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Abstract—This paper presents a hybrid numerical approach
combining an improved Time Domain Finite Element-Boundary
Integral (FE-BI) method with Time Domain Physical Optics (TDPO)
for calculations of electromagnetic scattering of 3-D combinative-
complex objects. For complex-combined objects containing a small
size and large size parts, using TDPO is an appropriate approach
for coupling between two regions. Therefore, our technique calculates
the objects complexity with the help of FE-BI and the combinatory
structures by using of the TDPO. The hybridization algorithm for
restrictive object is implemented and the numerical results validate
the superiority of the proposed algorithm via realistic electromagnetic
applications.

1. INTRODUCTION

The accurate and efficient evaluation of the scattering from a large
and complex object is of great interest in science and engineering
[1–6]. The finite element hybridized with the boundary integral
equation method is approved to be a powerful numerical method for
such complex problem simulation [3–5]. The hybrid method remains
the advantages both of the finite element method (FEM) and the
boundary integral (BI) method [7, 8], and has been widely used and
well developed in frequency domain [8–10]. In recent years, as more
interests have been focused on time domain method [11, 12]; the FE-
BI method in time domain also has received increasing attention
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[13, 14]. Furthermore, the development of high power microwave
antenna, aviation and space techniques has motivated the interest
in electromagnetic scattering problems involving combinative objects
[15, 16]. The combinative objects are composed by two separate
parts: one is a Small-Size (SS) structure and the other is a Large-
Size (LS) part with respect to the wavelength of interest, such as
line surface structure objects, a reflector antenna and a satellite
with large wingspan. Generally, neither rigorous numerical schemes
nor asymptotic techniques is straightforwardly be implemented in
evaluating the time domain scattering for combinative objects precisely
and professionally. Therefore the hybrid algorithm combining
numerical scheme with asymptotic technique is invoked in dealing with
this class of problems. For complex-combined objects including a small
size and large size parts, using TDPO [17–19] is suitable technique for
coupling between two regions. This paper proposes a time-domain
hybrid approach that combines FE-BI method with TDPO for the
scattering problem by Complex and combinative structures. The FE-
BI and TDPO are taken separately to treat the SS structure and LS
part and then it is implemented by two numerical examples based
on basic issues in electromagnetic applications and for verification a
comparison is made with far field to near field transformation.

2. FE-BI OVERVIEW FOR ELECTROMAGNETIC
SCATTERING FROM COMPLEX OBJECTS

2.1. Principles of FE-BI For Solving a Typical Problem of
Electromagnetic Scattering

Let us consider a typical problem of electromagnetic scattering by an
arbitrary formed and inhomogeneous object. We initiate an artificial
surface S to terminate the calculation domain for finite elements, and
suppose that the area outside S is free space. Inside S, the field E
satisfies [7, 20, 21]

∇×
[
µ−1

r ∇× E(r, t)
]
+ µ0ε∂

2
t E(r, t) + σµ0∂tE(r, t) = 0 r ∈ V (1)

where V denotes the volume enclosed by S. For a exclusive solution,
it is essential to impose a boundary condition on S. To be free of
interior resonance, we select a boundary condition like the combined
field integral equation (CFIE) [3, 14, 21] used in frequency domain

n× [µ−1
r ∇× E(r, t)] + c−1n× ∂t[n× E(r, t)]

∣∣
S−

= −n× µ0∂tH(r, t) + c−1n× ∂t [n× E(r, t)]|S+ (2)
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where n refer to the outward unit vector normal to S, S− refer to the
surface just interior to S, and S+ refer to the surface just exterior to
S.

The solution to the boundary-value problem defined by (1) and
(2) can be obtained by seeking the stationary point of the functional
[4, 5, 13, 14]

F [E(r, t)] =
1
2

∫∫∫
V
{µ−1

r [∇× E(r, t)] · [∇× E(r, t)]

+µ0ε∂
2
t E(r, t) · E(r, t) + σµ0∂tE(r, t) · E(r, t)}dV

+
1
2

∫∫
S
{c−1∂t [n× E(r, t)] · [n× E(r, t)]

+2E(r, t) · VS(r, t)}dS (3)

where VS(r, t) represents the right side of (2). That is,

Vs(r, t) = −n× µ0∂tH(r, t) + c−1n× ∂t [n× E(r, t)] (4)

The electric and magnetic field in (4) are given as

E(r, t)=Ei(r, t)+
∫ t

−∞
c2∇∇·A(r, τ)dτ−∂tA(r, t)−ε−1∇×F (r, t)(5)

H(r, t)=H i(r, t)+
∫ t

−∞
c2∇∇·F (r, τ)dτ−∂tF (r, t)+µ−1∇×A(r, t)(6)

where

A(r, t) = µ0

∫∫
S
J(r′, t) ∗ g(

∣∣r − r′
∣∣, t)dS′ (7)

