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Abstract. Consider the Ising model on ([1,2N] x [1,2M])NZ? at critical tempera-
ture with periodic boundary condition in the horizontal direction and free boundary
condition in the vertical direction. Let Ep y be its total energy (or Hamiltonian).
Suppose M is a function of N satisfying M > N/(In N)® for some « € [0,1). In
particular, one may take M = N. We prove that
Eyn +4V2MN — (4/7)NIn N
(32/m)MNIn N

converges weakly to a standard Gaussian distribution as N — oo.

1. Introduction

Recall that the classical Ising model at inverse temperature 8 on A C Z? with
free boundary condition is defined by the probability measure P on {—1,+1}*
such that for each o € {1, +1}4,

P Xoigy 7195 (1.1)

1
Pp(o) :=
Zx(B)
where the sum is over all nearest neighbor pairs in A, and Z, (/) is the partition
function (which is the normalization constant needed to make this a probability
measure). The total magnetization and total energy (or Hamiltonian) are

My = Zai, (1.2)
€A
Ep:=— Z 0:0;. (1.3)
{i.d}

Received by the editors September 9h, 2019; accepted August 1st, 2020.
2010 Mathematics Subject Classification. Primary: 82B20, 82B27; Secondary: 82B23, 60F05.
Key words and phrases. Ising model; total energy; critical; central limit theorem.

759


http://alea.impa.br/english/index_v17.htm
https://doi.org/10.30757/ALEA.v17-29

760 J. Jiang

It was proved in Newman (1983) that under the full-plane Ising measure P (with
the corresponding expectation E), ((My —EM,)/VarMy, (Ex —EE)/VarEy) con-
verges weakly to a standard bivariate Gaussian distribution (i.e., the two compo-
nents are independent and each is a mean 0 variance 1 Gaussian random variable)
if the susceptibility

X = Z Cov(og,0;) < 0. (1.4)
jezd

In particular, this implies that such a convergence holds when d = 2 and 8 # 3,
where . is the critical inverse temperature. A similar Gaussian limit was obtained
for the total magnetization and total energy on one side of a rectangle when d = 2
and 8 = B. in De Coninck (1987) (see also Abraham, 1978 for the total magne-
tization only), and for (My, Fx) when d > 4 and any 8 € [0, 8] in De Coninck
and Newman (1990). When d = 2 and f = f., it was proved in Camia et al.
(2015) that (My — EMy)/VarM, converges weakly to a non-Gaussian limit; and
for the Ising model on a (2N) x (2M) rectangle with periodic boundary condition
in the horizontal direction and free boundary condition in the vertical direction
(with the total energy denoted by Eas n), it was proved in De Coninck (1984) that
(Epyon—EENM N)/V2M2N In N converges to a Gaussian distribution by first taking
M — oo and then N — oco. One disadvantage of this iterated limit is that one does
not see the effect from the boundary condition. In this paper, for the same Ising
model as considered in De Coninck (1984), we prove a central limit theorem (CLT)
for Eps, v when both M and N — oo simultaneously. More precisely, we consider
the Ising model on Ay x = ([1,2N] x [1,2M]) N Z? with the total energy

2M 2N 2M—1 2N
Em,n 1=—§ E 0 k0 k+1 — E E 05 k0 j+1,ks (1.5)
j=1k=1 =1 k=1

where k = 2N + 1 is identified with k = 1. For each o € {1, +1}*¥.~ we have

1

8 - —BEM,N
Py n(o) = ZM,N(ﬂ)e , (1.6)

where

Zun(B)= D, e PP (17)

ce{—1,+1}*M.N

is the partition function.
Our main result is

Theorem 1.1. Consider the Ising model on Aprn at critical temperature with
periodic boundary condition in the horizontal direction and free boundary condition
in the vertical direction (i.e., with the Hamiltonian given by (1.5)). Suppose that
M € (0,00) is a function of N satisfying

N(lnln N)?2
- 1.
N3 MInN (18)
Let EAM7N be the normalized random variable
R Eyn +4V2MN — (4/7)NIn N
EM,N = . (19)
VAMN In N
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Then for each t > 0,

. tE Be _ 4t? /7
ngn@(e MANVIN =€ /™ (1.10)
where (-)ﬂiN denotes the expectation with respect to P’ﬁ/j,N. In particular, this

implies that Ey n converges weakly to a Gaussian distribution with mean 0 and
variance 8/m as N — oo.

