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Oxford, Oxford, UK This introductory paper studies a class of real analytic functions on the upper half plane

satisfying a certain modular transformation property. They are not eigenfunctions of
the Laplacian and are quite distinct from Maass forms. These functions are modular
equivariant versions of real and imaginary parts of iterated integrals of holomorphic
modular forms and are modular analogues of single-valued polylogarithms. The
coefficients of these functions in a suitable power series expansion are periods. They
are related both to mixed motives (iterated extensions of pure motives of classical
modular forms) and to the modular graph functions arising in genus one string
perturbation theory.

This paper studies examples of real analytic functions on the upper half plane satisfying
a modular transformation property of the form

az+b .- s
F(5]) = e+ /(@ +dyfe) 0.1)
for integers r, s. They do not satisfy a simple condition involving the Laplacian. The raison
d’étre for this class of functions is two-fold:

(1) Holomorphic modular forms f with rational Fourier coefficients correspond to
certain pure motives My over Q. Using iterated integrals, we can construct non-
holomorphic modular forms which are associated with iterated extensions of the
pure motives My. Their coefficients are periods.

(2) In genus one closed string perturbation theory, one assigns a lattice sum to a graph
[16], which defines a real analytic function on the upper half plane invariant under
SLy(Z). It is an open problem to give a complete description of this class of functions

and prove their conjectured properties.

In this introductory paper, we describe elementary properties of a class M of modular
forms. Within this class are modular iterated integrals, which are analogues of single-
valued polylogarithms, and are obtained by solving a differential equation in M. The
basic prototype are real analytic Eisenstein series, defined by

Ensl@) = sy s
r,S(Z) (27_[ i)w+1 2 Z (mz —|— V[)r+1(mz + n)s+1
(m,1)7(0,0)
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forallr, s > O such that w = r +s > 0is even. It is known that the functions Im(z)" &,,,(z)
all occur as modular graph functions (2). Their relation with motives (1) comes about by
expressing the &, ; as integrals. Indeed, they are equivariant or ‘modified single-valued ver-
sions’ of regularised Eichler integrals of holomorphic Eisenstein series, and their Fourier
expansion involves the Riemann zeta values ¢ (w 4 1), which are periods of simple exten-
sions of Tate motives. We shall say very little about motives in this paper and instead refer
to [1,18] for geometric motivation.

This paper is based on a talk at a conference in honour of Don Zagier’s birthday, and
connects with his work in several ways: through his work on modular graph functions
[10], on single-valued polylogarithms [33], on period polynomials [22], on periods [21],
on multiple zeta values [15], on double Eisenstein series [19], and doubtless many others.

It is a great pleasure to dedicate it to him on his 65th birthday.

1 Modular graph functions
For motivation, we briefly recall the definition of modular graph functions.

Definition 1.1 Let G be a connected graph with no self-edges. It is permitted to have a
number of half-edges. Denote its set of vertices by Vg and number its edges (including the
half-edges) 1, . .., r. Choose an orientation of G. The associated modular graph function
is defined, when it converges, by the sum [10] (3.12):

@=z"Y . Y e ) T stm)0m),

iy ; |mlz+n1|2 |erz+l’1r|2 v

where z is a variable in the upper half plane ), the prime over a summation symbol denotes
a sum over (m, n) € Z2\(0, 0), and for every vertex v € Vg,

r r
my = E eyim; and n, = E v,iMp,
i=1

i=1
where ¢,; is 0 if the edge i is not incident to the vertex v, +1 if i is oriented towards the
vertex v, and —1 if it is oriented away from v.

The function I depends neither on the edge numbering, nor on the choice of orientation
of G. It defines a function Iz on the upper half plane which is real analytic and invariant
under the action of SLy(Z) (Fig. 1).

Examples 1.2 Consider the graph with 3 half-edges depicted on the left:

Fig. 1 Two graphs




Brown Res Math Sci (2018) 5:7

The associated modular graph function is called

/

3
Ci@) =" ) ()

|miz + m |2 |moz + no|2|(m1 + ma)z + my + na)?’

mi,ny,ma,ny

where the sum is over (m1, n1) € Z2, (mo, ny) € Z? such that

(m1, m) #(0,0), (my, m) #(0,0), (my + my, n1 + n2) #(0,0).

Zagier showed, in one of the first calculations of a modular graph function, that

2
Ci11(2) = gLZ &2+ ¢(3),
where throughout this paper we use the non-standard notation . = —27Im(z) to stand

for ‘Lefschetz’ (as in the Lefschetz motive). It has the following advantages: it takes care

of the powers of 7, reflects an underlying integral structure, and carries a weight grading.

See [10] Appendix B for another derivation of Zagier’s result.

1.1 Properties

The literature on modular graph functions is too extensive to review in detail here. Instead,

we give an incomplete list of the expected and conjectural properties of these functions
and refer to [10,11,13,16,36] for further details.

1)

()

3)

(4)

Zerbini [36] has shown that in all known examples, the ‘zeroth modes’ of modular
graph functions involve a certain class of multiple zeta values

1
é’(l’ll,...,}’lr): Z ﬁ,

1<kj<-<k, 1 -+ Pr

where ny,...,n, € N and n, > 2, which are called ‘single-valued’ multiple zeta
values. The quantity r is called the depth. The ‘single-valued’ subclass is generated
in depth one by odd zeta values ¢(2# + 1) for n > 1, in depth two by products
¢(2m+1)¢(2n+1), but starting from depth three includes the following combination

of triple zeta values
tv(3,5,3) == 2¢(3,5,3) — 20(3)(3,5) — 10£(3)°¢(5).

The I satisfy some mysterious inhomogeneous Laplace eigenvalue equations. A
simple example of this is the Eq. [13] (1.4)

(A+2)Cori(e) = 16 L% 7y — 213 &35, (1.1)

where A is the Laplace—Beltrami operator. The function Cy 1 corresponds to the
modular graph function of the graph with four edges and two vertices depicted above
on the right. As an illustration of our methods, we shall solve this Laplace eigenvalue
equation in Sect. 9.3 using a new family of functions constructed here and determine
its kernel. Note that the operator A in the physics literature has the opposite sign
from the usual convention (2.21).

Modular graph functions satisfy many relations [11], which suggests that they should
lie in a finite-dimensional space of modular-invariant functions.

The zeroth modes of modular graph functions are homogeneous [10], Sect. 6.1, for
a grading called the weight, in which rational numbers have weight 0, and multiple
zeta values have weight n; + - - - + n,. The weight of Im(z) is zero.

Page30of40 7



7 Page4of40 Brown Res Math Sci (2018) 5:7

In the continuation of this paper, we construct a class of functions MZZ ¢ M satisfying
(1)—(5) (see Sect. 10). They are associated with universal mixed elliptic motives [18], which
are in turn related to mixed Tate motives over the integers. We presently explain why we
strongly expect that the modular graph functions are contained in our class, which would
imply all the conjectures above, and a number of other consequences.

1.2 Landscape
A heuristic explanation for the connection between string theory, and our modular iter-
ated integrals can be summarised in the following picture:

Open string Closed string
Genus 0 Multiple polylogs Single-valued polylogs
Genus 1 Multiple elliptic polylogs Equivariant iterated Eisenstein integrals

The open genus zero amplitudes are integrals on the moduli spaces of curves of genus
0 with # marked points 9 ;. They involve multiple polylogarithms, whose values are
multiple zeta values. The genus one string amplitudes are integrals on the moduli space
M1, and are expressible [5] in terms of multiple elliptic polylogarithms [3]. Viewed as
a function of the modular parameter, the latter are given by certain products of iterated
integrals of Eisenstein series. The passage from the open to the closed string involves
a ‘single-valued’ construction [31]. The closed superstring amplitudes in genus one are
thus linear combinations of products of iterated of Eisenstein series and their complex
conjugates which are modular. This is the definition of the space MZE. A rigorous proof
of the relation between closed superstring amplitudes and our class MZ% might go along
the broad lines of the author’s thesis, generalised to genus one using [3].

2 A class of functions M
Throughout this paper, z will denote a variable in the upper half plane

H={z:Imz > 0}
equipped with the standard action of SLy(Z):

y(2) =

cz+d

where y = (ﬂ J
¢

b
) € SLy(Z). (2.1)
We shall write z = x + iy, and ¢ = exp(2imz). Let

1
L =loglq| = 3 logqq = in(z —z) = —2my. (2.2)

The quantity 2 L is the single-valued period of a family of Kummer motives over the punc-
tured g-disc. The latter normalisation (i.e. 2L rather than LL), simplifies some formulae
and may be preferred.

2.1 First definitions
Definition 2.1 Call a real analytic function f : § — C modular of weights (r, s), where
r,s € Z, if for all y € SLy(Z) of the form (2.1) it satisfies

fy(@) = (cz + d) (cz + d)’f (2). (2.3)
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If » + s is odd, then f vanishes [put y = —id in (2.3)]. Let M,.; denote the space of real
analytic functions of modular weights (7, s) which admit an expansion of the form

fl@) € Cllggl[L*]. (2.4)

A more general class of functions was considered in [27]. A function in M, can be
written explicitly, for some N € N, in the form

N
=Y > a¥Lrqg, (2.5)

k=—N m,n>0

where aﬁf,,)n € C.Foranyring R C C, let M(R) be the bigraded subspace of modular forms

whose coefficients aﬁﬁ,)y, lie in R. Define a bigraded vector space
M =P M;s
S

which is a bigraded algebra since M, sMy; C M, ¢s1;. Complex conjugation induces

an involution
f(z) H% : Mr,s — Ms,r

which fixes L € M_;,_;. Of special importance are the quantities
w=r+s and h=r—s (2.6)
We call w the total weight, and let w, & be even.

2.2 g-Expansions and pole filtration
Lemma 2.2 Suppose that f : § — C satisfies Eq. (2.3) and admits an expansion in the
ring C[(q, q]1[log 4, logq]. Then, f € C[[q, q]][L].

