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A class of codes generated by circulant weighing matrices

Abstract

Some properties of a new class of codes constructed using circulant matrices over GF(3) will be
discussed. In particular we determine the weight distributions of the (14, 7) and two inequivalent (26, 13)-
codes arising from the incidence matrices of projective planes of orders 2 and 3.
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ARSTRACY.

_ Some properties of a new class of codes constructed using eirculant
matrices over GI{3) will be discussed. 1In perticular we determine the weight
distributions of the (14, 7) and two inequivalezt (86, 13)~codes arising from

the incidence matrices of projective planes of orders 2 and 3.
1. INTRODUCTICN.

In this paper "eode” will meén a linear code over GF{(3). An
(n, ¥)-code C has length n, dimension k. An (n, k, dl~code is an
{n, k)-code with minimum non-zero welght 4. ~Our notation and definitions are

eonzistent with those of Blake and Mullin [27] .

Let @ be the circulant incidence matrix of a projective plane of
order q {See Hall [6] ). Then §, of order q2 + g+ 1 satisfies

Ga% = oI + 7., a7

{q +1}7
2

where J is the appropriate all 1's matyix. W = Q - J 4is & circulant (9, 1,

metrix of order q2 + q+ 1 satisfying

WWT = q2I, WY o= ot

i.e. W is a eirewlant weighing matrix of weizht qg. We write W= W(q2+q+l, q2J
to denote its order and weight. More detalls of W can be found in Rain [5] and

Wallis snd Whiteman [107 .

We call codes with basis
[T W] for g = 0 (med 3)
I qgWl for g=1or 2 (md 3)

over GF(3) weighing codes, The purpose of this paper is to esteblish some

general properties of weiching codés and to determine the welght districutions
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and desip. properties of the codes corresponding to g = 2 and ¢ =3 .
Note that if
G=[1IVW]

is the busis of C then for ¢ = 1 or 2 (med 3)

gt =11 -0

is the basis of the dusl code C' . Hemce C is neither ;elf-dual nor self-
orthogon&l._ However we shall see that ( and Cl always heve the same weight
Gistributlon and hence the same minimum distance 4. By a well known result,
of, Delsc.ote [3], weighlng codes are orthogonal arrays of strength d-l, 1In
thiz sensze the welghing codes belung to a family of cedes including the salf-

dual codes, see Mallows, et. 21 [7] and the symmetry codes, ses Pless [8, 2] and

Bleie [1] .

We cbserve that the one's veetor 1 45 in € for ¢=1 or 2 (mod 3}
and is tr? sum of the basis vectors. The wvector E = (l, Ly wevs 1a =5 cney =)
{vhere . represemts «1) of q2 + g+ 1 ones and q? + g + 1 minuses noours

in the dual code for g =1 or 2 {mod 3).
If g = O (mod 3) then the sum of the besis vectors

[Iw] is mot 1,

™

and 50 the code cannct contain 1 . Moreover, in this case rank W < order of W

since WW© = 0 (mod 3).

2. GENEFAL PROFERTIED OF THE CODES.

If Ai is the number of codewords of weight 1 in €, then we call

the bivariate polynomial

I -
: i i
m(x’ )r} = z Aixn l}r_.

i=0
the weilght ammergtor of C . If Aijk iz the number of codewords of weisht
sk in € conbaining J ones and k twos {minus cnes over GOF{3)) ihen

we call the trivariate polynomial
CWE{x, ¥, 2) =

the complete weight ewgmerator of € .
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THECUREM.

Let O be the eode over GF(g) with baste C = [I X1 where ¥ {3 a
eivoulant matriz of order k and I 18 the identity matvix of order k. IThen
¢ and C* have the same weight enwnerators.

Prootf @ :
First recall that 1f X is & eirculant matrix end R the back diagonal

permutation matrix then ¢ . .
{(xg)" = xR , | i

Now €' has basis 7
: {=x" 17

erd the basis vectors of ct may be written as
RL-xT 1 = [-RX" R] = [~XR" R] = [-X& R]
since this merely involves rearranging the order of the basis vectors, Hence ¢t
is equivelent to the code 7' with basis
[-XR I] as this Just rearranges the columnaof R. Since XR is
‘symmetric we have that (0°)' = 0 has basis (I xR .
If b is & q-ary vector of length k

then WE(L[I XR]) = WE{h) + WE(pXR}

whereas WE({Lb[-XR I]) = WE{-bXR) + WE(Db)

and hence 7 and ¢! have the same welght enumerators, But T is equivelent to

€ and hence the theorem holds, ' )
In particular A, = A; for weighing codes, and so ¢ snd C° form

orthogonal arrays of meximum strength d-1 where 4 i1s the minimum Jistance of
¢ (amd CY).
Any two vectors from the basis of € can be written as

100« v 0] Loealleeallovellmisim—nismme s aai Qe s 0000
000 Tles el emOreaQ{loesdmseeess0|Llesrslmrs.-0
s samnaliil S VR ST S R SR e L e S

2 & b e d e f & h 1

g +g+l
and we obtain the following equations
a+b+c=a+d+g=%~(q_2+q)'nmnbel;ofones.
d+e+f=b+e+h-%(q2-q} = number of minus ones.

