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Abstract

Correlation energies are divided into two parts. One contribution is given by a configuration interaction
calculation in the space of the natural orbitals with occupation numbers larger than an arbitrary threshold v,
The remaining part is obtained from a »-dependent functional of the electronic density. Representative ex-
amples (for which the existing spin-density functionals fail) are (1) the correlation energies in the He and
Be series and (2) the contribution of the correlation energy to the dissociation energy of the first-row
dimers. It is shown that even for large values of v the errors remain on the order of 0.01 hartree.

Introduction

Since Kohn and Sham [1] showed the possibility of obtaining the correlation ener-
gies E_, with density functionals (DF), several applications were carried out for atoms
and molecules (see, e.g., Ref. 2). In general, the errors were comparable to those of
medium-size configuration interaction (CI) calculations. There are, however, situa-
tions where DF show large errors; the most striking failures are perhaps

(1) The incapacity to describe correctly the Z dependence of the correlation energy
of the He and Be series [3}

{2) The inability to reproduce the correlation contributions to the dissociation ener-
gies (AD,) of some first-row dimers (see €.g., Ref. 4).

Another disadvantage of the DF methods when compared with c1 appears when an
improvement of the calculation is desirable: for DF there is no procedure comparable
to enlarging the function space and class of excitations in CI.

The main cause of the failures of the DF (even with self-interaction or gradient cor-
rection) method lies probably in differences between the electron gas and atoms or
molecules with respect to orbital level spacings (exclusion and near-degeneracy ef-
fects). This has been recognized early by Sinanoglu [5].

The first attempt to include such an effect is due to Tong [6]; he fitted the DF to the
homogeneous electron gas with finite electron number.

Lie and Clementi [7,8] found that DF results can be improved considerably by
adding the correlation energy obtained in a calculation with a few configurations, in-
troducing the idea that only dynamic correlation is obtained from DF. They did not
find, however, a general procedure for the separation of the static and the dynamic
part: a double counting of the correlation energy is possible. It has been argued [7]
that only special reference functions should be used with DF (see also [9,10,2]). This
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solution is, however, only provisional, since one soon gets to the point where one
would like to add a few more configurations [8].

Another possibility of separating DF from CI contributions is obtained by defining
pair correlation energies within DF theory [11]. Such a method assumes, however,
that some of the pair energies can be easily obtained within cI calculations.

The first attempt to switch continuously from the usual density functional method
(HF + DF) to the exact calculation by combining 1 with DF is due to Colle and
Salvetti [12]. This was achieved by scaling the electron density with a factor, contain-
ing the HF and the cI (or multiconfiguration self-consistent-field, MCSCF) two-electron
density matrices and an adjustable parameter which ensures a correct treatment of the
limiting cases (one determinant and exact wave function, respectively). Despite the
arbitrariness of the interpolation procedure, the results obtained by Colle and Salvetti
are very encouraging.

More recently, Roos et al. [13] used an effective interelectronic potential (which de-
pends on the averaged density) in connection with MCSCF calculations. Although their
correction significantly improves the MCSCF results, they conclude that, for a further
improvement, the parameters of their potential should depend on the local density and
that this leads to two-electron integrals which must be evaluated numerically.

The present paper may be seen as a continuation of the papers by Lie and
Clementi [7,8]: the correlation energy is obtained as a sum of a C1 and a DF contribu-
tion. By the definition of the DF it is possible, however, to avoid a double counting of
the correlation energy, without the introduction of any adjustable parameters. The
separation of the DF and CI contribution is arbitrary with the exact DF. In practice,
however, there are limitations both for obtaining the DF expression and the specific 1
energy. It may be expected that a properly described larger c1 space leads to better
results as the contribution coming from the approximate DF decreases. Test examples
will show that for an accuracy of 0.01 hartree it is sufficient to combine the DF value
with the CI correlation energy contribution coming from near degeneracy.

