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We investigate the near wake of a cylinder at values of Reynolds number
corresponding to the onset and development of shear-layer instabilities. By combining
quantitative experimental imaging (particle image velocimetry, PIV) and direct
numerical simulations at Re = 3900/4000 and 10 000, we show that the flow structure
is notably altered. At higher Reynolds number, the lengths of both the wake bubble
and the separating shear layer decrease substantially. Corresponding patterns of
velocity fluctuations and Reynolds stress contract towards the base of the cylinder.
The elevated values of Reynolds stress at upstream locations in the separated layer
indicate earlier onset of shear-layer transition. These features are intimately associated
with the details of the shear-layer instability, which leads to small-scale vortices. The
simulated signatures of the shear-layer vortices are characterized by a broadband
peak at Re = 3900 and a broadband high spectral-density ‘plateau’ at Re = 10 000
in the power spectra. The shear-layer frequencies from the present direct numerical
simulations study agree well with previous experimentally measured values, and follow
the power law suggested by other workers.

1. Introduction
The near-wake of a circular cylinder becomes particularly complex when transition

occurs in the separating shear layers. With increasing Reynolds number, the onset
of transition moves upstream towards the separation point and, simultaneously, the
large-scale Kármán-like vortices are formed closer to the base of the cylinder. These
variations of the wake structure have important consequences for both the steady
and unsteady loading on the cylinder. In order to provide a perspective on the wake
structure of interest herein, related experimental and numerical investigations are
reviewed in the sections that follow.

Experimental investigations

Experimental insight into the phenomena of instability and transition in the
near-wake, along with overviews of related investigations, are given by Gerrard
(1967), Roshko & Fiszdon (1969), McCroskey (1977), Unal & Rockwell (1988),
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Zdravkovich (1990), Szepessy & Bearman (1992), Lin, Towfighi & Rockwell (1995),
Williamson (1996) and Norberg (2003). Detailed insight into the structure as well
as the predominant frequency of the shear-layer instability/transition is reviewed by
Williamson (1996), originating with the studies of Bloor (1964) and Gerrard (1967).
The works of Gerrard (1978), Wei & Smith (1986), Filler, Marston & Mih (1991),
Roshko (1993), Sheridan et al. (1993), Lin et al. (1995), Williamson (1996), Chyu &
Rockwell (1996), Prasad & Williamson (1997), Norberg (1998) and Brede (2004)
characterize various features of these small-scale structures.

In additional to the time-averaged characteristics that are influenced by the existence
of small-scale structures, Noca, Park & Gharib (1998) provide summaries of various
interpretations of the formation length as a function of Reynolds number and show
quantitative images of the near-wake structure at Re = 1260. Saelim (2003) and
Ekmekci (2006) have related the transitional phenomena in the separating shear layer
to variations of patterns of Reynolds stress, entrainment velocity and onset of large-
scale vortex formation in the near wake over the Reynolds number range Re = 1000
to 10 000. At Re = 10 000, pronounced small-scale concentrations of vorticity are
evident in the shear layer shortly after separation and, correspondingly, the large-
scale Kármán-like vortices are formed close to the base of the cylinder. This state of
the shear layer contrasts with the structure at substantially lower values of Reynolds
number, for which the onset of the first small-scale concentration of vorticity occurs
well downstream of separation, if at all. Based on the experimental investigations
cited in the foregoing, the patterns of the near wake at Re = 4000 and 10 000 are
representative of transition phenomena in the separating shear layers, and therefore
are selected for the experimental–numerical comparisons of the present investigation.

Numerical simulations

Simulation of the near-wake structure has been undertaken at various values of
Reynolds number using several approaches. Herein, we focus on investigations
at values of Reynolds number for which transition most probably occurred in
the separating shear layers. The Reynolds number Re = 3900 has been the most
extensively numerically investigated one in the transition range. Beaudan & Moin
(1994), Mittal & Moin (1997), Kravchenko & Moin (2000) performed the first large-
eddy simulations (LES) at this Reynolds number. They demonstrate that upwinding
schemes are overly dissipative for cylinder flow turbulence simulations. The mean
flow and Reynolds stress from these computations are in good agreement with the
experimental data. However, in the vicinity of the cylinder, all three simulations
converge to a mean velocity profile different from the experimental result. The
numerical and modelling aspects that affect the quality of LES are further investigated
by the following studies at this Reynolds number. Breuer (1998) has further confirmed
that dissipative methods are inferior to central differencing schemes in terms of
agreement with experimental data and the accuracy in predicting physical quantities
such as the base pressure coefficients. In light of the relatively short statistics
accumulation time in some LES studies, Franke & Frank (2002) examine the effect
of the averaging time on the accuracy of statistical quantities, and observe a notable
influence on the values of base pressure coefficients and the re-circulation bubble
length. Resolving the inertial range properly is another issue in LES as the upwinding
scheme coupled with dynamic subgrid scale (SGS) models lacks full control over the
aliasing when the cutoff falls below the lower limit of the inertial range (Jordan 2003).
The only direct numerical simulation (DNS) was performed by Ma, Karamanos &
Karniadakis (2000) for the cylinder flow at Re = 3900 using a spectral element scheme
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on unstructured meshes. The mean flow and energy spectra are in good agreement
with the experimental data in the near wake as well as far downstream. In particular,
the mean velocity profiles agree well with the experiment in the vicinity of the cylinder.

