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Abstract. Solutions of the Einstein field equations are considered subject to the
assumptions that (1) the source of the gravitational field is a perfect fluid, (2) the Weyl
tensor is algebraically special, (3) the corresponding repeated principal null congruence
is geodesic and shearfree. If in addition, the repeated principal null congruence is non-
expanding, it follows that the twist of this congruence must be non-zero (for a physically
reasonable fluid). The general line element subject to this additional restriction is derived.
Furthermore, it is shown that all solutions of the Einstein field equations which satisfy (1)
and exhibit local rotational symmetry, necessarily satisfy (2) and (3).

§ 1. Introduction
The Einstein field equations with a perfect fluid as source read
Rab_%Rgab+Cgab: _[(A+p) uaub_pgabl uaua: 1 » (11)

where u, is the velocity of the fluid, 4 > 0 the energy density, p the scalar
pressure and C the cosmological constant. The metric tensor g,,
(a,b,c...=1,2, 3 4) has signature {— — — +) and the conventions for
the Riemann and Ricci tensors are

— d _ pc
Ua;bc - Ua;cb - UdR abcs Rab =R

abc *

Exact solutions of (1.1) are of interest in the following connections:
(1) as cosmological models,
(2) as interior solutions to be matched to exterior vacuum solutions,

(3) as representing the propagation of gravitational radiation in
matter.

Algebraically special solutions of (1.1) (i.e., solutions in which the
Weyl tensor has a repeated principal null direction, cf for example
Pirani [1]) have recently been studied in each of these three contexts.

* This work was supported in part by the National Research Council of Canada.
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Ellis [2] and Stewart and Ellis [3] have classified the locally rotationally
symmetric solutions of (1.1), which may be characterized by the fact that
they admit a multiply transitive group of motions. All solutions in this
class are algebraically special, and particular examples, which are non-
isotropic generalizations of the Friedmann solutions, have been studied
as cosmological models e.g. Kantowski and Sachs [4]. Wahlquist [5] has
given an algebraically special solution of (1.1) which is of interest from
the point of view of (2). Finally Szekeres [6] discussed algebraically
special solutions of (1.1) from the point of view of (3), but gave no exact
solutions.

In this paper we begin a systematic study of algebraically special
exact solutions of (1.1). We make the additional assumption that the
repeated principal null congruence k* is geodesic and shearfree so that

kﬂ;bkb = 0: (ka;b + kb; a) ka;b = (ka; a)z (12)

in terms of an affine parameter (cf. for example Pirani [1], p. 336). In
vacuo, the Goldberg-Sachs theorem [7] asserts that (1.2) is necessarily
satisfied. In the presence of a perfect fluid, however, it is evident from the
work of Szekeres [6] that (1.2) imposes restrictions on the shear, rotation
and energy-density gradient of the fluid. There are three subclasses of
solutions of (1.1) satisfying the above assumptions, depending on the
expansion k%, and the twist [(k,,,—ky)k“?]'* of the repeated
principal null congruence, namely

A: Zero expansion, non-zero twist,
B: Non-zero expansion, zero twist,
C: Non-zero expansion, non-zero twist.

[The twist and expansion cannot both vanish unless 4 + p =0, which
we exclude, cf. §3.]

Most of this paper deals with class A. We make use of the Newman-
Penrose formalism [ 7] which has proved effective in deriving algebraically
special solutions of the vacuum field equations (cf. for example [8] and
[9]). The formalism is briefly introduced in § 2. In § 3 the null tetrad is
adapted to the repeated principal null congruence and the velocity of the
fluid, and it is shown that for the class A the parameter along k* can be
chosen so that

ka;b+kb;a:fkakb: (13)

for some function f. A coordinate system is introduced in § 4, and the
general line elements corresponding to /=0 and f 40 are derived in
§ 5 and § 6. Finally, in § 7, it is shown that the locally rotationally sym-
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metric fluid solutions form a subclass of the algebraically special fluid
solutions whose repeated principal null congruence is geodesic and
shearfree.

