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Abstract: Polynomials of high degrees often appear in many problems such as optimization problems. Equations of the 

fourth degree or so called quartics are one type of these polynomials. In this paper we give a new Classic method for solving 

a fourth degree polynomial equation (Quartic). We will show how the quartic formula can be presented easily at the 

precalculus level. 
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1. Introduction 

Linear and quadratic equations are members of a class of 

equations, called polynomial equations. These equations 

have the general form of: 

anxn + an−1xn−1 + . . . + a2x2 + a1x + a0 = 0 

In which x is a variable and an, an−1,  . . ., a2, a1, a0 are given 

constants. Also n must be a positive integer and an≠ 0. 

Lodovico Ferrari is attributed with the discovery of the 

solution to the quartic in 1540, but since this solution, like all 

algebraic solutions of the quartic, requires the solution of a 

cubic to be found, it couldn't be published immediately[3]. 

The solution of the quartic was published together with that 

of the cubic by Ferrari's mentor Gerolamo Cardano in the 

book Ars Magna (1545). 

Polynomials of high degrees often appear in problems 

involving optimization, and sometimes these polynomials 

happen to be quartics, but this is a coincidence. It is shown 

that any degree-n polynomial with rational (or real, or 

complex) coefficients has n complex roots. (This fact is 

called the fundamental theorem of algebra.) So, if we have a 

quadratic formula for finding both (possibly complex) roots 

of a quadratic (degree-2) polynomial, then it’s natural to ask 

for a formula for all three roots of a cubic. Likewise, we 

would like a formula for all four roots of a quartic, and so on. 

It can be proved (the terms are Galois Theory and solvable 

groups), that there cannot exist a general formula for degree 

5 and above. 

In this paper we proposed a new Classic method for 

solving fourth degree polynomials (Quadratics) and the 

purpose of this paper is to show how the quartic formula can 

be presented easily at the precalculus level. We show how to 

verify that the formula is correct, and we identify when

it is profitable to use it. 

2. Solving Cubic Polynomials 

If we are given a cubic equation in the form of 

023 =+++ dcybyay  and need to solve for y, then the first 

thing we do is substitute variables. Replacing eq.1 in the 

given formula above, 
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3
−=                     (1) 

We will get something in the form of: 

03 =++ qpxx           (2) 

Which is the depressed cubic equation, Where 
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And replacing vux +=  in the eq.2 leads to eq.4. 

0)()(333 =++++++ qvupvuuvvu   (4) 

This equation is changed to two equations with two 

unknown quantities that: 
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By defining quadratic equation that the roots are 3u and

3v , u and v can be computed. 

0)( 33332 =++− vuxvux        (6) 
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3. Solving Fourth Degree Polynomials 

(Quartics) 

The general quartic equation is: 

0234 =++++ edycybyay  . 

Just as with the cubic, it behooves us to get rid of the 

second-highest term (in this case the cubed term) by making 

a substitution of variables. (To use the quadratic formula, 

you just plug in your coefficients). To solve Quadratic 

equations new method in this paper are proposed as follows: 

Step1. The general quartic equation is:  

. 

It turns out that it is desirable to get rid of one of the 

coefficients. To accomplish this, substitute 

a

b
xy

4
−=            （9） 

Now that we’ve eliminated the cubic term, we have 

something of the form 

.024 =+++ sqxpxx      （10） 

Where p, q and s are: 
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Step2. With replacing svux ++= : 
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Step3. This equation is changed to three equations with 

three unknown quantities, only under this condition that the 

previous equation is satisfied. 

0)(888 222 =+++++ svuqvsusuvuvs   (15) 

Firs equation is defined: 

8

q
uvs = −               (16) 

Residue of the equation (14) is: 
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  (17) 

Second equation is defined as below: 

0)(2))((4 222 =+++++++ vsusuvpvsusuvsvu  

0234 =++++ edycybyay
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Residue of the equation (17) is: 
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And: 

2 2 2

2 2 2 2 2

 

2

( ) ( )
2

by squaringp
u v s

p
u v s

+ + = − →

+ + = −
 

4
)(2

2
222222

444

p
svsuvu

svu

=++

+++
 

4 4 4

2 2 2 2 2 2

2

           u

         2    
4

if
u v s A

v u s v s B

p
A B

 → + + =
+ + = ⇒

+ =

    (20) 

It is concluded from equation (19): 

2

6  
2

p
A B s+ = −          (21) 

With solving the two equations with two unknown 

quantities that named (20) and (21) it is obtained: 

2
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By squaring the expression (22) we will have: 

)(2 2222224444442 svusvusvsuvuB +++++=  
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From equation (16): 

4 4 4 4( )      
8 8

q q
uvs u v s= − ⇒ =     (25) 

Using expressions (23), (24), and (25) we define a cubic 

equation such that roots are u
4
, v

4
 and s

4
 and also three 

previous expressions are satisfied. Cubic equation is defined 

as below:  
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Naming the equation roots 321 ,, NNN (
444 ,, svu ) 

respectively, this expression is concluded:  

4
3

4
2

4
1 NNNx ++=  

4. Examples 

Find four roots of 0484 =++ xx . 

Solution: 

0,4,80484 ===⇒=++ psqxx  

1,2 −==⇒ BA  

012 23 =−+− NNN  

07549.11 ∠=N  

65.807549.07449.01226.02 ∠=+= iN  

65.807549.07449.01226.03 −∠=−= iN  

With extracting the square root of  (u4, v4, 

s4): 

3247.1,3247.11803247.1,03247.11 −→∠∠=N  

ii

N

5619.06224.0,5621.06624.0

3.2208688.0,32.408688.02

−−+
→∠∠=

 

321 ,, NNN
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ii

N

5622.06624.0,5622.06624.0

67.1398688.0,32.408688.03

+−−
→∠−∠=

 

The roots which satisfy equation (18) are selected: 

3247.11 =N  

iN 5619.06224.02 −−=  

5622.06624.03 +−=N  

iN 8749.03210.0,8749.03210.04
1 +−−=  

iiN 8749.03210.0,8749.03210.04
2 −−+=  

15095.1,15095.14
3 −=N  

The answers which satisfy equation (16) are selected: 

⇒++= svux  

7929.11 −=x  
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−=
 

By using the second method we verify the following 

example. 

5. Conclusions 

The most important point in all of the methods for 

solving a quartic equation is the complexity of these 

solutions. 

To prove the efficiency and simplicity of the proposed 

method an example quartic is given in the fourth section of 

the paper and it is solved with the proposed initiated method. 
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