The cylinder flow at higher Reynolds numbers in the transition range has been
considered by several other LES studies. Jordan (2002) studied the shear-layer
instability at Reynolds number Re = 8000 employing an LES scheme with second-
order upwind finite differencing coupled with a dynamic SGS model in curvilinear
systems. A number of flow quantities have been calculated correctly, and the shear-
layer frequency has been captured reasonably well. However, the lift coefficient from
the computation is much lower than the experimental values (Norberg 2003). In
addition, only a short time history (about 25 convective units) is collected, which may
influence the power spectra and the accuracy of the Strouhal frequency. Kalro &
Tezduyar (1997) conducted an LES study at Re = 10 000, based on a stabilized finite-
element formulation and a Smagorinsky subgrid model. The drag coefficient and
Strouhal number are predicted reasonably well. However, no grid refinement was
conducted and no statistics were reported. Breuer (2000) investigated the cylinder
flow at Re = 140 000 in order to evaluate the applicability of LES to high-Reynolds-
number flows. The predicted integral parameters and the mean velocity profiles are in
reasonable agreement with experimental measurement; however, the grid refinement
does not lead to improved results in terms of agreement with the experimental data.

Two-dimensional simulation has been known to tend to over-predict the fluid forces
on the cylinder owing to intrinsic three-dimensional effects (Batcho & Karniadakis
1991; Mittal & Balachandar 1995), which is exemplified by several two-dimensional
studies at Reynolds numbers in the transitional range (Braza, Chaissaing & Ha Minh
1990; Mittal & Kumar 2001). However, it has predicted the shear-layer frequency
surprisingly well. Braza et al. (1990) simulated the cylinder flow at Reynolds numbers
Re =2000−10 000 by solving the two-dimensional Navier–Stokes equations with a
finite-volume method. Although the lift coefficients are highly over-predicted, the
shear-layer frequencies from the computations are in quite good agreement with the
experimental results.

Objective

In this paper, we investigate the Reynolds-number effects on the cylinder wake
statistics and the shear-layer instabilities in the transitional range. To this purpose,
we have conducted high-resolution particle image velocimetry (PIV) experimental
measurements of the cylinder wake at Reynolds numbers Re = 4000 and 10 000,
and performed three-dimensional direct numerical simulations at Re = 3900 and
10 000. We focus on the comparison between experimental and simulation results to
elucidate how the Reynolds number affects the distributions of a number of statistical
quantities such as the mean vorticity, Reynolds stress, and r.m.s. fluctuations, and
how the variation of Reynolds number affects the flow spectra and frequencies of the
shear layer.

2. Experimental and numerical techniques
Experiments were undertaken in a large-scale free-surface water channel having

a length of 5435 mm, a depth of 594 mm and a width of 613 mm. Upstream of
this test section, the flow passed through a settling chamber and an extensive flow-
conditioning section, and then finally through a 3:1 contraction, which yielded a
very low level free-stream turbulence intensity of less than 0.1 %. Small-amplitude
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perturbations that potentially can arise at locations downstream of the cylinder, and
may propagate upstream, were isolated from the inflow configuration and test section
via a honeycomb damping system. A system of 1 µm water filters ensured high water
purity during water replacement between experimental runs; this process optimized the
quality of quantitative imaging of reflective particles seeded in the water. Moreover,
the water temperature was controlled during the replacement process. Additional
characteristics of this facility are described in Fu & Rockwell (2005).

The diameter of the cylinder (denoted by D) was 50.8 mm, and the nominal free-
stream velocity of 197 mm s−1 corresponded to a Reynolds number of Re =10 000
based on cylinder diameter. The cylinder was bounded by an end-plate at its bottom
boundary and the free surface at its top boundary. The end-plate was rectangular. It
spanned the width of the channel, had a streamwise length of 7.5D, and was bevelled
at its leading edge with an angle of 23.6◦. The distance between the cylinder axis and
the leading edge was 3D. The effective aspect ratio of the cylinder was 8.78. Norberg
(1994) has shown experimentally that as the cylinder aspect ratio increases from 7.5
to 80, the base pressure coefficient increases from 0.81 to 0.87 at Re = 4000 (base
pressure coefficient is 0.88 from present DNS at Re = 3900 for a U-type solution),
and decreases from 1.16 to 1.10 at Re = 10 000 (base pressure coefficient is 1.129
from present DNS at Re =10 000). High-image-density particle-image velocimetry
was employed to determine the instantaneous, time-averaged structure of the near-
wake. A dual-pulsed YAG laser system, operating at 120 mJ pulse−1, successively
illuminated hollow plastic spheres of 14 µm diameter.