§ 2. The Newman-Penrose Formalism

Following Newman and Penrose [7] we introduce a complex null
tetrad (k% n®, m*, m®), where k% n® are real null vectors and m“ is a complex
null vector, with m* its complex conjugate. The orthogonality properties
of these vectors are

Kk, =nn,=m'm, =m"m, =0,
k*m, = ki, =n"m, =nm, =0, 2.1
kn, = —mim, =
It follows that
g°% = k*n® + n°kb — m*m® —m°m® . 2.2)

The Newman-Penrose spin coefficients are defined by

k= ko ymk", w= —ng,m'kb, &=k, ,nk" —mg,mk",

0=k, m'm’, A= —n,,m'm’, o=73(k,,nm—m,,mm), 23)
6 =kypm'm®,  p=—ngmmt, B =1(k,,ntm —mg iwm'), .
V= —ng,mn’, ©=k,,mn 7 = 3(ky pnn® — mg,mn’).

The complex tetrad components of the Weyl and Ricci tensors are
denoted respectively by

Yy = — Copeak®mbkim®, W, = —C,, K nPkem?,

Y, = —3C,,qkn’ ko n? — K*nPm‘m) (2.4)

__ ab.c—d _ a—=b c~d .
Y13"—(:'abcdknnrn’a qlél-‘_——cabcdnmnm >

oo = — 5 R,,KK, By = — R, (kn" + miim")
Py = —%Rabkamb’ Dy, =— %Rabnamb > (2.5)
Doy = —3Rym*m’, &y, = —3R,n'n’,  A=(1/24)R.

The following differential operators play an essential role

Do =gk, Ap=¢.n,

- _ (2.6)
0¢ =d.m", 0= ¢, m".
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The Newman-Penrose equations consist of three sets of equations in-
volving the quantities (2.3), (2.4), (2.5) and the operators (2.6), corre-
sponding to

(a) the Ricci identities,

(b) the commutators of the operators (2.6) acting on scalars,

(¢) the Bianchi identities.

Equations (a) and (b) in their most general form are given by Newman
and Penrose [7]. All three sets of equations are contained in Pirani [1]
(pp- 346-351). We will make use of (a) and (b) and some of equations (c),
those corresponding to (R,>~ 5R3,),, =0.

§ 3. Initial Simplifications of the Spin Coefficients

The vector k? of the null tetrad is chosen to be tangent to the repeated
principal null congruence, and »n° is chosen to lie in the 2-space spanned
by k% and the velocity u” of the fluid. Since u’u, =1, it follows that u*
can be expressed in the form

u® =212 [Bk*+ (1/B)n“]. (3.1)

The directions of k* and n“ are now fixed. We are also using an affine
parameter on k° Thus the tetrad freedom is:

k* =Rk, n"=(1/Rn*, DR=0, (3.2)
m" =eSmt, m"=e S, (3.3)
where R, S are real functions.

The requirement that k® be a repeated principal null congruence
which is geodesic (with affine parameter), shearfree and non-expanding
implies

Yo=Y =0; k=¢+e=0=90+0=0 (3.4)

(Newman and Penrose [7]). In terms of the tetrad components of R, and
u, [cf. (3.1) and (2.5)] the ficld equations (1.1) read:

B2®go =2 = D,,/B* =1 (A+p)+0,
Dy =Py, =D, =0, A=3(4-3p+4C).
We now derive some consequence of (3.4) and (3.5), using the Newman-

Penrose equations and the tetrad freedom, without explicitly intro-
ducing a coordinate system. Firstly we may use (3.3) to set

0—2e=0.
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Then some of the Newman-Penrose equations (corresponding to the
Ricci identities) reduce to

Dog=0*+ Pyo=Dp=0, Byo=—0>%+0, (3.6)
Dt=Q2r+ "o, (3.7
Da=%3n+27%)0, (3.8)
DR =%FE+21)0, (3.9)
do=0@G+p+27), (3.10)
dt=Ado+1(t+p~73), (3.11)
Di—-dn=io+n(n—PF+a), (3.12)
Ao—bt=—ofi+(B—a~T1+(H+Po— ¥, —241, (3.13)

Sa—0f=po+ad+pB—20f+2v0+ro(u—— ¥, +A+d,. (3.14)
In addition
(6D—-D&Q =@+ p—7)DQ (3.15)
for an arbitrary scalar function Q.
The twist of the congruence k* is proportional to g, and thus by (3.6)

is non-zero. The commutator (3.15) is applied to ¢. By means of (3.6)-(3.10)
this results in

