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This paper introduces a new class of robust estimators for the linear
regression model. They are weighted least squares estimators, with weights
adaptively computed using the empirical distribution of the residuals of an
initial robust estimator. It is shown that under certain general conditions
the asymptotic breakdown points of the proposed estimators are not less
than that of the initial estimator, and the finite sample breakdown point
can be at most 1/n less. For the special case of the least median of
squares as initial estimator, hard rejection weights and normal errors and
carriers, the maximum bias function of the proposed estimators for point-
mass contaminations is numerically computed, with the result that there is
almost no worsening of bias. Moreover—and this is the original contribution
of this paper—if the errors are normally distributed and under fairly general
conditions on the design the proposed estimators have full asymptotic
efficiency. A Monte Carlo study shows that they have better behavior than
the initial estimators for finite sample sizes.

1. Introduction. In this paper we address the problem of robust and efficient
estimation in the linear regression model. It is well known that the least squares
estimator (LSE) of the regression parameter 6 has the smallest variance among
unbiased estimates when the errors are normally distributed. However, the LSE
is extremely sensitive to atypical data. A single observation placed far enough
from the bulk of the data can carry the LSE arbitrarily far from 6, no matter how
big the sample size is. This lack of stability of the LSE is a serious problem in
applications. Thus several estimators that possess some stability in variance and
bias under deviations from the regression model have been proposed over the last
30 years. However, some loss in efficiency under the normal model has been the
price of this stability.

The least median of squares estimator (LMSE), proposed by Hampel (1975)
and further developed by Rousseeuw (1984), was the first equivariant regression
estimator that attained the maximum asymptotic breakdown point 1/2 (as defined
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in Section 3). But this estimator has an important drawback: its rate of convergence
is n~!/3 [see Davies (1990)] and hence its relative efficiency with respect to
the LSE is 0. To obtain a more efficient estimator under normality, Rousseeuw
and Leroy (1987) suggested computing a weighted LSE (WLSE), skipping those
observations whose LMSE standardized absolute residuals are greater than some
fixed cutoff value. However, He and Portnoy (1992) showed that, even though the
weighting step does reduce variability, the rate of convergence remains the same
and hence the asymptotic efficiency is still O.

S-estimators, proposed by Rousseeuw and Yohai (1984), were the first high-
breakdown regression estimators to achieve the usual n'/2-consistency under ap-
propriate regularity conditions. However, Hossjer (1992) showed that S-estimators
cannot achieve simultaneously high breakdown point and high efficiency under the
normal model. Regression estimators that can attain a nearly optimal efficiency and
maximum breakdown point at the same time are M M -estimators [Yohai (1987)]
and t-estimators [Yohai and Zamar (1988)]. However, tuning up these estimators
for high efficiency will be accompanied by an increase in bias as an unpleasant
side-effect. And, in any case, they will never achieve maximum asymptotic effi-
ciency and positive breakdown point simultaneously.

We introduce in this paper a new class of estimators that simultaneously attain
the maximum breakdown point and full asymptotic efficiency under normal errors.
They are WLS estimators computed from an initial robust estimator, but unlike
Rousseeuw and Leroy’s proposal, the cutoff values are adaptively calculated from
the data. We call these new estimators REWLSESs (robust and efficient weighted
least squares estimators).

A different approach to robust and efficient estimation in linear regression
models is presented in Agostinelli and Markatou (1998). They also proposed
a WLSE computed from an initial robust estimator, but their weighting scheme is
based on a measure of disparity between the density of the errors under the model
and the smoothed empirical density of the residuals. The method we propose is
based on the empirical distribution instead, so it is theoretically more tractable.

This article is organized as follows. The REWLS estimator is defined in Sec-
tion 2. Sections 3 and 4 analyze its robust and asymptotic behavior, respectively.
A Monte Carlo study is reported in Section 5. Proofs of the main results are given
in the Appendices, although the reader is referred to Gervini and Yohai (2000) for
complete technical details.

2. The REWLS estimator. We are given a random sample (xg, y1),...,
(X,, yn), where x; is a vector of p explanatory variables and y; is the response
variable. We assume they are linked by the linear relationship
(1) i =x;0 +u;,

where 6 € R? is the regression parameter we will primarily focus on, and the error
terms {u;} are i.i.d. unobservable random variables with unknown distribution
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Fy(-/o) for some scale parameter o > 0. Most of the results in this article will
assume that Fj is symmetric about 0. This assumption, which is usual in many
papers on robust regression, simplifies the theoretical treatment of the consistency
and asymptotic normality of the estimators. Moreover, one of the main applications
of our theory is the construction of highly robust estimates with full asymptotic
efficiency under normal errors, and for this application the symmetry assumption
certainly holds.

Consider a pair of initial robust estimators of regression and scale, Ty, and S,
respectively. If S, > 0, the standardized residuals are defined as

Yi — X;TOn
Sn )

A large value of |r;| would suggest that (x;, y;) is an outlier. Assuming a normal-
error model, it seems reasonable to consider as outliers those points with |r;| > 2.5,
say. Following this idea, Rousseeuw and Leroy (1987) defined

ri =

1, if |r;| < 10,

2 =
o Y=o, ifr =10,

with 79 = 2.5, and computed a WLS estimator Ty, = (X'WX)~'X’WY, where
W = diag(wy,...,wy,) and Y = (y1,..., yn)". It is known that this weighting
step improves the efficiency under normal errors and it maintains the breakdown
point of the initial estimator. However, even if observations perfectly followed the
assumed linear model, there would be a small probability that the standardized
absolute residuals exceeded any given fixed cutoff value. Thus a WLSE computed
with weights as in (2) cannot be asymptotically efficient. Of course, a very large
cutoff value 7y could be used in (2) so that for any sample size to appear in practice
no observations would be downweighted, and the WLSE would still maintain the
breakdown point of the initial estimator. But such a choice of 79 would have an
adverse effect on the maximum bias of the estimator (as defined in Section 3).

The estimator we propose uses adaptive cutoff values. These cutoff values are
constructed in such a way that the resulting WLSE is asymptotically efficient under
the normal-error model and is robust under some deviations from the linear model.
In particular, it maintains the breakdown point of the initial estimator and it does
not worsen the maximum bias function too much, as we shall see in Section 3.

The adaptive cutoff values are defined as follows. Let the empirical distribution
function of the standardized absolute residuals be

1 n
FRoy==Y I(ri| <0).
iz
To detect outliers, we could compare F,fr (¢) with the distribution function of the
absolute errors under the model, F(;L (¢). If Fn+ (1) < F(;r (1), the sample proportion
of absolute residuals that exceed ¢ is greater than the theoretical proportion.
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If this happens for a large ¢, it means that outliers are present in the sample.
However, since the actual distribution of the errors is never known in practice,
a hypothetical F must be used instead of Fy. Typically, F = ® will be chosen,
although we will only require that F have finite variance. As a measure of the
proportion of outliers in the sample, we then define
3) dy = sup{F* (1) — F,f (0},

=1
where {-}* denotes the positive part, F denotes the distribution of |X| when
X ~ F and 7 is some large quantile of F*. A value = 2.5 as chosen by Rous-
seeuw and Leroy seems reasonable. Note that if |r|) < --- < |r|,) are the order
statistics of the standardized absolute residuals and iy = max{i : |r|;) < n}, then

(i—1) }ﬁ

dy = maX{F+(|r|(i>) -
1>1(

Thus we eliminate those |nd, | observations with largest standardized absolute

residuals (here |a] is the largest integer less than or equal to a). The resulting

cutoff value is

4) ty =min{t: F (1) > 1 —d,},

that is, t, = |r|,) with i, =n — |[nd,]. Observe that i, > ip and #, > n. With
this adaptive cutoff value, we define weights of the form w; = w(|r;|/t,) and the
REWLSE is

[x'wx)Tix'wy, if S, >0,

The most common weight function is the hard-rejection weight w(u) =1 (u < 1),
as in (2). But, in general, we will only require:

WI1. The weight function w: [0, o0) — [0, 1] is nonincreasing, right continuous,
continuous in a neighborhood of 0, w(0) =1, w(u) > 0 for 0 <u < 1 and
w(u) =0 foru > 1.

