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2,b)

We consider the near-horizon geometries of extremal, rotating black hole solutions
of the vacuum Einstein equations, including a negative cosmological constant, in
four and five dimensions. We assume the existence of one rotational symmetry in
four dimensions (4D), two commuting rotational symmetries in five dimensions
(5D), and in both cases nontoroidal horizon topology. In 4D we determine the most
general near-horizon geometry of such a black hole and prove it is the same as the
near-horizon limit of the extremal Kerr-AdS, black hole. In 5D, without a cosmo-
logical constant, we determine all possible near-horizon geometries of such black
holes. We prove that the only possibilities are one family with a topologically S'
X 8% horizon and two distinct families with topologically S* horizons. The S!
X §? family contains the near-horizon limit of the boosted extremal Kerr string and
the extremal vacuum black ring. The first topologically spherical case is identical to
the near-horizon limit of two different black hole solutions: the extremal Myers—
Perry black hole and the slowly rotating extremal Kaluza—Klein (KK) black hole.
The second topologically spherical case contains the near-horizon limit of the fast
rotating extremal KK black hole. Finally, in 5D with a negative cosmological
constant, we reduce the problem to solving a sixth-order nonlinear ordinary differ-
ential equation of one function. This allows us to recover the near-horizon limit of
the known, topologically S°, extremal rotating AdSs black hole. Further, we con-
struct an approximate solution corresponding to the near-horizon geometry of a
small, extremal AdSs black ring. © 2009 American Institute of Physics.

[DOL: 10.1063/1.3190480]

I. INTRODUCTION

Asymptotically flat and anti-de Sitter (AdS) black hole solutions in four and five dimensions
are of interest in the context of string theory and AdS/CFT, respectively, as they provide an
effective description of the strong coupling dynamics in certain sectors of the dual conformal field
theories. Focusing on supersymmetric states often allows one to evade the problem of performing
computations at strong coupling, as such states tend to be protected. This provides the opportunity
to reproduce the Hawking—Bekenstein entropy of the black hole in question from a microstate
counting in the weakly coupled field theory.

In recent years, great progress has been made in the construction of supersymmetric black
holes both in ungauged supergravityl*9 and gauged superg:{ravity,lm16 largely due to systematic
classification techniques available for BPS solutions."""7. As is well known, supersymmetric
black holes are necessarily extremal. Curiously, recent work on the attractor mechanism (see Ref.
18 for a comprehensive review) has revealed that, in fact, it may be extremality rather than
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supersymmetry which is responsible for the success of the entropy counting of black holes in flat
space.lg’20 In the case of extremal but nonsupersymmetric black holes, the attractor mechanism
was established upon the assumption that the near-horizon geometry of an extremal black hole
must have an SO(2,1) syrnmetry.21 This assertion was proven in four and five dimensions in Ref.
22, in a large class of theories, under the assumption that the black hole is axisymmetric in 4D and
has two commuting rotational Killing vector fields in 5D (see also Ref. 23 for generalizations for
D>5).* Indeed, there has been recent success in counting the microstates of extremal, nonsuper-
symmetric black holes in four and five dimensions.”> %

The classification problem of stationary black holes in higher dimensions is also of intrinsic
interest.*® From this point of view supersymmetry is merely a technical tool allowing one to study
the classification problem in a more constrained setting. Similarly, extremality may also be used as
a simplifying assumption. This is because any extremal black hole admits a near-horizon limit, a
geometry in its own right which solves the same field e:quations.z’22 The advantage of this is that
determining and thus classifying near-horizon geometries is a technically simpler problem: it
becomes a D—2 dimensional problem of Riemannian geometry on a compact space (i.e., spatial
sections of the horizon). Given a classification of near-horizon geometries in some theory, one can
deduce certain information about what black hole solutions are allowed. In particular, it can allow
one to rule out the existence of extremal black holes with a certain horizon topology. Furthermore,
this analysis determines not only the possible horizon topologies but also determines their geom-
etry explicitly. The one disadvantage of this method is that the existence of a near-horizon geom-
etry does not guarantee the existence of an extremal black hole solution with that near-horizon
geometry.

Previously, certain classifications of near-horizon geometries have been achieved in a variety
of ungauged supergravities,z’3 '3 Wwhere the combined use of supersymmetry and the near-horizon
limit is particularly fruitful. The main success of this is it allowed the proof of a uniqueness
theorem for asymptotically flat, topologically spherical, superysymmetric black holes in five di-
mensional ungauged supergravity: the only solution turns out to be BMPV.>*' In the gauged case
the near-horizon equations are more complicated and a classification of near-horizon geometries
was achieved using an extra assumption: the black hole admits two commuting rotational
symmetries.ls’16 This ruled out the existence of supersymmetric AdSs black rings with these
symmetries.

In this work, we consider the classification of near-horizon geometries in a setting without
supersymmetry in four and five dimensions. For simplicity we will consider near-horizon geom-
etries of extremal black hole solutions to Einstein’s vacuum equations and allow for a negative
cosmological constant. As a result, we can consider asymptotically flat [and Kaluza—Klein (KK) in
5D] and AdS black holes, respectively.34 In the pure vacuum in 5D there are a number of known
examples of extremal black holes and their associated near-horizon geometries: the extremal
boosted Kerr string, the extremal Myers—Perry black hole,” the extremal black ring,36 and two
different extremal limits of the KK black hole®”® (often termed “slow” and “fast” rotating).39 In
contrast, in the presence of a negative cosmological constant only one example is known: the
extremal limit of the topologically spherical, rotating AdSs black hole found in Ref. 40. Indeed, an
interesting open question concerns the existence of asymptotically AdSs black rings. No such
solutions are currently known. Furthermore, the systematic solution generating techniques avail-
able for vacuum gravity,‘“’42 are not available in the presence of a cosmological constant. Thus it
appears that a near-horizon analysis is one of the few systematic techniques available to obtain
information on the existence of AdSs black rings (at least in the extremal sector).

We use the assumption of axisymmetry in 4D and two commuting rotational symmetries in
5D, which means the near-horizon geometry is cohomogeneity-1 in both cases; therefore every-
thing reduces to ordinary differential equations (ODEs). Our analysis will employ both local and
global considerations (i.e., compactness of spatial sections of the horizon). The global arguments
allow one to avoid solving the differential equations generally, thus simplifying the problem. The
main results of this paper may now be stated.

Theorem 1: Consider a four-dimensional nonstatic and axisymmetric near-horizon geometry,
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with a compact horizon section of nontoroidal topology, satisfying R,,=Ag,, for A<0. If A
=0 then is must be the near-horizon limit of the extremal Kerr black hole. If A <0 it must be the
near-horizon limit of the extremal Kerr-AdS, black hole.

Remarks:

e For A=0 the same result has been proven in Ref. 43, and again in the context of isolated
horizons in Ref. 44. Their analysis included a Maxwell field (in which case the result is the
near-horizon geometry of extremal Kerr—-Newman).*

e Static near-horizon geometries of this form have been considered in Ref. 47. For A=0 it was
shown that the near-horizon geometry is a direct product of two-dimensional (2D)
Minkowski space and a flat T2. However, in the context of black holes this may be excluded
by the horizon topology theorems.*** For A <0 it was shown that it is a direct product of
AdS, and a compact Einstein space of negative curvature: this is incompatible with our
assumption of axisymmetry.

 Topological censorship49 implies that for asymptotically flat and globally AdS, black holes
the horizon section cannot have toroidal topology. Thus our result implies that the near-
horizon geometry of any asymptotically flat (or globally AdS,), Ricci flat (or negative cur-
vature Einstein space), stationary and axisymmetric extremal black hole is given by the
near-horizon limit of Kerr (or Kerr-AdS,).

e Note that for four dimensional nonextremal rotating black holes, axisymmetry has been
proven to be a consequence of stationarity [even in AdS (Ref. 54)]. Therefore, it is reasonable
to expect the same to occur for extremal black holes and thus their near-horizon limits.”™

Theorem 2: Consider a five-dimensional nonstatic near-horizon geometry, with a compact
horizon section H of nontoroidal topology, and a U(1)? isometry group with spacelike orbits,
satisfying R,,,=0. Then it must be contained in one of the following three families: a three
parameter family with H=5" X 2, given by Eq. (3); a two parameter family with H=S5> (case A)
given by (4) and (5); a three parameter family with 7/ =S5> (case B) given by (6). See the main
results section II B for more details and explicit metrics.

Remarks:

e Static vacuum near-horizon geometries were considered in Ref. 47. It was shown that they
must be the direct product of 2D Minkowski space and a flat compact three-dimensional
space. However, in the context of black holes, these may be ruled out by the black hole
horizon topology theorem.”*>

+ §'X8? case: In a region of parameter space it is isometric to the near-horizon limit of
extremal boosted Kerr string. Further, for a particular value of the boost parameter (i.e., such
that the string is tensionless), it is isometric to the near-horizon limit of the asymptotically flat
extremal vacuum black ring.22

+ 5% case A: This is isometric to the near-horizon limit of two different black holes: extremal
Myers—Perry (which must have two nonzero angular momenta J;) and the slow rotating
extremal KK black hole (G,J<PQ). In a special case (corresponding to J,= *=J, and J=0,
respectively), the rotational symmetry group enhances to SU(2) X U(1) [or SO(3) X U(1)]
and the near-horizon geometry is a homogeneous space.

+ 5% case B: In a region of parameter space, it is isometric to the near-horizon limit of the fast
rotating extremal KK black hole (G,J> PQ). This solution always has total rotational sym-
metry group U(1)? (i.e., it never gets enhanced as in case A).

+ Any extremal vacuum black hole in 5D with R X U(1)? isometry group and compact horizon
sections of nontoroidal topology must have a near-horizon geometry contained in one of the
three families above. Note that toroidal horizon topology is not allowed by the black hole
topology theorems of Refs. 52 and 53.

* We should emphasize that our results do not rule out horizon sections with Lens space
topology. In fact, under the assumptions of Theorem 2, all near-horizon geometries with H
=L, 4 can be deduced from the S3 cases by identifying points related by a particular (dis-

crete) subgroup of the U(1)? isometry group.
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» For a nonextremal rotating black hole in 5D, it has been proven that stationarity implies the
existence of one rotational symmetry.54’57 Therefore one expects extremal black holes to also
have one rotational symmetry. We have assumed two rotational symmetries, a property sat-
isfied by all known black hole solutions in 5D, although there is no general argument for this.

We have not been able to determine all possible near-horizon geometries with two rotational
symmetries and compact horizons in 5D with a negative cosmological constant. We have reduced
the problem to solving one sixth-order ODE of one function. The only family of solutions to this
ODE we know of corresponds to the two-parameter family of near-horizon geometries of the
extremal rotating AdSs black holes of Ref. 40. If a vacuum extremal AdS black ring with two
rotational symmetries does indeed exist, it must correspond to a solution to our ODE. An AdS
black ring would possess a number of length scales: R, the radius of the S! of the horizon, R, the
radius of the S? of the horizon, and € the AdS length scale. A small AdS black ring would be one
such that R; <€ and R,<<{. In this regime the black ring would not “see” the effects of the AdS
boundary conditions and one would expect it to be well approximated by an asymptotically flat
black ring. Therefore, by perturbing about the solution corresponding to the near horizon of the
asymptotically flat black ring, one should be able to construct a first-order correction (valid for
small R;/€) representing the near-horizon of a small extremal AdS ring. We have performed this
calculation and find that there exist regular perturbations which preserve the S' X S? topology of
the horizon. It is tempting to conclude that this provides some evidence for the existence of, at
least a small, extremal vacuum black ring in AdSs.

The organization of this paper is as follows. In Sec. II we present a self-contained summary of
our main results. Section III provides a review of general features of near-horizon geometries with
rotational symmetries, and we present the field equations to be analyzed. Section IV deals with the
four dimensional case, including a negative cosmological constant. In Section V we consider five
dimensional near-horizon geometries: first we examine the general case (including a negative
cosmological constant), then turn to a classification of all solutions in the pure vacuum case, and
finally we investigate the existence of solutions describing the near-horizon limit of an extremal
black ring in AdSs. Section VI concludes with a discussion of our results. The details of various
technical results used throughout the paper are given in the appendices.

Il. SUMMARY OF MAIN RESULTS

In this section we will state more explicitly the main results of this paper. This section is
intended to be a self-contained summary without derivations; these are provided in the rest of the

paper.

A. Vacuum near-horizon geometries in D=4 including a negative cosmological
constant

Consider a 4D stationary, axisymmetric extremal black hole, with a compact horizon section
of nontoroidal topology, satisfying R,,,=Ag,,, with A<0. We have proven that its near-horizon
limit must be given by

ds> =T (0)[- C*F*dv? + 2dvdr] + %a?d2 + %(dx +rdv)?, (1)
where
r=p"+ B Q=- @0'4 —(C*+2AB )2 +4B73(C*B+ A), (2)

4" 12
and C>0, B>0 are constants. Q must have four distinct real roots. The coordinate ranges are
given by o< 0= 0,, where o0, is the smallest positive root of Q and o,=-0 and x~x+27k,

where k=I'(0,)/(C*a,). This is actually a one-parameter family of solutions due to a scaling
symmetry of the solution which allows one to set C> or 3 to any desired value. It has isometry
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group SO(2,1) X U(1) with the orbits given by circle bundles over AdS, and its cohomogeneity-1.
The horizon is at r=0 and spatial sections of this are S*> endowed with a cohomogeneity-1 metric.
This near-horizon geometry is isometric to that of extremal Kerr (A=0) or extremal Kerr-AdS,
(A<0).