D@E+p+21)=0=471+7. (3.16)
We may thus use (3.2) to achieve

G+ p+2t=0=080=0. (3.17)

The commutator (56 —80)g =0 yields 4¢p =0. Thus g is a constant,
and by means of (3.2) with R a constant, may be reduced to

o=i=>dy =1, B*=3(4+p), (3.18)
by virtue of (3.5) and (3.6). The commutator (3.15) is applied to 7 and,
with the aid of (3.7), (3.11), (3.12), (3.16) and (3.17), reduces to 3g*1 =0,

so that
A=0.

By comparison of (3.12) and (3.13) using (3.16), one infers that
t=n=0=ua+f=0=Da=Dp.

At this stage, it is easily shown that k, satisfies an equation of the form
(1.3). By means of (3.13) and the simplifications so far achieved, Eq. (3.14)
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reduces to
Sa+0a=40a+i(y—P+iu—D+iu+D+34+ D, .

The imaginary part of this equation is p+ i = 0. The Newman-Penrose
equations for Dy, Dy imply that D(y —% — u) =0, which permits us to
use (3.3) with DS =0 [so that ¢ —2& =0 is preserved] to achieve

p=y—=7.

The remaining information to be obtained from the Ricci identities is
contained in the following equations

da+0a—4dan=2iu+i(A—p+20C), (3.19)
Dy +7%) =2ip+p—C, (3.20)
Du=i(y+7), (3.21)
Dv—Su=iv=258(y+7%), (3.22)
ov—2av =2+ B+ Au+(y+u, (3.23)
Au=0=A48, (3.24)

where we have substituted for ¢, etc. from (3.5). In addition the non-
zero tetrad components of the Weyl tensor are given by

¥, =ip—13(A-3p+40)+ily +7), (3.25
Y,=Dv+iv, W¥,=—5v+2av. '

The contracted Bianchi identities yield additional information,
which with the simplifications achieved so far [in particular (3.5)]
assumes the form

§p=—27, (3.26)
(A+p)DA+p)+24(4A—p)=0 (3.27)
(Pirani [7], p. 351).

§ 4. The Coordinate System and Field Equations

A coordinate system is introduced, with x* being an affine parameter
along the congruence k% while x!, x?, x* remain constant along k°. Then

the tetrad vectors have the form
k*=0%, n'=X48%+ U+ Vs, @)
me = EA54 + wr o4 +v*8d, A=1,2, '

where X4, U, V are real and &4, w*, v* are complex.
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The form k* = 04 is preserved under the following coordinate trans-
formation:

U=00xY, (=x"+ix?, (4.2)
=+ 1T xY, 4.3)
x4/ = x4, (ga C—7 x4) . (44)

With the simplifications of § 3, the commutators read (Newman and
Penrose [7], p. 570)

(4D—-DAy¢ =y +7)D¢, (6D-Do¢p=0,
bA4—48)¢p=—D¢, 4.5)
(56 —088)p =(—2uD—2id — 265 +2ad) .

By choosing ¢(x*) to be successively x', x%, x3, x*, we obtain equations
relating the components of the tetrad vectors [and hence of the metric
tensor, through (2.2)], the spin coefficients and the operators (2.6). For
example, with ¢ = x*, x?, the first commutator yields D X“ = 0. Thus the
transformation (4.2) may be used to set X =0, provided V 0 [we can
always choose x* so that V% 0]. The function V is restricted by DV =0,
so that (4.4) may be used to achieve V =1. The functions ¢4 have to
satisfy
Dt =0=4¢",

Feh _§Th = _25FA 4 20 (4.6)

ie., the &4 depend only on {,{. Thus the transformation (4.2), with
00 /ox* =0 [so that X4 =0 is preserved] may be used to transform
E+iE2 =0, ie, & =P, £2=iP, where P is a complex function of
¢, which by (4.6) satisfies

OP =2uaP. 4.7

For convenience we write w* = Pw, v* = Pv. Then the tetrad vectors
(4.1) simplify to

ki=8%, no=US%+68,

{4.8)
m’ = P(0f +1i65 +wdi+0vd%).
The restrictions on v arising from the commutators are
Dv=0=dv, Pdv—Pév=-2i. 4.9)

This implies v = v({, 0), so that we may use (4.4) with dx*/ox* =1 to
achieve

v+7=0=>PPovoxt = —i (4.10)
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by (4.9). Thus vis completely determined in terms of P since the “constant”
of integration arising in (4.10) may be eliminated using x* = x* + g(x?).

