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Abstract. The Plebaήski and Stachel and Goenner and Stachel lists of metrics which
are solutions of Einstein's field equations, have two double eigenvalues and admit 3-para-
meter groups of isometries with 2-dimensional spacelike orbits are completed by the
addition of metrics which result from the use of a more general metric form.

1. Introduction

Plebaήski and Stachel [1] state that they have carried out a complete
classification of spherically-symmetric metrics whose Einstein tensors
have two double eigenvalues. Goenner and Stachel [4] extend Ref. [1]
to include the cases in which the two-curvature of the spacelike orbit may
be zero or negative. However, as was pointed out by Takeno and Kita-
mura [2] and Goenner [3] the general form of the metric used by
Plebaήski and Stachel and Goenner and Stachel

ds2 = ev(dx°)2 - eλdr2 - r2dω2 (1)
where

( sin θ for positive two-curvature

and also where Σ =\ sinhθ for negative two-curvature

1 1 for zero two-curvature .

in fact excludes one class of metrics. Here λ = λ(xQ, r) and v = v(x°, r).
Goenner [3] extends Ref. [4] to include the class which had previously

been omitted without, however, specifying the additional metrics
involved. These metrics are listed in this paper.

From Goenner [3] the general form of a metric which admits a three
parameter group of isometries with two-dimensional spacelike orbits
(i.e. G3(2,s))is

ds2 = 2G(u, v) du dv - M2(u, v) (dO2 + Σ2 dφ2) . (2)
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The condition that two double eigenvalues exists is (see Appendix A)

V-GιVMtV = 0 (3)

such that either
MιV = AG, (4)

where A is a function of M only, or

M,υ = Q . (5)

The case (5) is the one omitted by Plebaήski and Stachel and Goenner
and Stachel.

In the case (4) A can be made one by a coordinate transformation.
Then (2) becomes

ds2 = 2M^vdudυ-M2 (w, t;) dω2 . (6)

The case examined by Plebaήski and Stachel is the one for which the
surfaces M = constant are spacelike.

We put
M(w,ι;) = r, -2M,U = F (7)

and (6) becomes

ds2 = F(u9 r) du2 + 2dudr-r2 dω2 (8)
where F > 0.

A complete list of metrics of the form (8) and of Petrov-Plebaήski
types [27V-25][2_1]μ,B), [2T-2S][1_1](^,5), [4JV][2](,4, B) and
[4T]tl](v4, B) is given in Ref. [1] for λ = - 1 and in Table V of Ref. [4]
for ;. = 0, ±1. Here

λ = [_d2Σ(θ)/dθ2yΣ. (9)

In the above description of the metric types, A = 0 for zero curvature
invariant R, and A = R otherwise, B is the Petrov type of the Weyl tensor
(types D and O only for metric (2)) and the other symbols give the various
Petrov-Plebaήski types of the Ricci tensor (see Refs. [1] and [4]).

It is to be noted that the constant e2 which appears in two of the
Goenner and Stachel solutions can be negative or positive, the positive
e2 having been chosen for the physical interpretation.

It would appear from Part 4 of Ref. [1] that there are no spherically-
symmetric metrics with (A, J3) = (0,0) other than the flat solution
[4T]tl](0,0). A similar conclusion for metrics admitting G3(2, s) would
seem to follow from Table V of Ref. [4]. Appropriate metrics of these
classes do in fact exist and take the form of metric (2) with (5) holding.



Einstein Tensors with Two Double Eigenvalues 243

2. Classification of the Metrics of Case (5)

After making coordinate transformations it is clear that the metrics
with (5) holding have the form of either

ds2 = 2 G(u, v) du dv - dω2 (10)
or

ds2 = 2G(u, v} du dv - u2 dω2 . (11)

All such metrics have two double eigenvalues and the Ricci scalar
is zero if and only if the Petrov type of the Weyl tensor is 0, i.e. (A, B)
= (jR, D} or (0, 0). The classification of these metrics follows the method
discussed in the Appendix.

The metrics of the form (10) are:

(i) [4T]m(0,0), flat space,

ds2 = 2UVdudv-doj2 (12)

where λ — 0 (i.e. dω2 — dx2 + dy2) and U and V are functions of u and v
respectively.