A consequence of the above result is that any stationary axisymmetric extremal black hole
solution (with S? horizon sections) satisfying R,,=Ag,, for A<O must have a near-horizon
geometry given by that of extremal Kerr (A=0) and Kerr-AdS, (A <0).

B. Vacuum near-horizon geometries in D=5

Consider a 5D Ricci flat extremal black hole with R X U(1)? symmetry (i.e., stationary plus
two rotational symmetries) and assume spatial sections of the horizon are not toroidal. We have
proven that its near-horizon geometry must be contained in one of three families.

S'X 82 horizon: The near-horizon geometry in this case can be written as

ds* = C?a*(1 + ?)[- C*r?dv® + 2dvdr]

a*(1+0?) 4a*(1 - d?) I 1
+ | —o? do? + 1+ (dop + Qdx* + C*rdv) +4C4a2

where —1<o=<1, ¢~ ¢p+2m, and x2~x2+L. The solution is parametrized by the constants
(C,a,Q,L) where C,a,L>0, however, due to a scaling symmetry one of C,{),L may be set to
any convenient value. It is therefore a three-parameter family of solutions. The isometry group of
this geometry is SO(2,1) X U(1)>. The orbits of SO(2,1) are circle bundles over AdS, and the
geometry is cohomogeneity-1. The horizon is at =0 and spatial sections of this are S'X §?
endowed with a cohomogeneity-1 metric. In fact, the C?[QQ|<1/(4a’) case is identical to the
near-horizon limit of the boosted extremal Kerr string with boost parameter 8 and Kerr parameter
a, see Ref. 22. This can be seen by defining tanh S=44>C>Q) and setting C>=1/(2a> cosh f3)
(which we are free to do due to the scaling symmetry mentioned). Further, if one chooses the
boost, such that sinh? B=1, it is isometric to the near-horizon limit of the extremal vacuum black
ring, see Ref. 22.

(dx*)?, 3)

S horizon (case A): The main assumption of our analysis is the existence of a U(1)? rotational
symmetry. As is typical of rotating solutions in 5D, in this class there is a special case in which the
rotational symmetry group enhances to SU(2) X U(1). It is convenient to write this special case in
a separate coordinate system.

The more symmetric case can be written as

2T r
ds* =T[- C?F*dv? + 2dvdr] + E(d:/w cos 8d¢p + C?rdv)* + E(daz +sin® 6d¢?), (4)

where 0 < ¢y<4m, 0< =<2, 0< §=< 7 are the usual Euler angles on S3. The solution is param-
etrized by the constants (C2,T’); however, due to a scaling symmetry it is a one-parameter family.
This solution has an isometry group SO(2,1) X SU(2) X U(1). The orbits of SO(2,1) are circle
bundles over AdS, and the geometry is a homogeneous space. The horizon is at r=0 and spatial
sections of this are S° endowed with a homogeneous metric. It turns out that this case is isometric
to both the near-horizon limit of the J,=J, extremal Myers—Perry black hole and the near-horizon
limit of the /=0 extremal KK black hole.
The generic case is more complicated. It can be written as

ds* = o[- C*r*dv?® + 2dvdr]

odo® N 2)( | V= cycqdx? )2 0(0)(dx?)?
+Q(0_)+<Ca'—o_ dx +rdU+C(C202—cz) +(C20'2—c2)’ (5)

where Q(0)=—C?0>+c,0+c¢, and 0, <0< 0,, where 0,0, are the roots of Q and 0< o <0,.
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The parameters must satisfy ¢; >0, ¢, <0, and c%+4C2c2>O. There is a scaling symmetry so it is
really just a two-parameter family of metrics. The coordinates ¢; adapted to the U(1)? rotational
symmetry are defined by 8/ d¢;=—d;,((1/Ca;)\—c,/c,(d/ dx") -/ dx?), where d; are chosen so that
the periods of ¢; are 27r. This near-horizon geometry has an isometry group SO(2,1) X U(1)?
whose generic orbits are 72 bundles over AdS, and therefore it is cohomogeneity-1 [the orbits of
SO(2,1), in general, are line bundles over AdS,]. Spatial sections of the horizon r=0 are given by
S% endowed with a cohomogeneity-1 metric. It turns out this case is isometric to the near-horizon
limit of two different black holes: the extremal J; #J, Myers—Perry and the extremal 0<G4J
< PQ KK black hole.

In summary, this class of S° topology horizons is isometric to the near-horizon limit of either
(i) extremal Myers—Perry or (ii) slowly rotating KK black hole.

S horizon (case B): In this case the near-horizon geometry is of the form

ds® = (a,0? + ag)[- C*r*dv* + 2dvdr]

(a,0? + ap)da®  2P(o) | Kao 2 0(o) -~
+ + dx’ + rdv — d + dx”)”, 6
O(o) a,d” + ay v aP(o) " 2P(0')( ) ©
where
Q=-C*?+cio0+c,, P=ac’+Bo+y, (7)
with
a=—a,(Clag+ayc,), PB=2ciapay, v=ay(C?ay+ axc,), (8)
and

B (aoC? - azcz)[c%aoaz + (C%ay + arc,)?]
K= ) 9)

2

The constants (ag,a,,c¢;,c,,C?) must satisfy C2ag—arc,>0, clagar+(C’ag+arc,)?>>0, and c?
+4C2c2>0.55 The latter condition ensures that Q has two distinct real roots oy <o, and the
coordinate o must belong to the interval o)< o< o0,. This metric possesses two independent
scaling symmetries and thus is really just a three-parameter family. It has an isometry group
SO(2,1) X U(1)> whose generic orbits are 7> bundles over AdS,, and therefore it is
cohomogeneity-1 [the orbits of SO(2,1) are generically line bundles over AdS,]. The horizon is at
r=0 and spatial sections of this are S* endowed with a cohomogeneity-1 metric. Using one of the
scaling symmetries, one can always set c¢j+4C?c,=4C": then, the region of parameter space
defined by a,>0 and 4a,C2+2C*(C2ag—asc,) <[clagar +(C?ag+asrc,)*]/(C®a,) can be shown
to be identical to the near-horizon geometry of the fast rotating extremal KK black hole (i.e.,
G4J>PQ).

C. Vacuum near-horizon geometries in D=5 with a negative cosmological constant

Consider a 5D near-horizon geometry with two commuting spacelike Killing vectors which
satisfies R,,,=Ag,,. We have shown that the problem is equivalent to solving the two coupled
ODEs,

&0 d <Q3 d3F> d’T

—— +2C*+6A'=0, —|=——|-10AQ°~—=0 10
da? do\ T do’ @ i (10)

for the pair of functions (I'(c),Q(o)), where C>0 is a constant and I'>0. Observe that elimi-

nating " gives a sixth-order nonlinear ODE. The near-horizon geometry is given in coordinates

(U’r’o-vxl’xz) by
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I'do®
ds* =T[- C*r*dv® + 2dvdr] + + v, (dx' + w(0)dx®)? + Fi(dﬁ)z, (11)
Y11
with
d[or
711=F—<Q—) 20T + 2AT2 (12)
do\ T

and w= y,,/y;, is determined up to quadratures by either (80) and (82). Note that d/dv, d/dx",
and d/dx* are all Killing so the metric depends on the single coordinate . The horizon is at r
=0.

The most general polynomial solution to the pair of ODEs is

F=a0+a10', QZ—Aa]O'S—(C2+3Aa0)0'2+C]O'+C2. (13)

The resulting near-horizon geometry is a straightforward generalization of the Ricci flat near-
horizon geometry with S horizon (case A) in Sec. I B. It turns out this case (once compactness
of the horizon is imposed) is exactly the near-horizon geometry of the most general known
extremal rotating AdSs black hole,* which has horizon topology S°.

We have not been able to find all solutions to the pair of ODEs, which prevents us from
providing a classification of near-horizon geometries in this case. It would be interesting to find a
solution with horizon topology S' X §2, thus providing a candidate for the near-horizon geometry
of an extremal AdS black ring. By linearizing the ODEs about the solution corresponding to the
asymptotically flat black ring, we have constructed an approximate solution corresponding to the
near-horizon limit of a “small” AdS black ring, see Sec. V D.

lll. VACUUM NEAR-HORIZON EQUATIONS

Consider a stationary extremal black hole. In a neighborhood of the horizon we can introduce
Gaussian null coordinates (v,r,x%), where V=4/dv is a Killing field, the horizon is at r=0, and x*
are coordinates on a D-2-dimensional spatial section of the horizon. We will refer to this
D —2-dimensional manifold as H, which we assume is orientable, compact, and without a bound-
ary. One can take the near-horizon limit of the metric by sending v —v/€, r— er, and €e—0, see
Refs. 2 and 22. This gives

ds* = PF(x)dv® + 2dvdr + 2rh,(x)dvdx® + y,;,(x)dx“dx", (14)

where F,h,,y,, are a function, one-form, and Riemannian metric on H which we will refer to as
the near-horizon data.

In this paper we will consider the problem of determining all vacuum near-horizon geometries
allowing for a negative cosmological constant, i.e., metrics of the form (14) satisfying R,
=Ag,, with A<0. It can be shown that these space-time Einstein equations for the metric (14) are
equivalent to the following set of equations on H:O

Rab:%hahb_v(ahb)"'Ayab’ (15)

F=3hh =3V + A, (16)

where R, and V, are the Ricci tensor and metric connection of the horizon metric 7,,,. For later
convenience it is worth noting that using (15) and (16), the contracted Bianchi identity for R, is
equivalent to the following equation:

V,F=Fh,+2h"V, h = V'V, h . (17)

In this paper we will be concerned with solving Egs. (15) and (16). Although we have not been
able to solve them, in general, we will show how one can determine all solutions with a compact
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‘H under extra assumptions regarding rotational symmetries and horizon topology.
First, however, we will note a number of general implications of the above equations for A

=0. Observe that
heh
fR=JF=J —4 =0 (18)
H H n 2

with equality if and only if 4,=0. In the case #,=0 it follows that F=0 and v, is Ricci flat: the
near-horizon geometry is then simply a direct product of R"*! and a Ricci flat metric on . In four
and five dimensions this implies a flat metric on 7. In 4D this implies H =77, whereas in 5D there
are more possibilities (which include H= T3).58 Also note that in 4D we see that the Euler number
X(H)=0 and thus the only possible horizon topologies are S? and 72 (the latter of which occurs
only when the near-horizon geometry is a direct product of R""! and flat 7?). Observe that for r
>0 the Killing vector V=4/dv cannot be timelike everywhere, i.e., F(x)<0 for all x is not
allowed.

A. Cohomogeneity-1 near-horizon geometries

We will now restrict consideration to near-horizon geometries of stationary extremal black
holes which are axisymmetric in D=4 and which admit two commuting rotational Killing vector
fields in D=5. That is, black holes with an isometry group R X U(1)”~3 in D=4,5 whose generic
orbits are D—2 dimensional. Denote the generators of the U(1)P~3 isometry by m; and introduce
coordinates adapted to these so that m;=d/d¢' with ¢~ ¢'+2m. The near-horizon geometry
inherits the U(1)P~* isometry group, which implies that the full near-horizon geometry is
cohomogeneity-1 (see Ref. 22). Therefore, the near-horizon data (F,h,, y,,) defined on H are all
invariant under m;.

The existence of the U(1)P=3 isometry group restricts the horizon topology as follows. First
note that the U(1)P~3 isometry defines an effective group action on , although we do not assume
it acts flreely.59 Thus spatial sections of the horizon H are D—2-dimensional closed (compact with
no boundary) and orientable manifolds with a U(1)P=3 effective action. For D=4 the only possible
closed, oriented two manifolds admitting an effective U(1) action are S and T2 In D=5 the only
possible closed oriented three manifolds which admit an effective U (1)? action are 73, S' X §2, and
53 [as well as the Lens spaces L(p,q) which occur as its quotients by discrete isometry subgroups],
see, e.g., Ref. 60 and references therein. Note that only in the 7°2 case is the action free—in the
other cases there are fixed points. In fact, there are global parts of our analysis which do not apply
to the 7P~2 case, and therefore we assume nontoroidal topology in D=4,5 henceforth. This does
not represent much of a restriction though, as in view of the black hole topology theorems, >*%3
one is mainly interested in S? topology in D=4 and $°,S' X §? in D=5. Let us now introduce some
globally defined quantities which are central to our analysis.

Define the 1-form zz—iml”‘imD_ng—z, where €,_, is the volume form associated with the
metric ,, on . Since the m; are Killing fields it follows that 4% =0. Therefore, if H'(H)=0 there
exists a globally defined function o, such that 3=do. For H=5?,5> (and Lens spaces) this is the
case.”! For H=S'X 52 we can argue that the 1-form X is a 1-form on the quotient space H/S'
=$? as follows. Since X-m;=0, we simply need to show that some combination of the Killing
fields m; are a vector field on the S!. But this must be the case, as otherwise restricting to 52 one
would have a metric on S? with U(1)? isometry which is impossible. Hence as claimed, we have
shown that even in the S' X §? case the closed 1-form 3 must be globally exact (as it is also a
closed 1-form on the Sz). To summarize, we have shown that for the cases of interest H
=52,53,5' X §2, one may define a globally defined function o as above; notice that ¢ is invariant
under the U(1)? isometries since ;- do=0 and also that do=0 at the fixed points of the rotational
Killing fields.