The restrictions on the remaining functions w, U arising from the
commutators are

Dw=0, DU=-(+7), (4.11)
5U=PAw—7, (4.12)
PSw—Péw = —2(u+iU). (4.13)

It is convenient to define a new operator o* by
dp=Pé*¢.

We now combine Egs. (4.7), (4.11) and (4.12) with Egs. (3.19) to (3.23)
and (3.26) and arrive at the following set of equations

D*U= —2in—p+C, (4.14)
D(p+iU)=0, 4.15)

(uD +i4) Qip—p)=0, (4.16)
(A+p)D(A+p)+24(A—p)=0, (4.17)
2PP *(InPP)/0L 0l =2iu+ (A —-p+20C), (4.18)
PP8*5*p—(uD +id)p = —2(* +BY, (4.19)
(U — +p) = ow/ox*, (4.20)
S*[—2u+ip+Dp}=0. (4.21)

[We include (3.27) again for completeness.] The only spin coefficient
appearing in these equations is y, which is related to w and U according
to (4.13). We now use the remaining tetrad freedom, namely (3.3) with

S =50, to set 3
P=P.
At this stage the repeated principal null congruence k° satisfies
ko, = —(@U/0x?)k,k, — i(m,m, — m m,) . 4.22)

To complete the simplification of the field equations and line element, it
is necessary to distinguish the two cases dU/0x*> =0, and dU/dx° +0.

4 Commun math Phys, Vol 17
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§ 5. Case 1
oU[Ox? =0k, + Ky =0
Egs. (4.14)-(4.18) imply

2ipy=—p+0C,
p=-r 5.1)
p=p(x',x%), A=A, xY.
We now use (4.3) to set
U=ip-0C). (5.2)

Eq. (4.20) reduces to dw/0x* =0, which enables us to use (4.3) with
df/0x* =0 [so that (5.2) is preserved] to achieve

w+Ww=0=P?ow/ox' = —i(p—C), (5.3)

by means of (4.13). The “constant” of integration which arises in (5.3)
may be eliminated by means of x3 = x3+g(x?). A straightforward

calculation using (2.2), (4.8), (4.10) and (5.3) shows that the line element
has the form

ds? = —(1/2PY) [(dx')? + (dx2)?] = 20(w — Uv) (dx?) + 2iv dx*dx?

54
+2iw=2Uv)dx*dx* +2dx3dx* - 2U(dx%?, G4

where v is given by (4.10). The remaining field equations (4.18) and (4.19)
reduce to

P23?p/ol ol = —(1/32)(A~p+2C)(A+3p—-2C), (5.5
P23?(InP?)joC ol = (1/8) (A —5p+6C). (5.6)
Note that the density A(x', x%) appears as an arbitrary function in these
equations. The velocity u® of the fluid is given by (3.1) and (3.18). The
motion of the fluid is described by its expansion 6, acceleration u,
rotation w,, and shear ¢,,, defined (cf. for example Stewart and Ellis
[3]) by
O=u",, u*'=u,u’,
0y = Upg py — Upglipy (5.7)
Tap = Uiazp) — Ugalhyy — 5(Gap — tatty) 0.
It follows that in Casel, the fluid has zero expansion. Furthermore
u'=0<=0p/o{ =0,
w,y=0eA+3p—2C=0, 08p/el=0, (5.8
Oap = 0<=0(A4+3p)/0l =0.
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By means (3.25) one finds that the non-zero tetrad components of the
Weyl tensor are

¥, =—12(A+3p—-20), ¥3=-iPdp/ol,
¥, = —20[P*ap/aL]/ec.
Thus in Casel the fluid has non-zero rotation provided that C,, ;0.
Particular Solutions
Case A. 0p/0{ = 0<>p = constant, u° = 0.
Eq.{5.5)implies A —p+2C=0,0r A+ 3p—2C =0, so that A is also
constant. The constant pressure p can be equated to zero by replacing