Proof Settingy = T = (}1)inEq. (2.3) gives f(z+ 1) = f(2). Since g and 7 are invariant
under translations z > z + 1, it suffices to show that

Cllog g logg]" = Cllog|ql],

where T denotes analytic continuation of ¢ around a loop around 0 in the punctured
q-disc. We have T'logg = logg + 2im and T logg = logg — 2ir. It is a simple exercise
in invariant theory to show that every T-invariant polynomial in logg and log7 is a
polynomial in 2log |g| = logg + logg. |

Everyelementf € M admits a g-expansion of the form (2.5) for some N. This expansion
is unique. Define the constant part of f to be
0= afoLk e CILE].
k
The reason for calling this ‘constant’, although it is not constant as a function on §, is
that it is constant with respect to differential operators to be defined below. Note that
the word ‘constant’ has a different meaning in the context of quasi-modular forms [20].
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In the physics literature, the constant parts of modular graph functions are called ‘zeroth
Fourier modes’. The space M is filtered by the order of poles in L. Set

ij\/l:{fe/\/l:a%’)n(f)zoifk <p}, (2.7)

It is a decreasing filtration. It satisfies P* M x PP M C P**? M, and P° M is the subalgebra
of functions admitting expansions in C[[g, g]][IL] with no poles in L. Multiplication by L
is an isomorphism L : P M, — P*TIM, 1 1.

Example 2.3 Consider the Eisenstein series, defined for all even k > 4 by

bi

Gi(q) = ok

+ Y or_1(ng” € Myo(@), (2.8)

n>1

where o denotes the divisor function. The Eisenstein series of weight two
1 & 1
_” n_ 2 3 4 5. ...
Gz(q)——24+n§_101(n)q =5y Ta+34"+49° + 74" +6q° +

is not modular invariant, but can be modified [34] §2.3 by defining

1

Gi=Gy — —, 2.9
2 27l (2.9)

which is modular of weight 2 and therefore defines an element in M . Then, for example,
the function IL%G;@ € My, is modular invariant, where @j =Gy — ﬁ.

Recall that the polynomial ring
M := M[G}), (2.10)

where M is the ring of holomorphic modular forms, is called the ring of almost holomor-
phic modular forms. By the previous example, it is contained in M.

2.3 Differential operators (Maass)
Definition 2.4 For any integers r, s € Z, define a pair of operators

d — d
O, =0Ez—-2)—+r 0;=(Z—2)—+s. (2.11)
0z 0z

They act on real analytic functions f : § — C.

These operators satisfy a version of the Leibniz rule:

Or+s(fg) = 9-(f)g + f95(g) (2.12)

foranyr,sandf g : § — C, and in addition the formula

(2 = 2f) = (z = 2 0uf (2.13)
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for any integers r, k. Both formulae (2.12) and (2.13) remain true on replacing d by d and
are verified by straightforward computation. Finally, one checks that

Or—1(95f) — 05—1(3:f) = (r — 9)f (2.14)
The following lemma implies that these operators respect modular transformations.

Lemma 2.5 Forally = (‘C’g) € Myyo(R) and z € $, we have

o ((cz+d)7fy2)) = 2+ )7 7HE +d) (0f)(v2),
&Qﬁ+drvwa)=(u+dmf+dr“%@ﬂwa
Proof Direct computation. O

See Sect. 7 for another interpretation of 9,, 9, in terms of sections of vector bundles.

Lemma 2.6 The operators d,, d; preserve the expansions (2.5), the filtration (2.7), and are
defined over Z. Their action is given explicitly for any k, m, n by

3 (L* ¢"g") = @mL +r + k) L*¢"7",
3(L* ¢"g") = @nL + s + k) Lkg"g". (2.15)

Proof Thefirst part follows immediately from the formulae (2.15), which are easily derived
from the definitions. The second line follows by complex conjugation. o

Corollary 2.7 The operators 9,, 0s preserve modularity:
0y ¢ Mr,s — Mr+lys—l and gs : Mr)s — Mr—l,s-i—l-
Proof This follows immediately from Lemmas 2.5 and 2.6. ]

Definition 2.8 Let us define linear operators
9,0: M — M
of bidegrees (1, —1) and (—1, 1), respectively, where 9 acts on the component M, via 9,

for all s, and similarly, 3 acts on M, via 9 for any r.

The operator 9 is a derivation, i.e, d(fg) = 9(f)g+f9(g) forallf, g € M, and similarly for
. This follows, component by component, from the formula (2.12). Likewise, it commutes
with multiplication by L*:

ALEf) =L a(f)

for all k and all f € M, and similarly for 3. This is equivalent to (2.13). We can rewrite
the previous equation in the form

[0,L] =[3,L] =0,
or think of LL as being constant: (L) = d(L) = 0.

2.4 Action of sl
The Eq. (2.14) implies that

[9,3] = h,
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where we define the linear map
h: M — M (2.16)

to be multiplication by r — s on the component M, _.

Proposition 2.9 The operators 3, 9 generate a copy of the Lie algebra sly:
[h,d] =20, [h,d]=—-20, [9,0]=h (2.17)

acting upon M. Every element commutes with multiplication by LK,

Proof Straightforward computation. ]

2.5 Almost holomorphic modular forms
The subspace MILE] of almost holomorphic modular forms inherits an sl; module struc-
ture which is not to be confused with another sl module structure [34] Sect. 5.3, which
involves multiplication by Go. For the convenience of the reader, we describe the differ-
ential structure here.

Let us define a new generator

m:= 4]LG§ =4LGy —1 € My,_;1.

Then, the ring M[L, m] is an sl;-module with the following structure: d(L.) = 0, and
dm=1 df=0 forallf eM. (2.18)

Therefore, 3| MLm] = % is simply differentiation with respect to m. On the other hand,
by looking at their first few Fourier coefficients, we easily verify that:

om = —m? + %LZG%
9G4 = —4mGy + ZLGs,
9Ge = —6mGs + XLG2

Since the ring of holomorphic modular forms M is generated by G4 and Gg, we conclude
that M[LL, m] is indeed closed under the action of 3. These formulae are equivalent to a
computation due to Ramanujan. In general, for any f € M,, we have

of = —nfm+20()L, (2.19)

where 9 (f) € M, is the ‘Serre derivative’ of f [34] (53). The previous formula is com-
patible with the commutation relation # = [3, ], as the reader may wish to check.

For example, the Hecke normalised cusp form A of weight 12 satisfies #(A) = 0. It
follows that 3(A) = —12mA, which gives another interpretation of m.

2.6 Bigraded Laplace operator

By taking polynomials in I,  and @ one can define any number of operators acting on the
space M. Examples include the Laplace operator, Rankin—Cohen brackets Sect. 6, and
the Bol operator (see [4]).
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Definition 2.10 For all integers r, s, consider the Laplace operator

Aps = =05 19, +r(s — 1)
= —9, 105 +s(r —1). (2.20)

The second definition is equivalent to the first by the commutation relation (2.14). These

operators are compatible with complex conjugation: A, f = Asf -
From the definition and the formula z = x + iy, one verifies that

A 12 LD iy L iy 2
= —4y" —— + 2iry — — 2isy —
s Voazoz T M az T %

, ad B
= Ao +i(r — s)ya —(r+ s)ya—y,

where Ag, is the usual hyperbolic Laplacian

2 2
- 9 ) (2.21)

)
Aoo = —y (8_x2+8_yZ

and A, is denoted by €, in the theory of Maass [23] 176 and (9). It follows from the
previous computation (2.15) that A, s acts via:

Ans(qumqn) =
( — dmnL? + 2(kn + km 4+ rn+ sm)L — k(k +r +s — 1))1[]%]’”7”, (2.22)

which has integral coefficients. The modular transformation properties of Lemma 2.5
imply that the Laplace operator preserves the transformation law (2.3).

Corollary 2.11 The operator A, defines a linear map
Ay s Myg —> M.
In particular, the hyperbolic Laplacian Ao acts on the modular-invariant space Mo,.

Let A : M — M denote the linear operator which acts by A,; on M. Letw : M —
M be the linear map which acts by multiplication by w = r + s on M, .

Lemma 2.12 The Laplace operator satisfies the equations
(A+w)Lf =LAf (2.23)

ie [L, Al = WL, and also [, A] = [0, A] = 0.
Proof By (2.20), for any f we have

L(A,sf) = L(=33f + r(s — 1)f) = (=99 + r(s — 1))Lf
= (=00 +(r—1)(s—2)Lf +(r+s—2)Lf = A,_151Lf + (r +s —2)Lf,

which implies (2.23). Similarly,
O(Vyof) = 3(=33f +7r(s = 1)f) = (=80 + (r + 1 — 1)(s — 1))3f = Vyy1,5-1(3f)

which implies that [9, V] = 0. By complex conjugating, [, V] = 0. O
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2.7 Real analytic Petersson inner product
Let
dx dy

D= {|z| > 1, |Re(z)| < %} and dvol = —
Y

be the interior of the standard fundamental domain for the action of SLy(7Z) on £, and the
SLy(Z)-invariant volume form on §) in its usual normalisation. For any 7, s, let

Srs C Mg

denote the subspace of functions f whose constant part f° vanishes. If S = D, Srs there

is an exact sequence
0—S— M—C[L*] —0,
where the third map is the ‘constant part’ f +> f°.
Definition 2.13 For any integer », consider the pairing
Mys X Sy—gn—yr —> C
fox g v (fg:= /Df(Z)@y” dvol. (2.24)

The function f(z)g(z)y” is modular of weights (0, 0) and lies in Spp. The pairing (2.24)
coindices with the usual Petersson inner product when restricted to holomorphic mod-
ular forms. To verify that the integral is finite, it suffices to bound the integrand near
the cusp. Any element of M grows at most polynomially in y as y — oo, but via
q = exp(2mix) exp(—2my) and g = exp(—2mix) exp(—2my) it tends to zero in absolute
value exponentially fast in y at the cusp since g(z) € S.

