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Abstract. We study a class of symmetric relatively compact perturbations satisfying
analyticity conditions with respect to the dilatation group in R™ Absence of continuous
singular part for the Hamiltonians is proved together with the existence of an absolutely
continuous part having spectrum [0, cv). The point spectrum consists in R — {0} of finite
multiplicity isolated energy bound-states standing in a bounded domain. Bound-state wave
functions are analytic with respect to the dilatation group. Some properties of resonance
poles are investigated.

Introduction

The recent developments of scattering theory for long range potentials
([1-31) have made urgent to find new techniques for the spectral analysis
of Schrodinger Hamiltonians. By new we mean independent of a short
range hypothesis implying e.g. existence of the usual wave operators or
(almost equivalently) solvability of the Lippman-Schwinger equation.
Many results have been found recently by using methods related to
Putnam’s positive commutator -theorems (to our knowledge the most
recent of them can be found in [4, 5] which also contains many references).
We present here a different method based upon rather weak analyticity
conditions on the potentials. These conditions allow analytic con-
tinuation on the unphysical sheet for sufficiently many expectation values
of the resolvent; from this all qualitative results on the spectrum can be
deduced. Our conditions allow velocity dependent perturbations such as
spin-orbit couplings or electromagnetic fields. As a consequence we
don’t expect absence of positive discrete spectrum. A part of this work
will be concerned with a study of positive energy bound-states and cor-
responding eigenfunctions. Finally, we investigate properties of poles on
the unphysical sheet.

I. Dilatation Analytic Potentials

The dilatation group in L*(R") is defined as
(UO)®) (x) = "2 P(e?x) BOeR, deI*RY. (1
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In momentum space U(0) acts as follows:
(UO)9) (p) =" d(e™°p). 2

The proof that U(6), 6 eR, is a weakly continuous unitary group is
rather straightforward and will be omitted. The generator of this group is
A =x-P+ P-x(called a “progress operator” in [4]) which also enters in
the study of the virial theorem [6]). From (2) we immediately deduce that

U(6) Ro(z) U(0)™" = ** Ro(e*’z) )

where Ry(z) = (Hy—z)~%, Imz+0; and Hy = — 4 is the n-dimensional
Laplacian. Relation (3) has a fundamental consequence which is the
invariance under U(f), 6 € R, of the Hilbert space 2(H,), (the domain of
H, equipped with the scalar product (®, ¥), @y, = (Ho®, H, V) + (P, ¥),
@, ¥ € 9(H,)). More precisely one has:

| U(Q)”@(Ho) =e?? 0eR. 4

Let us now consider an Hy-compact operator V (that is a compact
operator from 2(H,) to [*(R") and define

V@) =U@®VU@®) ™, 6eR. (5

1t is clear that V(6) is Hy-compact. We are then sufficiently prepared to
define dilatation analytic perturbations as those H,-compact operators
V having the following property:

V(0), 0 eR, has an Hy,-compact analytic continuation in an open
connected domain @ of the complex plane.

If V(0), 6 € R, is symmetric the domain ¢ can always be taken to be
symmetric with respect to R since

V@) =V(0), 00

defines an analytic continuation of V(f) into the symmetric domain
generated by ¢. Furthermore we see that

Vo (0)=UO) VO) U™ (0,) 60, ,eR

defines for a fixed 6, another family of H,-compact operators analytic in
0 + 0,. 1t is clear that we can in this way extend analytically V(6) to the
whole strip generated by translating @ along the real axis; in fact it is
sufficient to verify that V() and ¥} (6) coincide on the real intersection
of @ and O + 0, for sufficiently small 6,. Summing up we have:

Lemma I.1. Assume V is symmetric and dilatation analytic; the
analyticity domain @ for V(0) can always be extended to a complex strip

S,={zeC, —a<Imz< +a}, a>0.
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In the following we shall always assume 0 < a < I1/4.