To determine the degree of two-dimensionality of the near wake, a vertical laser
sheet was aligned coincident with the plane of symmetry of the cylinder, and
imaging was performed using the same approach and post-processing as for the plane
orthogonal to the cylinder axis. Images of the velocity field, with a spatial resolution
of 0.05D, led to patterns of averaged streamline topology with a well-defined
bifurcation line along the span, and contours of constant streamwise velocity with a
sharply defined demarcation line located between positive and negative contours, and
extending along the span. The latter is particularly suitable for quantitatively defining
the degree of spanwise two-dimensionality. Let 〈Lu/D〉 represent the dimensionless
time-averaged distance from the base of the cylinder to the demarcation line. It was
evaluated over a spanwise distance of 3D beneath and 3.47D above the location of
the horizontal laser sheet, i.e. a total span of 6.47D. (The midspan of the submerged
portion of the cylinder was a distance of 1.39D from the location of the plane of
the laser sheet.) Let 〈Lu/D〉avg denote the spatially averaged value of 〈Lu/D〉, and

〈Lu/D〉rms denote the root-mean-square deviation from 〈Lu/D〉avg . At Re = 4000 and

10 000, 〈Lu/D〉rms/〈Lu/D〉avg = 0.031 and 0.026, respectively. The averaged values

were 〈Lu/D〉avg = 1.52D for Re = 4000 and 〈Lu/D〉avg = 0.85D for Re = 10 000.
For the sectional (horizontal plane) imaging of the flow structure, the laser sheet was

at an elevation of three cylinder diameters from the surface of the end-plate. The field
of view in the physical plane of the laser sheet was 96.8 mm × 98.8 mm. Existence of
a narrow band of reflected laser light, in the region below the lower shear layer of the
cylinder, provided unacceptable illumination of the particle images passing through
that region, and therefore the correlation technique for evaluation of velocity could
not be accurately implemented. The domain of predominant distortion due to this
reflection is defined by the blank region in the patterns of figures 6(a) and 7(a) (PIV
results). A frame-to-frame cross-correlation technique was employed to determine
patterns of velocity vectors. Each instantaneous vector field of approximately 2550
velocity vectors was generated by employing an interrogation window of 32 pixels × 32
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pixels, with a 50 % overlap. These instantaneous patterns of velocity were then used to
determine the patterns of streamwise and transverse (crossflow) velocity components,
mean velocities, as well as patterns of root-mean-square velocity. Finally, contours of
Reynolds stress were determined. To obtain the averaged quantities, a total of 600
instantaneous images were employed.

We performed three-dimensional direct numerical simulations of the cylinder
flow by solving the incompressible Navier–Stokes equations employing a Fourier
spectral expansion in the homogeneous direction and a spectral element approach
(Karniadakis & Sherwin 2005) in the streamwise and crossflow directions. For time
integration, a stiffly stable pressure correction-type scheme is employed with a third-
order accuracy in time (Karniadakis, Israeli & Orszag 1991). A uniform inflow is
prescribed at the inlet. No-slip conditions are applied to the cylinder surface. The
Neumann boundary condition is used at the outflow, and the periodic boundary
condition is applied in the crossflow direction. We have simulated the turbulent
cylinder wake at two Reynolds numbers, Re = 3900 and 10 000, based on the free-
stream velocity and the cylinder diameter. For Reynolds number Re =3900, the
computational domain extends from −15D at the inlet to 25D at the outlet, and
from −9D to 9D in the crossflow direction. Extensive grid refinement tests have
been conducted; see Ma et al. (2000) for details and Appendix B for additional tests
on spanwise resolutions. In the present study, we employ an unstructured mesh of
902 spectral elements in the streamwise-crossflow planes, with eighth-order Jacobi
polynomial expansions on each element. In the homogeneous spanwise direction, we
employ 32 to 96 Fourier modes (or 64 to 192 grid points) on a domain with the
spanwise dimension of Lz/D = 1.5π, as well as 64 Fourier modes (or 128 grid points)
on a domain with the spanwise dimension of Lz/D = π. These parameters lead to grid
spacings near the cylinder surface of 0.32 in the radial direction, 0.68 in the azimuthal
direction, and 2.17 in the spanwise direction in viscous wall units based on the
friction velocity at the top tip of the cylinder, (x, y) = (0, 0.5D). For Reynolds number
Re =10 000, the computational domain extends from −20D at the inlet to 50D at the
outlet, and from −20D to 20D in the crossflow direction. The spanwise dimension
of the domain is chosen to be Lz/D = π. Extensive grid refinement tests have been
performed at Re = 10 000; see Appendix A for details. In the present study, we employ
two unstructured spectral meshes in each streamwise-crossflow plane: a coarse mesh
with 6272 triangular elements and a refined mesh with 9272 triangular elements,
with fifth-order Jacobi polynomial expansions on each element. In the homogeneous
direction, we employ 64 Fourier modes (or 128 grid points). These parameters lead
to grid spacings near the cylinder surface of 0.31 in the radial direction, 0.65 in the
azimuthal direction and 5.31 in the spanwise direction in viscous wall units based
on the friction velocity at the top tip of the cylinder. We have performed long-time
simulations of flows at both Reynolds numbers. After the initial transient convects
away, the statistical quantities are accumulated until convergence, which amounts to
about 200 to 250 convective time units (D/U0) or about 40 to 50 shedding cycles.