In fact, the fixed points of the rotational Killing fields may be used to distinguish these
topologies.? For §2,5!x §2 there is a unique Killing field which has fixed points, and further it
only has two fixed points (the poles of the $?). For S* again there are only two points where one
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(or a combination) of the Killing fields vanishes, however, it is a different Killing field which
vanishes at each of these points. From the definition of o we deduce that do=0 only at fixed
points of the m;; it follows that for the topologies under consideration do vanishes only at these
two points.

The 1-form &, on 'H, which is part of the near-horizon data, can be decomposed globally using
the Hodge decomposition theorem as follows:

h=p+ad\, (19)

where S is a coclosed 1-form® (i.e., V,.B*=0) and \ is a function on H. Since L,, h=0 it follows
that L,, ,8 Oand L, d)\ 0 separately. This follows from uniqueness of the Hodge'decomposition
together with the facts that L, B is coclosed (using the properties that B is coclosed and m; are
Killing fields) and also that L,, d)\ d(m;-d\) is exact. This also shows that m;-d\=c;, where c¢; are
constants. However, since \ is a function on 4 it must be periodic in ¢’ where m;=d/ d¢'—this
implies that ¢;=0 and hence m;-dA=0. We find it convenient to introduce the invariant function
I'=e¢™ which satisfies ['>0 on all H.

We now introduce local coordinates (p,x’) on a horizon section which are adapted to the
U(1)P~3 isometry,

Yapdx“dx” = dp® + v, (p)dx'dx, (20)

where 9/ dx" are Killing fields and i=1,...,D-3. Observe that in D=4, it is necessarily the case
that m, o 9/ dx', whereas in D=5 the d/dx’ can be linear combinations of the m; and thus need not
have closed orbits. In these coordinates all scalar invariants only depend on p, so, for example,
I'=T'(p) and o=0(p). Now consider the coclosed 1-form B above The fact that it is invariant
under the m; means B= ,BP(p)dp+B,(rg)dx Then, V, B*=(1/v y)(d/dp) v y,B”) 0, where 7y
=det 7;;, can be solved to get f°=c/\7y, where c is a constant. This constant is related to an
invariant as follows: consider the scalar ig*(myA--+ Amp_3)=cJ, where  is the Hodge dual with
respect to the horizon metric 7ab 7 and J is the Jacobian of the coordinate transformation ¢
—x' (which is a nonzero constant). Therefore, if one of the rotational Killing fields on the horizon
vanishes somewhere, we must have ¢=0 and hence B,=0. This is indeed the case for all the
topologies we are interested in (in fact, ¢ # 0 only in the 7P? case). Thus, exploiting the global
representation for the one-form 4 derived above (19), in the coordinates (p,x’) we have

!

T
h=T"k(p)dx' - de, (21)

where, in general, we write f'=df/dp, and we have defined the functions k;(p)=I"f;. Notice that
the functions k;=Th-(d/dx’) are, in fact, globally defined.

It is then convenient to introduce a new radial coordinate (for the full near-horizon geometry)
by r—I'(p)r and define the function A =IT"?F—k'k;, where k' = ka One of the main results found
in Ref. 22 is that the vanishing of the pi and pv components of the Ricci tensor of the full
near-horizon geometry in these new (v,r,p,i) coordinates implies that k' are constants and that
A=AyI" for some constant A,. Then the near-horizon geometry written in the new r coordinate
simplifies to

ds* =T (p)[Agr*dv® + 2dvdr] + dp* + v;(p)(dx' + K'rdv)(dx’ + k'rdv). (22)

This form of the near-horizon geometry makes an SO(2,1) isometry group manifest.”” We will
take this result as the starting point of our analysis and find all vacuum geometries of this form
with compact H. For completeness though, we will first show how this result is derived from the
Einstein equations written in terms of the near-horizon data (F,h,, y,;) defined purely on H, i.e.,
Egs. (15) and (16). First observe that the pi component of (15) is Rpi=—%l'“1yij(kj)’ and since
R,;=0 for a metric of the form (20) this implies k' are constants. Now, the p component of (17) is
F'=—('"/T)F+I''"%(I'"'k;)’, which when written in terms of the function A defined above is
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equivalent to A’+(I""/T)A+ (k") k;=0. From this and the constancy of k', it follows that A=A I’
for some constant A, and the result is established.®®

Note that we will be only interested in nonstatic® near-horizon geometries, as the static case
has been analyzed previously47 where it was found that the only solution is a direct product of R"!
and a flat compact space for A=0 or a direct product of AdS, and a negative curvature compact
Einstein space for A <0. If all the constants k'=0 then the above near-horizon geometry is static.”
Therefore, we will assume that at least one of the constants k' # 0 in this paper.70

Let us now consider the near-horizon equation (16). Observe that F=(AI'+k'k;)/I'%, and
therefore (16) becomes

Kk, 1
Ag+ = ==V =AT. 23
°For T2 (3)
Integrating (23) over H shows that
1 k'k;
Ag=——— | (== 4+ AT =<0, 24
0 VOl[H]J;.t( 2r * ) (24)

with equality if and only if A=0 and k’=0. Therefore, for nonstatic near-horizon geometries A,
<0, and we will often set AO=—C2 for some C>0.

Now let us turn to the equation for the Ricci tensor of the horizon (15). The nonzero compo-
nents of the Ricci tensor of the horizon metric (20) are given by

L, Y , 1, 11 1 2 1, 11
Rij=- 571‘,' - 4_7’)/1'1‘ + E%Iﬁ/{ Y=~ EV Yijt E%k?/( Yij» (25)
Ryp== 35008 V" = 3V ¥/ Yous (26)

and note that for a function f(p)

!

Vr=f4 0 27)
Y

where y=det y,;. Evaluating the right hand side of (15) gives

T 1 F/Z
pp=F—§F+A, (28)
1 1,1
— 12 N
Now, observe that (25) implies
Ry’ == 3(log )" - ;(log )", (30)
which using (29) implies
" F_, ’ -27,2 l 12 _ —
(log )" + F(log v) + 1%k +2(10g v)'*+2(D-3)A=0. (31)
By contracting (25) with k%%’ and using (29), one gets
2\n r,2r rogjn! 1 1(1.2\! 2 -2(1,2\2
(k?) +F(k) —ki)//kj+5(log Y (k) +2Ak* + T2(k*)?=0. (32)
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To integrate the above equations it proves useful to use the globally defined function o
introduced at the beginning of this section as a coordinate instead of p. Note that in p coordinates,
it is given by o'=vdet y,;. Observe that the volume form of 7 is then given simply by €_;
=dondx'A--- AdxP~3 (choosing an orientation). Recall that o is a globally defined function and
do is nonzero everywhere except where y;; degenerates. Indeed, o cannot be constant as otherwise
0'=0 and thus det ;=0 everywhere. Therefore, it is legitimate to use o as a coordinate every-
where except at these degeneration points (which occur at fixed points of m;). Therefore, any
expression we derive in this coordinate will be valid globally provided we can show that is also
smooth where do=0.

We will now derive some general results valid in both D=4,5. Substituting into Eq. (23)
implies

%——F’d’+Q+F—”+A (33)
22 2 T 2

and Eq. (31) gives

, I'ad” , k'k;
lod +T+G<ﬁ+(D—3)A>=O. (34)

Eliminating k'k; between these two equations leads to

. 31—v : C2 ” ) )
o’+2Fo’+<F+2F+(D—2)Ao_O. (35)

This equation may actually be solved by noting the identity

3T’ C2 " ) ]d2Q C2
"+ —0o" —+—+D-2)A|lo'=0¢'| =——+—+(D-2)A
oJ+2FaJ+(F+2F+( )A |o 0{2Fd2+r+( A |, (36)

where we have defined Q(0)= o'?I". Therefore, we deduce that

0+2C*+2(D-2)AT =0, (37)

where, in general, we denote df/do= f Observe that by working in the o coordinate, the dp* part
of the metric is given by

r

dp*= édoﬁ. (38)
Substituting 0'?>=Q/T back into (33) gives
: d [ or
Kk, = FEr(Q?) 2C°T + 2AT2. (39)

Since we are assuming the constants k'# 0, we can always choose the coordinates x’ such that
kid/ ox'=d/ ax'. This implies k'k;=1;,, and therefore we have determined this component of the
metric in terms of the functions Q and I'. In D=4, together with (38), this determines the whole
metric on H in terms of the two functions Q and I'.

Before closing this section let us derive a useful result based on global considerations. First
notice that the norm of the one form do is given by
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0
2_ %
(do)”= ik (40)

which implies O =0. Now since o is a globally defined function on a closed manifold H, it must
have a distinct minimum (say o) and maximum (say o) so o} <o <0, and 0, <0, (note that o
cannot be a constant). Therefore do- must vanish at these two distinct points on H, and as argued
earlier there are, in fact, only two points where do=0 (they correspond to the fixed points of m;).
This implies that the function Q=0 with equality if and only if o=0, or o=0,. We deduce that
any function we construct from o-derivatives of globally defined functions can only fail to be
defined at the points o=, 0. Our subsequent analysis will be mostly local (integration of ODEs
with respect to o), although there are steps where we need to use the fact that certain functions are
globally defined. In the appendices we introduce a (globally defined) vector field which allows us
to prove that these functions are globally defined.

IV. Four Dimensions

In 4D the metric on the horizon is particularly simple,

Yapdx“dx" = dp® + y(p)dx?, (41)

where we write x' =x and note that v;;=1 in this case. Equation (39) therefore gives an expression
for y which, noting that y=0'2>=Q/T’, can be written as

Q=0IT -T2Q + QI'T + 2CT? + 2AT. (42)

Now differentiate (42) with respect to o. This gives an expression involving O which can be
eliminated using (37), leaving

. &Sroo. . ) . )
0= QFF +1°20T - Q1) +2CHT + 2ATT . (43)
g

Now combine this with (42) in such a way to eliminate the C> and A terms to eventually get

T . rg)( LT 1)
—ilo-=)|2f-=-=]=0. 44
e (Q r rr)=° “44)
Now define
p=2r ro (45)
B r T
and note the identity
S r» P (46)
@ T
Eliminate the third-order derivative terms between (44) and (46) to get
(T 2Q)
_(L_2¢ 47
P ( I o P, (47)

which integrates to
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—=a, (48)

where « is some constant.

As discussed earlier, based on global analysis Q must vanish at two distinct points which from
(48) would seem to say one must have a@=0. Indeed, in the appendices we prove that Q°P is a
globally defined function which vanishes at the zeros of Q, and therefore one must have a=0 for
a compact H. From (48) we see that therefore we must have P=0, and this equation can be solved
by noting the identity

P_F'Zi(r'zH) 49)
I do\ T )’
which implies

I?+1=pT, (50)

where $>0 is a constant. There are two solutions to this equation: either

ﬁ(O'— 0'0)2
+ ——

Y (51

r=p"
where oy is a constant, or simply I'=8"'. This latter solution implies that ' and Q are both
constants—this is incompatible with having a compact H, and therefore we discount it. Therefore
I' must be given by (51), and since by definition, o is only defined up to an additive constant,
without loss of generality we will set o,=0. We can now integrate easily for Q using (37) to find,

Q:-%0-4—(C2+2A[T1)02+010+c2. (52)

Now plugging back into Eq. (42) implies

c,=4B73(C*B+A). (53)

The rest of the near-horizon equations are now satisfied without further constraint.
To summarize, so far we have shown that the near-horizon geometry is given by

ds® =T'[- C*r2dv* + 2dvdr] + gdol + %(dx +rdv)?, (54)
where
r=p"'+ %, Q=- %0'4— (CP+2A8 Y +cio+4B73(C* B+ A), (55)

and C>0, >0, and c; are constants. Observe that the near-horizon geometry has the following
scaling freedom:

C*—>KC?>, B—K'B, ¢ —K;, 0—Ko, x—K'x, v—-K"W (56)

for constant K>0, which allows one to fix one of the parameters (or a combination of them) to
any desired value.

Although we have used some global information in our derivation, we need to complete the
global analysis of this solution to determine the most general regular near-horizon geometry with
compact horizon sections.
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A. Global analysis

Consider the metric on H,

r 0
dx®dx® = —do? + =dx>. 57
Yapdx“dx 0 + X (57)

As discussed earlier, compactness of ‘H requires o; <o < 0, and Q =0 with equality occurring at

oy, 0, only. It follows that Q(c;) >0 and Q(0,)<0. The Killing vector 4/dx must vanish at the
endpoints. The horizon metric therefore is nondegenerate everywhere except at =07, 05, where,
in general, one has conical singularities. Simultaneous removal of the conical singularities at o
and o, is equivalent to

Q(Ul) _ Q(Uz)
o)~ T(oy) G8)

If this condition is satisfied we have a regular metric with d/dx vanishing at the endpoints o
=0,,0, and therefore 7 has S? topology as expected.
Let us first consider A=0 so Q(0)=—C?c?+c,0+c,=C*(o—0,)(0,—0). It follows that

0(0)=—0(0>), and therefore using the condition for the absence of conical singularities (58), we
have I'(o;)=I"(0). Since the roots must be distinct, using the form of I' we see that o;=-0,
#0. This implies ¢;=0 and from the expression for ¢, we get o;=-28" so Q=C*(4B2-0o?).
Define a new coordinate ¢=C>x, a parameter a=1/CV\B, and rescale o— 20/ 3. The horizon
metric then becomes

1+

yahdx“dxb:a2< - i)d&%ﬁ( i " Zj)dq&z (59)

and regularity implies ¢ to be 27 periodic. This is an inhomogeneous metric on S? with d/d¢
vanishing at o= * 1. The full near-horizon geometry, upon rescaling v — Bv/2, is now given by

2 _ 2
ds?= 202{— 2r—azdvz+2dvdr] +a2( 1 J_r Zj)dol+4a2< i . j)(ddw Z—;dv) . (60)

This coincides exactly with the near-horizon geometry of extremal Kerr as given in Ref. 22 upon
the change in variables o=cos 6. This proves the following.