F (r, t) = ε0

∫∫
S
M(r′, t) ∗ g(

∣∣r − r′
∣∣, t)dS′ (8)

In the above equations, “∗” stands for the convolution,
g(|r − r′| , t) denotes the 3D free-space Green’s function, and J and M
are the equivalent electric and magnetic currents, defined on surface
S, respectively as

M(r′, t) = E(r′, t) × n r′ ∈ S (9)
J(r′, t) = −n×

{
µ−1∂−1

t

[
∇′ × E(r′, t)

]}
r′ ∈ S (10)

The notation ∂−1
t in (10) denotes temporal integration.
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2.2. Singular Integrals Behavior Using Whitney Form for
Complex Objects Computation

We discretize volume V by tetrahedral, and use Whitney 1-form basis
functions [22] to approximate the electric field in (3)

E(r, t) =
N∑

i=1

ẽi(t)Wi(r) (11)

where N denotes the total number of edges, and Wi denotes Whitney
1-form basis function and ẽi(t) refers to its coefficient.

According to the finite elements procedure, the space discretiza-
tion of (3) results in a second-order differential system [3, 4, 13]

T
d2ẽ(t)
dt2

+ (R +Q)
dẽ(t)
dt

+ Sẽ(t) + v(t) = 0 (12)

The calculation of matrices T, R, Q, and S is straightforward [23],
and is not given here.

Finally, the calculation of column vector v(t) must be performed.
Its elements are given by

vm
i (t) =

∫∫
Sm

dSWm
i (r) · {c−1n× n× [∂tE

i(r, t) + c2∇∇ ·A(r, t)

−∂2
t A(r, t) − ε−1∂t∇× F (r, t)] − µ0n× [∂tH

i(r, t)
+c2∇∇ · F (r, t) − ∂2

t F (r, t) + µ−1∂t∇×A(r, t)]} (13)

vm
i (t) can be calculated by numerical method e.g., by Gaussian

quadrature. Applying a traditional central difference scheme to (12)
yields

Aẽn+1 = (2T − ∆t2S)ẽn + [0.5∆t(R +Q) − T ]ẽn−1 − ∆t2vn (14)

where ẽn = ẽ(n∆t), vn = v(n∆t), and A = T + 0.5∆t(R +Q).
It is worth mentioning out here that by adopting the central

difference scheme, the required electric and magnetic currents on the
surface S for the computation of column vector vn at each time step
are known quantities, and so the sparseness and symmetry of finite
element matrices are well preserved. Specifically, while it reduces the
calculation domain, the proposed method using one auxiliary boundary
will not contaminate the finite element matrices [3, 13, 14].

Apparently, to update electric field with (14), we have to solve
a matrix equation at each time step. However, matrix A is time
invariant, and is highly sparse. Hence, the matrix equation can be
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solved efficiently. Generally, a direct solver is suitable for small- and
medium-sized problems, and matrix A has to be factorized only once.
Whereas an iterative solver is more attractive for large-scale problems,
and the preconditioner also has to be constructed only once.

3. TDPO AS A USEFUL METHOD FOR COMBINATIVE
STRUCTURES

Physical optics is a high frequency approximation technique. The
Physical Optics (PO) is then used to study the scattering on the ground
plane. It is based on an exact formulation of the diffraction problem
well known as the Chu-Stratton equation [17]. Three simplifying
assumptions are carried out to reduce the vector integral equation to a
simple definite integral over the scatterer surface. It is clearly assumed
that:

(a): the surface field over the shadowed portion of the body is zero,
(b): the observation point is removed far from the object in term of

wavelength and scattering object dimensions,
(c): the dimensions of curvature of the scatterer are large compared to

the wavelength.

For a perfectly conducting body, the far scattering field in time-
domain is given [17, 18]:

E(r, t) = (Z0/4πrc) ×
∫∫ ′

S
r̂ × [r̂ × ∂

∂t
JS(r′, t− τ)]dS′ (15)

H(r, t) = −(1/4πrc) ×
∫∫ ′

S
r̂ × ∂

∂t
JS(r′, t− τ)dS′ (16)

where, τ is the time retardation.
Surface-current density distribution, JS is written as

JS(r′, t) =




2n̂′ × hinc(r′, t) in the lit region

0 otherwise
(17)

where hinc is the incident magnetic field. The scattered field can be
determined by Equations (15) and (16) if the magnetic field incident
on the scatterer is known.