Method

Let us start with the definition of the DF for correlation energy as given by Levy
[14]. Starting from a HF ground state density p,., he determines the corresponding
external potential v by the theorem of Hohenberg and Kohn. Then he constructs the
Hamiltonian and calculates the correlation energy. One can go further and obtain also
the exact wave function, the exact first-order density matrix, and finally the natural
orbitals [15]. A cI calculation in the space of all natural orbitals with occupation
numbers larger than a given threshold v yields a contribution to the correlation energy
which will be denoted by E..,; the remaining part of the correlation energy will be
E,=E —E,,.

Of course, the only use of the prescriptions above is the proof of the existence of
the functionals E.,, and E_,, which are universal in the sense of Hohenberg and Kohn
[15]. In practice, in order to obtain E., one has to make approximations for both E.,
and E_,:E., can be obtained from a limited cI calculation and E_, from a local (or
gradient-corrected) DF. In the limit of large v one would get the usual HF + DF case,
whereas for v — 0 only a cI calculation would be needed.
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The examples presented in this paper use an approximate density functional E_,[p]
obtained from electron-gas calculations. No experimental data were used. The DF
used here depends on the threshold », but not on spin polarization, as in commonly
used DF. The v dependence has been introduced only at a level that is approximate
even for the homogeneous electron gas (in analogy to the way spin-dependence is
usually introduced). The DF describes correctly the homogeneous electron gas when v
is large. The DF contribution vanishes for small v. A gradient correction is present.
Details on the approximations made are given in the Appendix.

A problem which arises when using such an E_,[p], is the choice of the threshold
v. Although the distribution of occupation numbers is continuous for the homoge-
neous electron gas, it is discrete for atoms and molecules. Suppose that the cI calcu-
lation is performed in the space of the first M (approximate) natural orbitals; their
occupation numbers are ¥, = v, = - - - = p,,. One could use in principle for E_, any
value for v lying between v, and v, ,. One should better use, however, the latter
value. This can be seen from the following example. Let us consider the case of M
isolated one-electron systems. In this case v, = v, =+ =y, = 1 and vy, =
V2 = * -+ = 0). The correct result (E, = 0) is obtained only with v = v,,,,. With
such a choice there is no need for a self-interaction correction of the DF. In the gen-
eral case, by choosing the threshold equal to v,,,, some information about the “gap”
between the occupation numbers present in molecules is introduced.

The procedure proposed in this paper for obtaining the correlation energy is thus
the following:

(1) Do a wave function (CI) calculation in order to obtain

(a) The correlation energy in the space of the first M natural orbitals (E.,)
(b) The largest occupation number of a natural orbital not used above, v,,.,

(2) Calculate the value of the density functional E_,, for v = v,,,, with the total
density

(3) Add E., to E_, in order to obtain E, .

Some details about the calculations follow. The wave function calculations (SCF,
MCSCF, or CI) were done with the program systems MELD [17] and MOLPRO [18],
installed on the Cray-2 Stuttgart by H. Stoll and U. Wedig.

The Gaussian basis sets are probably better than required for the accuracy needed
in the present paper (=107 hartree). They were smaller for the AD, calculations,
larger for the He and Be series, and in the atomic calculations where the dependence
of the correlation energy on v was studied. The exponents used for the symmetries
present in HF are those of Ref. 7 (Ref. 19 for He and Ne) with one supplementary dif-
fuse function for each symmetry. The other basis set functions are (2p) for H, (4p)
for Li and Be, (2d) for B to F (in the AD, calculations), (5p, 3d) for the He series,
(8p4d) for the Be series, (3d2f) for N, and (4d, 2f, 1g) for the Ne atom. The contrac-
tion coefficients for the AD, calculations are from Ref. 7. The basis sets were left un-
contracted for the He series. The other atomic calculations were performed with the
first four s-type functions contracted; for N and Ne the first three p-type functions
were contracted.