The only 4D Ricci flat axisymmetric near-horizon geometry with a nontoroidal horizon section
is that of the extremal Kerr black hole.

Now consider the A <0 case and set A=—3g>. We have argued that Q must have distinct roots
;< o0, and be positive in the interval in between these roots. Therefore, since Q is a quartic with
a positive o* coefficient, it must have four real roots and further they must be all distinct (for
compactness), such that o, < o, < 0, < g3. Therefore

2
0= (0 oo 0)0- )0~ 61)

and due to the absence of a cubic term in Q we must have

0'1+O'2+0'3+0'0=0. (62)

The condition for the absence of conical singularities (58) becomes
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(02 = 0p) (03— ) _ I'(0y)
(01 = 0p)(o3=07) F(U]).

(63)

Now, we prove that this implies I'(a;)=I"(o). To do so, first assume I'(o,) >I'(o). This implies
that the left hand side of (63) is greater than 1 and in turn this implies, using (62), that o,+ 0,
<0 and thus o§< a'% It follows that I'(o,) <I'(o}) in contradiction to our assumption. Similarly
assuming I'(0,) <I'(o;) implies o+ 0,>0 and hence a§>a-% providing another contradiction.
We conclude that I'(o)=I"(0,) and hence o,=—0 #0. From (62) it follows that o3=—0, and
therefore Q is an even function of o, i.e., ¢;=0.

Now we will show that the”' ¢;=0 solution is the near-horizon limit of Kerr-AdS,. Comparing
coefficients of Q gives

4C* 24
Aroi= o= (64)

16C* 48
O%‘T%: g2ﬂ3 _E' (65)

These two equations are equivalent to
(,80'2)2(,30'3)2 - 4(,802)2 - 4(,30'3)2 =48, (66)
8C?

(BB 2y =2 =5 (67

Now define two positive constants a, r, by

5 2
-2 =
803 gBo3

a (68)

and so it follows ag <1. Note that the parameters a and r, are actually invariant under the scale
transformation (56). Using these definitions to eliminate o,, o3 from (66) implies g2r3<1 and

r2(1+3g%7)

2
69
a s (69)

Next, eliminate o, o3 in (67) and then use the expression for a (69) to get
1+ 6gzr3r - 3g4ri 1+a%g>+ 6g2ri

C?= = 70
P ) r (70)

Next use the scale invariance (56) of the near-horizon geometry to set

1+a%g> +6g%7
C2=A (71)

=2
E(r:+a%

where we define Z=1-a’g?. Using this choice of C? (70) implies
=2
E(r:+ad%

B= 2 : (72)

ry

Plugging this into the definition of r, gives
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2r,
o3=— 5 (73)
g:,(rgr +d?)
and then from the definition of «a, it follows that
2r,a
0=—"75 - 74
: E(r +d 74)
Finally change coordinates from (o ,x) to (6, ¢) defined by
2ar,.x o
= , cosf=— (75)
(”i +a%)? oy
so 0= @<= 7 provides a unique parametrization of the interval. This gives
4r sin? A 2
~3—30, I'= Hf—+2, (76)
H(r++a) B(ri+a’)
where Ay=1-a’g? cos? § and p>=r2+a?® cos® 6. It follows that
Tdo? 2d6 sin® OA,(r2 + a?)?
gd 2 _ p+ H( ) d¢2, (77)

+ =dx"= +
2—1
Q F AH P+»—«2
and it is easy to see that the absence of conical singularities implies ¢~ ¢+2. Inspecting the

appendices we see that this is exactly the horizon geometry of Kerr-AdS, and the rest of the
near-horizon data I', k% also agrees. Therefore we have proved the following.

The only 4D axisymmetric near-horizon geometry with a nontoroidal horizon section which
satisfies R ,,=NAg,,, with A <0, is the near-horizon limit of Kerr-AdS,.

This completes the proof of Theorem 1 stated in Sec. I.

V. Five Dimensions
A. Near-horizon equations

In 5D it is useful to rewrite the horizon metric as

2)2 V(P)
Y1 l( )

where we define (p)= v,/ 7y, and recall y=det y,;. We have already determined kik;=17,, in
terms of I', Q (39). Since we also know y=0">=Q/I" we need to determine only one other
component of y;;, say y;, or equivalently w.

Consider (32), which since we have chosen k=4d/dx' is equivalent to the R;; equation. To
simplify this equation we will need the identity

'}/’k _ (')’11) 7%1{(&)’]2’ (79)

Y Y Y

Yapdx'dx” = dp® + v, (p)(dx' + w(p)dx®)* + —=—(dx*)?, (78)

substitute for y=cr’2=Q/ I', convert all p derivatives to o derivatives, and note the fact ¢”
=(d/do)(Q/2I'). The result is that (32) becomes

Q')’ll) A+ '}’11 (80)

Fdo'( Y11 F

Now consider the pp component of (15) which is given by equating (26) and (28). To evaluate
(26) it proves useful to note the identity
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’ ’ 1\ 2
iyt i) = (%1)2+(m_1> 27?1[(&) ]
! 7’%1 Yu Y Y Y

I d ?
g e R
11

wherein the second line we have converted to o derivatives. The other term in (26) is given by
log 7", which using y=0"2 contains a ¢””, and we eliminate this using (35). After some calculation
the pp equation simplifies to

2c? or O 0% ind(Q)
= +4A - = = 82
' = T 2 T2 719, "y, do\T (82)
Equating (80) and (82), using (39) to write the v;,/I'> term in (80), leads to
d . F'2>
—(I'y 2I'- — =0. 83
dcr( i) + ( T Y (83)
Differentiating (39) with respect to o gives
a’r 2\ . or .
711=Qd03 <2F )(Q—Q—>—2AFF, (84)

where (37) has been used to eliminate Q. Substituting (84) and (39) into (83), again using (37) to
eliminate Q, leads to the remarkably simple equation,

d‘r ( FQ)
—+\|3 —10ATT =0, 85
Q 7ot 0- 1o (85)
which can be written more compactly as
d (0 d3F) .
—| === |- 10AQT =0. 86
( I do’ © (86)

We must now examine the remaining components of the near-horizon equations, i.e., the x'x?

components of (15). One can check that the 12 component of (25) is

R e o, e yye ﬁlww,z Vﬁw Y e
2= —Tne - + + + -
2 2 4y 2y 2v1 4y
_Qvnw_i<g>7nw+v?lwwz_Qmw_Qmas+Q%1w )
o do\Tl') 2 2 r o 2Ty,
and (29) requires that
7%1“’
[w'y”+w'y“]+A'y”w (88)

27 o2 2r2

Eliminating the @? term in (87) using (80) leads to many cancellations and the x'x? component of
(15) becomes simply

T
y“w+2y“w+Fy“w=0, (89)

which integrates to
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k
o=, 90
2T (90)

where k is a constant. In fact, (90) is automatically satisfied as a consequence of the other
components of the near-horizon equations. Indeed, using (82) and (39) one can check that
(d/do-)(y‘ltlf‘zcbz)zo as a consequence of (37) and (86).

In fact, the above equations exhibit certain scaling symmetries which translate to scaling
symmetries of the full near-horizon geometry. It is important to keep track of these when it comes
to counting the parameters of a solution. The two ODEs (37) and (86) possess the following two
symmetries:

S;: 0—KQ, T—KI, C*-KC, o—Ko, (91)

S,y 0—L1*Q, o—Lo (92)

for constant K>0 and constant L (of either sign). It follows that

S oy — Ky, X' =K%, v—K, (93)

Sy yn— Ly, x¥*—L'% (94)

provide scaling symmetries of the full near-horizon geometry. Observe that these scalings can be
combined, e.g., 85181 (with K=L) generates the near-horizon symmetry Q —KQ, I' = KT, C?
—KC:L X' KW 2K v—K .

Summary: We have shown that the functions I'(o) and Q(o) satisfy the coupled ODEs (37)
and (86). Further, given a solution to these ODEs (I'(o),Q(0)), a near-horizon geometry satisfying
the vacuum Einstein equations R ,,=Ag,,, can be constructed as follows. Firstly vy, is determined
from (39); next w=1,,/y;; can be got up to quadratures from either (80) or (82); finally note (38)
gives ¥,,. This determines the horizon metric (78) in the coordinates (o, x',x?). Recalling that we
chose a gauge where k= 53, one can write down the full near-horizon geometry from (22).

B. A class of near-horizon geometries with S® horizons

Observe that one set of solutions to (86) is given by
I'=a,0+ay, (95)
where a;, a, are constants. Then, (37) implies
Q=-Aa;0° = (C*+3Aag) 0 +c,0+c,, (96)

where ¢, ¢, are integration constants. The analysis naturally splits into two, depending on whether
a, vanishes or not.”

1. Homogeneous horizon

First, suppose a;=0 and so I is a constant. Then, the equation for k'’k; (39) gives

Y11 =2CT +2I%A, (97)

which is a constant and thus C?>+AI' > 0. Equation (80) gives

L, (C*+2AT)

L 98
Y T+ AT)? (98)

which is also a constant and implies C?>+2AI =0. Therefore
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w=*

( (C*+2AT) )”2 . (99)
w3+ AT2) T

where ¢ is an integration constant. We may set c;=0 using the coordinate freedom of the x!
—x"+const x> which we will now assume we have done. Note that Q=—(C*+3AIl') 0> +c,0+c»,
and since o is only defined up to an additive constant, without loss of generality we may translate
o in order to set ¢;=0. This implies Q=c,~(C*+3AI')0>. Recall that in order to have a compact
horizon one needs o< o< g, with Q=0 in this interval and vanishing only at the endpoints. It
is easy to see this implies C24+3AT'>0 (which is automatic when A=0). It now follows that cy
>0 and o,=—0,=1c,(C?+3ATI')~". We now define new coordinates (6, ¢, ¢) as follows:

o co(C?+3AT) C*+ AT
9= p= w2y DE M) (24 3AT) 100
cosb="r b= 2N cary VTR CEHADN @ o (100

so that 0< @< parametrizes the interval oy <o <o, uniquely and Q=c,sin’ 6. The near-
horizon data are then given by

2I(C* +2AT)
(C*+3AT)?

| C2+ AT
kw=(C2+3AF) m, (102)

with I a constant. It is clear that regularity of the metric on H implies the usual restrictions 0
<¢<4m and 0< <27 resulting in a homogeneous metric on S written in Euler angles. This
near-horizon geometry has the scaling symmetry,

Vapdxdx® = (dip+ cos 0d ) + (d@ + sin® 0d¢?), (101)

C?+3AT

C2—KC?:, T —KI, v—K, (103)

where K> 0 is a constant. This allows one to fix one (or a combination) of the parameters (C2,T")
of the above solution, and therefore it is a one-parameter family. In fact, as we show in the
appendices that it is isometric to the near-horizon limit of the extremal self-dual rotating AdSs
black hole® (i.e., with J 1=J5). In the case A=0 it turns out (as we also show in the Appendices)
that it is also isometric to the near-horizon limit of the J=0 extremal KK black hole.*’

2. Inhomogeneous horizon

Now, suppose a; # 0. We are free to perform a translation in o to set ay=0, which without loss
of generality we will do. The equation for k'’k; (39) gives

’y”:al(CZO'—Q). (104)

o

We can now solve for w using (82). After some calculation, Eq. (82) gives

o 40’cs(Aaycy —c,C?)

) 105
a3 (C*o® = ¢ (105)
and therefore the parameters must satisfy the inequality

C2(ACZ1C2—C]C2)>0. (106)

Integrating one gets
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[ -3 2
Vai’cy(Aaycy —¢,C?)
w= =+ ‘Cj(czalj_cz; + s, (107)

where c5 is a constant. Collecting the above results the horizon metric is

Varey(Aaye, - ¢, 2>2 0(0)(dx)?
CHC?* - ¢,) a%(C202 -c)’
(108)

c
Vapdxtdxt = % +a,| CPo— ﬁ)(dxl +

where by shifting x! — x'+const x>, we have eliminated the constant cs, used the freedom x>

— *x? to arrange »>0, and

Q=-Aa,0° - C*0* +c,0+c,. (109)

This near-horizon metric has two independent scaling symmetries (corresponding to S; and S,),

C* - KC* c¢,—Kc,, ¢—Kec,, oc—Ko, x'—Ku' v-K'lv, (110)

where K>0 is constant, and

a,—L'ay, ¢, —Lc,, ¢y—L*, o—Lo, x*— L%, (111)

where L is constant (which can be either sign). These allow one to fix two (or two combinations)
of the parameters (C?,a,,c;,c,) and thus this solution is a two-parameter family.