Some standard examples of dilatation analytic perturbations are
g/r*(0<B <3/2) or p—>p—eA where A =g/r* (0<p<3/4). There also
exists short range potentials satisfying this kind of analyticity such as
superpositions of Yukawa potentials studied by Lovelace [7]. In fact the
idea of using complex scale transformations in perturbation theory is
not new and as far as we know this been originated in papers [87] and [9]
in order to study analyticity properties of scattering amplitudes. Lovelace
has also shown the interest of such transformations for the study of
resonance and three-particle amplitudes.

IL. Spectral Typeof H=H +V
Let 2 be the dense set of analytic vectors for the dilatation group;
A"
| | 6" has an
~  nl
infinite radius of convergence [12]. We shall denote by @(0), 8 € C the
corresponding vector valued analytic function. More generally if O is
any open complex domain having a non empty intersection with R, then
2(0) will consist of those vectors @ such that @(0) = U(#)®, 6 € R can be
analytically continued in @.

9 consists of those vectors @ such that the series Z

Lemma I1.1. Let V be symmetric and dilatation analytic in a strip S,.
Let R(z)=(Hy+V—2z)""', Imz%0; then for any &€ P, the function
(@, R(z)®P) has a meromorphic continuation through the positive real axis
from above (resp. below) until the half lines argz = —2a (resp. +2a).

Proof. We first notice that H is self-adjoint and that Z(H) = Z(H,).
Let us define the following subsets of the complex plane C:

Cro,cy ={z€C, 2¢[0, c0)},
C** ={zeC, Rez>0, Imz>0},
C* ={zeC,Rez>0, Imz<0}.
We have according to the H,-compactness of V:
(®, R(z)®) = (P, Ry(z) [1 + VRo(2)] ' @) VP e [*(R"), z€Cpp -

In fact VR,(z)isa compact operator valued analytic function in €
whose norm is smaller than one for Rez sufficiently large and negative.
Then, as is proved for example in ([11], VIL.6.12) [1 + VR(z)]~! exists
and is meromorphic in the analyticity domain of VR,(z). On the other
hand since @ (H,) is invariant under U(#), 6 € R, one has:

U(B) VRo(z) UO) ™! = 2V (0) Ry(e*"2).

19*
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Accordingly for any 0 € R:
(@, R(2)®) = >°((6), Ro(e*°2) [1 +€**V(6) Ro(¢*2)] ' (0)).  (6)

Let us suppose now that $ € @ and let @ be the analyticity domain for
V(). We define:
0" ={ze0, Imz>z¢}.

We shall always assume without restricting the generality that @ is con-
tained in a strip [ —ia, +ia] with a<II/4. Now fix ze C** and define
¢ = —jargz; then e*°zeCy ,,, for any 0 e (. Accordingly e*’R,(e?%z)
and e°V(0) Ry(e*°z) are analytic in ¢°. We want to derive meromorphy
of [1+4e*°V(0)Ry(e*°2)]7! in . According to the compactness of
e2®V(0) Ry(e*°z) this will hold if this inverse exists for some 6 € ¢° [10];
but this is true for @ = 0 since otherwise H, + V would have a complex
eigenvalue z. From this we can deduce that if ® € & the function

Y,(0) = (D(0), e*° Ro(e*%2) [1 + e*°V(0) Ry(e*°2)] 7 &(0)) (7)

is meromorphic in 0 € @*. Furthermore according to (6) ¥, () is constant
for 0 € O*~ R; then it is constant for any 0 € ¢ and in particular we have:

Y, (0) = (®,R(z)P) VzeC**, Vhe0". (8)

We now fix e 0" = {# e @, Im0 > 0}. Then ¥,(0) is meromorphic as a
function of z in
C, " ={zeC|e*zeC"*} 9)

for Ry(e*°z) and V(0) R,(e*®z) are analytic in this domain. Since
C**nC; " is open and non empty, ¥,(0) defines an analytic con-
tinuation of (@, R(z)®) in this domain. On the other hand €, * contains
the positive real axis; we can conclude that (@, R(z) @) can be analytically
continued when z crosses the positive real axis from above. Taking
6= +iaprovides an analytic continuation of (@, R(z)®) in C;,*. One
proves similarly the existence of an analytic continuation for (®, R(z) ®)
when z crosses the real axis from below.