3. Flow statistics
Figure 1 compares the normalized mean spanwise vorticity ω̄zD/U0 between

experiment and simulation. We plot mean vorticity contours at Re =4000 for PIV
and at Re = 3900 for DNS on the same contour levels. The field of view of the flow
domain in this and subsequent plots are also the same from both experiment and
simulation, with 0.148 <x/D < 2.053 and −0.968 < y/D < 0.976 for Re = 3900/4000,
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Figure 1. Contours of normalized mean spanwise vorticity: (a) PIV at Re= 4000; (b) DNS
at Re= 3900. In both plots, |ω̄zD/U0|min = 2.58 and |�ω̄zD/U0| = 0.64.
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Figure 2. Contours of normalized mean spanwise vorticity at Re= 10 000: (a) PIV;
(b) DNS. In both plots, |ω̄zD/U0|min = 1.61 and |�ω̄zD/U0| = 0.32.

and 0.148 <x/D < 2.053 and −0.978 < y/D < 0.966 for Re = 10 000. The patterns
of the mean vorticity from the simulation and experiment are very similar. The
vorticity distributions exhibit an absence of significant vorticity levels in the cylinder
base region at this Reynolds number, a feature first noted by Lin et al. (1995).
Furthermore, the two shear layers extend from the centre of the cylinder to 1.65D

and 1.74D, respectively, in the simulation and experiment.
For comparison with Re = 3900/4000, in figure 2 we plot contours of the normalized

mean spanwise vorticity at Reynolds number Re =10 000 from the experiment and the
simulation. Experimental and DNS results are again plotted with the same contour
levels. Remarkably similar patterns of vorticity distributions are again observed for
both experiment and simulation. DNS shows notable vorticity levels in the vicinity
of the cylinder surface above and below the cylinder base at Re = 10 000, a feature
not detectable in the experimental result. We suspect that the absence is due to the
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Ls

Figure 3. Illustration of effective shear layer length Ls . The mean spanwise vorticity contour
in the plot is at a level of 8 % of the maximum mean vorticity magnitude along a vertical line
crossing the cylinder axis, x =0.0.

limited resolution of PIV on the cylinder surface. Furthermore, it should be noted
that the minimum vorticity level employed in the PIV image corresponds to the value
above which the vorticity magnitude was free of PIV processing noise. At Re = 10 000
the shear layer is significantly shorter than at Re = 3900/4000, extending downstream
of the centre of the cylinder a distance of 1.29D and 1.35D, respectively, for the
simulation and experiment. On the other hand, the tip of this averaged vorticity layer
is significantly thicker than that at Re =3900/4000; that is, it bulges inward toward the
centreline. The differences in vorticity structure shown here between Re = 3900/4000
and 10 000 are consistent with previous observations, which indicate that the region
of transition and von Kármán vortex shedding moves towards the cylinder with
increasing Reynolds number (Linke 1931; Bloor 1964; Wei & Smith 1986; Kourta
et al. 1987; Unal & Rockwell 1988; Lin et al. 1995; Prasad & Williamson 1997; Noca
et al. 1998; Norberg 1998).

To provide a quantitative measure of the difference in the shear layer between
these two Reynolds numbers, we define an effective shear-layer length, Ls , as the
downstream location of the tip of a mean spanwise vorticity contour line at the level
of 8 % of a reference vorticity, namely ω̄z/ω̄m = 0.08, where the reference vorticity ω̄m

is the maximum mean spanwise vorticity magnitude along the vertical line crossing
the cylinder axis, x = 0.0 (figure 3). We computed the effective shear-layer lengths
in DNS for Re = 3900 and 10 000, and present the results in table 1. At Re = 3900,
the shear-layer length of the ‘U’-type wake is about 11–16 % longer than that of
the ‘V’-type wake (see Ma et al. 2000 for detailed discussion of these two types of
wake). In the present study, we observe a ‘U’-type near-wake in the case with a
spanwise dimension Lz/D = π (and 64 Fourier modes in the spanwise direction), and
a ‘V’-type near-wake in the case with a spanwise dimension Lz/D =1.5π (with 32,
64 and 96 Fourier modes in the spanwise direction). DNS results shown in figure 1
and subsequent plots for Re = 3900 are with the ‘U’-type near-wake. At Re = 10 000,
the shear-layer length from the high-resolution mesh (9272 elements) differs from
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Lz/D Nz K Ls/D

Re= 3900 ‘U’-type π 128 902 1.59
‘V’-type 1.5π 64 902 1.43
‘V’-type 1.5π 128 902 1.37
‘V’-type 1.5π 192 902 1.41

Re= 10 000 π 128 9272 1.03
π 128 6272 0.90

Table 1. Effective shear-layer length from DNS for Reynolds numbers Re= 3900 and 10 000.
Lz is the spanwise dimension of flow domain; Nz is the number of grid points in the z-direction;
K denotes the number of spectral elements in (x, y)-planes. Ls denotes the effective shear-layer
length; see text and figure 3 for its definition.
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Figure 4. Contours of normalized Reynolds stress: (a) PIV at Re= 4000; (b) DNS at
Re= 3900. In both plots, |〈u′v′〉/U 2

0 |min = 0.03 and |�〈u′v′〉/U 2
0 | = 0.01.

that of the low-resolution mesh (6272 elements) by about 13 %. DNS results shown
in figure 2 and subsequent plots for Re = 10 000 are based on the high-resolution
mesh. Comparison of the ‘U’-type wake at Re = 3900 and high-resolution result at
Re = 10 000 indicates that the shear layer is about 30 % shorter at the higher Reynolds
number than at the lower one.