Property W1 ensures that w; = 0 if |r;| > t,,, so that observations with large
residuals are completely eliminated in the weighting step. Since f,, remains boun-
ded in the presence of outliers, as we show in Section 3, this implies that Ty,
keeps the finite sample and asymptotic breakdown points of Tp,. On the other
hand, when Fy is of unbounded support but of lighter tails than F, t, — oo
under the model and then w(|r;|/t,) — 1. The same happens if Fj is of bounded
support with lighter tails than F and w(u) is the hard-rejection function. This
will eventually make T, asymptotically equivalent to the LSE under the model.
Precise conditions for this to happen are given in Section 4. But we will analyze
first the robust theoretical properties of the REWLSE.
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3. Robustness of the REWLSE. In this section we study the behavior of
the REWLSE under certain deviations from the central model. First, we analyze
asymptotic robust properties as given by the maximum bias function and the
influence function. In Section 3.4 we turn our attention to finite-sample robust
properties, specifically the finite-sample breakdown point.

3.1. Maximum bias properties. We say that the random vector (X, Y) follows
the central model if

5) (X,Y)~Hy  with Hy(x,y) = Go(x) Fo{(y —x'0)/c}.

The kind of departures from (5) we will consider consist of distributions in the
gross-error neighborhood

H.={H=(1—¢)Hy+¢cH": H" any distribution on }RPH}.

Although #, is not a neighborhood in the topological sense, this definition allows
an intuitive interpretation: we can think of H € #; as a distribution that produces
a fraction ¢ of outliers. We then assume 0 < ¢ < 0.5, so the majority of the data
will always follow the central model (5).

Most estimates of 6 can be defined by functionals. Let T be an R”-valued
functional defined on a subset of distributions in R”*! which includes all the
empirical distributions and the contamination neighborhoods #; for 0 < ¢ <
0.5. Given a sample (xy, y1),..., (X, y») with empirical distribution H,, the
estimate of 6 associated with T is T, = T(H,). Similarly, scale estimates can
be defined by nonnegative functionals S defined on a subset of distributions
in R. A regression estimating functional T(H) is Fisher consistent if T(Hp) = 6.
Another desirable property of regression estimating functionals is regression,
affine and scale equivariance. This equivariance property means that, given (X, Y)
that satisfies (5), b € R”, a nonsingular A € R”*? and a € R, if we define
Y* =aY + X'b and X* = A'X and H{ denotes the distribution of (X*,Y*),
then T(HJ) = A~YaT(Hy) + b}. Note that (X*, Y*) satisfies model (5) with
regression parameter * = A~! (a6 + b), so this invariance requirement is natural.
For a scale functional § it is natural to require scale equivariance; that is, if ¥ has
distribution R and R* is the distribution of Y* = aY, then S(R*) = |a|S(R).

The distance between the regression estimator T(H) and the target parameter 0
is given by the asymptotic bias

©6) b(T, H) = {(T(H) — 6) C(Go)(T(H) — 0)}'*/S(Ry),

where C(Gy) is an affine equivariant scatter functional and Rg = Fy(-/o’). This
measure of bias is invariant under the transformations described in the preceding
paragraph when T is Fisher consistent. An invariant measure of bias for the scale
estimator is given by

(7 b(S, Rp) = |log(S(Rm)/S(Ro))

’
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where Ry is the distribution of ¥ —X'T(H) when (X, Y) ~ H. Note that b(S, Ry)
accounts for both explosion and implosion of the scale estimator.

As a measure of the outlier resistance of T, we consider the worst possible bias
produced by a distribution H € #,. This is given by the maximum bias (maxbias)
function

(8) Br(e) =sup{b(T, H): H € ¥, }.

The maxbias function for the scale estimator is defined analogously. We consider
that an estimator is robust if Bt(¢) < oo for some ¢ > 0. Since any equivariant
estimator will explode for & large enough, the asymptotic breakdown point is
defined as

et = inf{e: Br(e) = oo}.

To specify the functional form of the REWLSE, let us consider a random vector
(X, Y) with joint distribution H and initial estimators To(H) and So(Rpy) of
regression and scale. If So(Rgy) =0, then we set T{(H) = To(H). If So(Rg) > 0,
then the standardized residual is

Y —X'To(H)
ruX,Y)=—+———
So(Rp)
and the distribution function of the standardized absolute residual is
) Fii(t) = Pu(IruX, V)| <1).

The functional forms of (3) and (4) are then

d(H) =sup{F* (1) — F(O}Y,
(10) =
t(H) =min{t: F;(t) > 1 —d(H)}.

The definition of d(H) automatically implies that 1 (H) > n. The weights are of
the form wy (X, Y) = w(lrg (X, Y)|/t(H)) with a function w () that satisfies W1.
Thus the REWLSE is defined as

(11) T, (H) = argmin Eg{wp (X, ¥)(¥ — X')2}.
Note that if t
y(H) = argmin Eg{wy (X, V)(Y — X'To(H) — X't)*},
then t
Ti(H) =To(H) + y(H).

In Gervini and Yohai (2000) it is proved that Eg{wy (X, Y)(Y — X’TO(H))Z} 18
finite for any H € #, with ¢ < min{e%{), s§0} and hence y (H) is well defined.
When Eg{wg (X, Y)|X]||?} is infinite it is more complicated to obtain an explicit
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expression for y (H), but in this paper we will not need it anyway. The interested
reader can find it in Gervini and Yohai (2000). Assuming that the estimating
functional Ty is Fisher consistent and Fp is symmetric, the Fisher consistency
of T follows from (11). The equivariance of T follows from the equivariance
of Ty and Sp.

Theorem 3.1 shows that the asymptotic breakdown point of the REWLSE is
not less than those of the initial regression and scale estimators, and therefore it
attains the maximum 50% if the initial estimators are properly chosen. The proof
of Theorem 3.1 can be found in Gervini and Yohai (2000). We make the following
assumptions:

R1. P;,(X'v=0) < 1 for every v € R”;
R2. ¥ = E¢,(XX/) is finite and positive definite;
R3. Fj is strictly increasing.

THEOREM 3.1. [f the hypothetical distribution F has finite variance and
R1-R3 and W1 hold, then the asymptotic breakdown point of the REWLSE is
8:;1 > min{s%o, 8§0}.

For a more complete description of the robustness properties of the REWLSE,
we would need to compute the maxbias function for all ¢ between 0 and s%l.
For some estimators this is possible [see, for instance, Martin, Yohai and Zamar
(1989)]. Unfortunately, we were not able to do that for the REWLSE. However,
when the initial estimator is the LMS, it is possible to evaluate numerically the
maxbias function for point-mass contaminations. This is discussed next.

3.2. Point-maxbias function when the LMS is the initial estimator. To illustrate
the effect of the REWLS weighting scheme in the bias of the initial estimator, we
consider the case of the LMS as initial estimator. This special situation is important
because the maximum bias of the LMSE is close to the minimum maxbias
attainable within the class of residual admissible estimators [see Yohai and Zamar
(1993)]. Besides, the LMSE is perhaps the most popular robust estimator among
practitioners, despite its shortcomings.

To obtain a numerically computable approximation of Bt(g), we restrict our-
selves to a narrower neighborhood of Hj, where only point-mass contaminations
are allowed, and consider the point-maxbias function

(12) B (e) =sup{b(T, (1 —8)H()+8AZ)ZZ€RP+1}.

For the LMSE the maxbias and the point-maxbias functions coincide. This is
proved in Martin, Yohai and Zamar (1989), where an explicit expression for
Brms(e) is given. Here we take Hp as the multivariate normal, n = 2.5 and
the hard-rejection weight w(u) = I (u < 1). See Gervini and Yohai (2000) for
a detailed explanation of how (12) is computed. Table 1 displays some values
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TABLE 1
Maximum biases for point-mass contaminations

Percentage Estimator
contamination LMS REWLS T
0.05 0.53 0.54 0.63
0.10 0.83 0.85 0.95
0.15 1.14 1.17 1.30
0.20 1.52 1.56 1.62

of (12) for LMSE and REWLSE. Maxbiases of the WLSE with cutoff value
o = 2.5 were also computed and they coincide with those of the REWLSE (up to
two decimal places). We also include the maximum biases of a T-estimator with
0.5 breakdown point and 0.95 relative efficiency [see Table 1 in Yohai and Zamar
(1988)].

We see in Table 1 that the maximum biases of the REWLSE exceed those of the
LMSE only slightly, and in all cases they are less than the maximum biases of the
T-estimator. In conclusion, we can say that the proposed weighting scheme does
not affect the asymptotic bias of the initial estimator very seriously. In any case,
the small losses in asymptotic bias are compensated by the gains in asymptotic
efficiency. A similar behavior was observed for small samples, as the Monte Carlo
study reported in Section 5 shows.