Two spaces M, and S,y can be paired via (2.24) if and only if r —s = ' — ¢
Equivalently, (f, g) exists whenever i(f) = h(g), where & was defined in (2.6).
The pairing (2.24) satisfies

and, for any e, f € M and g € S such that i(e) + i(f) = h(g), we have (fe, g) = (f, eg). Via

(2.2), we also have forallm € Z :

(FL"g) = (L"f g) = (—21)" (£ g). (2.25)

We now consider special cases of this pairing. When n = r + s, we have
¢ )ZMV,SXSV,S_)C

which restricts to a positive definite quadratic form on Sy, since

(ﬁf)Z/ Lf(z)|2y”dvol>0 forf € S5
D

2.8 Holomorphic projections [32]
In the particular case n = r, we have

Mr,s x§_s—C
f x g = {fg (2.26)
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where S,_; C S;_s0 is the space of holomorphic cusp forms of weight r —s. It is non-trivial
only if 4(f) = r — s > 12. Similarly, by setting » = s we obtain

Mg xS, — C
f x g = (fg), (2.27)

which is non-trivial only if 4(f) = r —s < —12.
Equivalently, these two maps can be combined into a single linear map

M, — Hom(S,_s, C) ® Hom(S;_,, C),

at least one component of which is zero. Since the classical Petersson inner product
restricts to a non-degenerate quadratic form on S,_s, we can identify Hom(S,_;, C) with
Sr—s, and similarly for its complex conjugate. Via this identification, the previous map

defines a projection
p=@"p": My — S5 @S,y (2.28)

whose components we call the holomorphic and anti-holomorphic projections. By taking
the direct sum over r and s, this defines a linear map

p=0@p")  M— S®S. (2.29)

2.9 A picture of M
The bigraded algebra M can be depicted as follows.

SA
Gy
Mot ! « Vel
Y 4
0 L1t
Ml,go p ¢
L 1o}
- R
Moss ° Maood e
G L
M—l,l OGZL Ml,l ° M3,1o
Moo |1 G; Gy
* * > r
Mo My
.L [ ) EL
Moy My

The dashed arrows represent the action of I, .71, 3, 3. Each solid circle represents a
copy of M, for r + s even. Some examples of modular forms are indicated in red.
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3 Primitives and obstructions

In this section, we study the equation
OF =, (3.1)

where F, f € M. We say that f € M has a modular d-primitive if (3.1) holds for some
F. We exhibit three obstructions for the existence of modular primitives: the first is
combinatorial, the second relates to modularity, and the third is arithmetic.

3.1 Constants

Let us view the operators ,, 9, as (continuous) linear maps

3, 05 : Qllg g11[L*] — Qllg 71I[L*]

of formal power series, setting aside questions of modularity for the time being.

Lemma 3.1 The kernels of these maps are

ker 8, = L™"QI[7g]],
ker 9, = L™°Ql[q]]. (3.2)

In particular, ker 8, N ker 35 vanishes if r # s and is equal to QL™ ifr = s.

Proof Since 8,LXf = IL¥9, f (2.13), we can assume, by multiplying by L", that = 0.
The kernel of 9y = (z — E)a% consists of anti-holomorphic functions. The second formula
in (3.2) is the complex conjugate of the first. ]

We now consider the kernel of the operator 9 acting on the space M.

Proposition 3.2 Let F € M, such that 3,F = 0. Then,
L'F € M,_,,

where M, denotes the space of anti-holomorphic modular forms of weight n. In the case
r > s i.e. ‘below the diagonal’, F vanishes. In the case r = s, we have

kera N M,, =CL™".

Proof By Lemma 3.1, we can write L'F = g where g : §§ — C is a holomorphic function.
Since f (respectively ") has weights (r, s) (respectively (—r, —r)), it follows that g has
weights (0,s — r) and transforms like a modular form of weight s — r, i.e. g(y(z)) =
(cz +d)*"g(z) for all y € SLy(Z) of the form (2.1). Thus, g € M,_,. For the last part, use
the well-known fact that there are no nonzero holomorphic modular forms of negative
weight. O

Thus, if Eq. (3.1) has a solution, it is unique up to addition by an element of CL ™" if
h(F) = 0, and is unique if #(F) > 0.

Corollary 3.3 Let F € M, and let f = 3F. There is a solution F' € M, to (3.1) whose
anti-holomorphic projection p®(F') vanishes. It is unique up to addition by a multiple of
]L_’@S_,fors — r > 4, where G, is the Eisenstein series (2.8).
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Proof Since the Petersson inner product is non-degenerate, there exists a unique cusp
form g € Ss_, such that p*(g) = p*(F). Then, F/ = F — (—2n)"L™"g has the required
properties. The second part follows since the orthogonal complement of S;_, in M,_, is
exactly the vector space generated by the Eisenstein series. ]

3.2 Combinatorial obstructions

The maps 9,, 9, are far from surjective.

Lemma 3.4 Suppose that f € C[(g, q||[L*] satisfies f = 8,F for some F € C[[q, g]][L*].
Then, the coefficients in its expansion (2.5) satisfy

aé;,r) =0 foralln=>D0. (3.3)

Proof Follows immediately from Lemma 2.6. ]

This is not the only constraint: for every m, n > 0, there is a condition on the agi,(,)n, for
varying k, in order for f to lie in the image of the map 9,. Nonetheless, (3.3) is already
sufficient to rule out the existence of primitives in many interesting cases.

Corollary 3.5 There exists no element F € C[[q, )][L*] satisfying dF = LG3.

Proof By (2.9), the ag)()) term in LG = LGy — [—i is non-zero. This violates (3.3). O

3.3 A condition involving the pole filtration
Lemma 3.6 Iff satisfies the condition

f (S Pl_er+1,s—lJ (34)

then it admits a combinatorial primitive F € P~"C|(q, q||[L*] such that 8,F = f.

Proof Denote the coefficients in the expansion of f by a%,),,. By assumption, they vanish

forallk < —rand k > N for some N > —r. Denote the coefficients of F by bgf,)n. Equation

(2.15) is equivalent to the set of equations

a®) =2mb& D + (r + k)b, (3.5)

for every m, n. Fix an n and an m > 1. Then, if we set bgf,)n = 0 forall kK > N, (3.5) holds

forall k > N + 1. For kK = N, we can solve it by setting

a%,), =2m b%n_”.
Suppose we have determined bgﬁ,),, forall k > K. Then, Eq. (3.5) in the case k = K + 1 can
be solved uniquely for biﬂ since 2m # 0. The process terminates at k = 1 — r, since for

k = —r Eq. (3.5) reduces to:
0=al,?) =2mb 7V +o0.
Setting bﬁf,,)n = 0 for all k < —r, we therefore obtain a complete solution to (3.5) for all

values of k. In the case m = 0, the Egs. (3.5) can be solved trivially, provided that (3.3)
holds. This is certainly implied by (3.4). o

The commutation relation h = [, d] implies that /f + 99f is in the image of d for
all f € M. This remark, combined with (3.4), enables one to prove the existence of
combinatorial primitives in many cases of interest.
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3.4 Obstructions from the Petersson inner product
Another obstruction comes from the fact that a formal power series solution to (3.1) is
not necessarily modular.

Theorem 3.7 Letf € M, Iff has a 0-primitive in M, then
(fg)=0 forall g € S,_s holomorphic. (3.6)
In particular, f is in the kernel of the holomorphic projection (2.28).

Proof By multiplying by " ~! and appealing to (2.13), we see that the equation dF' = f
has a solution if and only if there exists F € Mg _,42 such that

do(inF) =L"71f

From the definition of dy, this implies that
oF
R — LV—Z 4
0z 2

Let g € S,_s be a holomorphic cusp form and consider the differential form
w = Fgdz.

Itis SLy(Z)-invariant, since F, g, dz are of weights (0, s—r+2), (0, r—s), (0, —2), respectively,
and therefore their product is of type (0, 0). It satisfies

dw = %@dz Adz = L %f(2)g(z) dz A dz = (—27) "2 f(2)g(z)y” dvol,

which is also of type (0, 0). By Stokes’ theorem, we have

/ww = /de = (—27) "2 (f g).

Consider the left-hand integral along the boundary dD of the standard fundamental
domain. By a classical argument using the modular invariance of w, it gives zero, since
the contributions along the vertical line segments (from p to ico and ico to —p, where
p = e*™/3) cancel due to translation-invariance w(z) = w(z + 1); the contributions
along the segments of the circle [z] = 1 from p to i and from i to —p cancel due to
o(—z71) = w(z); and finally the contribution along a path from ico to ico + 1, which
corresponds to a small loop in the g-disc, also gives zero because g is cuspidal. O

The statement of the theorem can formally be written (dF, g) = 0if g € S. By taking its
complex conjugate, we also deduce that (3F,g) = O for all F € M, and all cusp forms
g € Ss_,. These equations can be written

P'OFE)=0 and p*(@(F) =0 forallFe M.

Corollary 3.8 For every nonzero cusp form f € S,, and every k € Z, the equation oF =
ILXf has no solution in M.

Proof By (2.13), we can assume that k = 0. If F were to exist, the previous theorem with
g = f would imply that 0 = (f f). But this contradicts the fact that the Petersson inner
product is positive definite. O

Primitives of cusp forms do exist if one allows poles at the cusp (Sect. 11 and [4]).
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3.5 Arithmetic obstructions

Although this is largely irrelevant here, since we work mostly over the complex numbers,
the equation dF = f involves some subtle questions regarding the field of definition of
the coefficients a%,)n. Fundamentally, complex conjugation is not rationally defined on
algebraic de Rham cohomology.

For example, 9F = G4lL has a unique solution given by a real analytic Eisenstein series
&r0 € My, to be defined in Sect. 4, but it has no solution with rational coefficients. This
is because &g involves the value of the Riemann zeta function ¢ (3), which is irrational as
shown by Apéry. The examples of functions in M constructed in this paper arise from
iterated integrals of modular forms, and their coefficients agﬁ,)n are, in a certain sense,
periods. The period conjecture suggests that they are transcendental.

3.6 A class of modular iterated primitives
The functions studied in this paper lie in a special subclass of functions inside M.

Definition 3.9 Consider the largest space of functions

MI c PP M,
r,s>0
equipped with an increasing ‘length’ filtration MZ; C MZ such that MZ; = 0ifk <0,
and every F € MZy satisfies

oF ¢ MZy + MI[L] x MZy_4,
dF € MI; + MIL] x MZ;_y, (3.7)

where M (resp. M) denotes the ring of holomorphic (anti-holomorphic) modular forms.
The conditions (3.7) are stable under the operation of taking sums of vector spaces, and
therefore a largest such space exists and is unique.

By replacing MZ with MZ + MZ, we deduce that MT is closed under complex con-
jugation by maximality. This definition is computable: since MZy is contained in the first
quadrant, Eq. (3.7) implies that any F € MZ; of weights (1, 0) with #n > 0 must satisfy

oF € M[L] x MZ;_;. (3.8)

In this region, modular primitives are unique by Proposition 3.2 (up to a possible constant
when 7 = 0). Then, for F € MZj of modular weights (r, s) with r > s, the first equation
of (3.7) determines F in terms of previously determined functions by increasing induction
on s. The functions in the region r < s are deduced by complex conjugation [or by using
the second equation of (3.7), starting from weights (0, 7)].

Lemma 3.10 MZ, = C[L™!].