3. Global analysis of inhomogeneous horizon

We now turn to a global analysis of the a; # 0 solution just derived. First we will use the
second scaling symmetry (111) to fix a;=1 and thus I'=0. Since I'>0 we see that >0. Now,
observe that since 7y;;=0 (with equality only possible at isolated points), we must have o-f
=¢,C™%. In fact, it is easy to show that the case’” 021=c2C‘2 (so ¢,>0) is incompatible with
0(0)>0 and o, <0,. Therefore, we must have o7 >c,C2, which implies we have ;>0
everywhere, and therefore the 2-metric 7,; degenerates only at the zeros of Q(o). From the form
of the metric on the horizon it follows that the Killing vectors,

J J
mF‘L‘(@“I’(@)@) (112)

for constants d; and i=1,2 vanish at the degeneration points o=o0;. Further, since w(o;)
# w(o) it follows that m; # m,. Regularity of the metric on the horizon requires the orbits of m;
to close in such a way there are no conical singularities at the points where they vanish. We choose
the constants d; such that in terms of adapted coordinates defined by m;=49/d¢p;, the periodicity of
the orbits is given by ¢;~ ¢;+27. The coordinate transformation between (x',x?) and (¢, ¢,) is
given by

x'==[w(o)d ¢ + w(a)dyy], x*=d b, +dy,. (113)

To ensure the absence of the conical singularities at =0 and o=0,, one must take
4o (C*o7 =)
= —
0(ay)
which therefore determines the d; up to a sign. The solution is now globally regular, with m,
vanishing at =0 and m, vanishing at o=0,. Hence the horizon H has S topology (or that of a
Lens space).

Now we will show that this near-horizon geometry is, in fact, isometric to the near-horizon
limit of known black holes. In the A=0 case we will show that it is isometric to the near-horizon

d’ (114)
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limits of two different known extremal black holes: the Myers—Perry (J,#J,) and the slowly
rotating KK black hole (0<G,J<PQ). In the A <0 case we will show that it is isometric to the
near-horizon limit of the known extremal rotating AdSs black hole™ (J, #J,). We provide the
near-horizon limits of all these black holes in the appendices.

A =0 case: In this case some of the above formulas simplify. In particular, using Q(o;)=0 one
gets C207—c,=c,0;. Therefore, since above we argued that C207—c,>0, it follows that ¢;>0.
Then we see that (106) implies ¢, <0. Further, the fact that Q must have two positive roots
requires ¢, <0 and c%+4C2c2>0. Using these results one gets

2 !/—
- \V—cyC
di=———"—, w(a,-)=¢. (115)
C Co, i

In fact, from the results of Ref. 22, it is straightforward to show that this near-horizon
geometry is isometric to the near-horizon limit of the 5D extremal Myers—Perry solution. To see
this, first using the scaling freedom (110) to set C>*=c, (this can be done as C* and ¢, transform
differently) and hence c;+4c,>0. Next define two positive constants a>b>0 by

1 NC +4C2 1 \”C] +4C2
CZE/_—+—, bE/—_——, (116)
e €1 Ve €1
from which it follows that
2 4 4ab b a (117)
= C = —, C ) N 0' = _’ 0' =
: (a+b)? 2 (a+b)* "a+b 2T a+b
The coordinate change defined by
. 2
) o—- 0 . Vab(a+b) , (a+b)
cos” 0= s = - &), = biy— R 118
o =Ty W =T 0vmad) (118)

where 0= #=< 7/2 and )=, and ¢=¢h,, shows that our near-horizon geometry is identical to that
of extremal Myers—Perry as given in the appendices in (6, i, ¢) coordinates and (a,b) parameters
(which is also the same form as in Ref. 22).

Now we will show how our near-horizon geometry is also isometric to the near-horizon
geometry of the slowly rotating extremal KK black hole. Define the following positive parameters:

o ¢ ¢ ¢ . 4C%,

1

so p<1. It follows that

2(p+q) 207 \/; C2p
C’= , g =———=1\|", Cy=———, (120)
(p?(1-P" 12 N T g

and

b L A P A e

Writing the near-horizon geometry in coordinates (6,y, ¢) defined by
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—
20-0y-0, |, Nl-7 , 2 P+q) (¢ p+q

cosf=——————, x=——5 ¢, xX=— "\ — |+ =y
-0 C’7 Cq N p(l-7)\ 7 P

where 0= 6= mr, shows that it is identical to the near-horizon limit of the slowly rotating extremal
KK black hole given in the appendices in (8,y, ¢) coordinates and (p,q, 7) parameters.

(122)

A <0 case: Set A=-4g>. It is convenient to work with the roots o, 05,05 of Q as parameters
as well as the original parameters C?,c,,c,. These are related by

C’=4g%(01+ 00+ 03), ¢ =48%(0,00+ 0103+ 0,03), ¢y =—4g%0,0,03, (123)

so Q=4g*(o-0,)(0-0,)(0-03) where o3>0, Define the quantity W=(o0,+0,0;
+0,03)/ 0,0, which is invariant under the scaling freedom (110). Use the scaling freedom (110) to
set o3/ o0,=W; this can be done as the left hand side transforms homogeneously and the right
hand side is invariant. This implies o;+0,<<1 and

010,

o= . (124)
1 —01— 0y
Now define the positive constants a,b,r, by
1 ri ri
—=0-+0-’ =0—7 —:0', 125
1+ e r+a’ ! 2+ b’ 2 (125)
so a>b (as ;< 0,). This implies that
2 2.2
r+(1 +8 r+)
03 = (126)
gz(r%r + az)(r%r +b%)
and
47 (1 + a*g* + b*g> +3g%r2
2: +( > g 5 2g 5 g +) (127)
(ri+a”)(ry+b°)
Now define a new variable 6 by
cos® 6= =% , (128)
0, =0
so 0= @<= /2 uniquely parametrizes the interval o; <o < 0,. This implies
rp? 4r%(a? - b?)*sin® Gcos” OA,
I'=o=—5—7"—7, = 2. 23,2 . 12\3 ’ (129)
(ri+a’)(ry+b°) (ri+a’)’(ri+0°)
where we have defined
pl=rt+a*cos’ G+ b7 sin® 0, Ay=1—a’g®cos® 6—b*g?sin’ 6. (130)
It follows that
Tdo® pld¢
- _ p*'_’ (13 1)
0 Ay

which proves that the 0o component of our horizon metric coincides with the 66 component of
the known extremal rotating AdSs black hole of Ref. 40 (see the appendices). It remains to check
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the x'x/ components of the horizon metric. To do this we need the constants d;, w(o;) appearing in
the coordinate transformation (113) which work out to be

2 2
r.+b
dy=- :gz—bﬂ/(l +0°+28r) 2l +d’ + 1Y), (132)
—b a — )
ri+a2 / 22 2.2V(7,2 o 2, 12
dzzm\(l+ag +2g r+)(21’++(1 +b7), (133)
(o) = \/ (2 + D))+ ) (1 + g+ 26°r) (1 +8°r) (134)
= 1 > ) 2\2°
4ri(1+ b°g* + 2g50) (2t + @ + bP) (1 + ag* + b2g* + 3g°r%)?
(o) = \/ (rp+a?) (s + 0% (1 + g + 28’ (1 + °r%) (135)
= 7 3 2 2\2°
4r{(1 +a*g* +2g*r7)(2r; + a> + b)) (1 + a’g? + b*g* + 3g°r7)?

where we have defined Z,=1-g%a? E,=1-g?b% and without loss of generality we have chosen

a particular sign for each of the d; (note d; <0 and d, >0). Using the transformation (113) one can
now compute the ¢;¢; components of the horizon metric. We have checked that Vo0, is identical
to the a,b=1, ¢ components of the horizon metric of the rotating AdSs black hole solutions of
Ref. 40 (see the appendices) upon identifying ¢; = and ¢,= ¢. Therefore, we have verified that
the horizon metric of our solutions coincides exactly with that of the known extremal rotating
AdSs black hole. Finally, let us turn to the remaining near-horizon data, the vector k'd;=d/ dx'.
Using the coordinate change (113),

4 I S SR )
' d[w(oy) - w(0)] 3, di[w(o)) - w(o)] i,

(136)

ox

2br, 1% 2ar, 1%

_ 2br. o 2ar. 0
B2+ b2 d¢y B (17 +a*)? i

(137)

where the first equality follows from the coordinate change (113) and the second upon using our
expressions for d;, (o). Therefore, the k' agree with those of the extremal rotating AdSs black
hole upon the same identification ¢ =4 and ¢, = ¢. Therefore, to summarize, we have proved that
Yab,k',C?,T all coincide with those of the most general known extremal rotating AdSs black
hole™ (as given in the appendices), thus proving equivalence of the near-horizon geometries.

C. All Ricci flat solutions with compact horizons

In the A=0 can we can actually determine all possible near-horizon geometries with compact
horizons as we will now show. Equation (86) integrates to

,d’Tr

Q _

do’

where a is a constant. In the appendices we prove that the left hand side is a globally defined

function which vanishes at the zeros of Q. Therefore evaluating at one of the zeros of Q implies
that a=0. It follows that

=al, (138)

4T

=0, (139)

and therefore
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I'=a,0 +a,0+ay, (140)

where q; are integration constants. Also, Eq. (37) determines Q,

Q0=-C*?+c,0+cy, (141)

where c;,c, are constants. The analysis now splits into two cases: either a,=0 or a, # 0. We have
already analyzed the former case in Sec. IV where it was shown that the resulting near-horizon
geometry is identical to the near-horizon limit of extremal Myers—Perry, or equivalently the near-
horizon limit of the slowly rotating extremal KK black hole.

We now analyze the a, # 0 case. Since o is only defined up to an additive constant, we can
always shift o to set a;=0, and thus without loss of generality we take

F=a20‘2+a0. (142)

Substituting into the equation for k'k; (39) gives

2P(0)
Yu="p (143)
where we have defined
P(0) = a0’ + Bo+ 7y (144)
and
a=—Claga, — ca5, B=2aparc,, y=C2a}+araycs, (145)
which satisfy ya,+aay=0 and the discriminant of the quadratic P is
D = B - 4ay=4aga[claga, + (Clag + axc,)?]. (146)
Now, plugging into (80) gives
aoC? = ayes)[agas + (CPag + aye,) T2
d)2=(0 22)[102§ 0+aye))7] . (147)
2P(o)
Notice that this implies that the constants satisfy
(agC? = aycs)[cragas + (CPag + axc,)*] = 0. (148)

The analysis thus splits into a number of subcases. In the appendices we show that [c%aoaz
+(C%a;+a,c,)?]1=0 does not lead to a compact horizon and therefore we exclude this. It follows
that there are two possibilities: (i) ayC*—ayc,=0 or (ii) agC*—ayc, # 0.

1. Inhomogeneous S'X S? horizon

We now consider case (i) and eliminate a, using ay=a,c,C~2. Observe that (147) implies w is
a constant. Also note that in this case the quadratic P(o) Q(o); in particular,

_ 4c,a30(0)

= 14
Y T (149)

The horizon metric reads
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a(e,C + o) 4cya, | by C
00) 1T e AN Fod)

Yapdx'dx” = (dx*)?,

Czag
(150)

with I'=a,(c,C~2+d?). This metric is nondegenerate everywhere except at the end points o=0,
and o=0, where Q=0. At these points J/dx' vanishes and the metric as conical singularities, in
general. The simultaneous removal of these conical singularities leads to a regular metric on S'
X §2. The condition for this is easily shown to be

Q(ay) —_ Q(O'z)’ (151)
['(ay) [(a)
which noting Q(c;)= ¥ C%(o,—0,) implies I'(o;)=T'(o,). It follows that o=—07, and hence ¢,

=0 and ¢,>0. Since I'>0, now it follows that a,>0. Now, rescaling o— Vc,C~'o and x>

— chl/ 2x? and defining a new coordinate and parameter by

—
$=Cx%', a= wgfz, (152)
one finds
21+ 07 4a*(1 - o* 1
yabdx“dxb=ai_ = i + 621(+ = )(d¢+ Qa4 (@), (153)

where I'=C%a*(1+0¢%) and we have defined a new constant ()= wCSC;/Z. The Killing vector k
=3/ dx'=C?9/ ¢ vanishes at o=+ 1; the absence of conical singularities at these points implies
¢~ ¢+2r, and therefore d/ d¢p generates a rotational symmetry. Finally, we use the shift freedom
¢— ¢+const x? in order to ensure J/dx? corresponds to the other rotational symmetry generator,
so x>~ x>+ L. We have thus derived a near-horizon geometry whose horizon topology is S' X 2. It

is parametrized by (a,C,{),L), although there is a scaling symmetry,

C? > KC*,, Q—K'Q, L—KL x*— K, (154)

which allows one to fix a combination of (C,{),L) (note that a is invariant) and hence it is a
three-parameter family.

In fact, in a particular region of the parameter space, the above near-horizon geometry is
isometric to that of the extremal boosted Kerr string. This region is given by C2|Q|<1/(4a?)
(which is invariant under the scaling symmetry above). In this region define a boost parameter 8
(invariant under the scaling symmetry) by tanh 8=44>C?Q). Then use the scaling freedom to set
C?=1/(2a? cosh B), and thus one can solve for ()=(sinh 8)/(2a). Changing coordinates to o
=cos 6, with 0= 6= 7, we see that this near-horizon geometry is identical to that of the extremal
boosted Kerr string as given in Ref. 22. Note that the special case sinh?> 8=1 corresponds to the
near-horizon geometry of the asymptotically flat extremal vacuum black ring36 as first observed in
Ref. 22. It is curious that the boosted Kerr string “misses” the region of parameter space given by
C*|Q|=1/(4d3).

2. Inhomogeneous S® horizon

We now analyze case (ii), i.e., a, # a,c,C 2. It proves convenient to split the analysis into two
cases depending on whether @=0 or not. First consider a# 0. Integrating (147) gives

. Ka,o B
w= _[ pi 3], (155)

where for convenience we have defined a constant k>0 by
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C2_ 2 + C2 + 2
= \/(ao azcz)[c1aof12 (C7ag + ayc,) ]’ (156)

2
and cj is an integration constant. The remaining equations are satisfied without further constraint.