3.3. Influence function. Besides the maxbias function, a useful tool for
evaluating stability of an estimator is the influence function. Given (x, y) € RP*!
and A(y,y), the corresponding point-mass distribution, let H, = (1 — ¢)Hy +
£A(x,y). The influence function of T at (x, y) is defined as

1
IFr(x, y) = lim - {T(H,) — 6}.
T(X, ) glf{)’g{ (H) — 0}

The book by Hampel, Ronchetti, Rousseeuw and Stahel (1986) develops a theory
of robust estimation based on the influence function, focusing on bounded-
influence estimators. This approach, however, leaves out many estimators with
good robust properties. We will say more on this after Theorem 3.2.

Theorem 3.2 gives the influence function for a general WLSE computed with
cutoff values 7 (H,) that converge to a certain g when ¢ goes to 0. To apply this
result to the REWLSE, we need to know the limiting behavior of d(H) and ¢ (H).
Let

do = sup(F* (1) — Ff (O},
(13) 1>
to =min{t: Fy (1) > 1 — dp}.

Observe that 79 > 7.



ROBUST AND EFFICIENT REGRESSION 591

LEMMA 3.1. Let d(H) and t(H) be as in (10). If To and Sy are Fisher
consistent, limg o B, (&) = limg o Bs,(¢) =0 and Fy(t) is continuous, then:

(1) limg o Suppe g, ||F0+ - F;;IIOO =0, where || - ||co denotes the supnorm of
functions.
(i) limgyosupy ey, |[d(H) —do|l =0.
(iii) If to = oo, limg ginfyeg, t(H) = co. If tg < 00 and Fy is strictly
increasing in its support, then limg o Supy e, 11(H) — 1o = 0.

For Theorem 3.2 we require additional smoothness properties:

W2. The function h(s,t) = [w(s|lu — t|)dFo(u/o) is continuous at (s, 0) for
every s > 0. Let

(14) 1 :hl(aito’o) =/w<|tl0|> dFy(u).

W3. The function ha(s,t) = [w(s|lu — t|)udFo(u/o) is differentiable in the
variable ¢ for every s > 0 and 9k, /9t is continuous and bounded in both
variables. Let

ohy (1
15 =—(—,0).
( ) © ot (O’ fo )
Condition W2 holds if w(u) is continuous or if Fy(u) is absolutely continuous.
Condition W3 holds if w(u) is continuously differentiable, in which case

= —/u/(M)MdFo(u),
fo/ o

or if Fo(u) has a continuously differentiable density function fy(u), in which case

t2=/w(|tl0|>{fo(u)+uf6(u)}du

=1 +/w<|tio|>uf6(u)du.

THEOREM 3.2. Let Ty (H) be a WLSE computed with arbitrary cutoff values
t(H) such that limg ot (H;) = to. If assumptions R2 and W1-W3 hold, the
initial estimators satisfy limg o To(H;) = 60 and limg o So(Rp,) = o and the error
distribution Fy is symmetric, then the influence function of T is

ly —x'0]

(16) IFp,(x,y)=1;" {w( )Z_lx(y — X'6) + 12l Py, (x, y)},

oty

where 1Fr, is the influence function of the initial estimator and T is given by (14)
and v by (15).
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When #y = oo we have 71 = 1 and 7 = 0, so the influence function of the
REWLSE coincides with that of the LSE and then it is unbounded. In spite of
that, the REWLSE is nonetheless robust. Yohai and Zamar (1993) proved that
residual-admissible estimators (a broad class that includes, among others, the
LMSE and S-estimators) share with the REWLSE this characteristic of positive
(even maximum) asymptotic breakdown point but unbounded influence. Other
classes of estimators, such as GM-estimators, have bounded influence but their
breakdown points tend to 0 when p increases. Hence bounded influence is neither
a necessary nor a sufficient condition for robustness.

3.4. Finite-sample breakdown point. Section 3.1 analyzes the robustness of
the REWLSE from an asymptotic point of view. In particular, Theorem 3.1 gives
a lower bound for the asymptotic breakdown point of the REWLSE under the
gross-error model. An analogous but nonasymptotic measure of robustness is
the finite-sample replacement breakdown point, defined by Donoho and Huber
(1983) as follows. Given a random sample (X1, y1), ..., (Xn, Yn), let z; = (X;, y;)
and Z = {zy, ..., z,}. For m < n, let Z,, be the set of all corrupted samples Z*
obtained after replacing m data points of Z with arbitrary values. The finite-
sample replacement breakdown point of a regression estimator T, is defined as
the smallest fraction of outliers that can carry the estimator beyond all bounds.
Formally,

* o N
&,(T,,Z) = min {—. sup ||IT,(Z")| = oo}.
l<m<n|n Z*€Z,,

The following theorem gives a lower bound for ¢ (T1,, Z) when Z is in general
position and S, is a scale M-estimator. We recall [see Rousseeuw and Yohai
(1984)] that Z is said to be in general position if no hyperplane in R” can contain
more than p points of {xy, ..., X,}. Givenu = (u1, ..., u,) € R*, an M-estimator
of scale §,, is defined as

1< ;
(17) S,,(u):inf{s>0:—2p<ﬂ)§b},

n i s
where p is even, nonnegative and nondecreasing for # > 0 and p(0) = 0. Usually,
b is chosen equal to E¢(p) so as to make S, consistent for o when u1, ..., u, is
a random sample of an N (0, o2) distribution.

THEOREM 3.3. Assume that W1 is satisfied, F has finite variance and the
sample Z is in general position. Also assume that S,, is a scale M -estimator based
on a p-function such that p(u) = a if |u| > ¢, where ¢ < n. Then

ex(Tin, Z) > min{e; (To,, Z), b/a,1 —bja — p/n}.
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Observe that if b/a = (n — p)/2n this theorem implies that ¢} (T1,,Z) >
min{e} (To,, Z), (n — p)/2n}. Since, for any regression equivariant estimate T,
en(Ty,Z) < ([(n — p)/2] + 1)/n [see Rousseeuw and Leroy (1987)], we get
er(Tin, Z) > €} (Ton, Z) — 1/n for any equivariant estimator Toy,.

A popular scale estimator is the standardized MAD defined by

Su(ut, .. un) = median(lus |, ..., lun)/ @' (3/4),
which is the scale M -estimator corresponding to the choices
p)=1(lul = ®~'(3/4)),

b=1/2,a=1and c = ®~'(3/4). Note that c is less than n = 2.5 as required
by Theorem 3.3. In this case b/a = 1/2, which is close to the optimal value
(n — p)/2n for large n. Another common scale M-estimator corresponds to Tu-
key’s biweight function

2 2 4
-G a) =
)2 2 3¢t
(18) pew) =1 %
—, if |u| > c.
6
The tuning constant that simultaneously makes b/a = 1/2 and b = E¢(p.) is
¢ = 1.547, which is also less than n = 2.5.

4. Asymptotics of the REWLSE. This section studies the asymptotic behav-
ior of the REWLSE under the central model. We show that, under fairly gen-
eral assumptions on the error distribution Fy and the design space, the REWLSE
is asymptotically equivalent to the LSE and hence asymptotically efficient for
the normal-error model. We assume throughout this section that the sample
X1, y1), ..., (Xy, y,) follows the central linear model (1). The explanatory vari-
ables are assumed to be deterministic. However, all the results are still valid if
X1, ...,X, 1S a random sample stochastically independent of the errors, because
the assumptions on the design would hold with probability 1.

We consider first the regular case of Tp, being n'/?-consistent and asymptot-
ically linear. In that situation convergence in probability of the cutoff values is
enough to ensure n!/2-consistency and asymptotic normality of the REWLSE. The
asymptotic behavior of the cutoff values (4) is established in Lemma 4.1, which
makes use of the following assumptions:

Al. Ty, — 0 and §,, — o in probability;
A2. limg_ oo limsupn ' 7, 1(||x;]| > K) =0.

These assumptions are very general. Condition Al should be satisfied under
general conditions by all estimators used in practice. For the special case of
S-estimators, see Theorem 3 of Davies (1990). Condition A2 is always satisfied
by random carriers with probability 1.
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LEMMA 4.1. If Al and A2 are satisfied and Fy is continuous, then:

() I1F; — Ff lloo = 0p(1).
(i) If d, is as in (3) and dg as in (13), then d,, — dy in probability.
(iii) If, in addition, Fy is strictly increasing in its support and t,, is as in (4)
and tg as in (13), then also t, — to in probability.

Lemma 4.1 implies that if the tails of Fp are lighter than the tails of the
assumed distribution F, then no observations are downweighted in the limit,
and the REWLSE becomes asymptotically equivalent to the LSE as shown in
Theorem 4.1. Note, however, that if Fy has heavier tails than the normal, then
the LSE is not a good estimator. For this reason we recommend taking F = .