A,C by A+p and C+ p respectively. Thus, in effect, we have dust
solutions with cosmological term. Egs. (4.10) and (5.3) imply

cw+ Cr)foxt =0,

so that we can use the coordinate freedom remaining in (4.3) to transform

w+ Cov=0=w—-2Uv=0. After a further coordinate transformation

x* = x* 4 x3/C, the line element reads

ds* = ~(1/2P?) [(dx")* + (dxH*] + (v*/C) (dx*? + 2ivdx* dx*
—(1/C) @x?)* + C(dx™?*.
Case A;. A+2C=0=C<0.
Write C = —a® Eq. (5.6) reads
2P23%(InP?)/0L 8l = —a*.
Under " = {'({) this has the unique solution
P? =sinh?ax'=v = (i/a) coshax'/sinhax .

A coordinate transformation x!' =x!(x') with dx!/dx' =sinhax'
simplifies the line element to

ds* = — (dx")? + (1 4 }sinh®ax?) (dx*)? — (2/a) coshax' dx* d x>
+ (1/a®) (dx3P — a®(dx*)* .
This solution is type [2, 2], and admits a S5-parameter group of motions
multiply transitive on spacetime, and hence is the Gidel universe (Ellis
[2], p. 1191).
Case A,. A-2C=0=C>0.
Write 2C = a®. A similar procedure leads to the unique line element
ds* = — L[(dx")? + (dx**] — (2/a) cosax' dx? dx® — (2/a®) (dx3)?
+ (a?/2) (dx*)? .

4*
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This solution is conformally flat and admits a 7-parameter group of
motions multiply transitive on spacetime and hence is the Einstein
static universe (Ellis [2], p. 1191).
Case B. 0*p/o{ é =0, dp/ol +0.
Eq.(5.5) implies A—p+2C=0 or A+3p—2C=0. We consider
only the first possibility and set
C=0=p=4,
which is of the form of an equation of state
p=X-1A (5.9

corresponding to the maximum possible value of X, namely X =2 (cf.
for example Ellis [2]).
A particular solution is
p=x', P*=(23)(x"), v=3i4(x")?,
w=3i2x!, U=3x".
After a coordinate transformation x'=3/(x})?, x?=12x?, the line
element reads

ds? = —(dx')? + 5(x")8 (dx?)? - 2(x')* dx*dx® — 6(x")? dx? dx*
+2dx¥dx* — [3/(xH)?] (dx*)?,
with
p=A=3/x"*%.
This solution is of type [211] and admits a 3-parameter group of motions

simply transitive on x! = constant. The acceleration, shear and rotation
of the fluid are non-zero.

§ 6. Case II
U/Ox® £ 0k, +ky 0.

By virtue of (4.15), the coordinate freedom (4.3) may be used to trans-
form

p+iU=0. ©.1)
Then (4.16) reduces to
(U —~1ip)jox*=0, 6.2)
and (4.20) yields

ow/ox* =28(U — Lp)/ol +wo(U — ip)jox®. (6.3)
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By virtue of (4.11), differentiation with respect to x* and then x* yields
0 = Ow/ox*) [02(U — L p)/ox>0x] . (6.4)

At this stage a further subdivision becomes necessary.
Case IIa. 0*(U —$p)/ox® 0x* =0.
Egs. (6.2) and (6.4) imply

U~ip=bx*+r( 70, b=-constant. (6.5)
With (6.1), Eq. (4.14) yields
O*p/oxcox3 = —4(p+bx>*+r—10),
which has as general solution
p=3[R L xHNE ™ + R xHe 2] = (bx*+9+3C. (6.6)
In terms of the notation
K((, 0 =2P*3*(InP*/o¢ dl 6.7)
Eq. (4.18) can be written, with the aid of (6.1) and (6.5), as
K=%A+3p+2C)+2(bx*+r). (6.8)

By means of (6.5) and (6.8), the density 4 can be eliminated from equation
(4.17). With the aid of the expression (6.6) for p, the x*>-dependence in the
resulting equation entails

b=0=R=*0, 6.9)
d(InR)/ox* =2i(r —K+3C). (6.10)

