
A Classification of Riemannian Manifolds 

with Structure Group Spin (7) (*). 

MAI~ISA FEI~N.~NDEZ 

S u m m a r y .  - l~iemannian mani]olds ~vith structure group Spin (7) are 8.dimensional and have a 
distinguished 4-]orm. I n  this paper, the covaviant derivative o] the ]undamentat 4.]orm 
is studied, and it is shown that there are precisely ]our classes o] such mani]olds. 

1 .  - I n t r o d u c t i o n .  

An interesting li t t le studied class of manifolds are the 8-dimensional Riemannian 

ma,nifolds wi th  holonomy group Spin (7) [2]. 

For  such a Riemannian manifold M, Bo~A~ [3] proved t h a t  its dimension must  

be 8 and its Ricei curvature zero. ~[oreover, ([5], [1111 [12], [13], [14]) there exists a, 

representation of Spin (7) on ea,ch tangent  space of M defined by means of a 3-fold 

parallel vector cross product.  

The 3-fold vector cross products P can be considered as a na tura l  generaliza- 

tion of the a,lmost-complex structures ([4], [8], [13], [14], [15]). Here, in the place 

of the K~hler form, one has a, fundamenta l  4-form W which, in special circumstances, 

for example when P is parallel and M is compact, generates cohomology in dimen- 

sion 4. 

There are no known nonfla,t examples of manifolds with holonomy group Spin (7). 

Here we consider instead the class q~ of all 8-dimensional Riema,nnian manifolds M 

for which the bundle of or thonormal  frames with structure group 0(8) Can be reduced 

to Spin (7). The existence of such reduction is equivalent to the  existence of a 

3-fold vector cross product  on M [13]. Then, the class ql) contains all parallelizable 

8-dimensional manifolds and is analogous to the class of almost I=Iermitian mani- 

folds [17], and to the  class of Riemannian manifolds with structure group G2 [9]. 

Wi th in  the class ~ one can search for analogs to the  classes of almost K~hler and 

locally conforma,lly equivalent to Kghler  manifolds as well as analogs to some other 

special types of almost Hermit ign manifolds. 

This search, done in a sys temat ic  way by using the method in [9] and [17t, is 

the principal subject of  this paper. The idea is to s tudy  the representation of 

Spin (7) on the  space W of tensors ha,ring the same symmetries as the covariant 

(*) Entrata in Redazione il 19 settembr6 1984, Versione riveduta il 2 maggie 1985. 
Indirizzo dell'A.: Universidade de Santiago, Departamento de Geometria e Topologia, 

Facultadc de Matematicas, Santiago de Compostela, Spain. 
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der ivat ive  V~0 of the  fundamenta l  4-form ~0, nex t  decompose this  representa t ion  

into irreducible components ,  and t h en  associate a subclass of ~ with each invar iant  

subspace of W. 

In  fact ,  by  using the t heo ry  of root  systems of semisimple Lie algebras, we show 

tha t  the representa t ion  of Spin (7) on W has only two irreducible components :  

W = W1 �9 W2. Thus,  there  are a to ta l  of 4 invar iant  subspaces of W, and hence 4 

subclasses of ~0. The manifolds with paral lel  vector  cross products  are in the  

class ir corresponding to {0}. In  contras t  to what  happens in the  case of a lmost  

Hermi t i an  manifolds [17] and the  Riemannian  manifolds with s t ruc ture  group G2 [9], 

the  following conditions are equivalent :  

i) V P = O ;  

if) Vx(P)(X , Y, Z) = 0 ,  for all X, Y, Z ~ ~(M);  

iii) d 9 = 0 ; 

iv) d~ = O. 

Final ly,  the  class of manifolds wi th  locally eonformally parallel  vector  cross 

products  corresponds to  W~. 

In  section 2, we discuss the  algebra of the  3-fold vector  cross products  /), and 

ex t end  the definition of P so tha t  P operates on k-vectors and k-forms, l~eprcsen- 

rat ions of the  IJie group Spin (7) and the  relevance of the  vector  cross products  into 

the  s tudy  of these representat ions  are s tudied in section 3. 

In  section 4, we define the  space W, and the  decomposit ion W = W1 | W~ is 

established. In  section 5, we show how each invar iant  subspace of W corresponds 

to  a subclass of ~1), and define the  4 classes. 

In  section 6, we construct  a certain tensor  field v which measures the  failure of a 

manifold wi th  vector  cross p roduc t  to be locally eonformally related to  a manifold 

wi th  paral lel  vector  cross product .  A similar tensor  field has been in t roduced in [17] 

for almost  Hermi t i an  manifolds, and in [9] for Riemannian  manifolds wi th  s t ruc ture  

group G2. Using v we determine  which of the  4 classes are preserved under  confor- 

mal changes of metric.  Final ly ,  in section 7, we discuss the  strictness of the  four 

inclusion relations between the classes. In  fact,  we show th a t  three of the  four are 

strict .  So for we have been unable  to set t le the strictness of the  inclusion of ff in ~1)i. 

Added in pro@ - t~ecently we have also been able to show the strictness of the  

inclusion ff c w l .  The details will appear  in a future  paper.  

I wish to thank  Prof. A. G~Au and Prof. t~. B~YA~m for several ve ry  useful  

discussions. 

2. - The algebra o f  3 - fo ld  vec tor  cross  products  on vector  spaces .  

In  this  section, we shall s tudy  the  algebra of 3-fold vector  cross products  P and 

ex tend  the  definition of P so t h a t  P operates on /c-vectors. 
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DEFINITION ([7]). -- Le t  V be a finite dimensional vec tor  space over  R with a 

(positive definite) inner p roduc t  <,  ).  A 3-/old vector cross product on V is ~ t r i l inear  

map  _P: V • V • V -~ V sat isfying 

(2.1) 

(2.2) 

<P(x, y, z), x> = <P(x, y, z), y) = <P(x, y, z), z> = o ,  

[ llxii ~ ix, ~,> <x, z>) 

l lP (x ,Y , z ) l l~=de t~<y ,x )  IlY[I ~ <Y,;> , 

\<z, x> <~, Y> lizll 

for x, y, z e V. 

Let  A~(V) denote  the k-th Grassmann space over V ( i .e ,  the  space generated 

by  the  skew-symmetr ic  products  viA.. .Av~).  I t  follows f rom (2.1) t h a t  P(x,  y,z)  is 

an t i symmet r ic  in x, y, z. Hence P may  be ex tended  to a l inear m~pping P :  A 3(V) -~ V. 