In figure 4, we plot contours of the normalized Reynolds stress 〈u′v′〉/U 2
0 at

Re = 3900/4000, where u′ and v′ are streamwise and crossflow root mean square
(r.m.s.) velocities, respectively. Four distinct ‘lobes’ are evident in both the patterns,
two small clusters in the front and two large ones further downstream. They are
anti-symmetric with respect to the centreline. The Reynolds stress exhibits an absence
of significant levels in the base region and in the shear layer close to the cylinder
surface, indicating either small magnitudes of the fluctuations and/or the lack of
significant correlation between streamwise and crossflow fluctuations in the very near
wake of the cylinder. The locations of the dominant Reynolds stress peaks are at
x/D = 1.90 and 2.05, respectively, for simulation and experiment. These dominant
peaks of the Reynolds stress distribution have levels of 0.14 and 0.11, respectively, for
simulation and experiment. Note, however, that the ‘tails’ of the patterns of Reynolds
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Figure 5. Contours of normalized Reynolds stress at Re= 10 000: (a) PIV; (b) DNS. In both
plots, |〈u′v′〉/U 2

0 |min = 0.03 and |�〈u′v′〉/U 2
0 | = 0.01.

stress, which extend upstream, are longer for the simulation than for experiment.
These tails coincide with the tip regions of the shear layers (see figure 1), and the
notable Reynolds stress levels in these regions result from the shear-layer instability
and the rolling-up of shear-layer vortices. The longer ‘tail’ in simulations may result
from an earlier onset of transition.

Figure 5 shows comparison of the normalized Reynolds stress at Re = 10 000 for
experiment and simulation. The overall form of these patterns is similar to those
at Re = 3900/4000 given in figure 4. Low-level clusters of Reynolds stress are again
observed at locations upstream of the dominant clusters. However, the entire pattern
of Reynolds stress has moved a substantial distance upstream, relative to the patterns
at Re =3900/4000. The location of the peak Reynolds stress is now at x/D = 1.4;
it has levels of 0.15 and 0.14, respectively, for simulation and experiment. Moreover,
the small-scale clusters of Reynolds stress are located immediately downstream of the
cylinder base. Particularly important are the upstream extensions of the large-scale
clusters, along the locus of the separating shear layer towards the point of separation
on the surface of the cylinder. These elongated regions are indicative of the early
transition of the separated layer. For both experiments and simulation, the tip of this
upstream extended region reaches upstream of the base of the cylinder.

We next examine the mean flow characteristics in the cylinder wake. Figure 6
compares the distribution of the normalized mean streamwise velocity u/U0 from the
experiment at Re = 4000 (figure 6a) and from the simulation at Re = 3900 (figure 6b).
These patterns of mean streamwise velocity, show a well-defined bubble of negative
velocity, that is, reverse flow. The location and the magnitude of the minimum are close
in value for simulation and experiment. For the PIV images, the maximum magnitude
of the negative velocity is u/U0 = 0.252 and 0.228 for Re =4000 and Re = 10 000,
respectively, in simulations, they are 0.291 and 0.249 for these two Reynolds
numbers. Norberg (1998) obtained these values via laser-Doppler velocimetry (LDV)
measurements. From interpolation of his results, we obtain a rounded value of
u/U0 = 0.44 at Re =4000; at Re = 10 000, the un-interpolated value is u/U0 = 0.38.
The streamwise extent of the bubble can be evaluated along its centreline. The lengths
of the bubbles, i.e. the distance from the base of the cylinder to the location at zero
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Figure 6. Contours of normalized mean streamwise velocity: (a) PIV at Re= 4000; (b) DNS
at Re= 3900. In both plots, u/U0|min = − 0.252 and |�u/U0| = 0.063.
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Figure 7. Contours of mean streamwise velocity at Re= 10 000: (a) PIV; (b) DNS. In both
plots, u/U0|min = − 0.228 and |�u/U0| = 0.038.

velocity on the plane of symmetry are 1.47D and 1.36D, respectively, for experiment
and simulation.