At this stage, Eq. (4.21) reduces to
20 R/ +vdInR/Ox* +2iw=0. (6.11)

On differentiation with respect to x*, this yields, with the aid of (6.3),
(6.5), (6.9), (6.10) and (6.8):

(K —27)/0l =0=0(A+3p)/0l=0.
We thus write

A+3p—-2C=4m, m=constant. (6.12)
Egs. (6.10) and (6.3) now read
d(InR)/ox* = —i(K+m), 0ow/dox*=0K/0C. (6.13)

The x*-dependence in p and w can now be eliminated by a transformation

¥ =x—Ix*K+m+ (D). 6.14)
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In the new coordinate system Egs.(6.13), (6.1), (6.5) and (6.11) read
respectively (with the aid of (6.8), (6.9) and (6.12))

ow/ox* =0=0R/0x*, pu+iU=—LK+m), (6.15)
U=ip—C)—m, (6.16)
o(InR)/+iw=0. 6.17)

In addition the arbitrary function f in (6.14) can be chosen so that
w4+ w=0=2P?0w/dx' = i(K+m) (6.18)
by (4.13) and (6.15). As in § 5, the line element reduces to

ds* = —(12P?) [(dx")?* + (dx*)*] = 2v(w — Uv) (dx*)? + 2ivdx* dx?
+2i(w—2Uv)dx*dx* +2dx>dx* - 2U(dx*?, (6.19)

where v 1s given by (4.10). The pressure p is given by (6.6) which reads
p=3[RE D™ +REDe ™+ C+5m—K).  (620)

The function R is determined by (6.17) up to an arbitrary function f({).
The remaining field equation (4.19) reduces to

2P?2 32K /0C 0 = m(K +m), (6.21)
where K is defined by (6.7).
The non-zero tetrad components of the Weyl tensor are
Y, =Re*™ —im=+0,
V.= —LP(3H~0K/0(), (6.22)
¥, = 0[P*(H — 0K /0{))/o( +iwP?H ,
where
H = e***(0R/{ —iwR).

Thus all solutions in this class are of type [211] or [22].
Finally Egs.(6.17), (6.12) and (3.18) imply U = —B?, so that the
velocity of the fluid as given by (3.1) reduces to

ut = (1/212 B)o4 .

This shows that u* is collinear with a Killing vector so that the fluid has
zero expansion and shear. On the other hand a straightforward calculation
shows that for all solutions in this class, the fluid has non-zero acceleration
and rotation. In particular there are no dust solutions in this class. In the
limit R -0, we obtain the shearfree subclass of Casel.
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Particular Solution
’Kjot ol =0, m>0=K+m=0.

By virtue of (6.18), we can use x> = x> + f(x?) to obtain w = 0. Then by
means of (6.17) the expression (6.20) for p reduces to

p=3[RQOEF+RQe ]+ C+m. (6.23)

Since K <0, we write K = —a”. Then P, v are the same as in case A; of
§ 5, and the coordinate transformation used there leads to

ds> = — 1(dx"Y + 1[1 = (1 + 4 U/a®) cosh?ax'] (dx?)
—{(2/a) coshax' dx?dx*+ (4 U/a) coshax' dx* dx* (6.24)
+2dx*dx*—2U(dx*)?,

where U is given by (6.16).

The special case R = constant in (6.23) is of interest. The pressure p
(and hence the energy density A) remains finite for all values of the
coordinates —oo < xt, x? x3,x* <. If C<0 and C+m>0 and R is
sufficiently small, the inequalities 4 —p>0, p>0 are satisfied every-
where. In the limit R— 0, we obtain the Go6del solution.

This solution admits a 4-parameter group of isometries multiply
transitive in x* = constant. It is thus one of the locally rotationally
symmetric solutions found by Stewart and Ellis [3], but in a simpler
coordinate system, since the coordinate transformation that relates the
above line element to the form given in [3] (case Ib, with eE=0=1)
introduces a coordinate singularity.