For  this reason we shall usual ly write P ( x A y A z )  instead of P(x,  y, z). Fur the rmore ,  

the  inner  p roduc t  ( , )  can be ex tended  to  Ak(V) b y  the  formula 

(vlA...Av~, wlA...Aw~) = det  (<vi, wj))  , 

for vl, ..., vk, w~, ..., wke  V. Then,  axiom (2.2) becomes 

(2.s) ! IP(xAyAz)  II ~ = I lxAy/ \z l l ' .  

]:~EMAtCK. - -  (2.3) does not  mean  tha t  _P is an isometry,  bu t  only an i somctry  on 

decomposable vectors .  

DEFI~ITI0~. -- The fundamenta l  4-form ~ of a 3-fold vector  cross p roduc t  P 

is given by  

q~(xAYAzAw) = <P(xAYAz) ,  w)  

for x, y, z, w e V. (From (2.1) it  follows t h a t  ? is skew-symmetric.)  

E C K ~ A ~  [7]~ WHITEHEAD [23], and B]cOWN-GIcAY [4] have shown th a t  if V 

has a 3-fold vector  cross p roduc t  t hen  necessari ly dim V = 4 or 8. When  dim V = 4, 

the  s tudy  of P amounts  to  the  s tudy  of the  volume e lement  of V~ namely  F, so we 

res t r ic t  ourselves to the  case dim V = 8. In  this case, it  is well known ([4]) t h a t  

there  are two non-isomorphic 3-fold vector  cross products  P+ and P _ .  given ([4], 

[25]) in t e rms  of the  Cayley numbers  b y  

P+(xAYAz)  = -- x(yz) 4- <x, y ) z  4- <y, z ) x  -- (x,  z ) y ,  

P _ ( x A Y A z )  = -- (x~)z 4- (x,  y ) z  4- (y,  z ) x  -- (x, z ) y  , 

for x , y ,  z e V ,  and where x - ~ Z  is the  conjugat ion in C, ay ( that  is, ~ = - - x 4 -  

2 <x, 1>1). The reason why there  are two dist inct  3-fold vector  cross products  
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is that ~he Oayley numbers  are nonassoeiative. Fur thermor% the  automorphism 

groups of P+ and P _  are bo th  isomorphic to Spin (7). We ~-rite 9~ for the funda- 
menta l  4-form of P~.  

F rom now on, we shall write P when no dist inction between P+ and 2 ~_ is needed. 

First ,  we shall write some e lementary  consequences of (2.1)-(2.3), 

LEiK~J[A 2 . ] .  - W e  have 

(2A) 

(~.0) 

(P(xAYAz) ,  P (xAy / \w) )  ~- (xAYAz,  x A Y A w )  , 

P ( xAYAP(xAyAz ) )  ---- l i3 -- llxAy[i z + (xAy,  x A z ) y  + (yAx,  y A z ) x  , 

for x ,y~z ,  w e V .  

Fur the rmore ,  f rom (2.5) it  follows 

(2.6) P(xAyAP(xAyAP(xAyAz) ) )  = -  IIxAyli~P(xAYAz). 

We now introduce a mapping  p tha t  will t u rn  out to be the  adjoint  of P.  

DEFInITIOn. -- The linear mapping p: V---> A3(V) is given by  

7 

p ( x ) - - - - ~ -  ~ e~Ae~AP(e~AejAx) 
i , j=O 

for x ~ V, and where (eo, ..., eT} is any or thonormal  basis of V. 

(ii) 

for x e V. 

LEPTA 2.2. -- The mapping p has the  following propert ies  

(i) p is the adjoint  of P ;  t ha t  is for x ~ V, ~ ~ A3(V) we have 

(p(x), ~) = (x, P(~)) ,  

p(p(~)) = 7x,  

Fl~OO~. - (i) follows f rom (2.1), (2.3) and definition o f p  F rom (2.5) we obtain (ii). 

N e x t ,  we shall define another  t inear mapping q which will be useful in sect ion 3.  

DEFII~ITIO~. -- The linear mapping q: A2(V) '>A~(V)  is given by  

7 

q(xAy) = �89 ~ e~AP(e~AxAy) 
i=O 

for x, y ~ V, and where (e0~ ..., eT} is any or thonormal  basis of V. 

F rom (2.5) one has the  following 
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LE~WA 2.3. - The  m ~ p p i n g  q s~tisfies 

(i) <q(xAy), zAw)  = <P(xAy/\z), w);  

(ii) <q(xAy), xAy}  = 0; 

(iii) llq(xAy)]l~= 3IixAy]l~; 

for X~ y~ Z~ w ~ V .  

Now, we ex tend  P , p  and  q to l inear  maps  P :  Ak+~(V)~A~(V),p:A~r 

-+ A~+~(V) and  q: A~(V) ~ A'~(V). 

])EFII~ITI01N. -- Let vl~ ..., vk+2~ ]/. Then 

i '  " i A A A 
P(v,A...Av~+~) = ~ (--  1) T,+ P(vj\v/\v~)Av,~.. .Av~A...AvjA.. .Av~/\. . . / \vk+~, 

p(v~A...Av~) = ~, (--1)~+~p(v,)Av~A...A~A...Av,~, 
f = l  

q(v~A...Avk) = ~, ( -  1)~+J+~q(viAvY\v~A...A4,~...A4JA...Avk , 

and P: Ak+2(V) -~ A~(V), p: Ak(V) -+ W~+2(V) and  q: Ak(V) -~ Ak(V) are the i r  cano- 

nical l inear  extensions.  

Note  t h a t  the  sequences 

P.5 P 3  P* 
AT(V)7---+As(V)<---:-~A~(V)< > V 

P4 ~ s  
A6(V) ~----~ AffV) <---~ A~(V) 

ure non-exac t .  

I n  par t icu lar ,  for w, x, y, z e V we have  

p(xAy)  = p ( x ) A y - - p ( y ) A x  , 

p (xAyAz)  = | p ( x )AyAz  , 
NYZ 

P(wAXAyAz)  = | { P ( w A x A y ) A z } - -  P (xAYAz )Aw , 
z y z  

q(xAYAz) = ~ q(xAy)Az , 
XYZ 

where ~ denotes  the  cyclic sum. 
8 

Let  A ( V ) =  @A~(V) ,  and  let  
k = 0  

T h e n ,  ( A k ( V ) ) A S - ~ ( V ) .  Next ,  

* 9• can be defined b y  

* : A ( V ) - > A ( V )  be the  Hodge  s tar  operator .  

we de te rmine  the  fo rm , 9~. (Here  the  4-form 

( ,  9 •  = g ~ ( , ( x A y A z A w ) ) )  . 
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I~E~__~A 2.4. 