To obtain the asymptotic distribution of the REWLSE, we need to assume:

A3. The initial regression estimator admits the asymptotic linear expansion

L1 u; _
T0n—9=rn1;ZW<;l)Xi+0P(n 1),
i=1

where v is a bounded odd function and 2,1/ 2Fn_ 12,1,/ 2 converges in

probability to a symmetric positive-definite matrix I', where X, is as in A4.
A4, Letx,=n""! Y11 X;x;. Then the sequence of smallest eigenvalues of X, is
bounded away from 0.
AS. limg oo limsupn =t 37, [Ix: 121 (|Ix; || > K) = 0.
W4. Let

ha(s.1) = / w(slu — thuy (/o) d Fo(u/o).

ha(si, 1, 52, 12) = / w(silu — 1) wsalu — t2)u’ d Fou/o).

These functions are bounded and continuous at (s,0) and (sq,0, 52, 0),
respectively, for every nonnegative s, s; and s;.

Assumption A5 implies the condition called D1 by Davies (1990). Lemma B.1
in Appendix B shows that if Ty, is consistent and solves the estimating equation

n L /T
(19) Zw(iy . °”)x,» =0,
i=1 n

then, under some regularity conditions on 1, A3 is satisfied with

g

Ery(¥")

(20) I'= L.
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The S- and rt-estimators are defined as global minimizers of complicated
nonconvex functions. Except for very small p, finding the global minimum is
computationally impractical or even infeasible. However, (19) is satisfied by any
local minimum of an S-estimating function. Yohai and Zamar (1988) proved
that local-minimum t-estimators (including S-estimators) with high breakdown
can be found by using an iterative weighted least squares algorithm starting
with a consistent and high-breakdown regression estimator. Adrover, Bianco and
Yohai (2001) showed that t-estimators computed by a subsampling algorithm
as proposed in Rousseeuw and Leroy (1987) are consistent and have the same
breakdown point as the exact t-estimator with probability as close to 1 as desired,
provided enough subsamples are taken.

We state Theorems 4.1 and 4.3 below in terms of arbitrary cutoff values, not
necessarily those given by (4). Our purpose in doing this is twofold: first to broaden
the applicability of the results to include other types of WLSE’s and second
to pinpoint the hypotheses that are really necessary in each case. For instance,
continuity of Fy is not necessary for these theorems if w is smooth enough. For
the REWLSE, though, we need the continuity of the error distribution to ensure
convergence in probability of the cutoff values.

THEOREM 4.1. Let {Ty,} be a sequence of WLSE’s computed with arbitrary
cutoff values {t,} that converge in probability to some to (Which may be infinite).
Suppose that

U| Nk

— UL+ ¢y (U)—T

fo o

is finite, with ty as in (15). If Fy is symmetric and conditions W1-W4, Al and
A3-AS are satisfied, then

(22) A ZYA(T, —0) =p N(0, V(1) /1),

21) V(1) =02EF0{w<

with Ty as in (14). Moreover, when ty = 0o condition A3 is not necessary and (22)
holds, provided To, — 0 = Op(n—1/?).

According to Theorem 4.1, when 7y = oo the asymptotic variance of /n E,I,/ 2 x
(T1, — 0) comes down to o2E F(U I and then the WLSE is asymptotically
equivalent to the LSE. In such situations Theorem 4.1 is implicitly assuming
that F{y has finite variance. In the specific case of the REWLSE, when Fj is strictly
increasing in its support the asymptotic cutoff value is 7y = (F(;r Yy L1 = dy),
according to Lemma 4.1. If the support of Fj is unbounded, fy = 0o only if dy = 0.
This in turn happens only if the tails of Fy are lighter than the tails of the assumed
distribution F, so E g, (U?) will automatically be finite if F is chosen with finite
variance. If Fy is of bounded support, the asymptotic cutoff 7o = (F(;L (1) is
finite and the REWLSE is asymptotically equivalent to the LSE only when hard-
rejection weights are used.
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Let us now turn to the case where the initial regression estimator is not n'/?-
consistent. This is the case of the LMSE, which is only n'/3-consistent, although
the companion scale estimator is still n'/?-consistent [see Theorems 4 and 5 in
Davies (1990)]. He and Portnoy (1992) proved that a WLSE with finite cutoff
value converges at the same rate as the initial estimator. Theorem 4.2 shows that
the REWLSE is able to produce the n~!/? rate of convergence when fy = 0o. The
following lemma is necessary for the proof of Theorem 4.2.

LEMMA 4.2. Suppose that the error distribution Fy is symmetric and
absolutely continuous, with a differentiable density function fy such that f; and
u? fou) are bounded. If AS is satisfied and the initial estimators To, and S, are
n®-consistent with T > 1/4, then | F,| — Fy |loo = Op(n=1/?).

For Theorem 4.2 we need a third-moment condition on the design:

A6. limg_, oo limsupn ™' 7, (1% P 1 (|Ix; || > K) = 0.

THEOREM 4.2. Let {T,} be a sequence of REWLSEs, computed with the
cutoff values {t,} given by (4). Assume that A6 and all the conditions of Lemma 4.2
hold, Ty, is n*-consistent with t > 1/4 and the function g(u) = ufo(u) satisfies
gu) < C( — F()Jr(u))l/2 for each u > 0 and some constant C > 0. If w(u) =
I (u < 1) and ty = 0o, with ty given by (13), then

VA Z (T, = 0) —p N(0, 02 E (UD]).

Although the preceding theorem is not as general as Theorem 4.1, it shows
nonetheless that the weighting scheme we propose represents an important
improvement over the classical WLSE with fixed cutoff value, since the REWLSE
is now able to improve the rate of convergence of the initial estimator. The
condition in Theorem 4.2 that g(u) < C(1 — F(;“(u))l/2 for each u > 0 is not
too restrictive. Essentially, it says that u? foz(u) tends to O faster than the tail
probabilities when |u| — oo, and this is satisfied by densities with exponential
decrease. For instance, it holds for Fy = ®. To see this, note that 2(1 — & (u)) —
u? foz(u) is strictly decreasing on [uq, oo) for some up > 0 and tends to O when
u — 00, so it cannot be negative in [u(, 00). By adequately choosing C > 1 we
can make g(u) < C(1 — F0+(14))1/2 for every u > 0.

To finish this section, we consider the case of the initial regression estimator
not being n'/>-consistent and the asymptotic cutoff value being finite. This is
essentially the same as doing a WLSE with a fixed finite cutoff value; hence we
obtain basically the same result as the theorem on page 2166 of He and Portnoy
(1992). The rate of convergence is not improved in this case.
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THEOREM 4.3. Let {Ty,} be a sequence of WLSE’s computed with arbitrary
cutoff values {t,} that converge in probability to some ty < 0o. Assume that Fy is
symmetric, Sy is consistent, To, is n*-consistent with t > 1/4 and conditions A6
and W1-W3 hold. In addition, for hy(s, t) the function given in W3, assume that
dhy /0t is Lipschitz in the variable t, uniformly in s. Then

(t1 +0p(1))Z,(T1, — 0) = (r2 + 0p (1)), (To, — 0) + Op(n~/3),

with t| and T as in (14) and (15), respectively.

Let v = 1p/71 as in He and Portnoy (1992). When F{ has a differentiable
density, v =1+ 1, ! Jw(|u|/to)u fé(u) du. If fy is unimodal the integral in the
second term of v is negative, so v < 1. Therefore, if n*(Ty, — ) converges to
a nondegenerate distribution Z with € [1/4, 1/2), then n* (T, — ) —p vZ and
the WLSE has less asymptotic variability than the initial estimator. So, in terms of
asymptotic variability, there are still gains in doing the reweighting step.

5. Monte Carlo study and examples. In this section we report on a Monte
Carlo study that was carried out to assess finite-sample efficiency and robustness
of the REWLSE. As Ty, we used the LMSE and an S-estimator of regression.
S-estimators of regression [Rousseeuw and Yohai (1984)] are defined as follows.
Let S, be an M-scale estimate as defined by (17). The corresponding regression
S-estimator for model (1) is defined as

"t).

T, =argmin S, (y; — X/lt, e Y — X,
t
The scales used to standardize residuals were the standardized MAD when T,
was the LMSE and the corresponding M -scale when Ty, was an S-estimator.
We compared the following estimators:

. Least squares (LS).

. Least median of squares (LMS).