Case I1b. 0*(U — p)/0x> 8x* + 0=0w/dx* = 0.
Eq. (4.13) with (6.1) implies dw/0{ — dw/d{ =0, so that we may use
(4.3) with 8 f/0x* =0 (so that (6.1) is preserved) to achieve

w=0.

Then by virtue of (6.3), we may write

U-3p=>b(x*, with b"%0. (6.25)
By means of (6.7), (4.18), (6.1) and (6.25):

K O=4A+3p+2b+1C, (6.26)

U+B*=K-b~-3C#0. (6.27)
In addition, by means of (6.1) and (6.25), (4.21) vields

A&*p)jox® = —2i5*p. (6.28)
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On differentiation of (4.19) with respect to x°, this equation gives rise to

—0p/ox* = 0(U? — BY/ox>, 0&*p/ox ox* = 4(U*—B*. (6.29)

These combine to give 8*(U* — B%)/0x® 0x® = —4(U? — B*) which has
the general solution

U?—B*=R(( [ xYe*™ + R, {, x*)e 2. (6.30)

We now show that R#0, i.e, U?— B*+0, gives rise to a contra-

diction. Differentiation of (6.28) with respect to x* yields, by virtue of
(6.29) and (6.30):

20InR/Of+v0mR/dx*=0. (6.31)
By means of (6.25) to (6.27) and (6.30), the first of Egs. (6.29) reads
—[(@R/ox*) e*'*¥ + 0R/ox* e~ 2i¥’
[(@R/0x7) / ]'3 o 6.32)
=2i(K—b—3C)[Re** —Re ?¥].

This equation is multiplied by e?** and differentiated twice with respect
to x* to yield an equation of the form

dInR/dx*= —2iK({(,O)+ H,

where H is a complex constant. By virtue of (6.31) this entails K = con-
stant, so that

R=R(, D), r=—2iK+H, (6.33)
where by (6.31) R° satisfies
28R°/3T+vr=0. (6.34)

Substitute (6.33) in (6.32) and differentiate with respect to x*. This yields
r =, and the x*-dependence in (6.32) cancels out. The resulting equation,
when differentiated with respect to ¢, results in 8 In(R°/R°)/0{ = 0. How-
ever, (6.34), with (4.9), implies

2P23*In(R/R°)/0L 0T =ir .

Thus r=0,=0R/0x*=0=R=0 by (6.32), and the assumption
U? — B*+ 0 leads to a contradiction.
By (6.27), U + B2 % 0, so that we must have

U-~B*=0=A-p=4b. (6.35)
Egs. (6.29) and (6.26) entail
Op/ox* =0, 0K/0{=20p/8l=0"p/ox> 8 =0=0p/0{=0,
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the last assertion being a consequence of (6.28). We thus have

p=rp(x*), A=A(K%, K =constant, (6.36)
and by means of (6.26) and (6.35)
34+p=4K-2C. 6.37)

The x*-dependence is determined by Eq. (4.14) which now reads
d?Ujdx3dx® = -8U +2K.
Under a coordinate transformation x* = x*> 4+ d, d = constant, this has
the general solution
U(x*)=1K+ Lp,cos23?x3,

where p, is an arbitrary constant, and K must be positive to ensure
B? = U > 0. By means of (6.25), (6.35) and (6.37) the pressure is given by

p=C—1K+p,cos2®?x?. (6.38)
We write K = a?. Then P, v are the same as in case 4, of § 5, and the
coordinate transformation used there leads to
ds®* = —1(@dx!)? — $[1 — (1 —4U/a*)cos* ax'] (dx?)?
—(2/a) cosax! dx?dx® + (4U/a) cosax' dx*dx*  (6.39)
+2dx3dx* =2U(dx"?,
where, by (6.35), U = 2(4 + p), and the density and pressure are given by

(6.37) and {6.38) with K = a%. The velocity of the fluid, as given by (3.1),
reduces to

u' = (1/2"?B) QU + 6%, u,=(1/2'2B)s2.

The rotation and acceleration of the fluid are zero, but the expansion and
shear scalar are given by

0 = (po/3B) cos2*?x>,  0,,0%"=26%/3.

The Weyl tensor is type [2,2], the only non-zero tetrad component
being

¥, = (po/9) [4cos2>2 x> + 312" 5in 222 x3] .