(ii) [2T-2S][1_1](0,0)

4U'V
^2- ΐ-dudv-dω2 (13)

λ(V+V)
where λ Φ 0.

2U'V
Here G = 1 / T 7 ι 2 is the solution of Liouville's equation

G'M ι =λG (14)

(see Goursat [5]).

(iii) 14T][1}(R,D)

— 4UfVf

dudv-dω2. (15)Λ / r r
A(U + V)

(iv) [2T-25][1_1](^,/))

ds2 = 2G(u,v}dudv-dω2 (16)
where

(a) if λ = 0, G(u, v} is not the product of a function of u only and a
function of v only:

(b) if λ φ 0, G(u, v) is not a solution of Liouville's Eq. (14).
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The metrics of the form (11) are

(v) [4Γ]tl](0,0), flat space,

ds2 = 2Vdudv- u2(dx2 + dy2). (17)

(vi) [2T-2S][1](R,D)

ds2 = 2Vdudv-u2dω2 (18)
with A φ 0.

(vii) [4JV][2](0,0)

ds2 = 2UV dudv- u2(dx2 + dy2) (19)
with U' φ 0.

(viii) [4ff][2](R, D)

— 4U'V'u2

Γdudv-u2dω2. (20)

2

(ix) [2N-2S][2_1](0,0)

4U'V'u
ds2 = — -9- du dv - u2 dω2 . (21)

/.([/ + F)2

For metrics (viii) and (ix) we also have

{U" V'(U + V) - U'2 V'} u + 2 U' Φ 0 . (22)

(x) [2N-2S][2.1](Λ,D)

Js2 - 2G(w, v) du dv - u2 dω2 (23)

where G does not take the forms required for (vii)-(iχ) Discussion of
simplification of some of these metrics is to be found in Appendix B.

Appendix A

The metric (2) can be written in terms of a pseudoorthonormal
tetrad (see Newman and Penrose [6]) as

ιμ= o,— ,0,0

( A l )

M|/2 \ ' ' ' Σ / '
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For this tetrad we have the non-zero Newman-Penrose quantities

2 —

Λ

oo —

22 —

1 1

MG ^

1 (G,uv

12 \ G2

MG3

M.UG,U

MG

1 (G,UG,V

4 I G3

5

G..G,, λ \ 1 / M > U U M,UM,Λ

G3 M 2 j 3 \ M G 2GM2 / '

MG 2 '

M,ttu

M '

G.uυ A \ . M_UM_V

G2 M2 2GM2

\κ±)

(A3)

(A 4)

(A 5)

(A 6)

where Ψ2 is related to the Weyl tensor, A = R/24, ΦAB are related to the
Ricci tensor and λ is defined by (9) in this paper.

From a comparison of Ludwig and Scanlan [7] and Ref. [1] it
follows that the metric has two double eigenvalues if

(or Φ22 = 0) which leads to Eq. (3).
Then the metric is of type

[_2N — 2S][2-i] when Φ1 ι ,Φ 2 2 are non-zero

[2Γ— 2S]U_1] when Φ t l is non-zero

[4AΓ][2j when Φ22 is non-zero

[4T]tl] when all ΦAB are zero .

and (0, 0) implies Ψ2 = 0 and Λ = 0.
The above classification applied to metrics (10) and (11) gives the

metrics (i)-(x).

Appendix B

In metrics (v), (vi) and (vii) V can be made unity by a coordinate
transformation. The transformation

W=v + ±x2u + ̂ y2u, U = u, X = xu, Y = yu ( E l )

takes metric (v) into the Minkowski metric

ds2 = 2 dU dW- dX2 - dY2 . (B 2)
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Metric (vii) is a purely non-gravitational plane wave metric. Penrose
[8] has discussed such a metric in the case of a purely electromagnetic
wave but it should be noted that the wave does not have to be a null
electromagnetic one but may be a wave of some other energy form such
as a scalar wave (see Lun and Mclntosh [9]).

Metrics (ii), (iii), (viii) and (ix) can also be simplified. For example (iii)
is immediately

. 4dUdV
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