The natural orbitals were obtained from a density matrix constructed from a cI cal-
culation with single and double excitations from a MCSCF calculation by adding to the
SCF configuration the near-degenerate ones (when present) in the atomic calculations
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and the configurations given in Ref. 8 (proper dissociation plus the most important
unoccupied orbital) for the molecules.

Molecular calculations were performed only at the experimental equilibrium dis-
tance [20]. Using other distances (such as HF and MCSCF would only bring changes on
the order of 107° hartree.

In order to obtain E. [p], the numerical integration was performed in the following
way [21]. First the integrand, f(r), is separated into “atomic” contributions by using
weight functions, w,:

[ rov@r =5, [ wasoizgvar

where w, = Z, 3 exp(—{,r), Z, is the charge of nucleus A and {, is a parameter
which can be adjusted to give a better fit; our experience [21] has shown that
{, = Z, is a reasonable choice. Each integral of the sum is then obtained by Gauss-
Laguerre integration over r and Gauss—Legendre integration over cos 6 and ¢.

Results

The combined density functional plus configuration interaction (DF + 1) method
presented in the preceding section is only useful when small c1 (i.e., large threshold
values) can be used, as for describing near-degeneracy effects. Furthermore, results
should not change drastically when further orbitals are included in the cr calculation
(i.e., v is lowered).

The results of He calculations are shown in Figure 1. The experimental value of E,
is 42 mhartree. With the present DF the correlation energy for HF + DF (v — 2) is
71 mH. When the absence of natural orbitals down to v = 0.0076 is accounted for,
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Figure 1. Relative errors in DF + cI calculations with different thresholds v. The stair-
case function is obtained from a cI calculation: 100 - [|E.,|/|E.(‘experimental’)| — 1]; the
crosses (+) show 100 - [|E., + E.,|/|E.(‘experimental’)|] — 1].
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the DF value obtained is 36 mH. The reasonable value obtained reflects the absence of
near-degeneracy effects. What happens when v is lowered? The second natural orbital
is also of s-type. When included into the c1 space 16 mH are obtained from the wave
function calculation. The DF gives now only 29 mH, leading to 45 mH for E.. The
larger energy contribution comes, however, from the next three (degenerate) natural
orbitals, which are of p type. The two contributions are 36 and 9 mH, respectively,
so that E_ is not changed. Be, N, and Ne results show similar features (see Fig. 1).
In these examples, the DF + CI results not only improve the c1 value but are also
better than the cI value obtained by including the next natural orbital in the calcula-
tion. Moreover, it is possible that the » — 0 result is worse than that for medium v,
in case the c1 calculation does not properly describe the natural orbitals with small
occupation numbers. Of course, there are errors due to the approximation made in the
electron gas calculation. Since they are small enough to meet the purpose of this paper,

they will not be discussed further.
The correlation energy in the He series is shown in Figure 2. (The DF + cI values

are obtained by using only the DF value and the threshold given by the second natural
orbital.) The experimental value of E, is nearly independent of the nuclear charge,
Z; DF methods predict a logarithmic increase of E, with Z [3]. For example, the best
result for C** was obtained up to now with Perdew’s gradient corrected DF: E, =
60 mH instead of 45 mH; the error of the same functional is only 2 mH for He. Fig-
ure 2 shows that, at least for the ions up to C, this error has been removed by
DF + CL

An improvement arises also in the Be series (Fig. 2), where the experimental E.
increases linearly with Z (related to the near-degeneracy of 2s and 2p [22]). DF pre-
dicts a logarithmic increase also in this case [3]. The best result with a DF up to now
was again with that of Perdew [23]; the error is, however, over 40 mH for Ne®"
(OmH for Be) [23]. The DF + c1 values shown in Figure 2 included the c1 contribu-
tion coming from the space spanned by two s and the three degenerate p natural or-
bitals. They are 0.01 hartree too high both for Be and for the ions of the series.