Proof Since MZ_; = 0,any F € MZ, of weights (#, 0) satisfies 9F = 0 by (3.8).If n > 0,
then F vanishes by Proposition 3.2. Continuing in this manner, we see that any F € MZg
of weights (r, s) for » > s must also vanish, and in the case r = s, it must be of the form
F € CL7". Therefore, MZ, C C[L7!]. Since 8. = 9L = 0, the ring C[LL"!] indeed
satisfies the conditions (3.7) and hence MZ, = C[L~!]. O
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Remark 3.11 There are some variants. We can replace the space M of holomorphic mod-
ular forms in the Eq. (3.7) with another space of modular forms M’ to define a class of
functions MZ(M’). Some examples:

(1) Replace M with S, the space of cusp forms. Since cusp forms do not admit modular
primitives, one deduces by induction that MZ(S) = C[L~!].
(2) Replace M with

E=PGuQ (3.9)

n>2

the Q-vector space generated by Eisenstein series. We obtain a space
MI(E) Cc ML

In the sequel to this paper, we construct a subspace MZF @ C ¢ MZ(E) (Sect. 10)
and hope that equality holds, which would have deep consequences. We shall show
below that MZ(E);, = MZy for k = 0, 1 but not for k = 2.

The class of functions MZT has an interesting sl;-module structure which could prof-
itably be reformulated in the language of [6].

3.7 Homological interpretations

The following remarks can be skipped. Let MPtk = @p M1 1p denote the subspace of
M upon which h acts by k. It is stable under multiplication by L. Write MP = MP+0,
Define an operator

aPf = 8(f)dz + 3(f)dz.

Since dz and dz transform, respectively, like modular forms of weights (—2, 0) or (0, —2),
it follows that 3° defines a linear map of bidegrees (—1, —1):

P MP — MPP2dz o MP2 dz.
It extends in the usual manner via the Leibniz rule to a linear map
P MPPdz @ MP?dz — MPdz A dz.

It acts by a°(fdz + gdz) = (3g — 9f)dz A dz. It follows from the fact that [9,d] = &
vanishes on MP, that these operators satisfy (3”)?> = 0. Define the diagonal complex
(which generalises to vector-valued modular forms to be considered below) by

D D
0 — MP L5 MPR24z @ MP2d7 25 MPdz Adz —> 0.

Denote its cohomology groups to be H!(MP) for i = 0,1,2. They inherit a grading in
even degrees via the total weight grading on M, where dz and dz have weight —2.

It follows from Lemma 3.1 that HO(MP) = @p L~?C. In general, H(MP) is a free
graded C[L*]-module for all i. For example, the one-form of weight zero

w = Gidz + Gidz
is closed and by Lemma 3.5 defines a non-trivial cohomology class [w] € H(MP). The

obstructions to primitives discussed above can be interpreted in terms of this complex.
For example, the proof of Theorem 3.7 can be interpreted as a functional:
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gty HX(MP) — C
adzAndz — / y "adz A dz,
D

where H? denotes the subspace of H? representable by forms in S?dz A dz. The obstruc-
tions in H1(M?P) are purely combinatorial, by the following lemma:

Lemma 3.12 Let F € C[[gq, g]1[L*]. If
dPF € MP2dz & MP2dz
is modular, then so is F, i.e. F € MP.

Proof Suppose that 9F € M,11,_1 and F € M,_1,11. Then, for every y € SLy(Z),
F(yz) —(cz+d) (cz+ d) F(z) = C, L™,
where C, € C, since by Lemma 2.5, the left-hand side lies in kerd N ker d. It fol-

lows that y — C, € C is a cocycle. Since SLy(Z) acts trivially on C, Z1(SLy(Z), C) =
Hom(SLy(Z); C) vanishes, and therefore C,, = 0, i.e. F is modular of weights (7, r). O

4 Real analytic Eisenstein series
We consider in some detail the simplest possible family of non-holomorphic functions in
M as a concrete illustration.

4.1 Modular primitives of Eisenstein series
Eisenstein series, unlike cusp forms, admit modular primitives in M. Recall that the real
analytic Eisenstein series are defined for Res > 1, z € §) by the following function

E(z,s):% Z y

2s°
mAE(00) |mz + n|

Proposition 4.1 For every w > 1, there exists a unique set of functions
Ers € PT M,

withr,s > 0 and r + s = w, which satisfy the following equations:

3 Ewo0 = LGy2
0&s —(r+1&+15-1=0 foralll<s<w (4.1)
and
3 Eyw = LGu+2,
5&,3 —+1D)E—1s41 =0 foralll <r <w. (4.2)

These functions can be given explicitly by the following formula;

w1 L
Epslz) = 5 ’
(@) (miw+22 2,; (mz + n) 1 (mz + n)s+1

m,

(4.3)

where the sum is over all integers m, n € ZZ\(O, 0).

Proof The uniqueness follows from Proposition 3.2. For the existence, formula (4.3)
converges and defines a modular function of weights r, s. We must verify (4.1) and (4.2).
These follow from the following identity, which holds for any integers 7, s:
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z—z z—z
8r<(mz + n) 1 (mz + n)5+1) =+ 1)<(mz + n)*+2(mz + n)s)'

By taking the complex conjugate, we deduce a similar formula for 8 on interchanging r
and s. It follows from the definition of the holomorphic Eisenstein series as a sum:

Gw+2 =

o AWEZ o (i 4 1) 2w+2
2mi) 2 (2 (00) (mz + n)

that &y, satisfies the first equation of (4.1). The first equation of (4.2) follows by conjugat-
ing. It remains to verify the Expansion (2.5). For this, note that for all m > 1 the Definition
(4.3) implies the identity

N L5 T (4.4)

Emm = ———
mm (277i)2m+1 ym

The expansion of the right-hand side is well known and lies in C[[g, 7]][LL*]. The expan-
sions of the functions &, are deduced from &,,,, by applying , . ]

We immediately deduce the following properties:
Corollary 4.2 Forallr +s=w > 0, the functions E, satisfy €5 = Es,

A& = —wEs,
p(gr,s) =0,

where p = p" + p® denotes the holomorphic and anti-holomorphic projections.

Proof The compatibility with complex conjugation follows by symmetry of (4.1) and
(4.2) and uniqueness. The Laplace equation follows from (2.20), (4.1) and (4.2). The last
equation follows from Theorem 3.7 since &, is in the image of either 3 or 9. |

Proposition 4.3 The constant part of £, is given by

0o _ —By+2 (1) K‘ (W) —w
T e Rt W U L (4.5)

0

where w = r + s > 0 is even. Furthermore, £ — E,

s has rational coefficients.

Proof The statement is well known for r = s = w, since it reduces to the Fourier
expansion of the real analytic Eisenstein series E(z, w+1). The remaining cases are deduced
by applying 8 via (4.1) and by &,s = &;,. An alternative way to prove this theorem is to
use the expression for &£, as the real part of the single iterated integral of holomorphic
Eisenstein series [1] §8, and use the computation of the cocycle of the latter [1], Lemma
7.1, to write down the constant terms directly. See Sect. 8.4.2. O

4.2 Explicit formulae
For all w > 1, write

(k) _ k o2w+1(n)
Zo2(@) = (=1) k!; (2,,1)—k+1qn'
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Then, for any a + b = 2w, define

ath (k)
Rop = (-1)* (2:) > (k f b)‘%i(q). (4.6)

k=b
Then, the real analytic Eisenstein series are given explicitly by
Eub = 52, »+Rap + Ry
where 52 » is (4.5). This formula in the case @ = b is equivalent to the known Fourier

expansion of the real analytic Eisenstein series. One can verify the other cases by checking
that they satisfy the differential Egs. (4.1) and (4.2). See [4] for details.

4.3 Description of MZ;
We already showed that MZy = C[L™}].

Corollary 4.4 In length one,
MIy =MIyec @ Cé&;

15=0,r+s=>2
Proof LetF € MZ; of weights (1, 0). By (3.8), it satisfies 9F € ML. Since dF is orthogonal
to cusp forms by Theorem 3.7, it must satisfy 9F € CG,,42LL. This equation has the unique
family of solutions F € C&,,0. By eq. (3.7), the elements F € MZ; of weights (r, s) with
r > s are iterated primitives of real analytic Eisenstein series and modular forms M[L],
and hence also real analytic Eisenstein series, by a similar argument. We conclude that
MT; is contained in the C[IL.™!]-module generated by the &,,. Since the latter satisfy
(3.7), this proves equality. O

4.4 Picture of the real analytic Eisenstein series
Based on the previous picture of M, the real analytic Eisenstein series can be viewed as
follows:

N
N
*
N




7 Page200f40 Brown Res Math Sci (2018) 5:7

The dashed arrows going up and down the anti-diagonals are 3 and 9. The classical real
analytic Eisenstein series are the functions &, , lying along the diagonal r = s.

5 Eigenfunctions of the Laplacian
This section is not needed for the rest of the paper. We show that the space M has very
limited overlap with the theory of Maass waveforms [23], and determine to what extent
the solutions to a Laplace eigenvalue equation are not unique.

Call F € M an eigenfunction of A if there exists A € C, the eigenvalue, such that
AF = MF.It decomposes into a sum of terms Fy,; € M, satisfying A, F = AF.

Theorem 5.1 Let F be an eigenfunction of the Laplacian. Then, its eigenvalue is an integer,
and F is a linear combination over C[L*)] of real analytic Eisenstein series &, almost
holomorphic modular forms and their complex conjugates.

Let us write HM C M to denote the space of Laplace eigenfunctions. It follows from
Lemma 2.12 that it is stable under the action of @ = Q[L¥][9, 3]. Furthermore, the
subspace H.M (n) of eigenfunctions with eigenvalue # is stable under the action of the Lie
algebra sl generated by 9, 3.

Every holomorphic modular form f € M, lies in HM(0) since Af = —d,-19¢f = O.
The same is true of m defined in Sect. 2.5. More generally, LXf is an eigenfunction with
eigenvalue (n — k — 1)k. Since the ring of almost holomorphic modular forms is generated
by holomorphic modular forms and m by the action of 9, it follows that any almost
holomorphic (or anti-holomorphic) modular form lies in HM.

5.1 Proof of Theorem 5.1

Lemma 5.2 Let F € M, such that A.sF = LF. Then, there exists an integer ko such
that . = —kolko + w — 1), where w = r + s is the total weight. We can assume ko =
min{ko, 1 —w — ko}. Then, F is of the form

F=al®4 gL 4 Y L@+ Y L'u@) (5.1)

ko<k<-—s ko<k<-r
where o, B € C, and fi(q) € Cllqll, gk(@) € C[[q]] have no constant terms.

Proof Assume that F is nonzero and denote the coefficients in its expansion (2.5) by
agf,,),,. We first show that ag,l;),, = 0 if mn # 0. Fix m, n such that a%,(,),, # 0 for some k.
Choose k maximal with this property. Taking the coefficient of L* 243" in the equation

Ay F = AF implies, via (2.22), that miﬂz) = —4dmn ag,(,),,, which implies that mn = 0.