The discussion of Lemma I1.1 shows that for 6 € ¢ positive real poles
of the meromorphic family [1+e*?V(0) Ry(e*°2)]™', zeC4 *, can
accumulate at most at point zero. Furthermore as shown in App. I, these
poles do not depend on 8¢ O*. Let us then define

Xt = {real poles of [1 + e29V(0) Ry(e*?2)]7 1, 0 OF, ze Ty *} .

Obviously Z* coincides with the set of real poles of the family of resol-
vents (e*°H, + V() — z)~!. Such poles are simple. This can be proved
along the lines developped in the next lemma of this paper.
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Lemma I1.2. X7 is the positive point spectrum of H.
Proof. Let us denote by P(E) the spectral family of H; then one has:

(@[P(E)~ PE—0))¥) = lim(z— E) (%, R(2)¥), zeC;". (10)

For e 0" and E€ X" we define projection operator
P*(E, 9)=R_€ISE.(€_20HO+ Ve)y—z)t. (11)

Properties of these operators are investigated in App. I. According to (7)
and (8) one gets since E is a simple pole of (@, R(z)¥):

lim(z — E) (D,R(2)P)= (PO, PT{E,0} P(0), &, ¥PeP. (12

Theright member of (12) cannot vanish for all @, ¥ € @ unless P*(E, 0)=

which would contradict Ee X*. According to (10) for such vectors
(@,[P(E)— P(E—0)]P) is non zero, which means that E is in the point
spectrum of H. Conversely assume that E is not in X%; then since
(@,[P(E)— P(E—i0)]¥) vanishes for any @, ¥ in &, one has P(E)
= P(E —i0) which implies that E is not in the point spectrum of H.

Lemma I1.3. The point spectrum of H is bounded.

Proof. Since V(0) is Hy-compact for any 0 € S, one has the following
classical estimates

VO /1l = e@) | Ho S|+ ble, ) I SN, feD(Hy)

where £(6) can be choosen arbitrarily small [13]. Taking 6 = 0, such an
estimate is sufficient to prove boundedness of the negative discrete
spectrum of H; since this result is well-known we shall investigate only
the positive discrete spectrum. It is clear that majorizing
1e2°V(0) Ry(e??E)| by 1 for sufficiently large E e R and fixed e @ is
sufficient to conclude. Taking 8 = ia (we assume 0 < a < I1/4) leads after
some simple calculations that we omit to

b(e a)

IV(ia) Ro(e*“E)|| < (13)

st + 22

sin2a
Since ¢(ia) can be chosen arbitrarily small the proof is complete.
We can now state the first theorem on the spectral type of the Hamil-

tonians constructed with dilatation analytic potentials. It is well-known
that L*(R™ can be written as a direct sum ([14], X, § 1)

LA(R") = M, (H)® M (H)® 4,(H) (14)

where #,(H) (resp. .#,,(H), #,(H)) is the closed subspace of vectors @
such that the measures (@, P(E)®) are absolutely continuous with respect
to the Lebesgue measure (resp. continuous singular, discrete).
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Theorem I1.1. Let V be symmetric and dilatation analytic. Then
L*(R") = M, (H)® .4,(H)

the point spectrum of H in R— {0} is bounded and consists of isolated
eigenvalues having zero as only possible accumulation point. The restriction
of H to #,(H) has spectrum [0, c0).

Proof . 1f @ € .4,(H) then the Radon-Nikodym derivative of (®, P(4)®)
with respect to Lebesgue measure is given by
217%@, P()®) = lim(@, [RG+ie)~RG—i2]¥). (19
For a general @ € I*(R"), the right member of (15) defines almost every-
where the Radon-Nikodym derivative of the absolutely continuous part
of the measure (@, P(4)®). The set of points where this limit does not
exist is a support of the singular part of (¢, P(4) #). We now choose ¢ in
the dense set 2; then according to Lemma II.2, the positive support
of the singular part of (®,P(4)) consists of X*; as to negative
support it consists of the isolated eigenvalues of H since the
essential spectrum is invariant under a relatively compact perturbation.
As a consequence (P, P(4)®) has no continuous singular part and
accordingly 2 C A, (H)® #,(H). Since 9 is dense and .#,(H)® .#,(H)
is closed, we obtain the first assertion of the theorem. Accordingly the
essential spectrum of H which is [0, o) is the union of the spectrum of H
restricted to its absolutely continuous part .#, (H) and of the limit points
(or points with infinite multiplicities ') of the spectrum of H restricted to
M (H); but according to Lemma 11.2, this last category contains only
zero. Accordingly the last part of the theorem is verified.