(2.7) �9 ~:~-= -t-~• 

P~ooF. - Consider (1, eo, ..., e6} an orthonormal basis for V where 1 is the 

identity in Cay, and such that  e~e~+~=-e~+3 for i eZT; and let {0_~, 0o, ..., 0~) be 

the dual basis. Then 

(2.8) ~ •  0_lA(00A01A0~ § OoAO2AO~ + 0oA0~A0~ § O~AO~AO~§ 

§ 01A0~A0~ + 0~A0~A05 + 0,A0~A0~) 4- 

4- OoAO~AO~AO~TOoAO1AO~AO~ZTOoAO~AO~AO~ • 

OoA OzA O~A O~ • O~A O.A O~ZT O ~ A O3A O , A O~ ~ O~A O 4A O~A O ~ . 

Applying the Hodge star operator to both sides of (2.8), we get (2.7). 

LE~_~ 2.5. - For P• A4(V)--~A~(V)we have 

(2.9) P + ,  = • 1 7 7  

PEoo~. - This can be checked by choosing an orthonormal b~sis for V as that  

in Lemma 2.4, and computing the maps P+. and P• 

3. - S o m e  representa t ions  of Spin(7). 

We shall describe, in this section, some representations of Spin (7) that  will be 

needed in the next section. 

A simple method to describe the 8-dimensional representation of Spin (7) is by 

means of the 3-fold vector cross products P. In fact, 

Spin (7) = (g E O(8)]P(gx/\gyAgz) ~-- gP(xAy/~z) for all x, y, z e V}; 

and the 21-dimensional irreducible representation of Spin (7) is the adjoint repre- 

sentation. 

Next, we shall consider, for convenience, the eovariant versions of P, p and q 

which will be denoted by the same letters. Let V* denote the dual space of V. 

DEFINITION. - The m~ppings P:  A~(V *) -+ A~+~(V*), p: Ak+~(V *) -~ Ak(V *) and 

q: A~(V *) --~A~(V *) are given by _P(g)= goP, p ( f l )=  flop and q(~)=  aoq, for :r 

eA~(V *) and fiEA~+~(V*). (To avoid confusion we shall sometimes write P~, p~ 

and q~.) 



5fARISA FER~s A classi]ication ~/ Riemannian, etc. 107 

Thus we have the  following non-exact  sequences:  

V* P' P~ ~ AT(V *) A~(V*) ~ A~(V*) 

P, _ . ~  A~( . A~(V *) .< : '  A'(V*) V*) 

We shall now determine the irreducible components  of the  indueedrepresenta-  

tion of Spin (7) on each space Ak(V*). First ,  let  us note tha t  the representat ions 

of Spin (7) on A~(V *) and on As-~(V *) are the  same because the  I todge star operator  

�9 : A~(V *) --->As-~(V *) is an isometry.  (We are using on A~(V *) the  inner product  

( , )  given b y  
7 

<-, fl> = ~ a(e~,A...Ae,~)fl(e~,A...A%), 
i l  p . . / / / c=  0 

where {Co, ..., eT} is an a rb i t ra ry  basis of V). Hence,  it suffices to describe the  

representat ions of Spin (7) on V*, A~(V*), A~(V*), and A~(V*). The representat ion 

of Spin (7) on V* is the  irreducible 8-dimensional representation,  bu t  the  representa- 

tions of Spin (7) on A~(V*), A~(V *) and A~(V *) are all reducible. In  order to describe 

the  irreducible summands  of these representat ions b y  means of the  vector  cross 

product  P ,  we first use Weyl ' s  formula (see for example [21]) to calculate the  degrees 

of the  first ten  irreducible representations of Spin [7). I t  can be verified tha t  these 

degrees are 1, 7, 8, 2],  27, 35, 42, ~8, 105, 112. Next ,  we shall define the  following 

spaces 

A~(V *) = 

A~(V ,) = 

A~(V*) = {~ e A3(V*)]p~= 0},  

A~(V*) 

A~+(V*) = {~+}, 

A~+(V*) = {~ m AffV*)[p+(o:) = o ,  

A~+(V*) = 

A~+(V*) = 

A~_(V*) = 

A~_(V*) = 

A~_(V*) = 

A**_(V*) = 

{~ ~ A~(V*)[q~ = 0},  

{~ eA2(V*)] o: = qfl for some fi eA2(V*)},  

* ~ = -[- ~ and 
7 

~, ot(eiAe~AekAP+(eiAejAek)) = 0},  
~,J ,k=0 

{~ cAffV*)[  , ~ = -- ~} , 

{- sAd(V*)[ o~(xAyAzAP+(xAyAz)) = 0 for all x, y, z e  V},  

{~-) ,  

{-  eA*(V*)l p_(m) = 0 ,  

( ~ e A ' ( V * ) J  , ~ = + ~) , 

* ~ = -- ~ and 
7 

a(e,Ae~Ae, AP_(e,Ae, Aek)) = 0},  
i,i,k=O 

{~ e V'(V*)I ~(xAYAzAP_(xAyAz))  = o for all x, y, z ~ V}. 
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In  order to check tha t  Spin (7) acts irreducibly on these spaces it  will be neces- 

sary to make use of the theory  of root systems of semisimp]e Lie algebras. The 

Dynkin  diagram oi the simple Lie algebra b~ of Spin (7) is 

o o *o 

where {a~, a~, as} is a system of simple roots, and g~= o~1-- ~o2, a~= w,-- ~%, g s =  as,  

<~oi, o~> : ~{~. Then 

ll~21111~sll- 2 - e o s ~ ,  

and the  angle between al, ~s is equal to ~/2. We shall denote by ~ (i ---- 1, 2, 3) 

the  fundamenta l  dominant  weights, and by ~ ,  (i = 1, 2, 3) the corresponding irre- 

ducible representations. (In general for ~n extreme weight 2, 9~ will denote the cor- 

responding irreducible representation.) I t  can be easily verified tha t  these weights 

are ~ = ~o~, ~ = to~ § eo,~ and ~s = �89 § w~ § cos). ~oreover ,  9~ has dimension 7. 

94 has dimension 21; it  is the  adjoint  representation. 9~ has dimension 8; it  can 

be identified with the representat ion on V. 