Therefore, all aﬁf,,),, vanish for mn # 0. Now, for any m, n, choose k minimal such that aﬁf,,),,

is nonzero. Equation (2.22) implies that Aa%}n = —kk +w— l)ag,ll),,, which proves the

first part of the lemma. The equation x> + x(w — 1) + A = 0 has two integral solutions ko

and 1 — w — ko, which are distinct since w is even. The assumption that kg is the smaller

of the two implies that ag,(,)n vanishes for all k < kg.

Now consider a nonzero coefficient of the form a(k)

m,0
5’;:51) =2m(k +s)ag,(,)n —k(k+w—1)

with m # 0. Let k be maximal.

. T (k+1)
Equation (2.22) implies tf:lz(it A)a Ao
. +1
that m(k +s) = Osince a,, o
g?l shows that they all vanish if k > —r. It remains to determine the constant

which implies
= 0. Therefore, k = —s. A similar computation with terms

of the form a
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terms agf()). Equation (2.22) implies that Aaé’% = —k(k+w-— l)agf()), so by the above ag% is

non-zero only for k € {ko, 1 — w — ko}. O

Lemma 5.3 Let F € M, be an eigenfunction of the Laplacian. Then, there exist integers
M, N > 0 such that 5M3NF e C[L*].

Proof Apply 8, to the expansion (5.1). By Lemma 3.1, this annihilates the term L¥g;(g)
for k = —r. The terms of the form LXg;(g) are simply multiplied by k + r. Its action on
terms of the form LXf; (¢) increases the degree in L by at most one, by (2.15). Therefore,
9, F has a similar expansion to (5.1), with (7, s) replaced by (r + 1, s — 1). Applying 9,1 kills
the term I.Xg; (g) for with k = 1 — r. Proceeding in this manner, every term of the form
ILXg,(g) is eventually annihilated (this also follows directly from Lemma 5.2 since 8”'F
are eigenfunctions of the Laplacian with the same eigenvalue A as F). Now, by a similar
argument, repeated application of 3 annihilates all the terms of the form LXf;(g). O

Lemma 5.4 The maps 3 : M — Mand 3 : M — M are surjective.

Proof Since 3m = 1, any element fm!, where i > 0 and f € M[L*], is the 3-image of
(i + 1)~ fmi*1, The second statement follows by complex conjugation. O

Lemma 5.5 Counsider the linear map 9 : ]VI[]L*] — A~/I[]Li]. Then, ker 0 = C and

Coker d = M[L*] @ Cm[L*].

Proof The statement about the kernel follows immediately from Lemma 3.1. It follows
from the calculations in Sect. 2.5, that for any f € M,, and k > 0,

amkf = (—k — n)mk+1f + terms of degree < k in m.

Since L. commutes with 9, all terms of the form fmX1L”, where f € M,,, are in the image of
o whenever k > 2 or k = 1 and n > 0. Conclude using ]\~/I[]Li] = M[m, L%]. O

Corollary 5.6 Let V' C M denote the C[L*]-module generated by the real analytic Eisen-
stein series &y, M and M. IfF € M satisfiesOF € V, then F € V. By complex conjugation,
the same statement holds with 3 replaced with 9.

Proof By Proposition 4.1, the Eisenstein series ngLk , for n > 2 and the functions &
with r > 0 admit d-primitives in V. By the above, we can assume that dF is a linear

combination of
mLk; f]Lk; 80,2!’11[4](1

where f is a cusp form. Since these elements have distinct h-degrees, we can treat each
case in turn, by linearity. But we showed in corollary 3.5 that mIL* has no 9-primitive in
M, and likewise, in corollary 3.8 that cusp forms have no primitives either. The elements
&o,2n (and hence Lk &o,21,) have no modular primitives by Lemma 3.4, since the coefficient
of L in 58 9y, is nonzero by (4.5). Therefore, none of these cases can arise, and we conclude
thatif 9F € V,sotoois F € V. O

An eigenfunction of the Laplacian F satisfies 5M ONF e C[L*] c V.1t follows from the
previous corollary and induction on N that F € V. This completes the proof.
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Remark 5.7 In passing, we have shown that the ring of almost holomorphic modular
forms M[m, L*] is the subspace of functions f € M such that ay,?n(f ) =0foralln > 0,
or equivalently, which satisfy 5Nf = 0 for sufficiently large N.

6 Mixed Rankin-Cohen brackets

This section can be skipped. Any operator in @ = Q[L*][d, 3] can be expressed as a

polynomial in L%, %, 3%. We wish to find elements of O ® O, which act via

00 MM — M,

which are homogeneous in I when expressed in terms of % and 3% Since these operators
will not be used in this paper, we shall only illustrate how the theory of Rankin—Cohen
brackets can be recovered in some basic examples and leave the many possible extensions
to the reader.

Example 6.1 (Operators of order 1). Starting with the four operators given by 9 ® id,
id ® 9, and their complex conjugates, we form the general operator:

410 @ id + a2id ® 0 + a30 ® id + a4id ® 9,
where a; € Q. Itactsuponf @ g € M, 5 ® M,,s, by
a a o) 9
a (L’l + r1f>g + aof (L’—g + rzg) +as (—L’—{ + s;Lf)g + asf (—H/—‘g +ng>
0z 0z 0z 0z
where iz = IL. The terms of degree zero in I’ vanish if and only if
airy + asro +assy + agsy = 0.
A basis for its solutions are (ry, —r1, 0, 0), (s1, 0, —r1, 0) and (0, 0, —sy, s1). Dividing by L,
the first and third solutions yield the combinations:
f g
Feh=rng-g—nf>
of dg
L 8IT = S27=8 — e 6.1
gl = s25mg = 51f 5 (61)

which are the first Rankin—Cohen bracket and its complex conjugate. The second solution
defines an additional element (Df)g of mixed weights, where

1 — d d
Df = E(Slarl —r10g,)f = Sla—]; + Vla—]; € M2 © My s 12 (6.2)

It splits into two components of different modular weights in the algebra M. For example,
24; € My42,0 & M,,5 for any holomorphic modular form f € M,,.

The properties of the brackets (6.1) are well-known. For instance, the bracket is anti-
symmetric and satisfies the Jacobi identity [34] §5.2.

Example 6.2 (Operators of order 2). We can easily extend this analysis to operators of
higher order. We exclude mixed terms such as (6.2). The operators of order 2 and bidegrees
(2, —2) are of the form

"’ Rid 109, id® a2
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A similar analysis to the one above produces a one-dimensional family of linear combina-
tions which are homogeneous of degree two in L'. They are generated by the second-order
Rankin—Cohen bracket, defined for f € M, 5, andg € M,, 5, b

ro(ry + 1) 82f

0 ri(r; +1) 02
928~ (r1+1)(rz+1)fg+M £

gl = 5 f@ . (6.3)

In bidegrees (—2, 2), we obtain the complex conjugate bracket. A new feature appears in
bidegree (0, 0). Indeed, consider the following five terms of this type:

10Rid IR0, 00 id®dd, ide®id

The commutation relation (2.14) implies that 99, 00 and id are linearly related, so there
are exactly five such operators. The linear combination

125200 Qid — 51729 ® 9 — s271 9 ® 3 + r151id ® 99 + rira(s1 + s2)id ® id

generates a one-dimensional family of operators which become homogeneous in I after
rewriting them in terms of % and (%. The coefficient of (I.")? is the quantity

92 92

d a
(ﬁg> —Slrz—f—g+s o de _ 11f—g— r$28 5=

) 6.4
azoz M 9z 0z 9207 920z (64)

which is symmetric in f and g and is an element of M, 4,5 +s,. It can be written more
elegantly as a composition of operators, as follows:

(ﬁg)2 =0, @ -1 ®3)(1®%—005)(feg)

where 9, = 9/9z, or again as a product of commuting determinants

()

Interesting operators of order two in the ring O ® O therefore include: the Laplace

. 0, ®id
2 |id®d, r

3 ®id

s2 id ® 07 (f®g)

operators A ® id and id ® A, the Rankin—Cohen bracket [f, ¢g]» and its conjugate, and a
symmetric product (f, g)2. All this is part of the general study of differential operators on
M, which we shall not pursue any further here.

7 Modular forms and equivariant sections
In this section, all tensor products are over Q.

7.1 Reminders on representations of SL;
For all # > 0, define

Voy = @ X'Y*Q,

r+s=2n

equipped with the right action of SLy(Z) given by
XY)] (aX 4+ bY,cX +4dY)
for y of the form (2.1). There is an isomorphism of SLy-representations

V2m ® VZn = V2m+2n 2] V2m+2n—2 ®---b VZlm—n\ .
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We shall use the following choice of SLy-equivariant projector
85 Vo ® Van —> Vomson—a (7.1)

by setting

d d 0 9 \k
sk = SR - — =),
m"(ax O awr ® ax)
where m : Q[X, Y] ® Q[X, Y] — Q[X, Y] is the multiplication map. For an equivalent

formulation and further properties, see [1].

7.2 A characterisation of functions in M
See also [35], Proposition 2.1.

Proposition 7.1 Let f : §§ — Vy, ® C be real analytic. Then, it can be written in two
equivalent manners: either in the form

f= ) ff@xy (7.2)

r+s=2n

or some real analytic functions {5 : $ — C, or in the form
Y

f= ) fs@X—2Y) (X —ZY)’, (7.3)

r+s=2n

where (z — 2)*"'f,s : $ — C are real analytic. The function f is equivariant:

fr@)|, =f() forall y €SLy(2Z) (7.4)

if and only if the coefficients f; s are modular (2.3) of weight (r, s). Suppose now that the
coefficients (7.2) of f admit expansions of the form

7 € Cllg gz z].
Then, f is equivariant if and only if f,,s € P75 M.
Proof First, observe that the inclusion

ZlzZ][(X — zY), (X —ZY)] — Z[z Z][X, Y]

becomes an isomorphism after inverting z — z. Indeed, the inverse is given by
z z
X —X-zY)— ——(X —2zY),
z—7z z—2z

Y > ;_(X —zY) - ;_(X —zY). (7.5)
z—2z z—2z

This proves that the expansions (7.2) and (7.3) are equivalent. The identity
det(y)
(cz+d)
implies that (X — zY)"(X — zY)* transforms, under the simultaneous action of SLy(Z)

X —y@Y)|, = (X —zY)

on the argument z in the usual manner and on the right of V3, like a modular function
of weights (—r, —s). The coefficient of (X — zY)"(X — zY)® for f equivariant is therefore
modular of weights (r, s). For the last statement, the assumption on the Fourier expansions
of £ implies that the coefficients (z — z)" T*f,.; admit expansions in the ring C[[q, 71][2, Z]
by (7.5). By Lemma 2.2, the f,,s have expansions of the form (2.5). O
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We construct equivariant functions f from iterated integrals. These only involve non-
negative powers of log g. Their coefficients f;; will have poles in IL of degree at most the
total weight, and their modular weights will naturally be located in the first quadrant

r,s > 0.