Figure 7 shows a corresponding comparison of the normalized mean streamwise
velocity µ/U0 between the experiment (figure 7a) and the simulation (figure 7b) at
Re = 10 000. Consider the region of negative (upstream-oriented) velocity designated
by the dashed lines. Both the location and magnitude of the peak value are similar
for simulation and experiment. The overall length of the bubble, however, is 0.78D

and 0.82D for experiment and simulation, respectively.
The patterns of normalized streamwise r.m.s. velocity fluctuations u′/U0, given in

figure 8 for Re =4000/3900, show strong fluctuations in the separating shear layers,
and two maxima associated with the vortex formation. The downstream locations
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Figure 8. Contours of normalized streamwise r.m.s. velocity: (a) PIV at Re= 4000; (b) DNS
at Re= 3900. In both plots,u′/U0|min = 0.1 and �u′/U0 = 0.025.
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Figure 9. Contours of streamwise r.m.s. velocity at Re= 10 000: (a) PIV; (b) DNS. In both
plots, u′/U0|min = 0.1 and �u′/U0 = 0.025.

of the r.m.s. maxima are at approximately x/D = 1.55 for simulation and 1.72 for
experiment, and the respective peak values are 0.45 and 0.425.

Comparison of the normalized streamwise r.m.s. velocity fluctuation u′/U0 at
Re =10 000 between the experiment (figure 9a) and the simulation (figure 9b) is
shown. While the overall form of the distribution at Re = 10 000 is similar to that at
the lower Reynolds number, the loci of the r.m.s. maxima have moved upstream to
x/D =1.13 and 1.14, respectively, for simulation and experiment, and the respective
peak values are the same, u′/U0 = 0.5.

The above comparisons between experiment and simulation for Re = 3900/4000
and 10 000 have demonstrated a relatively high sensitivity of the statistical features of
the cylinder wake to variations in Reynolds number. All data show significant changes
when the Reynolds number is increased from 4000 to 10 000, as shown by Saelim
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Shear-layer
vortices

Figure 10. Instantaneous velocity vector plot in a two-dimensional (x, y)-plane from DNS
showing shear layer vortices at Re= 3900.

(2003) and Ekmekci (2006). The reasonably good agreement between experiment and
simulation indicates that the simulation accounts well for the essential features of the
transition phenomena along the separating shear layers.

4. Shear-layer instability
In the transitional range, the separating shear layers behind the cylinder become

unstable, and small-scale vortices can be clearly observed in the shear layers (so-
called shear-layer vortices). We next investigate the Reynolds-number effect on the
shear-layer instability with DNS data.

Figure 10 shows an instantaneous velocity vector map in a two-dimensional x − y

slice of the flow domain at Reynolds number Re = 3900. Well-defined vortices are
clearly observed in the separating shear-layers with length scales about a quarter of
the cylinder diameter. These shear-layer vortices result from the Kelvin–Helmholtz
instability and the rolling-up of the cylinder shear layers (Wei & Smith 1986).

Shear-layer vortices are observed to occur at higher frequencies than the
Strouhal vortices, in agreement with previous experimental observations. Figure 11(a)
shows the time history of the instantaneous crossflow velocity at a point
(x, y, z)= (0.54, 0.65, 2.0), which is located in the passage of shear layer vortices in
the upper shear layer (note that the line (x, y) = (0.0, 0.0) coincides with the cylinder
axis.) In order to reveal the fluctuations, only a time window of 20 convective time
units is shown in the plot. Small-scale high-frequency fluctuations caused by the
shear-layer vortices are observed to superimpose on top of large-scale fluctuations
at the Strouhal frequency. To determine the frequency of shear-layer vortices, we
compute the power spectra of the flow velocities in the shear-layer. In figure 11(b),
we plot the power spectra of the streamwise and crossflow velocities at the point
x = 0.54 and y = 0.65. The spectrum is averaged over the corresponding points along
the homogeneous z-direction. The Strouhal frequency, fK , and its harmonics are
characterized by distinct sharp peaks in the flow spectra. In addition, another peak
can be observed, corresponding to the frequency of shear-layer vortices (fSL), at
a value significantly higher than the Strouhal frequency. The spectral peak at fSL
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Figure 11. Shear-layer instability at Re= 3900. Time history of instantaneous crossflow
velocity (only a window of 20 convective time units is shown here) (a) and the velocity
power spectra (b) at the point x =0.54 and y =0.65 in the shear layer. The power spectrum is
obtained by averaging points along the spanwise direction.

appears to be broad, in contrast to the sharp peak at the Strouhal frequency and
its harmonics. The broadband peak at fSL indicates that the shear-layer vortices
occur in a range of frequencies. These characteristics are consistent with previous
experimental observations (Prasad & Williamson 1997; Cardell 1993; Norber 1987).
Prasad & Williamson (1997) suggest that temporal variations in the velocity scale
owing to the Kármán vortex formation and in the momentum thickness of the shear
layer caused by the oscillation of the point of separation, contribute to the variation
in time of the most unstable frequency, and thus to the broadband nature of the
frequency of shear-layer vortices.

The high-frequency shear-layer vortices appear to be confined to the very near wake
of the cylinder. The broadband peak which is characteristic of the flow spectra in the
shear layers vanishes downstream of the shear layer. This is evident from figure 12, in
which we plot the streamwise and crossflow velocity spectra at a point downstream
of the shear layer (x = 3.14 and y =0.4) at Re =3900.

