is verified computationally in Table 2 which shows some of the intermediate results
for the Weapons Assignment problem.
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TABLE 1
Numerical Results for Four Test Problems
Colville Colville Chemical Weapons
No. 1 No. 7 Equilibrium Assignment
Variables 5 16 10 100
Constraints 15 40 13 112
Standardized {new method 0.0042 0.0220 0.0219 5.3828
Exc. Time \R.RG. 0.0061 0.0290
Iterations 11 14 36 168
Function Evaluations 12 17 65 208
Gradient Evaluations 12 15 37 169
Final Objective Value 3234867897 —244.8996975 —47.706109086 —1735.569579
TABLE 2
Intermediate Results for Weapons Assignment Problem
Iteration  Objective  Step Iteration Objective Step
0 —624 — || 140 17355684 C
10 —1153. C 141 —1735.568519 A
20 —1306. C 142 —1735.568523 C
30 —1424. C 143 —1735.568572 A
40 —1539. C 144 —1735.568590 C
50 -1610 C 145 —1735.568992 A
60 —1661 C 146 —-1735.568992 C
70 —1693 C 147 —1735.569228 A
80 ~-1713 C 148 —1735.569230 C
90 -1719 C 149 ~1735.569313 A
100 —-1726 C 150 —1735.569383 C
110 —1734 C 151 —1735.569447 A
120 -1735.17 C 152 —1735.569450 C
130 ~1735.56 C 168 —-1735.56957933 A

“A” = accelerated step, “C” = conjugate direction constructing step
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