7.3 Vector-valued differential equations
The operators 3, d of Definition 2.4 admit the following interpretation.

Proposition 7.2 Let F, A, B: H — V3, ® C be real analytic. Then, the equation

OF  2mi
—=—A 7.6
5, — o Al (7.6)

is equivalent to the system of equations for allr + s = 2n, and r,s > 0O:
dFon0 = LA2u0,
3F.s — (r+ 1)Fryre-1 =LAy, if s> 1L (7.7)
In a similar manner,

OF  2mi
—=="-8B 7.8
55— o B0 (7.8)

is equivalent to the following system of equations:
0F,20 = LBy
5Fr,s —(s+ I)Fr—l,s+l = LBV,S lfr > 1 (7.9)

Proof Differentiate the expression (7.3) to obtain

OF dF,
== 3 (a—;'s(x —2YY (X —ZY) — rYE,s(X — 2Y) L (X — EY)S>,
r+s=2n

On replacing Y using the second line of (7.5), the right-hand side becomes

3F F, F,
3 ((—”S + = ”S_)(X Y)Y (X —ZY) — (X — Yy X — zY)S“).
s 0z z—z z—z

Multiplying through by z — Z, collecting terms and using Definition 2.4, we see that the
Eq. (7.6) is equivalent to the system of equations

0 Fps — (r + 1)Frq1,6-1 = im(z — 2) Ay

for 1 <s < 2u,and in the case s = 0, 3, Fo4,0 = im (2 — Z)Aoy,0. Conclude using (2.2). The
second set of equations can be deduced by conjugation. ]

The commutation relation [3, 3] = h of Proposition 2.9 is equivalent to

92F 92F

9207 0z0z

Lemma 7.3 Suppose that A : $ — Vo, and set

5k

= e ((X — zy)2m ®A>.
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Then, F : ) — Vo,i0n_ok vanishes if k > 2n or k > 2m, but otherwise satisfies

_a (2m)\ (s + k
Fys = (z — Z)k ( k )( k )Ar2m+k,s+k: (7.10)

where we set Apq = 0 for p < 0 or q < 0. Therefore, Fys vanishes if r < 2m — k, or
equivalently, s + k > 2n.
Proof By direct application of the definition of 8%, we find that
8k
(k1)?
_ 2m\ (s _ —vs—
=(z—2) Z ( X >( )A,,S(X —ZY)tmk(x _zyyk

k
ns,r+2m>k

(CER RV %)

where

AXY)= Y ApX —zY) (X —ZY)".
r+s=2n

Equation (7.10) follows on replacing (r, s) with (r — 2m + k s + k). O

Combining the lemma with Proposition 7.2, we find that if

dF N A ”
37 = 0 s (2@ — 2P @ A V)
then
2
o0 = () LA oo amss(2), .11

7.4 Example: real analytic Eisenstein series
Let us write, for w > 0 even:

Ewl@)= ) EpX —2Y) (X —ZY)".

r+s=w

It is equivariant for SLy(Z). Consider also the equivariant 1-form
E, 2(2) =21iGyi2(2)(X — 2Y)"dz (7.12)

Then, by Proposition (7.6) the systems of Egs. (4.1) and (4.2) are equivalent to the following
differential equation:

1 .
d€ = 2 (Ewia@ +Eupy@)
= Re (£w+2(z)) ‘

The real analytic Eisenstein series of Sect. 4 are the real parts of primitives of vector-
valued holomorphic Eisenstein series [1], §9.2.2. This motivates a general construction of
modular forms in M via equivariant iterated integrals of modular forms.

8 Modular forms from equivariant iterated integrals
The main idea behind our construction of functions in M is a modification of the theory
of single-valued periods as we presently explain in some simple examples.
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8.1 Single-valued functions
The logarithm
Zde
logz = — (8.1)
1t
is a multivalued analytic function on C*. This means that its pull-back to the universal
covering space C of C* based at 1 is an analytic function. Indeed, via the covering map
exp : C — CX, it simply corresponds to the function z on C. The fundamental group of
C* at the point 1 is isomorphic to Z and is generated by a simple loop around the origin.
Analytic continuation around this loop creates a discontinuity

logz +— logz + 27i. (8.2)

Since the monodromy period 27 i is purely imaginary, the multivaluedness of the logarithm
can be eliminated by taking its real part:
log |z] = Re (log 2).

This is the ‘single-valued’ version of the logarithm. It is a well-defined function on C*,
invariant under the left action of Z = 71(C*, 1). The dilogarithm

7k
Lisle) = > 75
k>1

defined for |z| < 1 and analytically continued to a multivalued function on C*\{0, 1},
satisfies the equation dLiy(z) = —log(1 — z)%, and has a single-valued version:

D) = Im (Lig(z) + log || log(1 — z))

called the Bloch—Wigner function. In the following sections, we construct modular ana-
logues of the functions log |z| and D(z).

There is a general way to associate single-valued functions to any period integrals [2]
§4, §8.3 generalising (8.1). The latter can depend on parameters, or even be constant.
A variant of this construction, applied to iterated integrals of modular forms, yields a
class of functions in M. This follows from Proposition 7.1 since a real analytic section
f 9 — V, ® Cis equivariant if and only if the coefficients f,; in the expansion f =
Z,} Jrs(X —2zY) (X —zY)® are modular of weights (r, s). The equivariance

f(yz)!y =f(z) forally € SLy(Z)

can be interpreted as single-valuedness of the vector-valued function f (z) on the orbifold
quotient of §) by the action of SLy(Z).

8.2 Notation

For f a holomorphic modular form of weight #, let us denote by
fl2) = 27if (2)(X — zY)"2dz.

It is invariant under the action of SLy(Z) on z and X, Y. We shall write

(23 ()
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8.3 The modular function Im(z)
Denote by

ioo 0o 2d 2
Foy= | 1=27i| (KX—z¥)2dz=—2"" |
@) f = m/f K=V =y =)

We obtain in this manner a Q(X, Y)-valued cocycle
F(y(@)], —F(®) = Cy,
where C : SLy(Z) — Q(X, Y) is the function

c2mi h a b
—_— where = .
Y (X + Yd) =\¢ 4

This cocycle is cuspidal (vanishes for y = T). Since C, is imaginary, the real part Re F(r)

C, =—

is modular equivariant. Indeed, we have

L
X —tY)X =7Y)

ReF(t) =
which is SLy(Z)-invariant since LL is modular of weights (—1, —1).

8.4 Primitives of holomorphic modular forms
Now, we construct, or fail to construct, equivariant versions of classical Eichler integrals
in the same vein.

8.4.1 Cusp forms
Let f € Sy, be a cusp form with rational Fourier coefficients. Let

F(r) = m]ﬁ(z) = Zni/mf(z)(X —zY)" 2z (8.3)

T

It satisfies, by invariance of f, the following: monodromy equation
Fy()], = FO) +Cy, (8.4)

for all y € SLy(Z) and © € $). It is the analogue of (8.2). It follows from (8.4) that the
function C : SLy(Z) — CI[X, Y] is a cocycle for SLy(Z), and indeed that

Cs=Cd +iCg,

where C;r ,Cg € R[X, Y] are the even and odd real period polynomials of f. By the
Eichler—Shimura theorem, the classes of C* and C™ are independent in group cohomol-
ogy H'(SLy(Z), C[X, Y1), and so there is no way, by taking real and imaginary parts, that we
can kill the right-hand side of (8.4) to obtain a single-valued function. Therefore, a single
iterated integral, or primitive, of a cusp form yields nothing new. Indeed, by Proposition
7.2, such a function, if it existed, would provide a solution to the equation dF = f, in M,
which would contradict 3.8. This obstruction can be circumvented by introducing poles;
cusp forms do have primitives in M' (see §11).
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8.4.2 Eisenstein series
If f = Gogg, the corresponding integral (8.3) diverges, but can be regularised in the
manner of [1] §4, yielding a primitive

—

1o
F(r) = / Exesn(@)

—
which satisfies (8.4). Here, 1o, denotes the unit tangential basepoint at the cusp. The
associated Eisenstein cocycle C satisfies ([1], §7):

(K¢ (2k +1) :
&= T Ul T

wheree (y) € Q[X, Y]. Now, if we consider the real part of F(7), it satisfies the analogue

0
2k+2
of (8.4) with C replaced with Re C. The key point is that the real part of C, only involves
the first term in the previous equation, which is a coboundary for SLy(Z). Therefore, the
function Re F(t) can be modified in the following manner to define a vector-valued real
analytic function
(k) ¢k +1) ok
Enx (XY =ReF(r) + ——=—Y
2% (X Y)(z) eF(r) 7 i

which is now invariant under the action of SLy(Z). This function can be rewritten

ExXY)@) = ) @)X —zY) (X —ZY)’,

r+s=2k

where the functions &5 : $§ — C are modular, and lie in M,.;. As the notation suggests,

’

the coefficients are precisely the real analytic functions &, ; defined in Sect. 4. They are the
analogues of the single-valued functions log |z| on C*.

Remark 8.1 The systematic use of tangential basepoints to regularise period integrals
associated with Eisenstein series clarifies and simplifies many constructions in the litera-
ture. Since this was only recently introduced [1] §4, we provide some commentary:

« The period polynomial of the Eisenstein series is equivalent to formulae which must
have been known to Ramanujan and are given by [1], §9:
0 (2k —2)! = Bai Bok—2i y2i-1y2k—2i-1
S) = - SR N 22 Akl i1y 2k-2i-1
exx(S) 2 ; 24)! 2k — 24)!
0 (2k — 2)! By ((X 4 Y)* 1 — x%*—1
ey (T) = < ) .
2 (2K Y

However, I could not find this precise formulation elsewhere. The literature tends

to focus on period polynomials (value of a cocycle on S) which only determine the
cocycle in the cuspidal case. Zagier’s approach is to introduce poles in X, Y to force
the Eisenstein cocycle to be cuspidal.