Now, a long but  not  difficult computat ion shows tha t :  

i) the weights of (irreducibile) representation ~a~ are 

• = •  -1--o~, •  O; 

ii) the  weights of 94,  i.e. the  roots of bs, are 

• ~(o~1- ~ ) ,  •  ~s), ~c%, 0(3) ; 

iii) the weights of 9a. are 

•189 § ~2-  ~ ) ,  •189  ~ + ~ ) ,  

iv) the  weights oi the 48-dimensional irreducible representat ion ~1+~. are 

• + ~ + ~3)(3), +~(~1 § ~ -  ~s)(3), + � 8 9  ~ § ~ ) (3 ) ,  

j: �89 ~ §  ~ +  ~3)(3), :k~(3~§ o~+ ~ ) ,  + ~ ( 3 ~ +  ~ -  ~s), 



MAICISA FEI~NXYqDEZ: A classi]ication ol Riemannian, etc. 109 

~�89 ~- 3w3-- c o 3 ) ,  i �89247 3~o2§ o)3), •189 a)l-~- 3co3-- ~o3); 

•189 + ~3 + 3~3), &�89  0)3 + 3~3), • 1 8 9  ~1 + ~3 + 3~) ;  

1 •  ~ 1 -  o~2 § 3~3); 

v) the  weights of the  27-dimensional irreducible representa t ion ~o2& are 

• :ko~3,  • • § o)2), : k ( ~ l §  ~ ) ,  •  o~), 

+(o)1-  ~o3), •  ~o~), •  m~), :k2~1, •  : k 2 ~ ,  

0(3); 

vi) the  weights of the  35-dimensionnl irreducible representa t ion ~02~ ' arc 

j:o)l(2), :k~3(2), •  :k(~ol + 0)3), q-(~ + ~3), 

•  ~ -  o)~), 0(3). 

We write A~oz~ for the induced reducible representa t ion on the  k-th Grassmann 

space A~(V *) over V*. Then,  by  comput ing  the  weights of A3~o~, A ~  and A~cf~.~, 
one follows tha~ 

(3.1) A3~% = %.~ | ~o;~ , 

(3.2) A~q~ = (p~+~ | (p~o, 

(3.3) A~,~ : ~o.z~.~ 0 ~ ~ v ~  ~o o 

where qo is the  1-dimensional irreducible representat ion.  

LEM.YIA 3.1. - We have 

(3.~) A~(V  *) = A~I(V *) | A33(V ,)  . 

Also Spin (7) acts i r reducibly  on A~(V*) and 

dim A~I(V *) ---- 21 ,  dim A~:(V *) = 7 .  

PRoos.  - Using definition of q i t  can be verified t h a t  (3.4) holds and t h a t  the 

spaces A~(V*) have  the s ta ted  dimensions. Tha t  Spin (7) acts i r reducibly on A~(V*) 
is immedia te  f rom (3.1). 
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L E n A  3.2. - We have the following orthogonal direct sum 

(3.5) A3(V *) = A~(V *) (3 A~(V*) . 

Also Spin (7) acts irreducibly on As~(V *) and 

3 dimA~(V*) = 48, dim A~(V-.) = 8.  

Pl~ooF. - From Lemma 2.2 (ii) we obtain 

(3.6) ploP1 =- 711 , 

where I~: Ak(V *) -+A~(V *) denotes the identity map. Using (3.6) it is easy to 

verify that  ~Plop~ and I3--~P~op~ are projections of A3(V *) onto A~(V*) and 

A~(V*), respectively. This proves (3.5). 

Again using (3.6), one deduces that  P~: V*--~A3(V *) is injeetive and p~: A~(V *) -+ 
-+ V* is surjective. Furthermore, Image / ~ =  A~(V*). Thus, A~(V*) and A~(V*) 
have the stated dimensions. These representations of Spin (7) are irreducible by (3.2). 

L E n A  3.3. - We have the following orthogonal direct sum 

(3.7) A ' ( r * )  = A~+(V*) (3 A~+(V*) (3 A~§ (3 A~+(V*) = 

-= A~,_(v *) (3 A~_(V*) (3 A~_(V*) (3 A~_(V*) 

Also Spin (7) acts irreducibly on each space A~• alld 

dim A:+(V*) ~- 1,  dim A~_(V*) = 27, dimA~+(V*) = 35,  dim A~_(V*) -- 7 .  

PROOF. - Let _P+ be the 3-fold vector cross product on V. l~rom definition of 

P+: A2(V *) --~Ad(V*), it is not difficult to prove that  Image _P§ A~+(V*), and 

tha t  P+ maps A~(V *) injectively into A~+(V*). Hence dim A~+(V*) ----- 7, and then 

the subspace U of Ad(V), annihilated by A~+(V*) and generated by the elements 

of the form xAyAzAP+(xAyAz), x, y, z e V, has dim U -~ 63. 

:Now, let us consider the mapping P+: Ad(V) -.A~(V). Since dim U -~ 63 and 

U _c kernel P+ it follows that  U = kernel P+, Using (2.8) and Lemma 2.5 we obtain 

P+(A'-(V)) = P+(q~*)= 0, where ~0" is the dual element of the fundamental 

4-form ~0+. 

Let C denote the subspace of A~(V) given by 

C---- {~eA~(V)I * ~---- -~ ~ and (2, ~*) ---- P+~ = O}. 

I t  is easy to verify that  kernel P+ = {q~*} Q A*-(V) (3 C and this sum is orthogonal 

direct. 
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Considering the dual spaces of {V*}, A4-(V) and C (i.e. the  spaces A~+(V*), 
A~+(V*) and A~2+~-/v~*~- respect ively)  we ge~ (3.7). Fur the rmore ,  all the spaces have  

the  s ta ted dimensions. Using (3.3), it  is obvious tha t  Spin (7) acts i r reducibly on 

A~,(V*). Similarly,  we obtain the decomposit ion 

A'(V*) = A~_(V*) | A~_(V *) | AL(V*) @ A~_(V*) 

if  P _  is the  vector  cross p roduc t  on V. 

4. - The space o f  covariant derivatives of  the fundamental 4-form. 

The covar iant  der ivat ive  V9 of the fundamenta l  form 9 of a 3-fold vector  cross 

p roduc t  on a 8-dimensional manifold is a covar iant  tensor  of degree 5 which has 

various s y m m e t r y  propert ies .  In  this section, we shall define ~ finite dimensional 

vector  space W tha t  will consist of those tensors tha t  posses the same symmetr ies ,  

and s tudy  the  decomposit ion of W into irreducible components  nnder  the na tura l  

representa t ion  of Spin (7). 

Le t  us consider the  space V* @ A~(V*), and let  W be the  subspace of V*@ Ad(V *) 
defined by  

W = {o~ e V*|  I o~(w, xAyAzAP(xAyAz))  = o for all w, x, y, z ~ V} .  

LElV~A ~:.1. - dim W----56. 

PI~ooP. - Clearly W is na tura l ly  isomorphic to  V*@A~(V*). Since dim V*-~ 8 

alld d i m A ~ ( V * ) =  7 by  Lemma  3.3, the  resul t  follows. 