3. An S-estimator based on Tukey’s biweight p-function (18) with ¢ = 1.547 (S).
This estimator, as well as the LMSE, has finite-sample breakdown point equal
to (ln/2] — p +2)/n [see Rousseeuw and Leroy (1987)].

4. One-step weighted least squares with cutoff value 7y = 2.5, starting from the

LMSE (WLS-LMS).

. Same as above, starting from the S-estimator described in estimator 3 (WLS-S).

6. REWLSE with hard-rejection weight w(u) = I (u < 1) and n = 2.5, starting
from the LMSE (REWLS-LMS).

7. Same as above, starting from the S-estimator described in estimator 3
(REWLS-S).

8. For the case of linear regression with ¢-distributed errors in Section 5.2 we also

considered the corresponding maximum likelihood estimator.

N =

9]
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We considered three different models:

e Regression with normal errors and no outliers.

e Regression with heavy-tailed errors (Student’s ¢ distribution with 3 degrees of
freedom).

e Regression with normal errors, where some fraction of the sample is replaced
by outliers.

The results for each of these models are reported in the sections that follow.

5.1. Regression model with normal errors. We considered regression models
with intercept, normal carriers and normal errors. Specifically, let (x, y1), ...,
(X;, yp) be a random sample that follows the linear model (1) with x; =
(1, xi1, ..., xip—1)" and such that (x;i,...,x;p—1)" has an N(u, ) distribution.
Since all estimators are regression, affine and scale equivariant, without loss of
generality we took © =0, ¥ =T and 6 =0.

We considered sample sizes n = 20, 50, 100, 200, 500, 1000 and p =2, 5. For
each value of p and n we generated 1000 samples, and for each estimator T, we
computed the relative mean squared efficiency with respect to the LSE,

1000 LS 12
_ 2im 1T

EFF = —————— ™~ |
1000 1T 112

where T,,; and T%ls are the ith generated values of T, and LSE, respectively.

To compute the LMSE, we used a subsampling algorithm based on elemental
sets [see Rousseeuw and Leroy (1987)] with 1000 subsamples. The SE was
computed using an iterative reweighted LS algorithm, starting from the LMSE.
The results are shown in Tables 2 and 3.

We observe that in order for the efficiencies of the REWLSEs to be close to 1,
very large sample sizes are required. However, for n > 100 the REWLSEs are
noticeably more efficient than the corresponding WLSE’s. In Sections 5.2 and 5.3
we show that this improvement in efficiency is obtained without serious loss in
robustness of the initial estimators.

TABLE 2
Efficiencies for normal errors and p =2

n

Estimator 20 50 100 200 500 1000
LMS 020 019 016 0.13 0.09 0.08
WLS-LMS 058 066 0.76 080 082 0.79
REWLS-LMS 061 068 0.79 086 091 093
S 027 028 029 026 027 026
WLS-S 061 073 08 083 0.8 0.87

REWLS-S 065 075 089 089 095 096
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TABLE 3
Efficiencies for normal errors and p =5

n

Estimator 20 50 100 200 500 1000
LMS 0.18 0.18 0.15 0.11 007 0.04
WLS-LMS 026 050 067 077 078 0.77
REWLS-LMS 026 051 070 083 088 092
S 0.18 023 025 025 027 026
WLS-S 023 050 071 080 086 0.87
REWLS-S 023 050 074 086 093 096

5.2. Regression with heavy-tailed errors.

599

In the same situations as in Section

5.1, now the errors u;’s were generated according to a ¢ distribution with 3 degrees
of freedom. The efficiencies were calculated with respect to the maximum
likelihood estimator and are shown in Tables 4 and 5.

Efficiencies for Student errors with 3 d.f. and p =2

TABLE 4

n

Estimator 20 50 100 200 500 1000
LS 056 059 048 053 052 047
LMS 032 030 025 020 015 0.10
WLS-LMS 073 080 082 079 078 0.77
REWLS-LMS 0.72 0.80 0.83 081 081 0.80
S 045 048 049 053 055 054
WLS-S 077 08 089 0.88 088 090
REWLS-S 076 086 089 0.88 0.88 090
TABLE 5
Efficiencies for Student errors with 3 d.f. and p =5
n
Estimator 20 50 100 200 500 1000
LS 0.61 060 054 051 051 0.51
LMS 021 023 0.17 010 0.05 0.03
WLS-LMS 038 070 075 0.74 065 056
REWLS-LMS 038 0.70 076 076 070 0.63
S 024 034 042 048 051 0.49
WLS-S 033 067 082 087 0.8 090
REWLS-S 033 067 083 087 0.8 0.8
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We observe that the REWLSEs perform sometimes better than the WLSE’s,
and never worse. Both the WLS-SE and the REWLS-SE have an efficiency greater
than 0.80 for n > 50 when p = 2 and for n > 100 when p = 5.

5.3. Model with normal errors and some fraction of outlier contamination.
We considered the same normal-error and normal-carrier model as in Section 5.1,
but now k observations in each sample were replaced by identical outliers of
the form (xg, yo). Because of the sphericity of the normal distribution, without
loss of generality we took xo = (1, x0,0,...,0)". We chose xo = 1, 10, which
correspond to low- and high-leverage outliers, respectively, and varied yg in the
grid {0.1xq: j positive integer}. Since the asymptotic behavior of these estimators
under this contamination model is studied in Section 3, we only considered a small
sample size n = 50. We took p =2 and k = 3,5, 8, 10. For each estimator T,
and each value of k, xo and yg, we estimated the mean squared error based on
1000 Monte Carlo replications: MSE(T,, k, xq, yo). Tables 6 and 7 report the
values of maxy, MSE(T,, k, xo, yo), which represents the worst performance of
the estimator for that leverage and that number of outliers.

We observe that, in general, both the WLSE and the REWLSE behave similarly,
and better than the LMSE and the SE. Estimators starting from SE outperformed
those that used the LMSE as initial estimator.

5.4. Examples. We applied the REWLSE, starting with the LMS and the
S-estimate, to several data sets included in Rousseeuw and Leroy (1987) that

TABLE 6
Maximum MSE with outliers with xg =1

Estimator
k LMS WLS-LMS REWLS-LMS S WLS-S REWLS-S

3 0.34 0.09 0.09 0.24 0.09 0.08

5 0.48 0.17 0.16 0.40 0.16 0.15

8 0.90 0.42 0.42 0.93 0.42 0.41

10 1.45 0.79 0.79 1.59 0.80 0.80
TABLE 7

Maximum MSE with outliers with xg = 10

Estimator
k LMS WLS-LMS REWLS-LMS S WLS-S REWLS-S

3 034 0.19 0.18 0.24 0.15 0.15
5 056 0.38 0.38 0.35 0.26 0.25
8 1.14 0.92 0.92 0.55 0.45 0.45
10 1.89 1.62 1.62 0.69 0.57 0.57
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contained influential outliers: (i) the international phone calls data (page 25), the
Hertzprung—Russell diagram data (page 27), (iii) the salinity data (page 82) and
(iv) the artificial data of Hawkins, Bradu and Kass (page 93). In all these cases
the REWLSE with hard-rejection-weight function and n = 2.5 eliminates exactly
the same observations as the nonadaptive weighted least squares estimate with
fixed cutoff point 2.5, and it is not much influenced by outliers. These results
are consistent with our Monte Carlo results of Section 5.3, which show that
under outlier contamination both types of weighted least squares estimates behave
similarly.

The program in MATLAB used to compute the REWLSE can be obtained from
the authors upon request.

APPENDIX A
Proofs of robust results.

PROOF OF LEMMA 3.1. (i) If limg o supge g, | Fy” — Fylloo > O, then there
would be a § > 0 and sequences ¢, | 0, H, € #,, and {u,} such that |F(;r(u,,) —
FI}LH (upn)| = & for every n. Now

| F (un) — Fpj (un)]

(23)

Y —X'Ty(H,
| o(H)| _ |en

<u
So(Rm,)
Since To(H,) — 6 and So(Rpu,) — o, continuity of Fjy and dominated conver-
gence imply that
<|Y — X'To(Hy)| _
o SRy,

< ‘FJ(un) —(1— en)PHO(

t) — FJ(t) uniformly in ¢,
so that

Y — X'Ty(H,
‘ H0<| 0(Hn)| _ o

So(Rg,)  —
Then (23) would imply that |F(;r (uy) — F ;;n (u,)| — 0, a contradiction.
(ii) Since |d(H) — do| < ||Fy” — F |, the proof is immediate from (i).
(iii) First, let 7o < co. If limg o supye g, [t (H) — fo| > 0, then there would be a
8 > 0, sequences ¢, | 0 and H, € F#,, and a certain n¢ such that

”n) - F(T(Mn)

(24) [t (Hy) —tg] =6 for every n > ny.