II1. Properties of Bound-States

Theorem IIL.1. Eigenspaces of H associated to nonzero eigenvalues
are finite dimensional. Bound-states wave-functions are in 2(0).

Proof. Let E be in the point spectrum of H and let us consider the
corresponding analytic families of projection operators P*{E, 0}, 0 € 0F
(App. I). If P{E} is the projection operator (hermitian)on the eigenspace
of H corresponding to eigenvalue E, we can rewrite (12) as:

(@, PT{E, 0}¥)=(®(=0), P{E} ¥(—0)}); &, PeD; 0e0". (16
If we define now
P{E,0,} = U(,) P{E} U(6,} ', 6,€0nR (17)

1 We shall see later that this last class is empty.
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then (16) implies owing to analyticity of @ and ¥:
{1jirrg1 (@, PX{E,0}¥)= (P, P{E,0,}¥P); D, VePD. (18)

GeO*
Accordingly (16) defines a function f4(0) analytic in @. Our aim is to
show that similarly the families P* {E, 0} and P{E, 0} are analytic con-
tinuation of each other. First of all, let us show boundedness of fye in O;
one has according to (16):

for @O < [O(=0) |P(=0O), 0e0.

If S, denotes the symmetric strip generated by ¢ then as is shown in
App. II the above inequality implies:

fow O = (IP(—ia)ll* + | @Ga)?) (1P (~ia)|* + | P(+ia)]?).

We need now to assume that ¢ is replaced by the complex strip S, accord-
ing to Lemma I.1. Using boundedness of f4(0) in S,, we can write
integral representations for its derivatives on the real axis as follows:

d\' _n! Jow(0)
(Eﬁ)ﬁww””zuyiw—ﬁdwlde

where I, is the infinite contour obtained in the limit R = oo of the con-
tour shown in the figure and ¢ can be choosen arbitrarily close to a.

00+ia

R+04+ie

~R+0, R+ 0,

0, —ia

We now use the boundedness of fy(0) on the vertical parts of the
contour and the boundedness of | P* (E, 6)|| on the horizontal parts of the
contour to derive the following uniform estimates from (16):

(45 fovte0

where M is independent of ¢, ¥ and n. Accordingly (71%—) (@, P{E, 0,}P)

= Ma"nl| @] |¥]

can be extended to a bounded sesquilinear functional on I2(R") defining a
bounded operator which we denote by P {E, 0,}

| POLE, ]l < Ma™"n!.
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Let

0.0y = ¥ UI im0y, 0-sii<a.
n=0 :
Then Q{E, 8} defines a bounded analytic family of operators in the
domain |0 — 0, < a. Furthermore let Dy, , = {0 0*,|0—0,| <a}. Then
the equality

(®,Q{E,0}¥)= (D, P*{E,0}¥) VO,¥Ye9, eDj,

immediately implies equality of operators. A first consequence of this
equality is the norm convergence

lim | P{E, 0o} ~ P*{E, 0} =0
oeDt’

according to which P{E,@,}, 0,€ R, (and consequently P{E} (18)) is
compact as a uniform limit of compact operators. The second conse-
quence is the fact that P{E, 0,}, 0, € R, has an analytic continuation in ¢/
which equals P"{E, 6} (resp. P {E,0}) in 0" (resp. ©®~). By standard
arguments (see e.g. [14], 11, 6) bound-state wave-functions share analyti-
city properties of P{E, 8} that is they are in Z(0).