We note  t ha t  there  is a na tura l  inner  p roduc t  on W given b y  

7 

(~,fi> ---- ~ r e~AejAe~Ae~)fl(e~, e&e,-Ae~Ae~), 
h , i , j , k f l=O 

where {eo, ...,eT} is an a rb i t ra ry  or thonormal  basis cf V. 

I t  will also be useful to consider l inear maps Z3: W -+A~(V*), and LI: W -~ V* 

given by  

7 

g=O 

7 

L~(o:)(x) = ~ e(P(eiAe~Ae~), e~AejAe~Ax) , 

for x, y, z e V, ~ ~ W. First ,  we shall s tudy the  propert ies of those maps. 

8 - A n n a l i  d l  M a t e m a l i c a  
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LEMMA 4.2. - We have  

7 

(~.~) L ~ ( ~ l ( x )  = -  
i,~,k=O 

for  x ~ V , ~ W .  

~(e~, e;Ae~AP(e~Ae;Ae~)Ax) = 6(poL3)(oO(x) , 

P~oo~.  - Subs t i tu t ing  P(e~Aes\eQ for e~ in the  definition of Lt and using (2.5), 

we obta in  

7 

(4.2) L~(oO(x ) -~  ~ ,  o~(-P(e,Ae, AP(e,AejAek)), eiAejAP(e, AejAe,,)Ax) = 

id,k=O 
7 

= ~ {~((-- 1 + 6~j)eT~, e~Ae~AP(e~Ae~A6OAx) 4- 
i ,i ,k=O 

+ ~( (d~- -  ~,d~)e~,  eiAe~AP(eiAe~Ae~)Ax) 4- 

4-  O:((Oi7c-- ~;~:dii)ei, eiAe~AP(eiAe~Ae~,)Ax)} = 

7 

= -- ~, ~(e,,, e,Ae~AP(e,Ae, Ae~)Ax) = 

i,~,k=O 

7 

= -  ~, ~(e~, e ~ A e ~ A z ~ ( e ~ A e ,  A e ~ ) A x )  . 

i j , l c = O  

On other  hand,  f rom definition of p: V--> As(V), we see t h a t  

7 

(poL,)(~)(x) = - ~ 
i,i,k=O 

~Z(ei, e~AejAekAP(e~Ae~Ax)) = [L~(ot)(x) , 

which proves  (4.1). 

LEM~A 4.3. -- Le t  be ~ e W, and  suppose Shere is a cons tan t  a such t h a t  

(4.3) a(P(xAYAz),  x A y A z A w )  ---- 

= ~{dx,  P ( x i y i z ) i y m ~ i w )  -- 4Y, ~ ' ( ~ i y i z ) i x / W i w )  + 

4- ~(z, P ( x A y i z ) i x A Y A w ) }  , 

for a l l x ,  y , z ,  w e V .  I f  a # - - � 8 9  t hen  (poL3)(~)----O. 

P~ooF. - F r o m  L e m m a  4.2 and  equat ion (4.3) we obta in  

(poL3)(g)(x) = LI(~)(x) = ~ P(eiAe~Ae~), eiAe~Ae~Ax = 
i,~,k=O 

Ob 7 
---- 6, , ~ o  {~(e,, P(e ,Ae ,AMAe,Ae~Ax)  - -  ~(e,, P(e,Ae,Ae~)Ae,Ae~Ax) + 

"5"~ = 

4- ~(e~, P(e,Ae~Ael~)Ae,Ae,Ax)} = - -2Z~(~)(x)  = - - 3 a ( p o L , ) ( ~ ) ( x ) ,  

hence  the  l e m m a  follows. 
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W e  now define two  subspaces  W1 a n d  W2 of W b y  

w l  = {~ e w[  L~(~) = 0 or p o ~ ( ~ )  = 0} ,  

W~ = {~ e W[ 28~.(w, x ~ A x ~ A x ~ A x ~ )  = 
4 

= ~, (-- 1)~+l{poL~(ot)(x~)cf(wAx~A...A&~A...Ax~) 4- 
i = 1  

~ 7<w, x~}L~(o:)(x~A...A2~A...AxD} 

T he  usua l  r e p r e se n t a t i on  of Spin  (7) on V induces  a r e p r e s e n t a t i o n  of  Spin  (7) 

on W. W e  shal l  show t h a t  W~ und  W~ are t he  two i r reducib le  c o m p o n e n t s  of this  

i n d u c e d  rep resen ta t ion .  F i r s t ,  we need  severa l  l emmas .  

L E P T A  4.4.  -- W n A ~ ( V * )  = (0}. 

P~oo~.  - L e t  be : t e W C ~ A ~ ( V * ) ,  a n d  w , x , y ,  z e V .  I f  z = 2 P ( w A x A y ) ,  t h e n  

for  a n y  u e V we h a v e  

~ ( w A x A Y A z A u )  --~ ~ ( u A w A x A Y A P ( w A x A y ) )  = O . 

There fo re  w, x, y, z a n d  P ( w A x A y )  m a y  be a s s u m e d  to  be  o r thogona l ,  a n d  t h e n  

(w, x, y, z, P ( w A x A y ) ,  P ( w A x A z ) ,  P ( w A y A z ) ,  P(XAyAz)}  fo rms  an  o r thogona l  basis 

for  V. T h u s  ~ ( w A x A Y A z A u ) =  0 for  all  u e V. H e n c e  ~ = 0. 

LElVl2CIA 4.5. -- Suppose  g ~ W w i t h  L3(g)=/= 0 a n d  

(4.4) 
4 

~(w, x~Ax~Ax3Axd) = ~, ( -  1)i+~{a(poL~)(~z)(x~)g(wAx~A...diA...Axd) 4- 
i = 1  

4- b(w, x~}L3(c~)(x~A...A2~A...AxD} , 

for  w, xl, x~, x3, xde V. T h e n  a = 1/28, b ~- 1/4 and  PpL3(~) = 7L3(~). 

PROOF. - I n  (4.4) we consider  x~= ei, x~= ej, x3= ek, xa= P(eiAe~Aek) and  

t a k e  t h e  s u m  over  i, j ,  k --~ 0, ... , 7. T h e n  

(4.5) (168a - -  24b)pL3(o:)(w) = 0 ,  

a n d  t h u s  7a = b. 

A p p l y i n g  (4.4) a n d  (4.5), we c o m p u t e  L3(g)(yAzAu) and  ge t  

(4.~) (i - -  35a)L3(0r =- --  a_Pp.Ls(~z ) . 

Hence ,  a p p l y i n g  p to b o t h  sides of (4.6), we ob t a in  a = 1/28, a n d  then b = 1/4. 