Most observations about the shear layer vortices at Re =3900 can be extended to
the higher Reynolds number Re =10 000. In figure 13, we plot the velocity vectors in
a two-dimensional x − y slice of the flow domain to visualize the shear-layer vortices
at Re = 10 000. Well-defined vortices with length scales about a tenth of the cylinder
diameter are evident in the shear layers. Compared to Re = 3900, these shear-layer
vortices are discernible in regions more upstream at Re = 10 000, indicating that the
point of transition moves upstream as the Reynolds number increases.

The characteristics of shear-layer velocities at Re = 10 000 are demonstrated in
figure 14(a), in which we plot the time trace of the crossflow velocity at the point
(x, y, z) = (0.42, 0.55, 2.3) in the passage of shear-layer vortices. Only a time window of
20 convective time units is shown in the plot for clarity. High-frequency fluctuations
caused by shear-layer vortices dominate the cross-flow velocity with substantially
larger fluctuation amplitudes at Re = 10 000, while the fluctuations at the Strouhal
frequency caused by the Kármán vortex formation are overwhelmed and hardly
discernible, unlike Re = 3900 (see figure 11a). The power spectrum of the crossflow
velocity at the point x = 0.42 and y = 0.55 is shown in figure 14(b). The Strouhal
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Figure 13. Instantaneous velocity vector plot in a two-dimensional (x, y)-plane from DNS
showing shear layer vortices at Re= 10 000.

frequency fK has a sharp spectral peak, similar to that at Re = 3900. A notable
feature of the spectrum, however, is that no well-defined spectral peak is observed at
the shear-layer vortex frequency. Rather, the shear-layer vortices are signified by a high
spectral-density ‘plateau’ in the spectrum at frequencies ranging from f L

SL/fK = 7.83 to
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Figure 15. Flow spectra downstream of shear layer at Re= 10 000. Streamwise and
crossflow velocity spectra at the point x = 3.01 and y = 0.38.

f H
SL/fK =15.83, with essentially constant spectral density in this range. This indicates

that the shear-layer vortices are characterized by a band of frequencies at Re = 10 000,
ranging from 7.83 to 15.83 when normalized by the Strouhal frequency. Figure 15
shows the power spectra of streamwise and crossflow velocities at a point downstream
of the shear layer. The disappearance of the shear-layer vortex signature in the spectra
is indicative of the spatial locality of these vortices.
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In figure 16, we plot the shear-layer frequencies from current simulations
for Reynolds numbers Re = 3900 and 10 000, and from previous experimental
measurements as a function of Reynolds number. We have used the mean value of the
shear-layer frequencies, fSL = (f L

SL + f H
SL)/2 = 11.83, in the plot for Re =10 000. The

power-law scaling relations suggested by Prasad & Williamson (1997) and by Bloor
(1964) are also shown in the plot as solid and dashed lines, respectively. Evidently,
the shear-layer frequencies from the present DNS agree well with experimentally
measured values, and the results seem to support the Re0.67 power law suggested
by Prasad & Williamson (1997). Using the shear-layer frequency data of Norberg
(1987) and Prasad & Williamson (1997), Thompson & Hourigan (2005) provide a
detailed assessment and model of the variation of fSL over the range of Reynolds
number Re = 1500 to 50 000, with a scaling exponent 0.57 for Re < 5000 and 0.52 for
Re > 10 000. Rajagopalan & Antonia (2005) show a scaling exponent of 0.65, basically
in agreement with Prasad & Williamson’s (1997) power law.

5. Concluding remarks
In this paper, we have investigated the effects of Reynolds number on the statistical

characteristics of the cylinder wake and on the shear-layer instability in the transitional
range. By combining PIV measurements and direct numerical simulations at Reynolds
numbers Re = 3900/4000 and 10 000, we observe that the flow statistics such as the
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mean velocity and vorticity, Reynolds stress, and r.m.s. fluctuations are notably
altered with the variation of Reynolds number. A general observation is that
the principal features of all quantitative patterns move upstream with increasing
value of Reynolds number. Patterns of mean (time-averaged) streamwise velocity
indicate that the bubble enclosing the region of negative velocity in the near-wake
region becomes significantly smaller, i.e. the location of zero velocity along the
plane of symmetry of the bubble moves upstream with increasing Reynolds number.
Furthermore, corresponding patterns of mean spanwise vorticity, fluctuating velocity
field, extrema of streamwise velocity and Reynolds stress all contract towards the base
of the cylinder with increasing Reynolds number. The patterns of Reynolds stress
show extensions along the edge of the separated shear layer towards the separation
point at higher values of Reynolds number, i.e. increased levels of Reynolds stress
occur further upstream along the separating layer, which suggests earlier onset of
transition.