IV. Properties of Poles on the Unphysical Sheet

Let us make some observations about complex poles E= M —il’
of the meromorphic family [1+4 e?®V(0) Ry(e??2)]7", 2 ImO > |argE|.
Following Lovelace we identify such poles as resonances; in fact for
short-range potentials they give rise to singularities of the scattering
amplitude. Two important points must be noticed. First such poles
appear only in a bounded domain of the complex plane as can be seen by
a trivial extension of Lemma II1.3. Secondly their degencracy is finite.

In order to demonstrate this last property we first remark that
arguments similar to those of App. I lead immediately to the result that

(e72°Hy+ V(0) — 2) ' = e2?Ry(e22) [1 + > V(0) Ry(e*P2)] !

has 8 independent poles in C;.* as long as 0 € 0. For the purpose of
analysing a given pole E=M —iI" we need ¢ = —fargE. Let us write
the Laurent expansion around E:

(€ Hy+V(@)—2'= 5 (z—EB,(E.0)
n=—v(E)}
where
B,(E, 0) = —1—j (z—E) " (e **Hy+V(0)—z) 'dz
21 f,
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and I'y e DL ™ encloses only the pole E. We refer to Wong for the following

relations
B—I(Ea 9) = Bz—l(E7 9) = P{Ea 0} >

B_,(E, 0)=[N(E, 0)]" "
where N(E, 0) is the nilpotent operator
[NE, 0P =0.

Trivial algebraic manipulations show that P{E,0} and N(E,0) are
compact operators. Noticing the analyticity of P{E, 0} in 0 then leads to
the result that the constant dimension of the range of P{E, 6} is finite and
accordingly that the degeneracy of the resonance is finite. Now obviously
E is a simple pole if and only if N(E, 8) = 0 for some 0, Im0 > — 1 ArgE.
This property would garantee a Breit-Wigner form for the resonant
parts of scattering amplitude. This important problem will be investigated
in a forthcoming paper.
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Appendix 1
The family of resolvents

(e72°Hy + V(0) —2) ™t = e** R (€*92) [1 + e2°V(0) Ry (e*°2)]

is analytic in 0 € 0* and meromorphic in ze C;t* where ¢ is arbitrarily
fixed, 0 <& < I1/4. We investigate real poles in z and residues for such
poles. These poles are multivalent analytic functions of § in @* ¢ (in fact
analytic functions of 0'? for some integer p [10]); furthermore they are
fixed when 6 varies on lines parallel to R, for such variations preserve the
spectrum of e2?V(0) Ry(e?’z) (unitary equivalence). Accordingly the
location of poles in C;t " do not depend on 6. For a real pole E, the
residue is given by
P*(E,0) = —71,177— [ 29Ro(e*%2) [1 + 2°V(6) Ro(¢**2)] ' dz (20)
I'e
where I'; is a contour in €;. " enclosing E (and no other pole) since
P*(E, 6) is the residue of a resolvent it is a projection operator. Using

{ Ry(e*°z)dz =0 it can be rewritten as

I'e

P*(E, 0)= ﬁ e**Ry(e?%z2) V(0) Ry(e?P2) [1 + e2°V(0) Ry(e?*P2)] 1 dz
il p,

which implies that P*(E,6) is compact. Finally the integrand being
analytic in 6, the family P (E, ) is analytic in ¢**. Summing up and since
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& was arbitrary, the family P*(E, 6) is an analytic family of compact
projection operators in ¢@*. In the same way one can define a family
P~ (E, ), 8 0™, having similar properties.

Appendix II
Y®eP and fe S, we have
I2O)* < | o(~ia)|” + | @(a)?

Proof. Let us consider the spectral decomposition of the unitary
operator

+ o0
U@)= [ ¢*dE}).
V@ e and 6 €S, one has

+ o
1D@)?= | e ?*™d|E(Q)®|*.
Let us consider Im@ = 0 then
0 0
[ e aEQ@* s | e ?Md|EN)D|* < | 2(a)|?

and

Of e 24 mI I E(N) D)% < T M I|EQD|* S [ d(—ia)|*.
; 0

Then we have
PO < I1D(—ia)|>+ | DPGa)|*.

The same result holds for Im# < 0.
We conclude that Y@ e % and e S,

12O < |9(~ia)|? + | @Ga)l*.
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