F ina l ly ,  subs t i t u t i ng  the  va lue  of a in (4.6) we f ind /~pL3(~) ---- 7L3(~). 
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LE31NA 4.6. 

(4.7) W., (~ kernel  L3 = {0}, 

(4.s) wl  m w~ = {o}, 

(4.9) kernel  153 = {0}. 

P~ooF. - (4.7) is an obvious consequence of the  defining condit ion of the  space 

W.,. In  order to prove (4.8) let  g e W ~ ( 3  W.,; then  Ld g  ) = 0. Now, by  using (4.1), 

(4.7) and lemma 4.5~ we see t ha t  Ldg) = 0. Hence  f rom (4.7) we have ~ = 0. On 

the other  hand,  i t  is easy show th a t  

La(W1) c d~(V*) a n d  L3(W., ) c A2a(V *) . 

Since the  spaces L3(W1) and La(WJ both  are invariants  under  the induced represen- 

ta t ion  of Spin (7) on A3(V*), it follows, f rom Lemma 3.2, t h a t  

L d W J  = At(V*) and LdW~) = A~(V*). 

Hence  f rom (4.7), we get dim W1>48 and dim W~= 8. Now (4.8) and Lem m a  4.1 

imply  (4.9). 

TItEORE~ 4.7. - We have W = W1 | W2. This direct  sum is orthogonal,  and 

it  is preserved under  the  induced representa t ion of Spin (7) on W. The induced 

representa t ion of Spin (7) on W~ is irreducible and 

dim W1 = 48 ,  dim W., = 8 . 

PROOF. - In  the  Lemma 4.6 the  dimensions of W~ have been calculated, and 

also it  has been proved t h a t  W = WI@ W2, where the stun is direct  and mthogonal .  

Obviously, the  representa.tion of Spiv (7) on W is ~;.~ @ ~%. Since the weights 

of this representa t ion  are 

~ ( o ~ +  0).,+ ~3)(4), 

+S( -0 )~  + 0)., + o~.)(~), 

:'~�89 0)., + 0)3), 

•189 + 30).,- 0)~), 

�89 + 0)~ + 3 ~ ) ,  

1 q-~(0)1 + 0).,- 0)3)(4,, 

:~�89 + 0)., + 0)8), 

~�89 m.,-  0)~), 

i ~ ( -  0)1 + 30)., + 0)3), 

~:�89 0)., + 30)8), 

~:�89 0)., 4- 0)3)(4), 

I 1 z:~(30)1 + 0).,- 0)3), 

~:~(0)~ + 30)., + 0)~), 

• 1 8 9  0)1 + 30)~- ~3), 

• 1 8 9  0)1 + 0)., + 30)8), 

= ~ ( - 0 ) 1 -  0)., + 30)8), 
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we have 

(4.10) ~Px,@ ~ z , =  %h@ ~~ �9 

Therefore,  W ~ WxO W~ is the decomposit ion of W into i rreducible components  

under  the  natura l  action of Spin (7). Moreover, ~4 and 9~.~+~ are the  irreducible 

representat ions corresponding to W~ and W~, respectively.  

5. - The four c lasses  o f  3 - d i m e n s i o n a l  R i e m a n n i a n  mani fo lds  w i t h  a 3 - fo ld  vec tor  

cross  product .  

Using the  results obta ined in the  previous sections, we now establish a classifica- 

t ion  of 8-dimensionM Riemannian  manifolds wi th  a 3-Io14 vector  cross product .  

Let  M be a C" 8-dimensionM Riemannian  manifold with metr ic  < , } .  Denote  

by  Y(M) the  Lie algebra of C = vector  fields on M, and b y  ~-(M) the  algebra of C ~ 

funct ions on M. For  each m e M the  tangent  space at  m will be denoted  by  M~. 

DEFINITION. -- We say t ha t  (M, <, }) has a 3-fold vector  cross product  P if each 

tangent  space M.~ has a 3-fold vector  cross p roduc t  P.~: M~ X M.~ X M~ -~ M~, 

and the  mapping  m - +  P~ is 0% 

I t  is clear tha t  P gives rise to a tensor  field P :  ~(M)•215 
of type  (3,1), which satisfies 

(5.1) 

(5.2) 

<P(X, Y, Z), X)  = <P(X, Y, Z), 35 = <?(X, Y, Z), Z} = O, 

lip(x, ~, z)l[2= dot ( ]lxil ~ <x, 3> <x, z>~ 

<Y, x> ,xzi~ <Y, z> I 

<z ,x>  <z ,y>  [iZl[~ / 

for all X, Iz, Z e ~(M).  

Fur the rmore ,  the  algebraic s tudy  carried out in the  previous sections can ob- 

viously be ex tended  to manifolds. We note  tha t  the  fundamenta l  4-form ~ becomes 

a differential  4-form on M. 

Le t  V denote  the  Riemannian  connect ion of < , } .  The covariant  derivat ives 

VP and  V 9 are given by  

(5.3) 

(5.4) 

%(P)(x ,  y, z) = %(.P(x, Y, z)) - P ( % X ,  y,  z) - P(X, % L  z) - 

- P ( x ,  y ,  v ~ z ) ,  

v~@)(w, x ,  xr, z) = u{~(w, x ,  y, z)} - ~(v~w, x ,  y, z) - 

- ~(w, v~x,  3, z) - ~ ( w ,  x ,  v~]~,  z )  - ~ ( w ,  x ,  ~ ,  v ~ z ) ,  



116 ~/[ARISA ~EI~N~NDEZ: A elassi]ication o/ Riemannian, etc. 

for U, W, X, Y, Z ~ ~(M). F ro m  (5.3) and (5.4) one has 

(5.5) v.(~)(w,  x ,  y ,  z) = <vdP)(w,  x ,  Y), z ) ,  

and so the  s tudy  of the  covariant  derivatives of P is equivalent  to tha t  of the  

covariant  derivat ives of the  fundamenta l  4-form ~0. 

LEPTA 5.1. 

(5.6) 

(5 7) 

v~(r x ,  ~. z) = - v~(~)(x, w, y,  z) = - vo(~)(w, ]5 x ,  z) = 

= - vd~) (w,  x ,  z,  y ) ,  

v~(~)(x, y,, z, ~(x, ~, z)) = o, 

:[or all U, W, X, Y, Z ~ :~(M). 

P~OOF. - (5.6) is easily checked f rom (5.4). (5.7) is p roved  by  applying the  

vector  field W to bo th  sides of (5.2) and using (5.3) and (5.5). 

We shM1 hencefor th  write Vw(_P)(XA Y A Z )  for Vw(P)(X, Y, Z), etc. 