IE |

He Li® Be*” c*7 Be B® 0*" Ne®”
Figure 2. Correlation energies in the He and in the Be series, in millihartrees. Black bars:

experimental, grey bars: DF + CI values; the arrows mark the separation between the DF part
(top) and the cI contribution (bottom).
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Let us now discuss another case in which correlation energy DF render large errors.
Although the contributions of the correlation energy to the dissociation energy (AD,)
are reasonable with DF in some cases, such as H, or Li, (errors less than 5 mH with
the gradient corrected functional of Perdew [23,4]), others (such as C,) show errors
of 0.1 hartree (with the same functional). It is not even possible to reproduce the
trends in AD, correctly [4] within the first-row homonuclear dimers. Although the
experimental values show a maximum for C,, the DF values have their maximum at
N,. (This can be understood from the large density accumulation between the atoms,
due to the triple bond.)

What is a good threshold (v) for separating the DF and cI1 parts? In first-row atoms
one surely has to include the natural orbitals up to the first p set {22]. The v value
determined for the atom X (X: Li—F)—it is of the order of 10™>— was chosen as
an indicator for the dimers X,: the threshold in the molecule X, was chosen as the
largest occupation number comparable to the atomic ». Let us consider C, as an ex-
ample. For the C atom the space to be treated with cI is given by the first two s-type
orbitals and by a p set. The occupation number of the next natural orbital is 0.0098,
and v was set equal to this number. In the C, calculation the occupation number of
the first 7r, orbital was 0.0854, that of the third o, was 0.0123, and that of the fourth
o, was 0.0070. Since the occupation number of the o, orbital is the largest occupa-
tion number comparable to the atomic v, 0.0123 was chosen as the threshold for C,
calculation. The prescription above is equivalent to limiting the cI space to the va-
lence one for N,, O,, and F,; for B, and C, the last valence-space o-orbital is not
used; for Li, and Be, some of the “2p”-orbitals have to be included.

Within this small c1 space neither the freezing of the core orbitals nor the improv-
ing of the basis set seem to change the results significantly. Although the effect of the
former was of the order of 107 hartree (Li, or F,), that of the latter is one order of
magnitude larger, as shown by a test calculation in the case of the N, molecule. After
keeping only the first four s and first three p Gaussian contracted and using the (2d1f)
functions of Ref. 24 the DF + ¢I result was changed by 1 mH (8 mH in the mMcscr-c1
calculation). Obviously, the space of the natural orbitals with occupation numbers
larger than v is satisfactorily described with the smaller basis set.

There exist, of course, drawbacks that are due to the limitation of the ci space.
When degeneracy is present, the first-order density matrix is not unique, and thus the
natural orbitals have to be defined by a supplementary requirement. One often uses
(see, e.g., Ref. 25) the orbitals which are generated by diagonalizing the sym-
metrized density matrix obtained by averaging the density matrices of the degenerate
wave functions [26]. The AD, values shown in Figure 3 were obtained by assuming
axial symmetry not only for the X, molecules but also for the dissociation products.
For isolated atoms one may assume spherical symmetry as well. For H, Li, B, C, or
N this has no effect on the DF + cI correlation energies, since there is no degeneracy
present (for H, Li, and N) or due to the fact that the orbital determining v is of s-type
(B and C). For O and F the limitation to the valence space leads to a threshold given
by a p-type natural orbital. The thresholds are 0.011 and 0.009 (for axial and spheri-
cal symmetry, respectively), leading to 260 mH and 253 mH correlation energy
(“experimental” E,.: 258 mH [4]). This difference is larger than the difference that
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Figure 3. Contributions of the correlation energies to the dissociation energies of the first-
row dimers AD, in millihartrees. Black bars: experimental; grey bars: DF + I values; the
arrows mark the separation between the DF part (top) and the I contribution (bottom).

arises at the HF level (2 mH). The two values lead, however, to similar errors in AD,
(131 and 147 mH, respectively; “experimental” value: 140 mH). Since the errors in
the approximate electron gas calculation used in the present paper are of the same
order of magnitude, this problem will not be considered further.