We will use the shift freedom x! — x!+const x? to set c;=0 and x> — =+ x> to pick a sign for w.
The horizon metric is

A = I'do? . 2P(0) {d | Kayo dxz}z 0(o)
ab' -

=1 22
Q) T a0 |t (dx)". (157)

2P (o)
The following identity is easily verified,

P(0) = (C?ay— ayc,))T'(0) + 2aga,0(0), (158)

which implies P(0;)=(C?ay—ayc,)I'(o;). For a positive definite metric we must have P(o;)=0,
which implies ay>a,c,C2 and thus P(c;)>0. Observe that from (148) it follows that [¢laga,
+(C%a;+a,c,)?]1>0. There are now two cases to consider: either the discriminant D=0 or D
<0. Using (146) we see that D=0 is then equivalent to aya,=0 and D<O0 is equivalent to
aya, <0. Therefore, in the case D=0, Eq. (158) implies P(c)>0 for o< o< 0,. On the other
hand, if D <0, in which case P has no real roots, then it must be the case that P(c) >0 for all o
(so @>0). Therefore, we see that in both cases P>0 for o, < o< 0, and therefore the metric on
the horizon is nondegenerate everywhere except at the endpoints o,0, where Q vanishes. The
Killing vectors,

J 17
mF‘L’(@‘“’(‘E’)E), (159)
for constant d; vanish at the endpoints o=0;, where the metric has conical singularities, in general.
Using Q(o;)=0 it can be shown that w(o,)# w(o,) and therefore m, # m,. Thus, removing the
conical singularities (which corresponds to a particular choice of d;) gives a metric which §°
topology. The values of d; work out to be

_8P(0)[(0;) _ 8(C’ay—arcy)T (o)’

42 =
oor | Clo-op

i (160)
Now let us consider the a=0 case. In the appendices we show that this arises as a limit of the
a# 0 case. In fact, in the appendix we give expressions valid for 8# 0 which maybe be viewed as
complementary to the a# 0 case, since one cannot have both a=8=0 (as then P=0).
The near-horizon metric has the following scaling symmetries (corresponding to S, 'S, and
52):

C*—KC* ay— Kay, a,— Kay, c¢;— Kcy, ¢y— Kc,

X =K', P?>K3, v—K, (161)

where K>0, and

a,— L%ay, ¢, —Lc,, ¢— L*, o—Lo, x*— L%, (162)

where L is a constant (of either sign). These may be used to fix two (or two combinations) of the
parameters (ay,d,,c;,c,,C?). Therefore, this is a three- parameter family of solutions.

We will now show that in a particular region of parameter space the a, >0 solution is iso-
metric to the near-horizon geometry of the fast rotating extremal KK black hole (i.e., G4J > PQ).
Observe that X=(ci+4C%c,)/4C* is invariant under the first symmetry (161) and scales as X
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— L?X under the second symmetry (162). Therefore, use the second symmetry to set X=1. Note
that since the condition X=1 is invariant under the first symmetry, we are still free to use (161).
Define a positive constants p,Z by

2 2 2
= ciapas + (Cag + asc,) p
C6a2 ’

_4&2
e

2
+ E(Czao—azcd). (163)

Note that p and Z are invariant under (161). There are now two possibilities: either Z/p><1 or
Z/p*= 1. The former region of parameter space gives the fast KK black hole as we now show. Use
the first symmetry (161) to set

) C? Z
Ca0—02C2=g l—p_ N (164)
2

which is possible as the left hand side transforms homogeneously (i.e., as K?), but the right hand
side is invariant, and also for our solution C2ay—a,c,>0. We also define positive constants a,g by

) _ (25 . 1
=2 = , 165
a o q pC2a2 (165)
which can be inverted to give
1
CP=——, ay=—r. (166)
avpq \Npq
Now, using (164) it follows that
2 2
p-—4a
C*ay— =—, 167
Ao —aC) Zazp(p +q) (167)

and thus p?>~4a®>0. Note that using X=1, (163) can be written as p>*=4a,/ C*+(1/C%a,)(C?ay
—a,c,)?; this, together with (167), can then be used to solve for a, to give

gy=— <”—2_ "2(”2_4“2)2) (168)
O alpg\ 4 1642 (p+q)? )
Then (167) can be used to solve for ¢, giving
1 pA(p*-4d’)(q* - 4a®)
C=—F=- ST S (169)
axpq 16a’\pq(p +q)
Finally use X=1 to solve for c%,
2_ 4 2N(A2 _ 4 2
C%=P(p a’)(g”—4a’) (170)

4a°q(p + q)*

which implies g>=4a?. Thus ¢, is determined up to a sign. To fix the sign recall that when we
used the second symmetry to set X=1 we did not specify the sign of L; therefore, we can use this
sign freedom to ensure c¢; >0. Using the scaling symmetries, we have therefore shown how to go
between the two sets of parameters (C2,ag,a,,c;,c;) and p,q,a in the region defined by a,>0
and Z<p>.

Now, define a new coordinate by

20'—0'1—0'2_ Cq

cos = =0—-_—.
Oy, — 0] 2C

(171)

so 0= 0= m uniquely parametrizes the interval o; < o= o,. This implies
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0(0)=C*sin* 6, I'=C’H,, (172)

where H, is defined in (D13) from which it follows

——=H,d¢". (173)
Q@) 7
This proves that the oo component of our near-horizon geometry written in the # coordinate
introduced agrees with the 86 component of the near-horizon limit of the fast rotating extremal
KK black hole as given in the appendices. In order to verify the rest of the horizon metric we need

to evaluate the constants d; and e¢;=—d;w(o;) appearing in the coordinate transformation defined
by (159) and m;=3d/ d¢;. One finds™

2 _44° €a0;
d= e LA p gy om o S4 (174)
ptq aq

where

I'o)=—F——— a®) =\ (p? - 4a>)(¢* - 4a*

( 1) Za\/p_q(p+q)[(pq+4 ) \([7 4 )(q 4 )]7

[(0y) = ——L——[(pq + 4a®) + \(p* - 4 - 4aP)]. (175)
2a\pq(p +q)

and we will chose the signs by €,=+1 and e,=—1. In fact, the KK black hole is usually written in
“Euler-type” coordinates which are related to the ¢; by ¢=a,+p, and y=2P(¢,— ¢,), where P
= \/p(p2—4a2)/4(p+q). It is thus convenient to change coordinates directly from x' to (y, )
which is performed by

1 1 1 y
xl= 5(61 +ey)d+ 5(62—61))’, X = E(dl +dy))p+ (dz—dl)ﬁ- (176)

We have checked that for our near-horizon geometry ;; written in (y, ¢) coordinates coincides
with the (y, @) components of the horizon metric of the fast rotating KK black hole given in the
appendices. Furthermore, using the coordinate transformation above, one can calculate k* and k¢
(recall k'=1, k*=0) which also coincide with those of the fast rotating KK black hole given in the
appendices. This ends the proof of the equivalence of our a,>0 near-horizon geometry in the
region of parameter space defined by Z<p? [where Z and p are defined as in (163)] and the
near-horizon limit of the fast rotating KK black hole.

D. Near-horizon geometry of a “small” extremal AdS; black ring?

We have not been able to solve the near-horizon equations, in general, in D=5 with A <0.
Earlier we showed that to do this one needs to solve the two coupled ODEs (37) and (86) for Q
and I". We first note that when A # 0 it is possible to eliminate I' from (86) and (37), resulting in
a 6th order ODE for Q,

L C 08 sets-0 ()

2
i L0 Xx
do\ § 4 2c?do” 39 400
Given a solution to this one can then deduce I'" from (37). Finding all solutions to (177) would lead
to the classification of all allowed near-horizon geometries of extremal vacuum black holes with
R X U(1)> symmetry in AdSs. Curiously all explicit dependence in A has cancelled from this
sixth-order ODE (although we emphasize it is only valid when A # 0)—it is thus more convenient
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to work with the coupled pair of ODEs (37) and (86). We will now present some results which
follow from these equations.

Lemma: The most general polynomial solution to (37) and (86) is given by I'=ag+a,0 and
Q=-Aa,0>-(C*+3Aay)0?+c,0+c,.

Proof: First observe that (37) implies that Q is a polynomial if and only if I" is a polynomial.
Suppose I is a polynomial or order n=2. The ODE (86) then implies Q?=0 and then (37) implies
I'=0, a contradiction. Now suppose I' is a polynomial or order n=3. For 0—% we have I'
~a,o”" for some nonzero constant a,. The ODE (37) then implies Q~—-6Aayo™*?/[(n+1)(n
+2)]. Then, examining the o— o limit of the ODE (86) implies n=4/7 which is a contradiction.
This leaves I'=a,0+a, which is indeed a solution with the Q given above.

As we showed in an earlier section I'=a;0+a, gives the near-horizon geometry of the known
extremal rotating AdSs black hole,*” which has spherical horizon topology. An interesting question
is whether there exists a near-horizon geometry with S' X §? topology, thus providing a candidate
extremal AdS black ring near-horizon geometry. Recall that the near-horizon limit of the asymp-
totically flat black ring has I'=a,+a,0”. But the above lemma tells us that this cannot be the case
when one has a cosmological constant. This is perhaps surprising as the near-horizon limits of the
topologically spherical Myers—Perry black hole and its generalization to include a negative cos-
mological constant both have I" of the same form (a linear polynomial).

If an extremal vacuum AdS black ring does exist, one might expect it to be continuously
connected to the asymptotically flat extremal vacuum black ring as one turns off the cosmological
constant. It is thus of interest to investigate the existence of “‘small” AdS black rings, in the sense
that both the radii of the S', say Ry, and the S2, say R,, are much smaller than the AdS length scale
€ (A=—-4/€?). For the asymptotically flat extremal black ring R,~a (where a is the Kerr param-
eter in the corresponding boosted Kerr string solution) and R; is just proportional to the period of
z (which does not appear explicitly in the near-horizon geometry, only implicitly through identi-
fication of z). Therefore, we will consider linearizing the pair of ODEs about the solution corre-
sponding to the boosted Kerr string near-horizon geometry (which includes that of the extremal
black ring) for small a/€ (or equivalently small AC~2). In our formalism a near-horizon geometry
is specified by the data (C%,T",Q, ;) (recall we set k'=1, k*=0) and thus these are the data which
we must linearize about.

Expand75

0(0) = 0y(0) + €0,(0) + 0(€), T'(a)=Ty(a)+el1(a)+0(), C*=Ci(1+Ae+0(&)),
(178)

where e= /\Ca2 is a dimensionless expansion parameter, Q;, I';, and A, are dimensionless func-
tions and constant respectively, and

(1+d%) 1
Q0=C3(1_02)7 1—‘O= 2 5 C%= 2 3
cp 2a cp

(179)

are the zeroth order data corresponding to the Kerr string (which we denote with a 0 subscript).
Plugging this into the ODEs (37) and (86) gives

d Q3T 10C30;
+2C3A, +6TC3=0, —(—— - —==0, 180
Ql OA] 0™0 dO' FO d0'3 Cﬁ ( )
which determines Q; and I';. Explicitly
4 3
Q1=C(2){—L—(Al+— Prdio+d, |, (181)
4CB ZCB

where d;,d, are integration constants and
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&r, 10c§F0J”
— = do’ "2, 182
d0’3 CIBQ(S) g QO(U ) ( )

which determines I'; up to quadratures. We find

I ot 02< 1 ) ( Se, )
1=— + — _+€2 + O €3 — "1 5 +€4
2cy 2 \cp 8C,ch

(1+02)<5e1 1) (51 1) ]
T {80% 32 leel+ o)+ sl 3 log(l-o) [, (183)

where e; are four constants of integration. Now, using (39) we may compute v, to linear order in
€, which for later convenience we write as

o
Y= ci?[l + el + 0(62)],

[20 + 02 (6cp(A; — dy) = 6c5(2e,+3ey) = 17) + 11+ 6¢4(A, — d;) + 6¢5(e, + 6ey)]
12¢4(1 - 0?)
(15¢, — 8Cy) (15¢, + 8Cy)
T el 1203C4 log(l +0) - IZCBC?)
We now turn to determining w=17,,/7y;,. Equation (80) determines @? in terms of (I',Q,v,)

which can now calculated to linear order in €. Recall that we also showed that wy% I'=k, where k
is a constant (90). Using (80) we compute this quantity to linear order and find

log(1 - o). (184)

® 7’11F2

—dy) +3ci(— ey + 2e,) — 1]+ O(), (185)

.. . . I .
which is indeed a constant; in fact, note that for generic parameter values k=0(\€). Integrating for
w gives

w=k<1_0-0'2+0(6)>+w0, (186)

where the constant w, is the e=0 value of the boosted Kerr string.

Let us now analyze regularity of this perturbative solution. First, observe that the location of
the roots of Q change, so write them as o.= = 1+ €80 +O(€?), where we have written o, =0,
and o_=0, for convenience. Inserting into Q gives

50—i=

iQ1<r1)=+1(

T oa A+d> (187)
2C3 2\ 4 2=

“p

and regularity requires do,>0 and So_<0 to ensure that log(l = o) is regular in the relevant
interval [o_, o, ] (note €<0). For consistency of our perturbation series we require that the various
metric functions evaluated at the endpoints o coincide with those of the boosted Kerr string as
€—0. It turns out that I'(0+)=1/cg+O(€log|€]) due to the logarithm terms. However, the func-
tion F (appearing in y;;) and w both contain factors of 1/(1-0?) which at the end points con-
tribute O(€') as a result for generic parameter values F(o.)=0(e ') and w=0(e"?). Both of
these are not acceptable: we must choose parameters such that the factor of 1—¢ in the denomi-
nator of the first term of F cancels with its numerator and also impose that the constant k=O(e) so
w=0(1). Demanding that the O(e) term in (185) vanishes gives
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1

—dy=7—~-cp2es~e,), (188)
3CB

which is equivalent to k=O(e). Using this to eliminate A;—d, in F (184) implies, remarkably, that

the numerator of the first term has a factor of 1 — o2 which thus cancels the unwanted factor in the

denominator, leaving

13-20° (15¢,-8Cp) (15¢, + 8Cy)
+ log(l+0)———2—
12¢ 12¢4Cy 12¢4Cy

F=Cﬁ(€2+2€4)+ log(l—a') (189)
Therefore, we have eF(o.)=0(elog|e|). We conclude that the near-horizon solution we have is
valid to order O(€?) for o_<o<o,.