:Now consider the  na tura l  8-dimensionM representa t ion  of Spin (7) on each tan- 

gent  space M~, and let  W., be the  space 

w~ = {~  e Ms174 A~(M~;)I =(w, x A Y A z A P ( x A y A z ) )  = 0 for all w, x, y, z ~ M,~} . 

Then the  induced representa t ion  of Spin (7) on W~ has the  two components  W ~ ,  

W~2 us described in section 4. I t  is possible to  form from these two a to ta l  of four 

invar iant  subspaces of W,. (including {0} and W,,). 

DEFInITIOn. - Le t  M be a 8-dimensionM Riemannian  manifold with a 3-1old 

vector  cross product .  For  m ~ M, let  U,~ denote  one of the  four invar iant  subspaces 

of W~. Then  ~ will denote  the class of all 8-dimensionM l~iemannian manifolds 

with a 3-fold vector  cross p roduc t  such t h a t  (V~)~e U~ for all m e M. 

In  order to  make this definition meaningful ,  one must  note  tha t  for any  8-dimen- 

sionM ]~iemanniun manifold M with a 3-fold vector  cross product ,  (V~)~e W~ for 

all m e M by  v i r tue  of (5.6) and (5.7). 

The class corresponding to W ~  will be denoted  by  ql)~. ~ will also correspond 

to {0} and ~ to W.~. 

gE~ARK. -- There  are obvious analogies be tween some ef these classes and the  

corresponding ones for almost  Hermi t ian  manifolds [17], and ior the  7-dimensionM 

t~iemannian manifolds with a 2-fold vector  cross p roduc t  [9]. Nevertheless,  Lem- 

ma 4.4 implies tha t  if V w ( q ~ ) ( W A X A Y A Z ) ~  0 for all W, X, Y, Z a ~(M),  then  

V~-~  0. That  is, the  class A~ff of 8-dimensional Riemannian  manifolds with a 
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3-fold near ly  parallel  vector  cross product ,  defined by  analogy with the  near ly  

K~hler  manifolds in [17], is ac tual ly  the class r This was proved  in [13] by  a 

different method.  

Le t  d and 5 be the exter ior  differential  and the eoderivat ive of the Ricmannian  

manifold M. If  U is a 4-form on M we have the  following explici t  formulas for d~ 

and 6~/ 

(5.s) 

(5.9) 

d~(UA W A X A  Y A Z )  = V~(~)(WAXA ~/\Z) - Vw(~)(UAXA Y A Z )  + 

+ V~(~)(UA WA Y A Z )  - V~(~)(UA W A X A Z )  + Vz(~)(UA W A X A  Y),  

7 

~(XA Y A Z) ~- -- ~ V~,(v)(E, AXA Y A Z) , 
i = O  

for U, W, X, Y, Z e ~(M). Here  {Eo, ..., ET} is an a rb i t ra ry  local f rame filed. 

Now, ~ssume tha t  M has a vector  cross p roduc t  P with fundamenta l  4-form % 

then we note t h a t  

(5.10) 

(5.~1) 

for  X e ~(M) .  

(5.12) 

Also, we have 

7 

Using (5.10), (5.11) and Lemma 4.2 it follows thai; 

L~(v~) - - 6 p ( @ ) .  

L ~ , ~ A  5.2. - d~----0 if and only if 6q~ = 0. 

PlCOOF. - We write the  3-form b~ in ~erms of the exter ior  differential d and of 

the  Hodge star  operator  , 

(5.13) ~ -- -- �9 d .  ~ .  

Then~ applying Lemma  2.4 to (5.13), we get the result.  

RE~rAgK. - Le t  A~ and 8r  be the classes of 8-dimensional Riemannian  manifolds 

with a 3-fold vector  cross product  satisfying d~ = 0 and (5~ ---- 0, respectively.  Then  

f rom L e m m a  5.2 we have Ar = 8~. Fur thermor% (4.9) and (5.10) imply tha t  if 

b p = 0 ,  t hen  V ~ = 0 .  Hence we get q - - - -A~162 A~----- 8~. 
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T:ZEO~E~: 5.3. - The defining relat ions for each of the  four classes are given in 

table  1 below 

TABLE 1. 

Class DeJining relations 

i f= J~ff = A'~= 8ff 

q~= eft 

V ~ =  0 

(or d ~ =  O, or &?= O) 

L:(V~) = 0 (or p d~o = 0) 

2S Vw(q~)(X~A X~A X~A XD = 
4 

= - Y~ ( -  :)~+:{p ~o(X3~(WAX:A. . .A2&. . .AXD + 
i = 1  

+ 7 <W, X> ~(X:A.. .A2~A.. .AXD} 

No relation 

6.  - Conformal  changes  o f  metr ic .  

I n  th is  section, we de termine  which of the 4 classes are p rese rved  under  a con- 

fo rmal  change of metr ic .  Let M be a 8-dimensional  E i e m a n n i a n  mani fo ld  wi th  

me t r i c  <,  >; and  let  < ,  >o be a met r ic  on M conformal ly  re la ted  to < ,  } via 

>o e2~< (6.1) < ,  = , > ,  

where a e ~-(M). I t  is well  known ([11], [12]) t h a t  t he  connections V ~ of ( ,  >o 

and  V of <,  ) are rela~ed b y  

(6.2) V ~  = V x Y  4- (X~) Y ~- ( Y a ) X  -- ( X ,  Y) g r a d ~ ,  

for X,  :Ke 3~(M), and  where grad  a G 3[(M) is the  vec tor  field such t h a t  <X, grad  a> = 

= X~ for X e 3~(M). 

Suppose t h a t  (M, <,  >) has  a 3-fold vec tor  cross p roduc t  P .  Le t  po be a 3-fold 

vec tor  cross p roduc t  on (M, ( ,  >o) and  ] e Y(M) such t h a t  1 TM = ]P. Then  

I[P~ 3~AZ)II ~ = [XA YAZII ~ = & I ! X A  ~AZll ~ = e~IIP(XA ~AZ)II ~ = 

= d a I I P ( X A  Y A  Z)[l o, , 

for X, X r, Z G 3[(M). Thus  we mus t  have  ]2 = e% This leads us to the  following 

DEFINITION. -- Le t  M be a 8-dimensional  E i e m a n n i a n  manifo ld  wi th  metr ics  

<,  >, < ,  >o eonformal ly  re la ted  b y  (6.1). Le t  P be a 3-fold vec tor  cross p roduc t  
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on (M, <, )), then 

(6.3) po : e2zp , 

is a 3-fold vector  cross p roduc t  on (M, <, }o). In  this case we say t h a t  P and _po 

~re eonform~lly related.  