Conclusion

The aim of the present paper was to show that it is possible to couple a cI calcula-
tion with an universal spin-independent density functional without doubly counting
the correlation energy. In order to test the applicability of such a scheme, an electron
gas calculation was used to construct the density functional. Despite the approxima-
tions included at this level, a coupling with small-size c1 calculations was shown to
lead to reasonable results in cases where existing spin-density functionals fail. In
order to study the possibility of reducing the errors in the calculation of the correla-
tion energies beyond the presented level (i.e., a fraction of an electron volt), an im-
proved density functional is needed.

Acknowledgments

I thank Professors H. Preuss and H. Stoll for continuous support and helpful dis-
cussions. I am also grateful to Dr. O. Gunnarsson for useful comments, to Drs. J.
Flad and H. Silberbach for reading the manuscript, to B. Miehlich for incorporating
the new integration scheme in our program, and to F. X. Fraschio for programming
advice. Acknowledgment is also made to the Deutsche Forschungsgemeinschaft for
financial support.

Appendix

The construction of the density functional E_,[p] will be presented in this appendix.
Accurate calculations exist for the correlation energy of the homogeneous electron
gas [27], and their accurate parametrization is available {28]. This is used in the local
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density approximation. An improvement of the latter is achieved by using gradient
corrections, which are obtained from inhomogeneous electron gas calculations [29~
31, 23]. The gradient-corrected density functional is obtained by three-dimensional
integration (atomic units are used hereafter):

E.lp] = f [pec(p) + B(p, Vp)|Vol’ld’r (A.1)

g and B used in this paper are from Refs. 28 and 23, respectively:
ec(p) = A{ln[x*/X(x)] + (2b/Y) tan”'[Y/(2x + b)]
= [by/X(y) - In[(x ~ y)*/X)] + 2[(b + 2y)/Y] tan”[Y/(2x + b)]}

x = (3/4mp)"®,  X(x) = x*+ bx + c, Y = (4c — bH'"?,
A = 0.0310907, b = 3.72744, ¢ = 12,9352, and y = —0.10498;
B = exp[®(p, Vp)] - Clp) - p™**
®(p, Vp) = 1.745k[C(%)/C(p)le™", ke = f - |Vpl/p,
C(p) = ¢, + (c; + c3x* + cx)/(1 + csx® + cex® + ;%)
c, = 1.667 x 107 ¢, =2.568 X 107°, ¢, = 0.023266;
c, =738 X 107, ¢s=28.723, ¢s=0.472, and ¢, = 0.07389.
In Ref. 23 f was adjusted to 0.1! in order to obtain — with the DF— the “experimental”
correlation energy of Ne. This adjustment is not the best, in the context of the present
paper, since one should include some threshold information. Thus, for the sake of
simplicity, no fitting to experimental values was performed, and the value chosen for
f was the “theoretical” one [29,30}: f = 1/6.

In Eq. (A.1) no dependence on the threshold v is present. This has been introduced
only in an approximate way (in analogy to the spin-dependence in the local spin-

density approximation [28]) namely by using the expression for . given by Gell-
Mann and Brueckner [Eq. (19) in Ref. 32]. In this approximation & is given by:

3 9max °
g6 = —ax’ fo q’dq J; dufln[1 + Q(g,u)/(mq)*] — [Q(g,w)/(wq)*}}
(A.2)
Smax 1
(g, u) = j ds f dcos® 2ms*(2/q)
S min 32+q2~k}2=)/(2sq)

“[s cos & — q/2)/[(s cos & — q/2)* + u?]