The FE-BI method has been demonstrated to be a precise and
professional method to simulate the interaction of electromagnetic
waves with all kinds of obstacles, including the target of complex
configuration [3, 9, 13]. Considering the configuration of combinative
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objects, the computation domain is firstly split into FE-BI region
and TDPO region, enclosing the SS and LS part, respectively. The
proposed method uses the two kinds of approach in considering that
the total radiated field e(r, t) can be divided into two terms:

e(r, t) = ei(r, t) + ed(r, t) (18)

The first term ei(r, t), represents the far field directly radiated
by the complex element. It can be simply calculated from the FE-BI
algorithm. The second term ed(r, t) represents the far field scattered
by the metallic plane. It can be determined thanks to the TDPO
terminology if the magnetic field incident on the scatterer hinc, is
known.

The far field can be divided into several terms as follows [18, 19]:
The dominant technique of the FE-BI/TDPO hybrid approach then
consists in the interaction between the two regions. First, we consider
the influence of FE-BI region onto TDPO region, as shown in Fig. 1,
providing the primary scattered field by SS complex configuration has
been obtained by using FE-BI method.

Figure 1. FE-BI/TDPO hybrid method for field calculation from
complex objects.

In order to find the illuminating field onto LS part in TDPO
region from SS configuration in FE-BI region, the near-to-near field
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extrapolation procedure in FE-BI is invoked, because FE-BI region is
close to TDPO region.

Now, we present an algorithm of the proposed method as bellow:

1- Applying initial value for the incident field
2- “A” calculation: computing the electric and magnetic field from

complex objects with FE-BI
3- “B” calculation: computing the electric and magnetic field for LS

part with TDPO
4- “C” calculation: computing the electric and magnetic field in

TDPO region using results of primary scattering field from “A”
calculation

5- “D” calculation: computing the electric and magnetic field in
FE-BI region using results of primary scattering field from “B”
calculation

6- Final result: scattered field in observation point for far area
is obtained from the primary scattering results (“A” and “B”
calculation) and secondary scattering results (“C” and “D”
calculation).

This algorithm is performed for each time step.
It is evident that the LS part in TDOP region is only a transfer

stage, and no additional computer memory is required.

4. COMPUTATIONAL RESULTS

In this section two numerical examples which refer to fundamental
problems in electromagnetic applications are given to demonstrate the
validity of the proposed method and a comparison is made with the
results of far field to near field transformation which is presented in [24].

Example 1- To determine the radiation characteristics of a monopole
antenna mounted on a large but finite size ground plane has been
considered (Fig. 2). The λ/4 antenna is placed on the center of a plane
of dimension 5λ× 5λ and is excited on their base. The FE-BI volume
and the ground plane surface are discretized in λ/30. Furthermore,
the radiation characteristics of the same λ/4 antenna mounted on
an infinite plane is performed. It illustrates the effects of the finite
scatterer dimensions that are well taken into account by the proposed
method for a = 5λ, f = 1 GHz.

The results given by the proposed method are compared with the
results based on near-field to far-field transformation method [24] and
indicate a good agreement which is shown in Fig. 3.
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Figure 2. Monopole above finite square ground plane.

Figure 3. Amplitude pattern for a monopole antenna.

Example 2- We consider another example of the backscattering by
combinative objects composed by a perfect electric conducting (PEC)
cube and plate [19, 25–28], as shown in Fig. 4. A modulated Gaussian
pulse with frequency ranging from 200 MHz to 300 MHz, and pulse
width 30 ns excites the combinative complex object. The incident wave
travels in the xoz plane with θ = 45◦ with its electric field parallel to
the y-axis. The backscattering for co-polarization is to be established.
First, we consider the primary scattering coming from the PEC cube
set as an SS structure, and plate as the LS part, respectively. The
backscattered waveform shown in Fig. 5, is based on the calculation
of the proposed method through the identification between FE-BI and
TDPO regions for the combinative object. The results obtained by
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the proposed method are compared with the results based on near-
field to far-field transformation method [24] and indicates an excellent
conformity as shown in Fig. 5.

Figure 4. Combinative object composed by cube and plate.

Figure 5. Backscattered waveform in time domain for co-polarization.

5. CONCLUSIONS

A time-domain hybrid approach that combines the FE-BI with TDPO
has been developed. The approach can be applied to an analysis of
electromagnetic scattering by complex and combinative objects having
both SS and LS. The first-order scattering field by LS part in TDPO
region is considered as the illuminating field on the LS structure in
FE-BI region, when analyzing the coupling of TDPO to FE-BI region.
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The illuminating wave from LS part to SS structure can be introduced
through the connection boundary in FE-BI region. Computational
results for both elementary structure and complex configuration
validate the superiority of the proposed algorithm via realistic
electromagnetic applications. Also, computational comparisons are
made with the method based on near-field to far-field transformation
and recently proposed method.

It is worth mentioning that there is another approach for
validating the proposed method of this work that can be performed
by field evaluation in a closer area.
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