We must also ensure the absence of conical singularities in the horizon metric which reads

Vapdxdx” = Tdo" + %(1 + €eF + 0(€))(dx" + wdx?)? + cé(l — €F + 0())(dx?)>.

‘g
(190)
Simultaneous removal of conical singularities is equivalent to
Q'<a+)<1 +Flo)+ 0(e2>) Q<a_)<1 + o)+ 0(e2>)
= . (191)

1-‘(0-+) F(O' _)
It is easily seen that this can be satisfied if Q,F,T" are even’® functions in o. This can be achieved
by setting d;=e;=e5=0.
With the choices the various functions simplify

A 21 1+0°
|=- 02+—<—2+e2>+e4—( )log(l—ol),
24cﬁ 2 Cp Cp
13-202 2
F=cgley+2e) + ————— = log(1-0?). (192)
IZCB 3CB

Note that determining w (i.e., the constant k) requires a higher order calculation: one needs the
O(€®) term in (185) which we will not pursue here. The perturbation we have constructed is
parametrized by e,,e,,d, (on top of three parameters of boosted Kerr string) with A; determined
by (188) and 2e,—e,>25/ 12c (this is equivalent to the = do. >0 condition).

For a boost value given by smh2 B=1 the near-horizon geometry of the Kerr string is isomet-
ric to that of the asymptotically flat extremal black ring which is a two-parameter family of
solutions (these can be taken to be the two angular momenta J;). One would expect an AdS
extremal black ring to also have two parameters. However, the regular perturbations we have
derived depend on more parameters. Presumably these extra parameters must be fixed somehow
(perhaps asymptotic information) for our perturbative solution to be interpreted as the near-
horizon geometry of a “small” AdS black ring.

We can introduce coordinates (¢,z) where ¢p=d,x' where d, is chosen to ensure ¢ has period
277 and z=x? runs along a periodic direction (corresponding to that of the string in the unperturbed
case). As explained in Refs. 22 and 23, we expect d,, generating the S' of the presumptive black
ring solution to be given by a linear combination of d, and J,, while d, can be taken to be the
generator of the U(1) in the transverse S2. From our linearized solution above, we can readily
compute J, via a Komar 1ntegral 3 However, to determine J, and hence J,;, we require knowledge
of the O(E?) term in (185) which is not available from our first order calculation. Physically, one
would expect that a black ring in AdSs would have greater angular momenta in the S' direction,
relative to the corresponding asymptotically flat solution, in order to prevent self-collapse.
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To summarize we have constructed an approximate solution to the vacuum near-horizon
equations with a negative cosmological constant by perturbing about the near-horizon geometry of
the boosted Kerr string. To this level of approximation it describes a regular near-horizon geom-
etry with horizon topology S' X §2. Taking the boost to be that of the asymptotically flat black ring
sinh? B=1 provides a candidate for a near-horizon geometry of a “small” extremal ring in AdSs.

VI. DISCUSSION

In this paper we have shown how one may determine all possible vacuum near-horizon
geometries of extremal (but nonsupersymmetric) black holes under in four and five dimensions
under the following assumptions. In 4D we assume axisymmetry and that the horizon has compact
sections of nontoroidal topology. In 5D we assume there are two commuting rotational symmetries
and the horizon has compact sections of nontoroidal topology.

Our results in 4D are unsurprising. We find that the only solution is the near-horizon limit of
the extremal Kerr black hole. In fact, in the context of isolated horizons the same result has been
established.** Observe that uniqueness of Kerr has only been proven for nonextremal black holes;
therefore our result can be viewed as a first step toward proving uniqueness of extremal Kerr
among asymptotically flat black holes with degenerate horizons. Pleasingly, our method in 4D
worked just as easily with a negative cosmological constant showing that the only regular solution
is the near-horizon geometry of extremal Kerr-AdS,. It should be noted that there are no known
uniqueness theorems for asymptotically AdS black holes even in 4D; perhaps our result will be
useful in proving uniqueness of extremal Kerr-AdS,.

In 5D we were able to find all solutions in the pure vacuum, i.e., zero cosmological constant.
Naturally the results are more complicated than in 4D. We found three families of near-horizon
geometries: two spherical topology horizons and one S' X §? horizon. Further, we identified how
all the known vacuum extremal black hole solutions fit into these families: i.e., extremal boosted
Kerr string, extremal vacuum black ring, extremal Myers—Perry, and the extremal KK black holes
(both slow and fast rotating). Our results are summarized in detail in Sec. II. A number of things
may be deduced from our classification.

For example, one expects a vacuum doubly spinning black ring which is asymptotic to the KK
monopole to exist (i.e. a “Taub NUT” black ring).77 Such a solution would have four parameters
(roughly J;,M, P). Presumably like other doubly spinning solutions in 5D it admits an extremal
limit, which would be a three-parameter family. One can then consider its near-horizon limit. From
our Theorem 2, it follows that its near-horizon geometry is contained in our family of §' X §2
horizons. A reasonable guess is that it is simply given by the near-horizon limit of the extremal
boosted Kerr string (which is a three-parameter subfamily of our solution). The boost then would
be related to the NUT parameter P and as P— o (flat space limit) one must have sinh> 83— 1 in
order to get the near-horizon geometry of the asymptotically flat black ring, see Ref. 22. In fact,
for the asymptotically flat extremal black ring both the infinite radius limit and the near-horizon
limit simplify to the tensionless (i.e., sinh?> 8=1) boosted Kerr string.23 In view of our near-
horizon results it is thus natural to expect that the infinite radius limit of a KK black ring is the
boosted Kerr string for arbitrary boost.

We also remark that a curious output of our analysis is that in some cases the near-horizon
geometries we derived are isometric to the near-horizon limit of known black holes only in a
subregion of parameter space. This occurs both for the S'X §? family and the second spherical
topology case. It is possible that these other regions of parameter space are occupied by unknown
black hole solutions (e.g., KK black ring) but it seems more likely that such bounds on the
parameters are invisible from the near-horizon geometry alone (e.g., as for the near horizon of the
asymptotically flat extremal ring which actually is only isometric to the tensionless boosted Kerr
string in a subregion of its parameter space, see Ref. 23).

Other interesting consequences of our results regards uniqueness of near-horizon geometries.
Our analysis has revealed there are two distinct classes of S° horizon geometries in 5D vacuum
gravity. Also the same near-horizon geometry can arise as the near-horizon limit of different black
holes although in all known examples the black holes have different asymptotics (i.e., KK or
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asymptotically flat). Furthermore, it seems clear that not all near-horizon geometries arise as
near-horizon limits of black holes with a given asymptotics. For example, one can ask whether our
second class of S* topology horizon geometries can ever arise as the near-horizon limit of an
asymptotically flat extremal black hole. Due to its S* topology one can identify the correct U(1)
generators which must match onto those in the orthogonal two-planes as asymptotic infinity. One
can therefore calculate the angular momenta via a Komar integral over the horizon® which gives

!/_ /_
4267 4267

_ : Y .
G5C8F(O'2) V’Czao —asCy ¢2 GSCSF(O'I)\/CZCIO —arCy

Jg, = (193)
It is clear that one can have J 6, =1, [this occurs if and only if I'(c,)=I"(o;) which is equivalent
to the parameter ¢;=0]. Observe that the near-horizon geometry always possesses exactly a U(1)?
rotational symmetry group (i.e., it is never enhanced even when J o= ¢2). However, from group
theoretic reasoning one might c:zxpect78 asymptotically flat black holes (with a single horizon) with
equal angular momenta to posses an enhanced rotational symmetry group SU(2) X U(1) [recall the
rotation group SO(4) ~SU(2) X SU(2)]. This leads us to conclude that this near-horizon geometry
does not correspond to that of an asymptotically flat black hole. It should also be noted that in the
nonextremal case it has been shown® that the Myers—Perry black hole is the unique asymptoti-
cally flat black hole with two rotational symmetries and S® topology horizon, and one expects this
result to go over in the extremal case (and its near-horizon geometry is, in fact, given by our other
class of S* horizon geometries).

Another useful aspect of this analysis is that the explicit metrics for the various near-horizon
geometries appear simple in the coordinates we have derived. In contrast, the metrics one obtains
by taking the near-horizon limits of known solutions tend to be far more complicated, as can be
seen from the appendices. This should make the problem of generalizing our results to include
gauge fields more tractable. It would be interesting to classify the near-horizon geometries of
extremal, nonsupersymmetric black holes in ungauged supergravity theories. We intend to inves-
tigate this problem in the near future.

One of the main motivations for this work was to investigate the existence of asymptotically
AdS black rings. Unfortunately, we were not able to solve the vacuum near-horizon equations in
the presence of a negative cosmological constant, in general, even with the assumption of two
rotational symmetries. This is in contrast to 4D where using the assumption of axisymmetry it was
possible for us to do so. However, we did reduce the problem to solving a single sixth-order ODE
of one function. We found one set of solutions to this equation which correspond to the near-
horizon geometry of the known, topologically S*, extremal rotating AdSs black hole.*’ It would be
interesting to find a solution which gives rise to the near-horizon geometry of an extremal AdS;
black ring. By perturbing the near-horizon geometry of the asymptotically flat black ring, we were
able to construct an approximate near-horizon geometry corresponding to the near-horizon limit of
a small (i.e., the sizes of the S! and S? are small compared to the AdS length scale) extremal black
ring in AdS. The fact that the perturbation can always be made regular and preserves the S'
X §? topology appears to be nontrivial; perhaps this provides some evidence for the existence of,
at least a small, extremal vacuum black ring in AdSs.
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APPENDIX A: GLOBAL ARGUMENT

In this section we prove the following results quoted in the main text: Q*P (needed in 4D) and
Q*@T'/da® (needed in 5D) are globally defined functions on H which vanish where Q vanishes.
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This is not actually obvious as I', ', and d&°T'/do> need not be globally defined, although I" is.
To see this note that the norm of d/do is I'/Q which is regular everywhere except at the points
where Q vanishes. However, we know that QO must vanish at two distinct points, and thus we
conclude that this vector field is not globally defined and thus (9/Jdo)T'=I" and higher derivatives
are not guaranteed to be globally defined. Note that this argument relies crucially on Q vanishing
somewhere. Recall this comes from the fact that o is a globally defined smooth nonconstant’’
function on a compact space and thus do vanishes at two distinct points (the max and min of o).
Then the invariant (do)?=Q/T tells us Q=0 and vanishes at these two points.

To proceed we introduce the vector field S=Q(d/do). Its norm squared is I'Q which is
globally defined and vanishes at the zeroes of Q. § is certainly regular everywhere except possibly
at the zeros of Q. Let the zeroes of Q be o < ,. Then, assuming regularity, we have Q=0Q,(o
—0;)+-+* near o=0;, and since Q=0 we learn that Ql >0 and Q2<0. This allows us to define
ri=g—-0; and r3=0,—0. Then, near o; we have S~ (|Q,|/2T,)r,(9/ dr;) which is regular at r;=0
and vanishes there, as can be seen by using the Cartesian coordinates x;,y; associated with r;. We
deduce that S is a globally defined vector field on H which vanishes at the zeros of Q.

Thus we now employ the globally defined vector S to construct invariants, e.g., S()=0T is
globally defined (and vanishes where Q does). Note the following identity:

0’I'=s(s(I") - SO (A1)

proves that Q°T" is globally defined as Q must be (this is because Q is regular at the only potential
problem points o=0; as Q:Qi(o— o;)+...). Therefore 0°T is an invariant of the solution which

vanishes at the zeros of Q since S vanishes at those points. Since Q*P=20Q -8(I')*/T-Q*/T
this proves that Q>P is indeed globally defined and vanishes at the zeros of Q. This establishes the
result needed for the 4D analysis. The 5D case may be treated similarly using the identity

ar .. D
3¢ 275 _ 2
Q' =S(Q’T) ~200°T". (A2)

which proves that Q°d°T'/da” is globally defined (using the fact that QI' is). Therefore,
03dT'/do? is an invariant which vanishes at the zeros of Q as claimed.