= [ as 2ms(1/g) 10lGs — 0/2 + wVAG" ~ /AT + u)

{(A.3)
a = (4/977')”37 Grnax > o, Smin = max(‘l - kF’ kF)s Smax — 4 + kF’ (S =p + q in the
notation of Ref. 32).

The correlation energy per particle obtained in the space of all natural orbitals with
occupation number larger than »(e.,) is obtained for the homogeneous electron gas
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by noticing that the natural orbitals are in this case the plane wave states. Thus, the
largest momentum that contributes to ., k,, is known from the momentum distribu-
tion, which has been obtained in the present approximation by Daniel and Vosko [33].
It is easily shown that in order to obtain &.,, one only has to replace the integration
limits in Eq. (3): s has to be smaller than ,. The value of the integral I = (q/2m)Q
for g <k, — kg is

I'=30k; = ¢*/4 + u®) (ke + q/2)" + u?)/[(ke — q/2) + u*))
— qu tan”[(kz + q/2)/u] — qu tan"'[(ke ~ q/2)/u] + keq
forkpy + k, > g > k, — kg
=5k~ q*/4 + u*) In[(k, — q/2)* + u*]

— [(&k3 ~ kp/2) In{[(k} — k3)/24T + u?}
— 3k} — ¢°/4 + u?) In[(ke — q/2)* + u]
— qu tan"'[(ky — q/2)/u] + qu tan"'[(k, = ¢/2)/u]
— 2qu tan”'[(k3 — kg)/(2qu) + (k, — k) (k, + kg — )

whereas for ¢ > k. + k,, [ = 0.

The remaining integrations were performed numerically using QUAD-PACK sub-
routines [34].
Let us define the factor ¢ = (g — &.,)/&( for further use in obtaining E_,: the inte-
grand in Eq. (1) is multiplied by ¢. Thus, the correct behavior is ensured for large
and small v in the case of the homogeneous electron gas. One should, however, con-
sider the correction for the nonuniform systems, too. This has been done here in a
very crude fashion, namely by replacing k. by k, — k; when the latter is larger than
the former. To conclude, the expression for the DF used in this paper is given by

E., = f olocp + B,VpP1dr (A4)

where B, is obtained from the expression of B, with k. replaced by
max(f|Vpl/p, k, — k).

Presently, the ¢ and &, values are obtained by spline interpolation [35]. The den-
sity grid is given by 50 points, lying between x = 0.1 and x = 5.0. The grid for v is
given by 20 points, lying between k, = 1.01 and 5 (in kg units). A plot of ¢(v) for
selected density values is shown in Figure 4 (for the dependence of &, on v, see, e.g.,
Refs. 33 and 36).

The quality of the approximate expression of E_, is difficult to assert. The expres-
sion for £ gives values that are generally too large by a factor of 1.5 for the interest-
ing range of densities. The values for k, are probably too large, especially for small
densities [37, 38]. The effect on the proportionality factor ¢ remains, however, unclear.
Since the DF contributions are normally =1 eV, it may be expected that the errors of
the DF are about a fraction of an electron volt. Up to now, the quality of the DF is
only tested in atomic and molecular calculations, where there are, of course, also
other errors. It seems that the errors of the DF are in the range of 1072 for » =~ 0.01
and an order of magnitude smaller for » = 0.001. The correction of the factor B is
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-log v

Figure 4. Fraction of the correlation energy not obtainable in the space of the natural or-
bitals with occupation number larger thar », ¢; approximate homogeneous electron gas cal-
culation. Full line: x = 2.2 (=density at van der Waals surface [39]); dotted line: x = 1.1
(=maximal valence density of C atom); dashed line: x = 0.3 (=density value at Ne nucleus).

less important, especially for energy differences, such as AD,; in the case of O,, for
example, the change in AD, obtained when substituting B, with B is 1 mH. Since the
DF presently limits the accuracy of the calculation, more accurate calculations for
E_,[p] are desirable.
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