Since F;}n (t(Hy)) = 1 — d(H,) by definition and d(H,) — dy by part (i), we
have that liminf F; (¢(Hy,)) > 1 — do. Since |Fy" (¢ (Hy)) — Fy (t(Hy))| — 0 by
part (i), we also have limian(;“(t(Hn)) > 1 — dp and then liminfr(H,) > ty,
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which together with (24) imply that liminfz(H,) > f9 4+ §. Then there exists
a subsequence {t (Hy, )} such that # (H,,) > 1) + &/2 for every k. By the definition
of t (H) we would then have that FOJr (to+6/2) < 1—d(H,,) for every k and taking
the limit we obtain F(;“ (to +8/2) <1 — dp. This cannot happen if Fy(?) is strictly
increasing in its support.

Now let g = oo. This implies that dy = 0 and Fp is of unbounded support.
If limg ginfyeg, t (H) < 00, there would be a K < 0o, sequences ¢, | 0 and
H, € #,, and a certain ng such that t (H,) < K for every n > ng. Then

| —d(Hy,) < Fyy (t(Hy)) < Fyj (K),
which in the limit implies that 1 = F(;L (K). This contradicts the fact that Fy is of
unbounded support. [

PROOF OF THEOREM 3.2. Given ¢ > 0 and a contaminating point (Xg, o),
let Ho = (1 —&)Hy + £A(xg,y,)- Then

(25) Ti(He) — 0 = [Ep, {wa, X, V)XX'}] " Eg fws, (X, VXY — X'0)).
We have
Eg{wn, X, V)XX'} =1 —e)Egy{wn, (X, Y)XX'} + ewp, (X0, y0)X0Xg

and

Epyfwn, (X, V)XX'} = EGO{h1< X'(To(H) — 9))XX/}.

So(Ru, )t (Hg)’
So assumption W2 and dominated convergence imply that
(26) liﬁ)l Ep{wy, X, V)XX'}=1Z.
&
Similarly,

Ep wn, X, V)XY —X'0)} = (1 — &) Ep, {wp, (X, V)XY —X'0)}

+ ewp, (X0, Y0)X0(yo — Xo0).

Here

Enyfwn, (X, V)XY - X60)} = EGO{M( X' (To(He) — 9))X}.

1(Hg)So(RH,)
By W3 and the symmetry of F{y we have

) 1
lim —h2<—
el0 & “\1(Hg)So(RH,)

Then by dominated convergence

X (To(Hy) — 9)) — 5xTFr, (X0, Y0)-

o1
lim ~ Epy [wr, X, VXY = X0)} = 7 SFry (%o, 50)
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and hence

lim 1EH {st X, XY — X/Q)}
27 40

Yo — X0
= TP 0. 0) + (220 o0~ x46).
oty
From (25), (26) and (27), we obtain expression (16). [

LEMMA A.1. Let S, bean M-scale defined by (17) and suppose that p(u) = a
for lul > c, p(0) =0 and p is continuous at 0. Then:

(i) Foranyu= (uy,...,u,) we have
b
#i il = cS,w) < 2.
a
(i) Let AM, jy={ueR":#{i:|u;| <M}=> j}. Thenif m <nb/a, we have

sup S, (u) < oo.
ucA(M,n—m)

PROOF. Suppose that assertion (i) is not true. Then if A = {i : |u;| > ¢S, ()},
we have #A > nb/a and then

Z (S(u)) 12”(5%)) 5 2P =b.

teA

which contradicts the definition of S,, (u).
Now we prove (ii). Given M > 0 and m < nb/a, let 0 <& <nb/a — m. Then
there exists a K > 0 such that

<M ) _&a

p K)  n’

We will prove that

(28) sup  Sy(w) < K.
ueA(M,n—m)

Takeue A(M,n —m) and let B={i : |u;| < M}. Then
ln (ui) 1 u; 1 u;
L)L)
nig \K/J o onig \KJniggt \K

ORI
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and therefore (28) must hold by the definition of S,,(w). O

PROOF OF THEOREM 3.3. Let mo = min{[n — nb/a — p1, [nb/al,ne; x
(Ton, Z)}, where [x] denotes the smallest integer that is larger than or equal to x.
If n —nb/a < p+1, mp=1 and it is obvious that &) (To,, Z) > mo/n. Then we
will consider only the case [n — nb/a — p] > 2. Take m < mg and let

My = sup || To.(Z%)], M> = sup |yil, M3 = sup [x;]l.

7*€Zy, 1<i<n 1<i<n
Thenif M = My + M M3, forany Z* = {z}, ...,z;} € Z,,, 2] = (X}, y]), we have

sup |yi —x;To,(Z*)| < M,

1<i<n

and therefore (y{ — x{'To,(Z"),...,y; — X Ton(Z*)) € A(M,n — m), where
A(M,n —m) is defined in Lemma A.1(ii). Then

(29) so= sup S, (v —x{"Ton(Z*), ..., yi —x'To,(Z")) < 0.
7*eZ,,

To simplify the notation, let to = To,(Z*), so = Sp(y] — X]'to, ...,y — Xto)
and r* = (y* — x"tg)/so and let |[r*|(1), ..., |r*|) be the ordered |r*|’s. If ip =
max{i :[r*|; < n}, then

P i—1)"
(30) dy = maxy F(|r*|)) —
1> n

and t, = |r*|,) with i, =n — |nd,]. Remember that i, > ip and 7, > n. Let w; =
w(|rfl/t,) and wgy = w(|r*|G)/t.). Since T1,(Z*) minimizes Y7, w; (y* —
xt)?

1 b

1 & » 1<
— 2wl =X T (Z9)" < =3 wi(f - x't)?

i=1 i=1

56+ 2
= ; Zwo‘)h"*l(i).
i=1

3D

We have w(;y =0 for i > i, and, according to (30),

P < {(F*)_l (M) }2

n
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fori >ig+ 1. Then
n—|ndy]—1

|
—Zwo)'r G =’ +o > I
i=ip+1
] " lndn =1 i+ |nd, |\ 1>
sty y e (HEed))
gt n

(32) 2

1 & i—1
< 2 _ F-‘r —1< )}
< +",-:ZI{( I
1
=+ [T W du
o0
=n2+/ u?dF < oo.
—00
Therefore by (29), (31) and (32) we have

(33) sup —Zwl V= XIT1,(Z) < 0.
7€z, 1 i=1

By Lemma A.1(i) we have #{|r| <c} > n —na/b. Since m <n —nb/a — p we

have |r| < ¢ for atleast p + 1 points of the original sample, say z;,, ..., z;,,,. For
those points w; > w(c/n) > 0. Then
1< * %/ *1)2 c\ 1 s ’ #\\2
G4y gwi OF =T @) = w( ) Zl(yij —x; Ti,(Z)".
— J:

Let

8(Z) = ”nﬁinlmin{lxgjw l<iy <. <ipy1 <n}h
v||=

By the general-position assumption, 6(Z) > 0. Then

p+1 p+1

1
> (i =X, T @) = > (5|x§jT1n<Z*>|2 - y,?,)
35 7 7=
+ 1 .
= D2y, @1 - Y07

From (33), (34) and (35) we deduce that

sup [ T1,(Z")|| < o0
7xeZ,,

and then ¢/ (T1,,Z) >m/n. 0O



606 D. GERVINI AND V. J. YOHAI

APPENDIX B

Proofs of asymptotic results. The proofs that follow will make use of
stochastic process concepts that can be found in Pollard (1990). The notation then
will be somewhat different from the rest of the article because we are going to
follow Pollard’s notation. We will assume that the i.i.d. errors {u; (w)} are defined
on a common probability space (€2, 4, ). E will denote expectation with respect
to P. To simplify the notation, we will also use Bo, = To, — 6 and v, = (S, )L

PROOF OF LEMMA 4.1. (i) Letus consider the family of functions
{fi@,v,s) =1(Juj(w) —X;v| <5):(v,5) e T =RP x R"}.