1+g+h=c+f+l='q+l=nmnberofzeros.

at+e=b+d (orthogonality ).
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These equations tan be anlved for ¢, d, e, £, g, h in terms of q, a, . The

CWE  of the sum and difference of two vectors are

1 2 12 ) ) - .
5430749) 24q4q-30 T BT -
x ¥ Z
and 1,2 123 .
x§{3q +q}y1+q2"3hz-§q +§q+3b+l

respectivrely. _
Of course the negatives of these vectors are also in (  and hence the

welght ol every two combination is %(q? + 3z + 4) and consequently thers are

2
at least 4% ; 9t l) vectors of this welght,

We may observe that
%{qz +3g +b4) < q2 +1 for gqzkh

and henc. ;{qe + 3q + 4) provides an uppér bound on the minimum distance of €

[Ar]

for g & k& .
3. THE :lh; T) CODE WITH MINIMUM DISTANCE 5.

This code is generated By W with first row
-110106 .
In order to ensure the 1 wector is in C we use the basls vectors
G=[Tawld =1[I-W]

where c = 2.

We cbserve that the linear ccmbinations glven by %5 vhere
X=T+ 3+ 7 (G as before the incidence matrix of the projective plane of
crder 2 and W = Q2 - J} are
H =X -X#] = [T+Q+J 2q+27] (mod 3}

and K = 2H - 37 sgatisfies the egquation KKT ¢ 8T - 2 aver the real numhers.

Since each ro7 of XK has eight + 1's and six - 1's and each column
has four + 1's and three — 1's we have a {7, 14, 8, 4, ) - 3I3D , In fect
the 16 vectors 1, 2, H, 20 contain a (1, 16, 6)-block code. ¥he vectars



-

wiers 1 -'i%-the vector of seven ones, are the first eight rows of an Dadamard
metrix of order 16 (See Waliis, et &t {11]) .

We note that since every vector in the code C is‘orthogonal to every
vector in C the remsining 8 rows of this Hademard matrix of order 16 (and
their negativez) will be cbtained from the vectors of full weight in Cl .

We found the weighlt distribution for this code, which is given in
"Figure 1, and that of the dusl code, given in Figufe 2. As expected, we ses C
and C' have the same welght distribubion but not the same complete weight

enumerator.,

The (14, 7)-code has minimum distance 5 and hence forms an orthogeonal

array of strength b,

A ' AiuuaA
332 23
Ageg Azya A Ag33 Agoy A Agos
752 743 73 . Agzs
Aggao A Agg2 Ags3 Apuy N Ag3s Ag26 N Agog
572 -Heg3 554 545 536 527
Aygz Ayra Aigy Ayss Ayyg - Ayay Ayag
A9 Aag3 374 Azgs M35 Agy7 Aa3s Azog
293 Apgy Apys 266  fas7 Azyg Azag
Ao Aoss Kose Aoy
N _
1h 14
T La - 1h L2 7
Lo Lz 4o Lo
7 8h b2 168 L2 e T
Lo C b2 84 Bh bz 4z
Lz L2 168 8b 168 - Lp
1b 14 L2 he L2 Lz 1k he
1k Lz he 8L 42 L2 14
1 T T 1 '

Figure 1.
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A1no0 1
Aguy As1y 1% Lh
Rgeo Agss A0s 7 - 98 7
Aagp Azzs Bh 8k
Agr1 Agyy Ag17 b2 - 350 b2
Ases Agag 168 168
AL, Aycs Aysg g4 L2o &l
Ry Ay 12 112
Aogsy Agge Ayag 56 158 56
byog 16
Figure 2.

L, WO (26, 13)-CODES WITH DISTANCE 3 ABD

Richard M, Hain {5] conjectured and Peter Pades [4] verified (by
computer) that there are twoe equivalence classes of eirculant W{13, 3). They

have first rows

0~0-1C0011-112

and 0101100--11-1 .

Call thu circwiant metrices with these first rows Wl and WE .

The linecar codes Cl’ C2 with bases

CTwl, (Iw
I LI 2]

17
respectively, were studicd via the computer at the University of Sydney and thed

CWE's cutained. We give here thelir WE's in Figures 3 and b respectively.

It is most interesting %o note thai the cedes have different miniman
distancas 3 and L respectively. Also, as expected since
9 =320 {(mod 3) for these codes, neither Cl noer CE contains 1 {end

. L L . . N s .
neither does Cl ner C2 as 1 1is not orthogonal fo their basis vectors). Al

neither contains any full weight wvectors.

Bince the ccdes have minimum distance 3 and b they ave orthogonal arrs,

of strength 2 and 3 respectively.
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S LR Ay =1

Al = A1 =0

A2.= AE =0 *
Ay = 1ok A3 = g

Ay = 468 A = 26 -0
AS = 1hok AS =0

Ag = k056 Ag =15

A, = 8ok A= 62h

Ag = 1193k _ Ag = 0

Ag = 13kk2 by = 1128

A, o= 11258 A,,=3458

A, = 5928 Ajp= 8736

Am=h%h . Am=mmm

A13= 11260 ' _ &13= S5koglk

A= 39780 _ : A= 100152

Ayg= 105768 A= 152568

Ae= 211224 : Aig™ 212862

AlT= 317538 AlT= 259974

Ag= 352638 A g™ 272766

-£19= 281632 o Ag= 222976

Ay 154128 A 5= 145002

Ayp® 51168 Ay = 73996

A22= 7904 A22= 37180

Ayy= 0 ' : RS 16848

A= 0 : Anp= 6006

A25= 0 A25= 780

A26= 0 A26= 0

Weight Distribution of Cl Welght Distribution o” 02
Figure 3 . Figure k.
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