Remark 1.2. We believe a similar CLT holds for the critical Ising model with other
boundary conditions (e.g., free, all +, all —). Furthermore, for the critical Ising
model on the rescaled lattice aZ?, we expect that the renormalized energy field

a(—Ina)~Y/? Z [crxay—\/i/Z](S(Hy)/g = Gaussian white noise as a | 0, (1.11)
{z.y}

where the sum is over all nearest neighbor pairs in aZ? and O(a+y)/2 18 @ unit Dirac
point measure at (z + y)/2.

Remark 1.3. Let A, := aZ? N A be the a-approximation of A. For any z € A, let
Za(2)ya(2) be the edge which is closest to z. It was proved in Hongler and Smirnov
(2013) that under free or all + boundary condition,

a71[<0—1‘a(z)o'ya(z)>ﬁca - \/5/2] (112)

¢

has a conformally covariant limit as a | 0. See also Hongler (2010) for a gener-
alization of this result to n-point energy correlation functions. Even though the
results of Hongler and Smirnov (2013); Hongler (2010) do not apply directly to
the boundary condition considered in Theorem 1.1, they suggest the N In N behav-
ior (resulted from the free boundary condition) in the expectation of Ejs n since
the limit of (1.12) has an order of [dist(z,dA)]~! where dist(z,A) denotes the
Euclidean distance between z and the boundary of D.

Remark 1.4. For the full-plane critical Ising model, Hecht (1967) showed that the
truncated two-point energy correlation function has the following behavior

N C
T =z
where €., 1= (0,(:,)0y(z) — V2/2) with {z(2;),y(z;)} the closest edge to z;. We
remark that a rough computation using (1.13) gives

Var(Ear,n) =~ MNIn N, (1.14)

which explains the normalization in (1.9). In Di Francesco et al. (1987), by using
the continuum Ising conformal field theory, it was shown that (see (2.3), (2.12) and
(2.13) there)

(€2, €2,) (1.13)

1 n
<€z1€zz e 622n> = nlon Z H A‘r(2j71)'r(2j) 5 (1.15)
res2n j=1
where S?" denotes the set of (2n)! permutations of {1,2,...,2n} and A4;; := 1/(z;—
z;)?. Equation (1.15) without the modulus is Isserlis’s formula (or Wick’s formula)
for the multivariate Gaussian distribution. This is one of the motivations of the
current paper: the critical scaling limit of the magnetization field was established
in Camia et al. (2015) and it is natural to ask if an analogous result holds for
the energy field. Theorem 1.1 suggests that a scaling limit of the energy field (with

correlations behaving like (1.13) and (1.15)) may not exist in the usual probabilistic



762 J. Jiang

sense (i.e., pairing the limiting field against some nice test functions to get random
variables).

We prove Theorem 1.1 in the next section, our method is similar to that of
Abraham (1978); De Coninck (1984, 1987). Namely, we first write the moment
generating function of Eys y as a ratio of two partition functions (at different tem-
peratures), and then use the explicit formula for the partition function to derive
the asymptotic behavior of this moment generating function.

2. Proof of the main theorem

2.1. The partition function. The following lemma about the partition function from
McCoy and Wu (1973) is essential to the proof of Theorem 1.1.

Lemma 2.1. The partition function defined in (1.7) is
Zm,n(B)

[ e2Mne _|_ e—2Mne e2Mre _ o—=2Mne

= (2sinh(26))*M ¥ (cosh(B)) "2 H 5 ge |,
(2.1)
where the product is over § = w(2n — 1)/(2N) withn =1,2,...,N, and
cosh(yg) = coth(28) cosh(2) — cos(0) with ~p > 0, (2.2)
o — coth(25) Sirfl?(s;(fﬂ) COS(G). (2.3)

Proof: From (3.26) in Chapter VI of McCoy and Wu (1973), we have
7% =(2cosh BE;)¥MN (cosh BE,)* M =1 (cosh £5)N