« Itis often stated that X% — Y'?" is the period polynomial of an Eisenstein series, but is
in fact the value of the cuspidal coboundary cocycle at S and vanishes in cohomology.
It is, however, nonzero in relative cohomology and is dual to the Eisenstein cocycle
under the Petersson inner product (which pairs cocycles and compactly supported
cocycles). This is discussed in [1] §9.

« The ‘extra’ relation satisfied by period polynomials of cusp forms [21] expresses the
orthogonality of the cocycle of a cusp form to the Eisenstein cocycle with respect to
the Haberland-Petersson inner product.

Page290of40 7
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9 Equivariant double iterated integrals
We now define equivariant versions of double Eisenstein integrals, which are modular
analogues of the Bloch—Wigner function D(z).

9.1 Double Eisenstein integrals
Recall that

Em:H — V5, ®C

is the modular-invariant real analytic function which satisfies
d &y =RekE,y, 5. (9.1)

For every 4, b > 2, consider the family of one-forms
Daapp + H — (Vaa—2 ® Vap—z) ® (Cdz + Cdz)
Dyaap = Ezy ®Ep+Era2®Ey,
They are modular invariant: for all y € SLy(Z), we have
DZa,Zb(VZ)|V = Dau2(2) -
Lemma 9.1 The family of forms Dy, o) are closed:

dDygop = 0.

Proof By (9.1) and writing dz A dz = —dz A dz, we find that
d DZa,Zb =—E;,, ® Ezb +Ey® EZb =0.

o
By the previous lemma, it makes sense to consider the indefinite integral
1 [l
Koapp(2) = 3 Diab(2) 5 (9.2)

z

since the integrand is closed, and the integral only depends on the homotopy class of the
chosen path. This function can be written in terms of real and imaginary parts of products
of iterated integrals of Eisenstein series. Indeed, we have

— — —

1 leo 1 leo oo
Kygp(2) = - Im / EyiErp | — 5Re / Ey | % / Ey,
2i 2 2 . .

modulo iterated integrals of length one (we integrate from left to right).
The real analytic function

Kogop(z): 9 —> Vou o @ Vo o ®C

satisfies the pair of differential equations

0 2mi _

5,02 = = Gr@X = 2™ @ £,(2)

0 2mi —_— —\2h—

35K = =~ Eraa(2) ® Cap(R) (X — 272
Recall the normalised projection

k

s
(ﬂl)kW Va2 ® Vo 2 ®C —> Voupap 42 ®C
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Definition 9.2 Foranya, b > 1 and 0 < k < min{2g, 2b}, define

sk
K2a+2 2@ = (D kD2 T35 Koat22p12(2) -

By Eq. (7.11), its lowest weight components satisfy

k) 2a\ . j41
d (I<2a+2 2b+2)2a+2h 260 = ( k )H‘ Grat+2€2p—kk- (9:3)

9.2 Equivariant versions of double Eisenstein integrals

Since Dy, 25, and hence dx®

24,21 is modular equivariant, it follows that

CV = I<(a Zb(yt)| - 1(21,1 2b( 7)
is constant (does not depend on 1), and defines a cocycle
Cy € Z'(SLa(Z), Vagi2p-a—2k ® C).

By the Eichler—Shimura theorem, any such cocycle can be expressed as a linear com-
bination of cocycles of cusp forms or their complex conjugates, Eisenstein series, and a
coboundary c|,_ijq for some ¢ € V5,425_4—2x ® C. Define a modified function

1
® gk Lo
Moo =Kogop =€ — 2 /Z (+2) (©4)
where f is a holomorphic modular form, and g a cusp form, both of weight 2a+2b—2— 2k,
which is modular equivariant:

w®

(k)
2a2h(yf)| MZaZh(T) :

This equation uniquely determines the functions f g ¢ and Mg;)%, except in the case
when 24 + 2b — 4 2k = 0 since we can add an arbitrary constant ¢ € C. Extracting the

coefficients of M , via (7.3) yields a class of functions in M.

242

Theorem 9.3 Leta, b > 1and 0 < k < min{2a, 2b}, and set w = a + b — k. There exists
a family of elements F,; € MZy N M, of total modular weight 2w = r + s wherer, s > 0,
which satisfy the equations

2a\ (k +s .
0F,s — (r+ DFy15-1 = (k )( k >Lk+1G2a+282b—k—s,k+s ifs>1

2a
8Fo,0 = ( X )Lk+1G2a+282h—k,k +Ljf (9.5)

where f is the unique cusp form of weight 2w + 2 satisfying

2a
ph(( . )Lk“GW&b_k,k +Lf) =0 96)

and Ey,y, is understood to be zero if either of m, n are negative.

Proof The function M2 042,242

denote its modular components obtained from Proposition 7.1. From the Definition (9.4),

: 9 — Vi, ® C is equivariant by definition. Let M,

and the differential equation for Kz(l;)+2 242> We can apply Proposition 7.2 to deduce the
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equations satisfied by M,.s. The first line of (9.5) follows since the correction terms in (9.4)
only affect the case s = 0. For s = 0, (9.4) and (9.3) imply that

2a
dMay,0 = ( i )Lk+1G2a+252bk,k +Lf.

s k
By modifying Méﬂ)+2,2b+2

form. It is uniquely determined by Theorem 3.7, which gives Eq. (9.6).

by a suitable multiple of £,,12, we can assume that f is a cusp

The quantities dM,,; can be computed from (9.4), and satisfy:

_ 2b\ (k +s
aMr,s - (S + 1)1\/11”—1,s+1 = <k >< k )Lk+1G2b+2€2u—k—s,k+s,

_ 2b _
Moo = <k >Lk+1G2b+2524—k,k +Lg (9.7)

This proves that the M, lie in MT5,. The cusp form g is uniquely determined from the
anti-holomorphic projection p*(3Mo,2,,) = 0. O

Remark 9.4 The antisymmetrization of KZ(I;)% is related to the function Ig;)zb defined in

[1], and its holomorphic projection is related to the double Eisenstein series of [9].

The Egs. (9.5) and (9.7) uniquely determine F,,s when » + s > 0, and determine it up to
a constant when r = s = 0. We can show that the functions F, s are linearly independent
for distinct values of a, b and k.

9.3 Example

Since there are no cusp forms in weights < 10, it follows that the functions defined above,
for 2w = 2a+2b—2k < 8 only involve iterated integrals of Eisenstein series. The simplest
possible example is the casea = 1, b = 1 and k = 0, 1, 2. The equivariant iterated integral
M 2{2 of G4 and Gy solves the equation

gF®) k4l 5§
w ~ 7 a0 )

for k = 0, 1, 2, corresponding to the three components of
Lol es: VeV, — Vid Vo V.

By Proposition 7.2, this equation is equivalent to the following three families of equations,
which we spell out for concreteness. In the case kK = 0, we have

0Fyy — F|3 =0,
dOFY) —2F) =0,
OFY) — 3F) = LGa&oa,
OFY) — 4F) = LG4&r1,
IF) = LGa&ao. (9.8)
In the case k = 1, we have
3£~ Al =0
OFLY — 2F{) = 4L2G4&,
IFYY = 2L2Galr,1. (9.9)
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Finally, in the case kK = 2 we have the single equation
2 _13
dFyy = L°Ga&oy - (9.10)

Since there are no cusp forms in weight 4, the statement of Theorem 3.7 is vacuous and
there is no obstruction to the existence of a solution of these equations. The constant
terms can be computed from the double integral of the Eisenstein series E4 and E4. The
latter involves at most z (3), £(5) and £ (3)2.

The shuffle product formula for iterated integrals implies that

0 _ 1e2 (0) _ 1e2
Fo,4— 250,2 F4,o = 252,0

0 0

Fl(r; = &2811 Fél) &0€11
0
F) = &0or+3€L
are linear combinations of products of real analytic Eisenstein series as is
2 2 1
Pé,(; =L*(&20802 — 3E11)

but this is not the case for the functions F1), which are new. The above identities can be
verified from their differential equations. Observe that the functions £ (&2 and 5121 can

be expressed as linear combinations of Fz(f)z) and L_ZF(%. By Theorem 9.3

5F(§,12) = 21[42@451)1,
aF") —2F) = 4L2Car0,

sp() _ p()
0Fy — F} =0,

and 5F(§,28 = ]L?’((TLLEZO. Now, from the above equations and the Definition 2.20 of the

Laplacian, we deduce the equations:
(A +2FS) = ~4L%Cabso (A+DEY = ~LTabyy,
(A+2)FY) = —4L3G4Gs (A +4)F = —2LGabro
(A+2)FS) = —4L%Ga&or (A +4FY = —L2G4Gy,
(A +HF) = —2LGaoa,
AEY) = —L*GuGi (A+4FY = —LGailrr
In fact, we note that
(A+2)E = —8&2E0 and  A&yoEyr = —Ef; — L*GyGy.
We have therefore generated three modular-invariant functions
L2500, L2512,1’ ]L,Fl(h) € Moo
out of which one can construct solutions to inhomogeneous Laplace equations:
(A +2)(LEY — 4L280&2) = 4L2E2,.

By comparing with (1.1), this suggests that the modular graph function Cy;1(z) of the
introduction can be expressed in terms of ILF&) — 41.2850&0,2, L3E3 3 and a constant.

Remark 9.5 The coefficients in the expansion (2.5) of these functions are easily deter-
mined from the formulae for the action (2.15) of 3, d and the above differential equations,
up to the sole exception of a constant term oL.™". When w > 0, it is uniquely determined
by modularity. If w = 0, we can assume this coefficient is zero.
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9.4 L-functions and constant terms

All expansion coefficients (2.5) of an element f € MZj are uniquely determined by those
of functions in MZ_; of lower length by the defining Eq. (3.7) and Lemma 2.6 except for
a single constant term of the form «IL. ™", where « is typically transcendental. This missing
constant (when w > 0) can be determined from the others by analytic continuation using
an L-function [27].

To define this, note that the functions f € MZ have the property that their coefficients
aﬁ,];,),, have polynomial growth, i.e. there exist K, u € R such that |a£,]§,)n| < KN* for all
m,n < N. This property is stable under sums, products and taking primitives. For any
such f € M, g with an expansion (2.5), define

W= Y
m+n=N
for all N > 1, and consider the Dirichlet series
(k)

g = 3 9
N>1

which converges absolutely for Re(s) sufficiently large.

Definition 9.6 The completed L-function is

Afs) =Y (=1 @m)=T(s + kL (£ s + k).
k

Theorem 9.7 The function A(f, s) has a meromorphic continuation to s € C. It satisfies
the functional equation

Alfs) ="A(fw—s)

and has at most simple poles at integers s € Z. Its polar part is

Y 1
;(_27{) a0’0<s —w—k s+ k>’

where w = w(f) and h = h(f).