For each w € Q, {(fi(w,V,s),..., fu(®w,V,s)):(v,s) € T} has pseudodimension
at most p + 2 according to Lemma 5 in Gervini and Yohai (2000). Then
by Corollary 4.10 of Pollard (1990) the process {fi(w,v,s):(v,s) € T} is
Euclidean with envelope F given by F; = 1. Let S,(w,v,s) =7, fi(w,V,s)
and M, (v,s) =" | Efi(-,v,s), so that

1
Frj_(l) = ;Sn(a), Bon» Snt).

By the maximal inequality (7.10) of Pollard (1990), we have
E{ Sup |Sﬂ("v7s)_Mﬂ(Vas)|2} Ecn
v,8)eT
for some constant C. This implies
1

sup _|Sn(a), ,BOm Snt) - Mn(:BOm Snt)| = OP(I)

>0 V1
or, equivalently,

(36) sup

t>0

1 _
FE®) =+ M (B, $,0)| = 0p(717).
So in order to prove || F,} — F(;rlloo =op(1) we only have to show that

(37) sup

t>0

1 +
=My (Bon, Snt) — F (f)‘ =op(l).

Note that

1 LSS [ (St + X Bon
My (Bon, Sut) — Ff ()= Z{FO(TO)

i=1

1 & —Sut +X; Bon
LB o]

i3

- Fo(t)}
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Assumptions Al and A2 and the continuity of Fy imply convergence in probability
to O for each ¢. That Fj is a continuous distribution function implies that this
convergence is uniform in ¢ and hence (37) follows.

(ii) Since |d, — do| < |F,} — F(;L lloo by definition, the result follows immedi-
ately from part (i)

(ii1) Use the results in parts (i) and (ii) and proceed as in the proof of Lemma
3.1Gi). O

PROOF OF LEMMA 4.2. Consider again the sequence of processes { f;(w,
v,s):(v,s) € T} as in the proof of Lemma 4.1. Since we have already estab-
lished (36) it suffices to show that

sup
=011

1M (Bons Snt) — F*(z)‘ Op(n~17?).

We will first show that

(38) supl - M, (Bon. S,0) = Fif (24| = 0p (a7
l>0 (o2
and then that
+( Snt + -1/2
(39) sup|Fy' | — ) — Fy 1)|=0p(n™ /7).
>0 o

Second-order Taylor expansions yield

(S g (82

(40)
= 5o 24)* P | (e s (: ’30”)

and

@ R - ()

= (=) Py it (% ’30”),

with [&, ()] < |X§ﬁon| and [&i, (1)) < |X;ﬁ0n|. Now subtract (41) from (40) and use
the symmetry of fj to obtain

1 & n
=3 ol ) — fi(Gn®))5 (X el ) .

i=1

M (Bon S r)—F*(S ’)
o
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Since f; is bounded and ||Bonll> = Op(n™2%) with T > 1/4, (38) follows. To
prove (39), we again use Taylor expansions and the symmetry of fj to get

Sut 1, , Sat \?
FJ(7) = FHO) + 2 f () — fo(;n<t>)}(— - t)

n

2 o

for &, () between S,¢/o and t and ¢, (¢) between —S,t/o and —¢. Then [t /&, (¢)|
and |t/¢,(¢)| fall between 1 and o/S,,, so that

Sn , 2 Sn 2
FJ(%) - FJ(t)’ < Sl;p|u2f0(u)|<sin v 1) (? _ 1) P

which implies (39) because r > 1/4. [

sup
t>0

LEMMA B.1. Let Ty, be an estimator of 6 that satisfies (19). Suppose that:

. ¥ is odd and differentiable, and lim, _, 5o ¥ (u) = ¢ < 00;
. Y is bounded and continuous, E g, (") # 0;

. Fy is symmetric;

. Al, Ad and A5 hold.

W N =

Then Ty, satisfies assumption A3 with I';, = o 'E Fo(W) Xy and T is given
by (20).

PROOF. See Gervini and Yohai (2000). [

LEMMA B.2. [f conditions Al, A5, W1 and W2 are satisfied and t, — to in
probability, then

1 n
— > wixix; — 11 T, = op(D).
n-
i=1
PROOF. First, note that, given K > 0,

1 n
’; Z w,-x,-x§ — T En

i=1

(42)

=<

1 & 1 &
- > (i — XX (x| < K)’ +2- I IP1 x| > K).
i=1 i=1

By A5 we only have to show that the first term in (42) is op(1) for each K > 0.
Fix two coordinates j and k and consider the sequence of processes

{filw, v, s) =w(slu; (@) —x;v])x;jxip I (1% | < K):(v,5) € T =R x RT}.
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The sequence of processes {fi(w,V,s):(v,s) € T} is Euclidean with envelope
given by F; = K? and then

2

Zfi(a), v,8) — My, (v,s)

i=1

(43) E{ sup
(v,s)eT

} < cnk*
where
n
My (v, 8) =Y hi(s, xiv)xijxid (Ixi]| < K)

i=1
and A is defined in W2. From (43) we obtain that

n
> wixijxied (Ixi ]| < K) — My(Bon vn)

i=1

1
- —op(1).
n

By assumption W2 we also have that

1 n
;’Mn(ﬂOna V) — 11y xiXied (1% || < K)‘ =op(1)
i=1

and the proof is complete. [

From now on we will work with the standardized explanatory variables

I __
Z, = ﬁZn 1/2X,'.
Note that )7, z,;z,; = I and that A5 implies

n
lim 21 1Zui 1?1 (|Z4i]l > €) =0 for any & > 0.
1=

LEMMA B.3. Consider the process

n

W (@.5.t) = Z{w(siuxw) — 2 ) ()] + rzw<”"(”))r}zm,

i=1 o

with {z,;} as above, I a symmetric p x p matrix and ¥ a bounded odd function.
Let M, (s, t) = EW,,(-, 5, ). If /n/>Bon = Op(1) and conditions Al, Ad, AS
and W1-W4 hold, then

Wi (@, v, V1S 2 B0,) — My, (v, V02V Bou) = N(0, V (10)),

with covariance matrix V (ty) given by (21).
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PROOF. If we take o € R?, then «’'W,,(w, s,t) = Y7 fri(w, s, t), where

/ / ul(a)) /
fri(@,s,t) = w(s|ui (@) — z,;t))u;i(@)a'z,; + rgtﬁ( . )a 'z,;.

Let v = (079) ! and take S = [vo/2, vo + 1], so that P(v, € §) — 1. Take also a

compact K in R” such that P(y/n E,I,/ zﬁon € K) — 1. Then the array of processes
{ frni(w,s,t):(s,t) € S x K} is Euclidean with envelope F,, given by

2
Fpi = (— + /P sup ||t||)|a/zni| + 72l ¥ ool T2,
X0 tekK
if vg > 0, and

Fpi(@) = |uj(@)] o'z | + 22| 1Y ool T2 |

if vp = 0. We have used that max|<j<p ||Zx; 1% < Y 1 Zni I? = p. By assumption,
the envelopes are square-integrable in both cases. Moreover, we have

n
lim sup Z EF2 < oo
i=1

and the Lindeberg condition
n
nll)ngo X;E{F%I(Fm >¢e)}=0 for each & > 0.
1=

Let h; for i =2, 3, 4 be the functions given in conditions W2—-W4. Also, define

hs(s1, 11,52, 1) = /{w(smt — 1)) — wsalu — )Y uld Fo(u/o),

which may actually be written in terms of A4 but we define it explicitly for
convenience. The covariance functional of the array of processes defined above
is given by

Hy((s1,t1), (52, t2))
= Z[E{ﬁﬂ(’ Sla tl)f‘l}’l(’ S27 t2)} - Ef‘”’l(a S17 t1>Efm(, S2’ tZ)]
i=1
=Y ha(s1, Zpit1, 82,2, 0) (@ 20)” + T2 ERy (7)Y (@' T2)°
i=1 i=1

n n
+12 ) h3(s1, 2 ) (@' 20) (@' T20i) + 12 Y h3(s2, 212) (@ 2) (@' T 2
i=1 i=1

—1> " hasi, z;itlxa’zm-)} {Z ha (52, 2y £2) (' 257) }

i=1 i=1
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Note that /15(s, 0) = O for any s > 0 by the symmetry of Fy, and recall that )}, z,;
-z;”. = L. Then it follows from assumptions W1-W4 that H, ((s1, t1), (s2, t2)) —
H((s1,t1), (52, t2)), where

H((s1,t1), (52, 8)) = ha(s1, 0, 52, ) le||* + T7 E (W) ' T2
+ 12h3(s1, 0)a'Ta + 12h3(s2, 0)a' Tar.