20 ;2
% 1 i014M \2M | 201 _ 17V —4M 209 4 2V 24
1;[{ + 1€ L= ) FaT M =0 (24)

where the product is over § = 7w(2n — 1)/(2N) with n = 1,2,...,2N. Comparing
the Hamiltonian in McCoy and Wu (1973) (see (VI.2.1) of McCoy and Wu (1973))
and our Hamiltonian (1.5), we have
Ei1=FE,=1,9=0,21 =2y =tanh 3,2 =0, =7 (2.5)
_ tanh(5)a 02 — 1+go o2 — 1 —go
cosh(20) + sinh(203) cos(6)’ 2 2
) and (2.3) respectively. Plugging (2.5) and (2.6)

(2.6)

where vy and gp are defined in (2.2
into (2.4), we get

e2Mne —2M~e 2M~g _ p—2M~e
7% = (2sinh(28))*N)(cosh(8)) N H [ + < + £ c g0
2
(2.7)
where the product is over 8 = 7(2n — 1)/(2N) with n = 1,2,...,2N. Equation
(2.1) follows from (2.7) and the symmetry of 6. O

Remark 2.2. The partition function (2.1) differs from (7) in De Coninck (1984) by
a factor of 22V. By checking the particular case 3 | 0, one can see that (2.1) is the
correct one. But such a difference does not affect the computation of (e!£m.~) MUN
since the latter is the ratio of two partition functions (see Lemma 2.4).
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2.2. Proof of Theorem 1.1 modulo Proposition 2.5. It is well-known that the critical
inverse temperature for the two-dimensional Ising model is 8. = In(1 + v/2)/2. We
will use the following computations many times in the paper.

Lemma 2.3.

sinh(243,) = 1, cosh(28.) = V2, cosh(vg)|s=p, = 2 — cos b, (2.8)
sinh(vg)|g=p, = V/3 = 4cos + cos? 6. (2.9)
Proof: The lemma follows from trivial computations. (I

Lemma 2.4. For any s € R and 8 > 0,

sBunys _ ZuN(B )
(e VMN = Zun(B) (2.10)
Proof:
sFarn\ B B Za 65EJ\4,N6*ﬁEZM,N B ZM,N(ﬁ _ S)
(e >M,N = Zorn (B) = Zun(B) (2.11)
O

By Lemma 2.1, we have

In Zps,n (B) = 2M N In(2sinh(28)) — 2N In(cosh(8)) + 2M Y "y + > _ fo, (2.12)
(4 0

where
fo:=In[l 4+ e M 4 (1 — e=M19)g)] —In2. (2.13)
We define L; for i =1,2,3,4 by
L1(B8) := 2M N In(2sinh(25)), L2 (8) := 2N In(cosh(f)), (2.14)
Ls(B) :=2M Y 9, La(B) == > _ fo. (2.15)
0 0

In the rest of this paper, we always assume M is a function of N satisfying (1.8).
Theorem 1.1 will follow from the following estimates about L;’s.

Proposition 2.5. Suppose M is a function of N satisfying (1.8). Then for each
t >0, we have

Jim :Ll (m —t/VAMNIn N) — Li(B) + mzl\/iMN] =0, (2.16)
Jim L (5C —t/VAMNIn N) - LQ(BC)} —0, (2.17)
lim L (fg —¢/VAMNn N) - Lg(ﬁc)} - g, (2.18)
Jm | Ly (5c — ¢/VAMNIn N) — La(Be) — m%mn N} =0. (2.19)

Let us prove Theorem 1.1 under the assumption of Proposition 2.5.

Proof of Theorem 1.1 (modulo proving Proposition 2.5):  For EA’M,N defined in
(1.9), we have by Lemma 2.4 that

ln<dEMN>&
M,N
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8. ¢ 4
—In <etEMvN/V4MN1nN> R {4\/§MN— NlnN]
MN | VAMNIN ™

= Zusw (B — t/VAMNION ) = In Zus, (8e)

t 4
o 4\f2MN—N1nN].
\/4MN111N{ T

Using (2.12)-(2.15), we can write

n <etEM,N>fV; = [Ll (5C —t/VAMNIn N) — Li(B) + WNWN}

— L2 (B = t/VAMNN) = Ly(B.)| + [Ls (8 — t/VIMN A N ) — Ly(50)|

IV EEY t 4
+ |:L4 (ﬁc —t/ 4MN11’1N> —L4(ﬂc) - \/W?TNIHN] .