Since the definition of A only involves a%?,, for mn > 0, the theorem gives a means to
deduce the constant part of f by analytic continuation. Indeed, we have

00 . 0, dy
Ags)= | (fliy) —f @)y 3
0
for Re(s) large. The theorem is easily proved by decomposing the range of integration into
a piece from 0 to 1 and 1 to oo and invoking the functional equation, in the usual manner.
In particular, for any convergent modular graph function, we can associate an L-function.

Similarly, one can assign (a family of) L-functions to universal mixed elliptic motives [18].
This will be discussed elsewhere.

9.5 Orthogonality conditions

We now wish to consider the problem of finding linear combinations of equivariant
iterated integrals which only involve Eisenstein series, i.e. in which all integrals of cusp
forms cancel out. This is equivalent to finding linear combinations of the Mg;?zb which
are orthogonal to all cusp forms under the Petersson inner product. Since this problem is
discussed in [1], §22 in an essentially equivalent form, we illustrate with a simple example.
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Example 9.8 Let k = 0, and let A denote the Hecke normalised cusp form of weight 12.
Consider the four ‘lowest weight’ functions Flzg 5’2’2b+2 € Mygofora+b=5and1 <a,b

which are described in Theorem 9.3, and satisfy the equations

3F2’8 = LG45&0 — Olz’g]LA ) 3F8’2 = L(qugglo — Ollo’4LA
9F%e = LGeEs0 — LA , 9F%% = LGg&so — o®4LA

2a,2b

where o are determined by the Petersson inner product:

a2a,2b<A, A) = <G2a+2<€2b,0: A).

The right-hand side can be computed by the Rankin—Selberg method [1] §9 and implies
that >%2? is proportional, by some explicit factors, to L(A, 2a + 1)L(A, 12). On the other
hand, it is well known that the quantities L(A, k) for 1 < k < 11 satisfy the period
polynomial relations over Q, and we deduce that the quantity

X = 9(F>® — F%?) + 14(F*® — F%*)

has the property that all terms involving A drop out of 3X. One can show, furthermore,
that X is dual to the relations between double zeta values in weight 12.

Viewed in this manner, it might seem hopeless to find iterated integrals of Eisenstein
series of higher lengths which are equivariant. Already in length three, the Rankin—Selberg
method can no longer be applied in any obvious manner to find the necessary linear
combinations of triple Eisenstein integrals. Fortunately, using the theory of the motivic
fundamental group of the Tate curve, we can find an infinite class and, conjecturally all,
solutions to this problem. This is summarised below.

10 A space of equivariant Eisenstein integrals
Recall that E is the graded Q vector space generated by Eisenstein series (3.9). Let Z%"
denote the ring of single-valued multiple zeta values.

Theorem 10.1 There exists a space MIE C M with the following properties:

(1) It is the Z%V-vector space generated by certain (computable) linear combinations of
real and imaginary parts of regularised iterated integrals of Eisenstein series.

(2) The space MTE[LF] is stable under multiplication and complex conjugation.

(3) It carries an even filtration (conjecturally a grading) by M-degree, where 1L has M-
filtration 2, and the &, have M-filtration 2. It is also filtered by the length (number
of iterated integrals), which we denote by MI}E c MI~E.

(4) The subspace of elements of MZIF of total modular weight w and M-filtration < m is
finite-dimensional for every m, w.

(5) Every element of MTE admits an expansion in the ring

Z¥((g gNIL*],

i.e. its coefficients are single-valued multiple zeta values. An element of total modular
weight w has poles in 1L of order at most w. An element of M-filtration 2m has terms
in ]kaor k <m.
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(6) The space MTIF has the following differential structure:

d(MIE) c MIE +E[L] x MIE_,
(MIE) ¢ MZE +E[L] x MIE |

where E is (3.9). The operators 3, d respect the M-filtration, i.e. degy; d = degy; d = 0,
where the generators Goy,4o of E are placed in M-degree 0.

(7) Every element F € MZ}E of total modular weight w satisfies an inhomogeneous
Laplace equation of the form:

(A+w)F € (E+E)[L] x MT%_| + EE[L] x MT%_,.
Explicitly, we have MZE = 2%, and

MIF =2V @ @D &, 2.

1,5>0

In length 2, we can show that MIg is generated by the coefficients of linear combinations
of Mg;)z , which do not involve any cusp forms, and in particular the example of Sect. 9.3.
The previous theorem can be compared with Sect. 1.1: the class MZF satisfies most, if
not all, the conjectural properties of modular graph functions.

Remark 10.2 A more precise statement about the Laplace equation (7) can be derived
from the differential equations (6). In fact, the differential equations with respect to 9, d
are the more fundamental structure. This simplicity is obscured when looking only at the
Laplace operator. Recently, a generalisation of modular graph functions called modular
graph forms were introduced in [11]. These define functions in M of more general mod-
ular weights (7, s), and, up to scaling by ¥, are closed under the action of 9, 9. It suggests
that one should try to find systems of differential equations, with respect to 9, 9, satisfied
by modular graph forms using partial fraction identities (see [11], (2.30)), and match their
solutions with elements in MZE[LE].

We briefly explain how the previous theorem relates to a recent observation in [12]
for modular graph functions. Suppose that f € MZ® of modular weights (w, w). Then,
L¥f is modular invariant, and by (7) and repeated application of (2.23) it satisfies an
inhomogenous Laplace eigenvalue equation with eigenvalue

—(2w+2w—2+2w—4+---+2+0)=—2(3/):—w(w—l).

It was observed in [12] that dihedral modular graph functions satisfy an inhomogeneous
Laplace equation with eigenvalue —s(s — 1), where s is a positive integer, and the same
statement was proved in [14] for two-loop modular graphs functions using the represen-
tation theory of SO(2, 1).

The M-filtration can be made more precise. If F € MTE of M-filtration < 2m, then
the coefficient of L™ in the constant part F° of F is a single-valued multiple zeta value of
weight < k + m. If one assumes (for example, by replacing multiple zeta values with their
motivic versions) that multiple zeta values are graded, rather than filtered, by weight, then
this filtration would also be a grading. For example, the elements &, ; have constant parts

& e LQ+L " ¢(r+s+1)Q.
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The (MZV)-weight of ¢ (r 4+ s + 1) is (conjecturally) r + s + 1, and the weight of a rational
number is 0. This is entirely consistent with deg,,; &,s = 2.

This theorem and further properties of MZ* will be proved in the sequel.

11 Meromorphic primitives of cusp forms
We revisit the problem of finding primitives of cusp forms. If we allow poles at the cusp,
then we can indeed construct modular equivariant versions of cusp forms [4].

11.1 Weakly analytic variant of M
Let M'r . denote the vector space of functions f : §§ — C which are real analytic modular
of weights (1, s) € Z? admitting an expansion of the form
N
flq) = Z Lk Z a%})nqmqn

k=—N m,n>—M

for some integers M, N € N, i.e. with polesin g, g at 0. Let
! 1
M =P M.
s

It is a bigraded algebra and satisfies M' = M[A(z)7}, A(z)il] where A(z) denotes the
Hecke normalised cusp form of weight 12. This ring of functions satisfies similar properties
to M, and is equipped with operators 9, 3, A as defined earlier.

Definition 11.1 Define a space of modular iterated integrals MZ' C M as follows. Let
MT' | =0and let MI;( C M be the largest subspace which is contained in the positive
quadrant (modular weights (r, s) with r, s > 0), such that

IMI, C MI; +M[L] x MT;_,,
IMT, € MT} + M'[L] x MT}_,.

We now give some examples of elements in MI’k for k < 2.

11.2 Primitives of cusp forms
The following theorem is proved in [4].

Theorem 11.2 For every cusp form f € S, there exists a canonical family of functions
H(f)ys for all v, s > 0, with r + s = n satisfying

dH( o = Lf

OH()rs = (r + DVH()ry1,5—1 Sforalll <s<w
and

3H(on = Ls(f)

AH s = (s + DH(F)r—1541 foralll <r <w,

where s(f) € S', is a weakly holomorphic modular form canonically associated with f. The
H(f)y,s are eigenfunctions of the Laplacian with eigenvalue —n.
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If we write
H(f) = Y HF)ps(X —2Y) (X = ZY)5,
r+s=n

then the system of equations above are equivalent to
dH(f) = wif (2)(X — zY)"dz + 7wis(f)(z)(X —zY)"dz. (11.1)

In [1] §18, these formulae were generalised to all higher order iterated integrals. We
show in [4] that MI!O = C[L~!], and prove:

Theorem 11.3 MZT} is the free C[L™']-module generated by the H(f),,s .

11.3 New elementsin M,

By multiplying by a suitable power of A(z)A(z) to clear the poles at the cusp, we obtain
elements in M. For every cusp form f € S,

——N
Alz) H(f)rs € M

for sufficiently large N (in fact, N = dim S, will do). In particular,
ARYH(AZ))rs € Mystr2.

This provides further evidence that the space of modular forms M contains potentially
interesting elements.

11.4 Double integrals

Having defined the weakly holomorphic modular primitives of cusp forms, we can use
them to construct equivariant double integrals of an Eisenstein series and a cusp form, or
two cusp forms. The definition is along very similar lines to Sect. 9: consider the indefinite
integrals of the one-forms:

fOHEQ+H)®F or f®E+HF)QE,

They are closed by (11.1), and so their indefinite integrals are well-defined (homotopy
invariant). The general strategy is always the same: let

Q=) o X —2Y) (X —ZY)°
r+s=n

with dQ2 = 0, and w5 € /\/l!r+2,sdz + ./\/li,,H_sz (which implies that Q(yz)|y = Q(z) for

all y € SLy(Z)). Consider the indefinite integral
20
Flz) = / Q
z

where zp € 9 is any point. Then,
y = Flya)|, - Fl) € Z'(SLaZ);V,®C)

is a cocycle. By the Eichler—Shimura theorem, we can add primitives of holomorphic
modular forms, anti-holomorphic cusp forms, and constants to F to make this cocycle
vanish (this is a generalisation of the proof of Lemma 3.12). The resulting function is
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therefore modular equivariant. Extracting the coefficients in the manner of Proposition
7.1, we obtain non-trivial functions in Mfz.

As above, by multiplying by sufficiently large powers of A(z)A(z), we can clear poles in
the denominators to obtain yet more elements in M, and so on.
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