In addition the pressure p (and hence the density 4) remains finite for all
values of the coordinates —oo < x!, x?%, x*, x* <oo. If the inequalities
0<C<a*<2C are satisfied, and p, is sufficiently small, then the
conditions p>0, 4—p>0 will be satisfied everywhere. In the limit
po— 0 we obtain the Einstein static universe.
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This solution is one of the locally rotationally symmetric solutions
found by Stewart and Ellis [3] (case I1la, a0, with E =7 = 0), but in
a simpler coordinate system, since the coordinate transformation that
relates the above line element to the form given in [3] introduces a
singularity.

§ 7. Locally Rotationally Symmetric Spacetimes with Perfect Fluid

We finally prove that the locally rotationally symmetric dust and
perfect fluid spacetimes of Ellis [2] and Stewart and Ellis [3] belong to
the general class under consideration.

Theorem 7.1. For all locally rotationally symmetric spacetimes with a
perfect fluid (or dust) which are not conformally flat, the Weyl tensor is
type [2,2] and the two repeated principal null congruences are geodesic
and shearfree.

Proof. The general line element for locally rotationally symmetric
spacetimes with perfect fluid is (Stewart and Ellis [3], p. 1074):

ds? =(dx®)?/F? — X%(dx')? — Y?[(dx?*)? + t*(dx*)*]

—(y/F?) 2dx° ~ ydx? dx>+ X*h(2dx' — hdx®)dx? ,
where F, X, Y are functions of x°, x* and ¢, y, h are functions of x*. The
coordinates are now denoted x° x!,x% x* in accordance with the
notation of [3], but the signature is changed to (— — — +). There are
three distinct cases in which the following specializations occur?!:

Casel: X=1, Y=Y, F=F(x!, h=0,
Casell: h=y=0,

CaselII: F=1, X =X(x9, Y=Y(x%, y=0.
A suitable null tetrad for this line element is

k,=2""2[(1/F) 8y — X0, +(Xh—y/F)07],
n,=2"'2[(1/F) 63 + X &, — (Xh+ y/F)3;],

m,=2"12Y (82 +itd),
with

Gap = kanb + nakb - man—/lb - mamb -
A straightforward calculation shows that the Newman-Penrose spin
coefficients satisfy

k=0c=1=0, v=A=n=0.

! In the statement of this result in [3], the condition F = F(x') in Casel was in-
advertently omitted (private communication).
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With these simplifications the Ricci identities in Newman-Penrose form
immediately imply

Y=, =0, ¥,=¥,=0.

Thus k“ and n* are repeated principal null congruences and the Weyl
tensor is type [2, 2]. The restrictions k =0 =0, v=4=0 express the
fact that these congruences are geodesic and shearfree (Newman and
Penrose [7]) and the proof is complete.

Remark. The solutions for which the principal null congruences are
non-expanding are contained in Cases I and III, and are characterized by
0Y/0x! =01n Casel, and 8Y/0x° =0 in Case I1I.

It thus follows from [3] that

Corollary. The only locally rotationally symmetric perfect fluid space-
times with C,,.,+ 0 whose repeated principal null congruences are non-
expanding are the Gddel universe, the particular solution (6.23), (6.24),
with R = constant of Case I1a (§ 6) and the solution (6.38), (6.39) which is
the general solution in Case I1b (§ 6).

§ 8. Conclusion

The cases I, ITa and b of §5 and §6 comprise all algebraically
special perfect fluid spacetimes whose repeated principal null congruence
is geodesic, shearfree and non-expanding (class A of the introduction).

As an immediate consequence of Eq. (4.22), we can state

Theorem 8.1. The solutions of Case I comprise all algebraically special
perfect fluid spacetimes whose repeated principal null direction is parallel
to a (null) Killing vector.

From § 6, it is clear that zero pressure is not possible in Cases I1a
and IIb. In Case I, the assumption of zero pressure led uniquely to the
Gaodel solution and the conformally flat Einstein static solution. Thus
we can give a new characterization of the Godel solution.

Theorem 8.2. The only algebraically special (but not conformally
flat) solution of the Einstein field equations for dust, whose repeated
principal null congruence is geodesic, shearfree and non-expanding is the
Gaodel solution.
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