This completes the proof of the first part of Theorem 1.1 (i.e., (1.10)) by applying
Proposition 2.5. The second part of Theorem 1.1 follows from a standard probability
argument (see, e.g., Problem 30.4 of Billingsley, 1995). O

2.3. Proof of Proposition 2.5. The first two limits in Proposition 2.5 are easy to
prove.

Proof of (2.16) and (2.17) in Proposition 2.5: Note that L} () = 4M N coth(25)
and LY (B) = —8MN csch?(28). So by the Taylor expansion of L; around j. and
Lemma 2.3, we have

\/ t t "R
Ll (56 - t/ 4MN1HN) - Ll(ﬁc) = _m4\/§MN + le (ﬁ),
(2.20)

where 3 € (BC - t/\/4MN1nN,BC). By Lemma 2.3, |LY ()| = 8MN csch?(24) <

16MN for any 3 € (56 —t/vVAMN In N,ﬂc) if N is large. This completes the
proof of (2.16). Similarly, the Taylor expansion of Ly around . gives

t ~
Lo (ﬂc — t/VAMNIn N) = La(Be) = = el 2N tanh(3) (2.21)

where § € (50 —t/\/4MN1nN,BC). It is clear that |tanh(3)| < 1 for any such

B whenever N is large. Combining this and our assumption on M (ie., (1.8))
completes the proof of (2.17). O

The following three lemmas will be very useful when we deal with the Taylor
expansions of L3(8) and L4(B).

Lemma 2.6.

ér;fo coth(28) cosh(28) = 2 with the infimum achieved at 8 = fe. (2.22)

For each large N, each 8 € (ﬁc —1/V4AMNIn N, . + 1/\/4MN1I1N) and each
0 € (0, 7], we have

|1 —csch(28)] < 8/VAMNIn N, (2.23)
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I[1 — esch(23)] csch(vg)| < V2, (2.24)
[[esch(28) — cos f] csch(p)| < 3. (2.25)
Proof: The proof of (2.22) is trivial. The inequality (2.23) follows from Lemma 2.3
and the mean value theorem. The inequality (2.24) follows from
[[1 — csch(28)] esch(g)]
|1 — esch(20)]
V/[coth(28) cosh(28) + 1 — cos 0] [coth(2/3) cosh(23) — 1 — cos 0]
Si |1 — csch(2p)] by (2.22)
V2 y/coth(28) cosh(28) — 2

and
|1 — csch(20)]

lim =

f—Be \/coth(28) cosh(23) — 2
The inequality (2.25) follows from
[csch(23) — cos 0] csch(g)|

| esch(283) — cos 8]
V/[coth(28) cosh(28) + 1 — cos 0] [coth(23) cosh(23) — 1 — cos 0]
1 |esch(25) — 1| + |1 — cos 6
V2 \/coth(23) cosh(28) —2 + 1 — cos @
|esch(28) — 1] + |1 — cos 8]
2 \/max{coth(2/) cosh(283) — 2,1 — cos 0}
l | esch(28) — 1] |1 — cos 0|
)

(2.26)

IN

by (2.22)

IN

IN

Sl sl

2 | y/coth(283) cosh(2B) —2 V1 —cosf

and (2.26). O
Lemma 2.7. There exist constants C1,Cy € (0,00) such that for all large N € N,

N N
1 In N 1 In N
) P Y o Inn V. 2.2
Z2n—1 5| <O > 1 g | S Celnln (2.27)
n=1 n=[ln N|+1

Proof: Let H, := Y ;_, 1/k be the n-th harmonic number. It is well-known
that
1 1
m SH,L—IHTL—’S/S % fOreaChneN,
where 4 is the Euler-Mascheroni constant. The lemma follows by the following
observation:

2n—1 2’
N
1 Hy Hm Ny
oy =N Hypw — .
UZNJH T 2N T 2|In N | 5
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Lemma 2.8. There exist constants C3,Cy € (0,00) such that for all large N and
all B >0,

ZCSCh(’}/g) < C3NInN, ZCSChz(’}/Q) < CyN?. (2.28)
0
Proof: Recall that
1
csch(vg) = .
V/[coth(28) cosh(28) + 1 — cos f][coth(23) cosh(28) — 1 — cos f]
(2.29)
By (2.22) in Lemma 2.6,
1 1 2
csch( < < -, 2.30
() \/ 3—cosf)(1—cosf) ~ /2(1—cosf) ~ 0 (2.30)
where the last inequality follows since
1 —cosz > x2/8 for each x € [0, 7. (2.31)
Therefore, by Lemma 2.7 and Y o, 1/(2n — 1)? < oo, for all large N,
N
2 4N 1
cheh(*yg)<Z§:7 S < C3NInN,
(4 [% n=1
4 16N2 gL 1
h(y9) <) — = < C4N?
XG:CSC (79)—20:92 2 nzl(zn—l) 1
O

From (2.2), we can compute (all derivatives are respect to § and here the group-
ing and ordering of terms is chosen in view of Lemma 2.6)

75 = 2cosh(26)[1 — csch?(28)] esch(vg), (2.32)

4 =4sinh(28)[1 — csch?(23)] esch(vg) + 8 cosh?(23) csch® (23) esch(vg)
— 4cosh?(28)[1 — csch?(23)]? cosh(vy) csch® (y9), (2.33)

o = {8 cosh(26)[1 — csch?(28)] esch(vg) — 8 cosh®(28)[1 — csch?(26)]? esch® (79)}
+ {16 csch(28) coth(28) — 24 cosh(23) sinh(28) cosh(ye)[1 — csch?(23)]2 csch?(7g)
+ 32 cosh(25) csch?(28) — 48 cosh®(28) csch4(25)} csch(7p)
+ { — 48 cosh (26) esch®(25) cosh(79) 1 — csch?(28)] esch (o)
+ 24 cosh®(28) cosh? (74 )[1 — csch?(25)]? csch® (%,)} csch?(vp). (2.34)

By Lemma 2.3, we have
16
V3 —4cosf+ cos2 0

We are ready to prove (2.18) in Proposition 2

Yolg=g. = 0,7p |p=p. = (2.35)
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Proof of (2.18) in Proposition 2.5: The Taylor expansion of Lg (see (2.15)) around
B = B, implies that there exists 3 € (BC —t/VAMNIn N, BC> such that

Ls (8.~ t/VIMNIN) — Ly(6.)

—t t2 tg _
=— TIL(B. S A0 P ——
AMNIn N 3(8e) + Sarn Ty o3 () 6(4MNIn N)3/2 '3 (5)

_ ot 3 16 - M S e
- 4NN ] V3 —4cosf+cos?2  3(4MNInN)3/2 - Vo 1=p :

where we have used (2.35) in the last equality.
Note that 1/v/3 —4cos + cos2 @ — 1/6 is a continuous function of 6 on [0, 7] if
we define its value at 8 = 0 being 0 since

1 1
lim — = =0.
010 [\/3—40089—1—00529 9}

Therefore, there exists a constant C5 € (0, 00) such that for all N € N,

2

0

1 1
2| <cuN, 9.37
V3 —4cosf + cos?f 9‘_ ° ( )

where we have used that each summand is bounded by C5. Now we have

t2 16
lim
N—oo 4N In N ; V3 —4cosf + cos2 6

Sy ! SRS SF
N—=oco NIn N V3 —4cosf +cos2f 0 ] ¢

0
42 N L 1
= 1. _—
NS NInN 7 ;anl
42
_ A 2.38
— (2.38)

where we have used (2.37) and 8 = (2n — 1)7/(2N) in the second equality and
Lemma 2.7 in the last equality.