Le t  % 9 ~ denote  the  fundamenta l  4-forms corresponding to  P and po, and let  

p, po be the  corresponding adjoints.  Also let. ~, 6 0 denote  the  coderivatives of ( ,  }, 

<, }o, respect ively  

LElVm~A 6.1. - We have 

(6A:) g 0 =  ed~ 9 , 

(6.5) pO:  e-~Op , 

(6.6) V~176 = #~{V,dp)(X~AX~AX~AX~) + 
4 

+ ~, ( -  1)'((X,z)9(WAX~A .... d2, \ . . .AX~) + <W, X,)P(X~A...A2,A...AX~)r)}, 
i = l  

for  W, X1, X2, X3, X~E ~(M),  

(6.7) 5~176 YAZ) = e~~ YAZ) + 4P(XA YAZ)a}, 

for X, Y, Z e ~(M),  

(6.s) 

(6.9) 

pO bopo-- p ~9 + 28 d a ,  

Pl~oor. - Equa t ion  (6.4) is an obvious consequence of (6.1) and (6.3). Taking 

the  exter ior  der ivat ive  of (6.4) we get (6.9). Equa t ion  (6.5) follows f rom (6.1), (6.3) 

and f rom the  fact  t ha t  if {Eo, ..., E~} is a f rame field on an open subset, of (M, <,  }), 

t hen  {e-~ ..., e-~ is a f rame field on an open subset of (M, <, }o). (6.6) follows 

f rom (5.4), (6.2) and (6.4). F ro m  (6.6) and (5.9) we deduce (6.7); and f rom (6.5), 

(6.7) and  L e m m a  2.2 (if), we obtain (6.8). 

Nex t  we shall in t roduce a tensor  field v t h a t  will t u rn  out  to be a conformal 

i n w r i a n t  for 3-fold vector  cross products .  A similar tensor  field has been in t roduced  

in [17] for a lmost  t termi~ian manifolds, and in [9] for the  Riemannian  manifolds 

wi th  s t ruc tu re  group G~. 

DEFINITION. - Let  M be a 8-dimensional Riemannian  manifold with metr ic  <,  ) 

and vector  cross p roduc t  /~. Then  v is the  covariant  tensor field of type  (5, 0) 



120 ){ARISA FEI~Ns A classification o] Riemannian, etc. 

given by  

(6.1o) ~(W, X~, X, ,  X~, X~) = Vw(~)(X~AX~AX~AX,) -c 
4 

+ ~/28 ~ ( -  1),+~{p a~(XJ~(WAX~A...A2,A...AX,) + 
i = 1  

+ 7 (w, x~) ag(X~A...A2&.../\x,)}, 

for W, X~, X~, X3, X~s ~(M). 

L E ~ A  6.2. - Suppose (P, ( , ) )  and (po, ( , ) o )  are conformally related. 

the  corresponding tensor fields v and vo s~tisfy v ~  e~"v. 

PuooF.  - T h i s  follows f rom Lem m a  6.1 and equat ion (6.10). 

Then  

DEFI?ClTION. -- Le t  qL be one of the four classes given in table  i .  Then  qs will 

denote the class of all manifolds locally conformally re la ted to manifolds in qL. In  

o ther  words, (M, po, ( , ) o )  e qLo if and only if for each m e M there  exists an open 

neighborhood V of m such t ha t  (V, po, ( , ) o )  is eonformally related to (V, P, ( , ) )  ~ qL. 

THEOUE~r 6.3. - For  any  qL given in table 1 we have %L~ ~l)~| Thus 

qL 0 = ~lL if and only if %0~c qL. Hence the  conformally invar iant  classes are ~1)2 

and ~ .  

P~ooF. - The defining condition for each of the classes ment ioned in the  state- 

ment  of the  Theorem can be rewri t ten  in te rms of v. F ro m  table  1 we have 

M ~ ~tl)2 if and only if v - - O .  

7 .  - I n c l u s i o n  r e l a t i o n s .  

In  this section, we establish the  strictness of some of the  inclusions among the 

four classes. 

Fi rs t  we note  t ha t  the  special un i t a ry  group SU(3) ----- U(3) (3 Sl(3, C) is a par- 

allelizable 8-dimensional manifold, and hence SU(3) E %1). 

I t  is well known (see, for example,  [19, p. 515]) tha t  the Lie algebra su(3), of 

SU(3), is a compact  real form of simple Lie algebra s/(3, C). Thus ([19, p. 181]) 

the  killing form B of su(3) is s t r ic t ly  negative definite, being in fact  equal to the  

restr ict ion of Killing form of sl(3, C) to su(3)• Therefore,  ([19, p. ]87]), 

B(X, [g) =- 6ffr(XI r) for all X, Y~su(3 ) .  Fur thermore ,  the bilinear symmetr ic  

form - - B  defines a bi- invariant  metr ic  on SU(3). 

On the  other  hand,  since su(3) is a 8-dimensionM vector  space over R with .4 

(posi t ive  definite) inner product ,  it follows tha t  su(3) has a Cayley multiplication,  

and hence the two 3-fold vector  cross products  P•  given as in section 2. We deter- 
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mine P •  ident i fy ing  su(3) wi th  the  space Cay by  means  of the  o r thonormal  basis 

{1, eo, ..., e~} of su(3) g iven b y  

- ~ / ~  o , 

0 - -  

e~ - V ' ~  0 0 , 

1 0 

0 

0 

~ -  ~ / ~  o 

0 
e ~  0 

, (!  e~ - v / ~  0 , 

- - 1  

e~ = ~ i 5  0 , 
0 

o 
= - -  0 0 . 

Then,  it can be verified t h a t  the 8-dimensional  l~iemannian manifold  SU(3), 

wigh the  b i - invar ian t  met r ic  defined by  --  B and  the  3-fold vec tor  cross products  P•  

is not  in the  class ~ nor in the  elsss %1)~. ( !n  fae~, the  covar ian t  der iva t ive  Vrf• 

of the f u n d a m e n t a l  fo rm ~o~ does not  sat isfy the  defining relat ions given in table  i 

for these classes.) Fu r the rmore ,  SU(3) r ~r because H~(SU(3),  R) = {0}. 

THEORE~a 7.1. -- The following inclusion relat ions are s t r ic t :  ff c 11)~, 21)~, ~l)~c 

c '11)~ G '~2. 

PROOF. - -  Consider R s wi th  the  two 3-fold paral lel  vec tor  cross products ,  and  

SU(3) as before.  Le t  (Rs) ~ denote  the  manifo ld  R s wi th  a nont r iv ia l  change of con- 

fo rmal  metr ic .  Then,  we have  

(R9 ~ e ~ -  ~' 

SU(3) e ~ |  '/~2-- r ~ .  
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