APPENDIX B: NEAR-HORIZON GEOMETRY OF KERR-AdS,

Use the form of the Kerr-AdS, metric as in Ref. 65 which satisfies R M,,:—ngg v (Our g is the
same as their «). The angular velocity is given by Q=a/ (ri+a2), where r, is the largest zero of
A, =(r*+a®)(1+g*r*) —2mr. Define

pP=r’+a*cos’ 0, Ay=1-a’g*cos’ 0, E=1-g%" (B1)

Using the algorithm presented in Ref. 22 to determine the near-horizon data, we find

2ar P2 -A
k® = . = N =, B2
(% + a%)? 2 +d% 0 2E(r* +d°) (B2)
2 -2 2, 22
sin® OA4(r; +a
Yapdxtdxt = &dﬂz + #d@z. (B3)
AH pi=

where AZ:(A’,’),:u, etc. Notice that in the flat space limit g— 0 limit r,—a and thus the above
near-horizon metric reduces correctly to that of Kerr as given in Ref. 22.
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APPENDIX C: NEAR-HORIZON GEOMETRY OF ROTATING AdS; BLACK HOLE

In this appendix we present the near-horizon geometry of the known, topologically S°, rotating
AdS;s black hole.*

1. Self-dual case

We first consider the self-dual case that occurs if the two independent angular momenta are set
equal (J;=J,). In this case the full solution exhibits symmetry enhancement, and it is convenient
to treat it separately to the general case studied below. The self-dual solution can be written in
corotating coordinates as

Vi d 2 2 2 2
ds?=— L)z 2y A WOy cos Bdd— () — QAT + (a6 + sin? 0P,
w(r) V(r) 4 4
(C1)
where
2ME  2Mda? 2Ma? aM
Valagh?- "o 2 5w =1 T Q)= . (C2)
I r r rw

The horizon is located at the largest real root of V(r), r=r, so V(r,)=0. Extremality implies
V'(r,)=0. The near-horizon limit of this metric is given by the data

1 V!
F=W—, k'=-Q/, AO=—2W+, (C3)
+ +
2.2 2
5 ydxd® = r*f*(dw cos 6d)* + r4—+(d¢92 +sin? 0dd?). (C4)

We will now show that the near-horizon metric (101) derived in the main text is identical to
the near-horizon of self-dual solution above. Consider (101) and define

4T(C*+2AT)*  , 2I(C*+AD) AT
+

M=—->——"-—>-, = s =——. C5
(C2+3AT) ° ¢ T (@+2AT)2 *T C243AT ©3)
Observe that these definitions imply V(r,)=0, V'(r,)=0, V"(r,)=2C?/T, and that
2(C*+2AT)
2 _
e TV (o

where V and w are defined as above. It now follows that the horizon metric (101) agrees exactly
with that of self-dual solution. Now, using the definition of () above compute

C?+ AT C?+3AT
Q’(r+):—(C2+3AF)\/ * \/ !

X . Cc7
C?+2AT 2I%(C? +2AT) €7)
Next, use the scaling freedom I'— KT to set I'=1/w,, which is equivalent to
_CP+3A0 ©8)
2r2(C?+2AT)

This then implies that in (101) k¥==Q'(r,) and C>=V"(r,)/(2w,), both of which coincide with
those for the self-dual solution given above. This completes the proof of equivalence.
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2. General angular momenta

We now consider the general case for which the two independent angular momenta are not
equal, i.e., J; #J,. The solution satisfies R W:—4g2g v (We have set the parameter / used in Ref.
40 to g~'). The near horizon geometry is parametrized by three parameters (r,,a,b) subject to the
extremality constraint,

2g2ri + ri(l +g°b* + g%a®) - a’h* = 0. (C9)

Following the procedure given in Ref. 22, it is straightforward to compute the near-horizon limit
and we omit the details. The near-horizon metric can be written in the form (22) with horizon
metric given by

2
Yapdadn = P gy i, (C10)
0
with
. Ay (i +a?)?sin’ 0dg? (r; + b?)? cos® bdyP
Yidx dx' = — = + —
P+ :’a :‘b
1+ 7r2g*| b(r? +a*)sin® 0dp  a(r? + b*)cos” 6dys |?
) = + = , (C11)
Py =P =7
where

Ap=1+g%7 - g%, pi=r’+a*cos® G+ b*sin* 0, E,=1-a’g% E,=1-b’g?

The remaining near-horizon data are
22 2 2
_ pLry =_4r+(1+3g2r++gzaz+g2192)
P+ +p?) P+ +bY)
2ar, = 2br,. 2
kb= Sl = S (C13)
(r2 +a*)? (2 +b%)?

Note that the above formulas simplify in the zero cosmological constant case g=0, in particular,
ri:|ab|. We should also note that there is no loss of generality in assuming a >b>0.

APPENDIX D: NEAR-HORIZON GEOMETRY OF KK BLACK HOLE

In this section we give the near-horizon geometries of the extremal KK black holes found in
Ref. 37 (see also Ref. 38). We will use the form of the solution as given in Ref. 26. The
nonextremal solution carries the 4D conserved charges (M,Q, P,J) (i.e., it a rotating dyonic black
hole) and we will choose an orientation for rotation such that J=0. In 5D when P#0 it has
horizon topology S° and is asymptotic to the KK monopole. When P=0 it is merely the boosted
Kerr string, and thus we only consider the P # 0 case in this section. As is well known there are
two different extremal limits of this black hole called slowly rotating (since G4/ <PQ) and fast
rotating (since G4J> PQ).

1. Slowly rotating solution

This extremal limit of the KK black hole is given by a,m—0 with p=a/m<1 fixed. This
extremal solution can be parametrized by three positive constants (p,q, 7). In this case the angular
velocities are
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Pty

Qy = T’ Q¢ = O (Dl)
After some calculation one can show that the near-horizon is of the form (22) with the metric on
H given by
H 3(1 - 7*)sin? 6d¢*
Yapdx'dx = H,d P + —4(dy + A 4d ) + (pg)*(1 = 7) . ¢ (D2)
H, 4(p+q)°H,
where
2 2 2502
pPq r4q qap
= (14 ncos6), H,= (1-7ncos ), Ay=—""—=7"(n—cosb)
" 2p+q) " 2p+q) " 2p+9)H,
(D3)

and regularity of the horizon demands y~y+8wP (or quotients) and ¢~ ¢p+2m, where P
=\p*/4(p+q)€ and 0< f=< 7. Coordinates which are adapted to the U(1)? rotational symmetry
can be defined by ¢= ¢, + ¢, and y=2P(¢h,— ¢,); the absence of conical singularities then implies
¢1, ¢, are 271 periodic with 9/ d¢; vanishing at 6= and d/ d¢, vanishing at =0, i.e., one must
have S* topology. The other near-horizon data are

2(p+q) 2(p+4q) " (D4)

Ag=- (pg)>2(1 = P2 I'= (pg)>2(1 = P27

and

o___2p+a)y v__ 2 [pt4
(pg)*(1 = 7))’ -7V ¢
There is a special case which simplifies considerably, =0 (note this gives J=0). Defining
y=p\p/(p+q) i one gets

(D5)

2
ypdidi = —LL[46 + sin® 6 + 2(di— cos 6dp)’] (D6)
2(p+q)
and
2
r= \/Z, =2t (D7)
q (pq)
and

_2p+q) 9,9

= = } D8
() o~ oy (08)
Noting that
P’q
CP="——, (D9)
2(p+q)

it is easy to see this is of the form of the I'=q case we derived in the main text. To prove complete
equivalence one needs to invert the parameter change which is easily done,

o [2(1+ T
p=C"\2I(1+1?), ¢g=C % (D10)
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2. Fast rotating solution

This extremal limit of the KK black hole is given by m=a>0. This extremal solution can be
parametrized by three positive constants (p,q,a) which satisfy p,q=2a. In this case the angular

velocities are
(¢ - 4d?) 1
Q=\—" Qu=—7— (D11)
! q(p+9q) *" \pa

After some calculation one can show that the near-horizon is of the form (22) with the metric on

H given by
H pga® sin® 6
Yade'dx” = HydP + 4 (dy + Agdp)” + = ——d %, (D12)
H, H,
where
+4 2 2 P +4 2 2 P
H,=-a*sin’ 6+p(pq <) + p/g cos , H,=-a"sin* 0+ alpq +4a7) _ qg 0s 6
2p+q) \pq 2(p+q) \pq
(D13)
and
Ay=——-(H,+a*sin® f)cos O+ \/EQ( AP+ +q(p_ = 4a))si (D14)
H, q (p+qH,
and

2 _ 4 2 2 _ 4 2
po /PP a)’ 0= q(q"—4a’) (DI15)

4(p+q) 4(p+q)
Regularity of the horizon demands y ~y+8wP (or quotients) and ¢~ ¢+2. Coordinates which
are adapted to the U(1)? rotational symmetry can be defined by ¢= b, + ¢, and y=2P(¢h,— ¢,); the

absence of conical singularities then implies ¢, ¢, are 27 periodic with d/d¢; vanishing at 6
= and d/ ¢, vanishing at =0, i.e., one must have S° topology. The other near-horizon data are

1 H,
Ag=— =, I=—#=, (D16)
a\pq a\pq
and
+4a? 2 _4a?
k¢=2pc’1_—a’ ky=_(p2—a)Q_ (D17)
2a*\pq(p +q) qa*(p+q)

APPENDIX E: D=5, A=0 SPECIAL CASES

In this appendix we provide details concerning special cases arising in the A=0 and I'=q,
+a,0” case analyzed in the main text.

1. Exclusion of a special case

In this subsection we show that the case
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clagay + (Clag + aye))* =0 (E1)

is not compatible with having a compact horizon. Observe that this case implies that the polyno-
mial P(0)=ao?+Bo+y has vanishing discriminant. From (147), =0, and we may shift x! to set
0=0. Since (C?ay+a,c,)=* c;\—aya,, it follows that

2a(0 = ay)?
Y= - r e (E2)
a=F a,c\V—apa, and
12
gp= *+ (- @> . (E3)
a
Further, I'=a,(0—0y)(0+0y) and hence the horizon metric is
Ido® 2a(o- oy)(dx')? dx?)?
Vapdx“dx® = + alo = 0)(dx) + Q) (E4)

0 a)(o + 0y) 2a(o— cTo)z'

Having obtained the local form of the horizon metric, we turn to its regularity. The roots of Q in
this case are easily seen to be

2
C C ag— arCy
Oy=—F & ———= (ES)
- 2C2 2C2 V—dapa,
Now suppose o,>0; then it is easy to show o, =0y. Similarly o, <0 implies o_=oy. Therefore in
either case, (do)>=Q/I" vanishes only at one point. This implies that (E4) cannot describe a
compact manifold and hence we exclude this case.

2. a=0

Consider now the special case @=0. Note that since a=0, ag=-a,c,C~2, which implies y
=0, and therefore B+ 0. Observe that another way of writing the solution to (147), valid when
B#0 (and any a), is

_ 4 K(a20'2 - ao) ,:|
w=* [—,BP(O') +cy . (E6)

The advantage of this expression is that it is valid when a=0 and it is related to (155) by c;
=c;+(ka,)/(Ba). Thus, setting a=0 gives

C C20'2+C2 ,
w= *+ ) + C3 (E7)
4\/c]cza2 ao
and a,>0. Also note that '=a,(0*-c,C?) and
4aparc o o
Yy = —OI% L = 4a0a2<_Q; ) + CZ) (E8)

s0 ap>0 and thus ¢, <0. We must have c,0>0, and without loss of generality, we choose o
>0 so c¢; >0. Therefore, y;;>0 for o< o= 0, and hence the horizon metric is nondegenerate
everywhere except at the points o; where there are conical singularities. The rest of the analysis is
identical to the a# 0 case, and one obtains the same values for d; noting that P(o;)=2aga,c,0;.
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®Notice that if H'(H)=0 then 3 is also coexact. _

"We choose an orientation by setting ep1.4.D_3:+\s“‘ b2

% Since the functions A and T are globally defined, the constant A, must be the same in every coordinate patch and thus
this expression is valid globally.

% A static near-horizon geometry is defined by VAdV=0, see Ref. 22.

"Note that this does not imply the vector field k is nonvanishing everywhere—indeed we will find examples where k has
isolated zeros [which occurs at the fixed points of (a combination of) the U(1)”~3 Killing fields].

"'In fact, the ¢ # 0 solution is the near-horizon limit of Kerr-AdS,-NUT whose horizon suffers from conical singularities.

2We could consider the two cases simultaneously, however, for clarity we have chosen not to.

In this case, one can solve for ¢;=Ac,C2 from which it follows that 0= (C%02=c,)(~AcC2-1). Therefore if A=0 there
is no root o, >ay. If A<0 then o,=—C?>A"!, however, Q(0) <0 for oy <o <0,.

"The expression for e; is valid for @ # 0. For =0 one must use an expression for w valid when a=0. This is given in the
appendices and simply amounts to a shift in @ which can be generated by shifting x'. It thus suffices to check a# 0 as
then the a=0 case follows by the appropriate shift in x'.

7> Note that for the class of SO(2,1) X U(1)*invariant near-horizon geometries, we have been considering that o,I",Q, C*
are invariantly defined quantities up to the two constant scaling symmetries (91) and (92). Therefore, the only gauge
freedom in our perturbation analysis are these constant scalings. These can be fixed by working with a background
solution in which the scaling symmetries have been used to fix the parameterization, as for the boosted Kerr string.

" Consider a metric of the form 7y,,dx*dx’=Tdo?/ Q+(QP/T)(dx'+ wdx?)?+ P~ (dx?)? with T',Q, P functions of o and
I',P>0 with Q having two distinct zeros * o, with Q>0 in between. The condition for simultaneous removal of the
conical singularities at o= * oy, (at which points ¢/ dx' vanishes) is —Q(0) P(0)"*T (5)"' = Q(=07) P(= ) T (=) .
Clearly, this is satisfied if Q,I", P are even functions of o. Then, in the interval —o,< o< 0y, it is a smooth metric on
S$2x S

"In fact, a special case of this with one independent rotation parameter has been constructed.”

"In General Relativity kinematical arguments such as this are not sufficient to establish symmetry enhancement; one
usually uses dynamical input from the Einstein’s equation. In any case this symmetry enhancement occurs in all known
examples.

" As discussed below (32), o cannot be constant as otherwise det 7;=0 everywhere.
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