Next, we prove that the remainder in (2.36) vanishes as N — oo. By (2.34),
Lemmas 2.3 and 2.6, there exist constants Cg, C7,Cs € (0,00) such that for all

large N, each 3 € (Bc — t/\/4MN1nN7ﬁC) and each 6 € (0, ],

%'l35| < Co + Creschi(79) |5 + Cs eseh®(30) |5

Therefore, by Lemma 2.8, we have for all large N,

PLAPEIEDD
0 0

85| < CoN + CrCsN In N + CoCaN?,
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This and (1.8) imply

" ~
M 3(4MN lnN 372 27 =3 2.39)
. th[CﬁN + C703N111N + CgC4N2]
< lim =0.
N 3(4MN In N)3/2
Combining (2.36), (2.38) and (2.39), we finish the proof of (2.18). |

The last and more difficult function we need to deal with is Ls(5) = >, fo. W
first compute the derivatives of fy (with respect to ). By (2.13), (2.2), (2.3) and
(2.32), we have

f _AM~pe M0 (go—1)+(1—e *M70)g) 2.40
0 — 1+e—4]\/179+(1 6—4A479)99 ) ( : )
fo = AMryg e M0 (g9 —1) =16 M ()2 e~ M0 (9o —1)+8Myze ™ * M0 gj 4 (1—e~*M0) gy

] 1+P—4M—yg+(1 €—4Mw9)g9

_ 4M7ée—4lufyg(g9_1)+(1_e—4N179)g9 (2 41)
I+e= M9 4 (1—e~M70) g, ’ -

where (here again the grouping and ordering of terms is chosen in view of
Lemma 2.6)

g9 = —2 [esch®(2B) + sinh(23) cos 0] esch(vp)

— 2cosh?(28) [coth(28) cosh(23) —cos 6] [1—csch2(2ﬁ)} [csch(28) —cos 6] csch® (vg)
(2.42)

g = { ~ 4cosh®(28) [1 — esch®(26)] [eseh(26) — cos B esch® (o) }
+ {8 csch?(28) coth(28) — 4 cosh(23) cos 8 — 8 cosh(28) sinh(25) x

[coth(23) cosh(2B3) — cos 0] [1 — csch®(28)] [esch(28) — cos 0] esch? (79)} esch(vp)
+ {4cosh(2ﬁ) [csch?(23) + sinh(23) cos 0] cosh(vs) [1 — csch?(28)] esch(7s)

— 8cosh®(283) csch®(28) [coth(2) cosh(2) — cos 0] [esch(23) — cos 0] csch(7g)

+ 4cosh®(28) esch?(28) [coth(28) cosh(28) — cos 0] [1 — csch?(28)] esch(yg)

+ 12 cosh®(28) [coth(28) cosh(28) — cos 0] cosh(vs) [1 — csch?(28)]”

[esch(26) — cos 6] csch® (79) } esch? (7). (2.43)
By Lemma 2.3, (2.3), (2.35), (2.40) and (2.42), we have

—2(1 =1, *M)(1 + cos0)(3 — cos ) ~1/2(1 — cos §) /2

. . (244
f@lﬁ Be = 1+ —4M+(1 n;4M)\/§(1_C059)1/2(3—C059)_1/2 ( )
where
2
3 —cosf 1-— 0
Ng = 678|,8:BC = <\/ cos ;—5\/ cos > > 1. (245)

We need the following lemma to analyze the Taylor expansion of L*(3) around
Be. Let us emphasize again that M is a function of N satisfying (1.8).
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Lemma 2.9. There exist constants Co, C1g € (0,00) such that for each 8 > 0 and
each large N,

> (e7*671) < CoNInln N, (2.46)
0

Z [e=*M7 esch(vg)] < CioN Inln N. (2.47)
0

Proof: By (2.2), and (2.22) in Lemma 2.6, we have

Z (674N]79071)

0

— Z K\/Coth(w) cosh(28)+1—cos 6 + y/coth(28) cosh(23) —1—cos 9> —8];1‘|

V2
V3 —cosf+vI—cosf\ M .
<> 0
n V2
o Nl
Si
T = 2n—1
2n—1)m 2n—1)m
IN XN: [<\/3cos((2]v))+\/1cos(( 2N) )>8M 1 ]
Jri )
n=|ln N]+1 V2 2n—1
(2.48)

where the last inequality follows since (v/3 — cosf + /1 —cosf)/v/2 > 1 for any
0 € [0,7]. It is easy to see that (see, e.g., the proof of Lemma 2.7)