Consider now the sequence of pseudometrics in § x K given by
" 1/2
on((s1, 1), (52, 82)) = {ZElfni(', s, t1) — fi (-, 82, t2)|2}

i=1

i 1/2

= {Zhs(ﬂ, Zyt1, 52, Z;,itz)(o/zni)2}
i=1

Again it is not difficult to see that p,((s1, t1), (s2,t2)) = p((s1,t1), (52, t2)),
where

p((s1,t1), (52, £2)) = llee||*h5(s1, 0, 52, 0)
- ||oe||2f{w<s1|u|> — wisaluD2ul dFolu/o).

Note that p does not depend on t; and t;. The continuity and boundedness of /5
guarantee that the convergence of pj, to p is uniform and then, for any deterministic
sequences {(s1x, t1n)} and {(s2,, t2)} in § X K,

p((sln, tin), (521, t2n)) - 0= pn((slna tin), (524, t2n)) — 0.

Hence all conditions of the functional central limit theorem (10.6) of Pollard
(1990) are satisfied. Let £°°(S x K) be the space of all bounded, real-valued
functions on § x K, equipped with the sup norm, and let U,(S x K) C
£°(S x K) be the subspace of uniformly p-continuous functions. Then § x K
is totally bounded under the p pseudometric, the finite-dimensional distributions
of &’(W, — M,,) have Gaussian limits with zero mean and covariances given
by H, which uniquely determine a Gaussian distribution P concentrated on
Uy(S x K) and a’ (W, — M,,) converges in distribution to P. Let Z be a random
element in U,(S x K) with distribution P. To complete the proof, define
amap g: £*°(S x K) x (§ x K) > R as g(x, (s, t)) = x(s, t). Since («'(W,, —
M,), (v,, \/52,1/ 2/30,,)) converges in distribution to (Z, (vp,0)) in the product
norm, with Z € U, (S x K), and the map g is continuous for any x € U, (S x K),
we apply the continuous mapping theorem to obtain that

O/{Wn (w» Vn, \/’;Eyll/zlgOn) -M, (Vna \/ﬁzi/zﬂOn)} —p Z(v9,0).

Since Z(vg,0) has a zero-mean normal distribution with variance H ((vg, 0),
(vo, 0)) = &'V (fp)x and o € R? was arbitrary, the proof is complete. [
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PROOF OF THEOREM 4.1. Let By, =T, — 6. Then

n n

172
E wizniui:<§ wiZniZ;i>\/ﬁEn/ Bin.
im1 i=1

We apply Lemma B.2 to the right-hand side of this equation to obtain that )", w;
X zniZ;”' — 111 in probability. On the left-hand side we use Lemma B.3 and then
we only have to prove that

HMn(vn, s o) — 2y v (4 )ra| =op)

i=1

or, equivalently,

(44) [V, (v, V1 E"? Bon) — 1o/ Z,* Bou | = 0p (1).
But M, (s,t) = Y7, ha(s, z),;£)z,; with hy as in W2. Recalling that )}, z,;
-z),; =1, we can rewrite (44) as

n

Z{hZ(Vna 2, t0,) — T2Z,;t0n | Zni
i=1

(45) =op(l),

with tg,, = \/ﬁE,ll/zﬁon. Since 3 (v, 0) = 0 by symmetry of Fy and (3/9¢)ha(s, t)
is bounded and continuous in s at t = 0, (45) follows immediately.
If 1o = o0, then ) = 0 and we only need to prove

M,y (v, V0,02 Bon) | = 0p (D).

This can be proved under the assumption tg, = Op (1), with no need of the linear
expansion A3. [

PROOF OF THEOREM 4.2. Since the LSE is asymptotically normal under
these hypotheses, it is enough to show that

1 n
ﬁ Z(l —w;)x;u; =op(l).
i=1

Fix a coordinate j, take § > 0 and consider the sequence of processes
{filw,s,v) =1 (s|lui(®) —x;v| = 1)xjjui(w): (s, v) € T(8)},

with T(8) = {(s,v):0 <s < §, ||v|]| < 8}. This sequence of processes is manage-
able for envelopes given by

Fiw,8) = {1(|ui<w>| > 2—18) + 1(||x,-|| > 2%2)}||xi|||u,-<w>|.
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Then, if S, (w,s,v) =217 fi(w,s,v)and M,(s,v) =>"7_ | Efi(,s,v), we have
n
E{sup [$,(5,v) = My(s, WP} < C Y BF(,8)
() i=1

for some C independent of §. Now take a deterministic sequence §, | O such that
P{(vn, Bon) € T (6,)} — 1. For (v, Bon) in T (§,,) use Chebyshev’s inequality and
the fact that n~! > EFiz(-, 8,) tends to O to obtain

=op(l).

1 n
ﬁ Z(l —w;)xjju; — My (v, Bon)
i=1

To complete the proof, we must show that M,, (v, Bon) =0 p(n'/2). Note that

n

M, (v, Bon) = Z[/I(W%ZBOM > 1>g<§) du]xij

i=1

and
/,(ﬂ . 1)g<z)du __ /S g<ﬂ> .
Sntn o _Snln o
Let
S t
G(s,t) =/ g(u + )du.
—s o
Then

G(s, 1) 2 %G(m) =g(s0i) —g(_s “),

o

.. 92 1 t 1 ,/—s+t
G(s,t)éﬁG(s,t)=;g’<s+ )——g’< i )

o o o

are continuous and G(s,t) is bounded. Note that G(s,0) = 0 and G(S,O) =
2g(s/0o). Since

n
M, (v, Bon) = — Z G(Sutn, X;ﬂOn)xij
i=1
from a second-order Taylor expansion of G (S, X; Bon), we get

Sntn

o

n 2 n
|Mn<vn,ﬁo,,>|szg( )”ﬁOn”Z||Xi||2+;||8/||oo||50n||2||xi||3-
i=1 i=1
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Since ||Bonll = op(n~1/*), in order to prove M, (v, Bon) = op(n'/?) it suffices to
show that g(S,t,/0) = Op(n~1/*). By definition, F," (t,) > 1 — d,,. Then
1/2
g(Sutn/0) < C(1 = Fif (Suta /o))"

1/2 172

L= Ff (t)) '~ + C|Fy (1) — Fyf (Sutn/0)]

1/2

<C(
< Cdn + Ff (ta) — F§ (t)) ' + C|Fif (1) — Ff (Suta/0))|
el 1/2

1/2 _ _
2F; — Fi llso) " + suplu® £y ) 2557 v e THIS, — 0.
u

From Lemma 4.2 and the assumption that |S, —o|= Op(n~") with 7 > 1/4, it
follows that g(S,t,/0) = Op(n~"/%. O

PROOF OF THEOREM 4.3. Since

1 & , 1 & ,

= > wixiX; (Bin — Bon) = = Y w; (Ui — X; Bon)Xi

i iz
we only have to prove that

1 & _

(46) =3 wi(ui =X fon)xi = (22— 11+ 0p (1) Tufon + Op(n /%),
Let S = [vp/2,v9 + 1] and take a compact K such that P(8g, € K) — 1. Fix
a coordinate j and consider the family of processes

{filw, s, t) =w(s|ui(w) — X;t]) (u;(@) — Xjt)x;j: (s, ) €T =S x K}.
Since we are assuming vg > 0, this family is Euclidean with envelopes
F= 3Ixijl.
Yo

So if Sy(w,s,t) =37, filw,s,t) and M, (s,t) => 7 |Efi(-,s,t), we have a
maximal inequality

2 n
BfsuplS, (5.0 = My(5, 0P <€ 3 Il
T Yo i

By Chebyshev’s inequality this proves that |S, (-, vu, Bon) — Mu(vu, Bon)| =
Op(n'/?), or, in other words,

n

1 & 1
’; > wi(ui — X; Bon)Xij — - > {2 n, X; Bon) — b1 (Vn, X} Bon)X; Bon } Xij
i=1

i=1
— OP (n—l/Z)
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with /1 and &7 given in W2 and W3, respectively. Therefore
1 & ,
— > w;(u;i — X; Bon)Xi
s

1 n
= =~ > 2O Xiow)xi = (71 +0p (D) Zuon + Op (™12,

3

Since h(v,, 0) = 0 the mean value theorem yields

a
h2(‘)n7 X;ﬂOn) = ahZ(Vna éni)X;:BOm

with |£,;| < X} Box|. Thus

1 n
- > ha(vn, X; Bon)Xi = (12 + 0p (1)) £, Bon + Ry,
i=1

with

1 &9 9
R, = - ;{Ehzw’“ Eni) — Ehz(vn, 0)}XiX;,BOn~

Then

1E _
IR, = L~ > Ixi PN Bonll> = Op (n™20).

i=1

Since T > 1/4, consolidating Op and op terms, we get (46) and the proof is
complete. [
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