N [In N | 1

T 2n —
n=1

1 < NInln N for all large N. (2.49)

For the other sum in the RHS of (2.48), we have (using (2.31) in the second in-
equality)
—8M

iv: — cos (2772]\,1)”) + \/1 — cos (7(275\,1)7{) 1
n=|In N]+1 \/5 2n—1
—8M
< i \f-i-\/l—cos [lnN|/N) 1
- V2 2n—1
n:[lnNJ+1
s —8M
N 2+4/(r|InN|/N)* /8
<y J/ )/ 1
2n —1
n=|ln N|+1

<1+ LEVNJ) Z 2n1—1

n=|In N]+1
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<e ™MInNJ/N 1y N for all large N, (2.50)
where the the last inequality follows from Lemma 2.7 and

N > e!/2 for all large N.

From (1.8), we have
e TMINN]/N < o=InIn N — (1n N)~! for all large N. (2.51)

Combining (2.48)-(2.51), we get (2.46). The inequality (2.47) follows from (2.30)
and (2.46). O

The Taylor expansion of Ly (see (2.15)) around 5 = 8. gives

Ly (f); —¢/VAMNn N) - L4(BC)
(2.52)
WZfe\ﬁ .+ 8MN1 NZ /|53

where 3 € (ﬁc —t/VAMNIn N, 6C>. The following lemma is about the asymptotic
behavior of the first term on the RHS of (2.52).
Lemma 2.10.
—t
lim —— + N InN| =0.
I, e |

Proof: From (2.44), we have (recall that 79 > 1 from (2.45))

(2.53)

B Zf’| B Z 2(1 =y *M)(1 + cos 0)(3 — cos ) ~1/2(1 — cos §) /2
n 019=Fe = L+n, "M 4 (1 — 0y *™M)v2(1 — cos 0)1/2(3 — cos ) ~1/2
B Z 2(1 —n,* )(1 + cos0)(3 — cos ) ~1/2 [(1 — cos ) ~1/2 — /2071]
B 5 L+n, M 4 (1 =0y *™M)v2(1 — cos 0)1/2(3 — cos 0)~1/2
Z 2(1 — 1y *M)(1 + cos 0)(3 — cos 0)~1/2,/201
L4+n, ™M+ (1 — 0, "™)V2(1 — cos0)1/2(3 — cos §)=1/2

(2.54)

Since limg g [(1 —cosf)~1/2 — \/59_1] = 0, there exists a constant Cy; € (0,00)
such that for each N € N,

Z 2(1 — 1y ™) (1 + cos 0)(3 — cos ) ~1/2 [(1—cos0)~1/2 —/2071]

< Ci1N.
7 L M (L= VI —cos) 23 —cosg) 2|7
(2.55)
The last sum in the RHS of (2.54) contains
2779_4M( + cos6)(3 — cos§) /22071 Y
2 ) 51— con) <A e
1T+n, M 4+ (1 =0y *™)v2(1 — cos 0)1/2(3 — cos )~ n

=4 " [e7*M|5_3,07'] <4CoNInln N, (2.56)
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where we have used (2.45), and (2.46) from Lemma 2.9 in the last equality. The
remaining sum that we have not analyzed is

Z 2(1 + cos)(3 — cos )~ 1/2/201
L5 M 4 (1 =y ™M) V2(1 = cos 0)1/2(3 — cos 0) ~1/2

g Moo —eos) B0 [t (1 ST )|
o 2(1—cos 6) 2(1—cos 6) —4M 2(1—cos 6)
e R et (- )]
Z 2(1 + cos6)(3 — cos ) ~1/2/261
1+ \/Q(l — 0059)1/2(3 — cos@)*1/2 '

(2.57)

By applying (2.46) from Lemma 2.9 , we get (noting that 1/2(1 — cosz)/(3 — cosz)
€[0,1])

Z 2(1 + cos ) (3 — cos ) ~1/2/261 [— ;M (1 - 42(%1:;(?9(9)))}
2(1—cos 6) 2(1—cos 6) —4M 2(1—cos 6)
o [1 TV G=cos). {1 + \/7 T3=cos0) T "o (1 m)} (2.58)

<4y g Mo = D7 [em M) p_p,07] < ACoNInInN.
0 6

The second sum on the RHS of (2.57) is

Z 2(1 + cos 0)(3 — cos 0) /22071 Z
14+ v/2(1 — cos 0)1/2(3 — cos §)—1/2 0

N Z < 2(1 + cos 0)(3 — 0089)‘1/2\/51/2 _ 4) 9—1] _ (2.59)

14+ v/2(1 — cos0)1/2(3 — cos )~
Since the limit of the function in the brackets as @ | 0 is —2v/2, there exists a
constant C1a € (0,00) such that for all N € N,

2(1 4 cos)(3 — cos §) /22 ) et
14+ v/2(1 — cos 0)1/2(3 — cos §)—1/2

< C1oN. (2.60)

Combining (2.54)-(2.60), we get

4

> fols=s. =Y 7
0 0

By using (1.8) and noting that § = (2n — 1)7/(2N), we have

< (011 + Clg)N + 8CoN Inln N.

—t 8N 1
R R D SP B

n=1

This completes the proof of the lemma by applying Lemma 2.7. (I

Our last lemma is about the asymptotic behavior of the second term on the RHS

of (2.52).
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Lemma 2.11. For any 3 € (ﬂc —t/VAMN lnN,ﬁC>, we have
t2 1
W SNy 2 il =0 (2.61)
Proof: Since go > 0 for each 8 € (0, 8.], we have for each 8 € (0, 5] and 6 € (0, 7],
|14 e M 4 (1 — e *M0)gy| > 1. (2.62)
Applying this to (2.41), we obtain for each g € (0, S.] and 6 € (0, 7],
|f5'| < 4M|gp — 1|vgle™ 7 + 16M3(go — 1]l5]* + 8M |vglghle ™ + |gj|
+16M2|go — 117 |71* + lgal* + 8M |vgllge — 1llgple™ ¥, (2.63)
where g, and g are computed in (2.42) and (2.43). By (2.3), (2.32), and Lem-
mas 2.3 and 2.6, one has for all large N, all § € (ﬂc — 1/VAMNIn N,
Be+1/VAMNInN) and all 6 € (0,7],
|go| = cosh(2p)|[csch(28) — cos 6] csch(vg)| < 6, (2.64)
[vg] = 2 cosh(28)|1 + csch(28)||[1 — esch(28)] esch(vg)] < 10. (2.65)
By (2.32), (2.33), (2.42), (2.43), and Lemmas 2.3 and 2.6, there exist constants
Cis,...,C1s € (0,00) such that for all large N, all 8 € (8. — 1/VAMNInN,
Be+1/VAMNInN) and all 6 € (0, 7],

Ci3
0| < ——==——csch(yg), |v4| < Ci4csch(vg), 2.66
17| < VNN N (v0), gl < Cha (7o) ( )
lgp| < Cy5csch(vyy), lgi] < Ci + Ch7esch(vyg) + Crgesch?(y5).  (2.67)

Combining (2.63)-(2.67), we get that there exist constants C1g, Cog, C21 € (0, 00)
such that

|£7/] <Ch6 + Ci7csch(vg) + Chg csch’(vp)

2 (2.68)

—4Mne o csch”(7p)

+ Co0M csch(vyg)e + Co1 M VUNLN
for all large N, all 8 € (& —1/VAMNIN, ,@C) and all @ € (0,7]. This, (1.8), and
Lemmas 2.8 and 2.9 complete the proof of the lemma. (I

Remark 2.12. The only place where we actually use ¢t > 0 in the proof of Proposi-
tion 2.5 (and thus Theorem 1.1) is (2.62). It seems possible to generalize this proof
to t € R by a more careful analysis of (2.41) or using f;’.

We have all the ingredients to prove (2.19) in Proposition 2.5.
Proof of (2.19) in Proposition 2.5: This follows from (2.52), and Lemmas 2.10 and

2.11. g
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