The variation of Reynolds number also influences the shear-layer instability
significantly. At Re =3900, simulations indicate that the shear-layer velocity is
characterized by high-frequency low-amplitude fluctuations caused by shear-layer
vortices superimposed on top of large-scale fluctuations caused by Kármán vortex
formation at the Strouhal frequency. As the Reynolds number increases to 10 000, the
high-frequency fluctuations caused by shear-layer vortices are observed to dominate
the shear-layer velocity and overwhelm the fluctuations caused by Kármán vortex
formation. Shear-layer vortices imprint a signature onto the flow spectra. At Re = 3900
the shear-layer velocity spectra exhibit a broadband peak at the shear-layer frequency,
in contrast to the distinct sharp peak at the Strouhal frequency. As the Reynolds
number increases to 10 000, the shear-layer vortices are signified by a broadband
‘plateau’ in the spectrum with constant high spectral density, and no clear spectral
peak is observed. The signatures of shear-layer vortices vanish from the spectrum
downstream of the shear layer. Comparison with previous measurements indicates
that shear-layer frequencies from the current study agree well with experimentally
measured values and follow the Re0.67 power law suggested by Prasad & Williamson
(1997).

Appendix A. DNS resolution studies at Re = 10 000

Consider the three-dimensional incompressible turbulent flow past a circular
cylinder. Figure 17 shows a ‘z-slice’ of the computational mesh. We conducted
simulations on two spectral element meshes in (x, y)-planes: a coarser mesh consisting
of K = 6272 triangular elements (figure 17a) and a mesh significantly refined around
and in the near wake of the cylinder that consists of K = 9272 triangular elements
(figure 17b). The order of expansion polynomials on each element is varied between
P = 4 and P = 5. Figure 17(c) shows the mean streamwise velocity profile along a
vertical line crossing the cylinder axis. It indicates that within the cylinder boundary
layer we have over one layer of spectral elements (or more than 7 grid points) with
the coarser mesh (figure 17a), and over two layers of spectral elements (or more than
14 grid points) with the finer mesh (figure 17b).

Simulations were performed with different grid resolutions by varying the number
of grid points (or Fourier modes) in the spanwise direction and the order of spectral
elements in the (x, y)-planes on the two meshes. Table 2 summarizes the values
of several physical quantities under a number of resolutions from the simulation
together with their experimental values at Re = 10 000. The drag coefficients, base
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Cd −Cpb
St CL

DNS (P = 5, Nz = 16, K = 6272) 1.155 1.129 0.195 0.538
DNS (P = 5, Nz = 64, K = 6272) 1.110 1.084 0.209 0.565
DNS (P = 5, Nz = 128, K = 6272) 1.128 1.171 0.205 0.574
DNS (P = 5, Nz = 32, K = 9272) 1.208 1.201 0.200 0.547
DNS (P = 4, Nz = 64, K = 9272) 1.120 1.056 0.205 0.497
DNS (P = 5, Nz = 128, K = 9272) 1.143 1.129 0.203 0.448
Wieselsberger (1921) 1.104 – – –
Bishop & Hassan (1964) – – 0.201 0.463
Norberg (1987) – 1.112 0.201 –
Moeller & Leehey (1984) – – – 0.532
Gopalkrishnan (1993) 1.186 – 0.193 0.384
West & Apelt (1993) – – – 0.461
Norberg (2003) – – 0.202 0.394

Table 2. Physical quantities in the flow past a circular cylinder at Re= 10 000: drag coefficient
Cd , base pressure coefficient Cpb

, Strouhal number St, and r.m.s. lift coefficient CL. The order
of spectral elements is denoted by P . See the caption of table 1 for the meanings of the other
symbols.

pressure (suction) coefficients, and the Strouhal number from the simulation agree
with the experimental data reasonably well for all resolutions, indicating that these
physical quantities are generally not quite sensitive to the grid resolution. On the
other hand, the lift coefficient (based on r.m.s. lift) demonstrates a higher sensitivity
to the resolution. With the low-resolution mesh, the lift coefficient values from the
simulation generally lie at the upper bound of the range of experimental lift coefficient
data, and the value increases slightly as the number of Fourier modes in the spanwise
direction increases. With the high-resolution mesh, the lift coefficient values decrease
as the number of Fourier modes in the spanwise direction increases, and lie within the
range of the experimental values. It is noted that the lift coefficient demonstrates a
wide spread in the experiments as well. For example, Gopalkrishnan (1993) observes
that the lift coefficient varies between 0.3 and 0.5 from one experimental run to
another. This is also evident from the scatter of the experimental lift coefficient values
in table 2.

Figure 18 shows a window of the time history of the drag and lift coefficients
for the case P = 5, Nz = 128 and K = 9272. The time traces reveal the quasi-periodic
behaviour of drag and lift coefficients, with their amplitudes varying irregularly over
time. Figure 19 shows the mean pressure coefficient on the cylinder surface as a
function of the angle, with the zero degree angle located at the front stagnation
point. The figure shows the results on both the low- and high-resolution meshes at
Re = 10 000 from the simulation, together with the experimental data by Norberg
(1993) at Re = 8000. The low-resolution mesh captures the pressure on the front and
back portions of the cylinder surface reasonably well. However, it over-predicts the
magnitude of the minimum pressure on the cylinder surface and the angle at which
the minimum occurs. The results from the high-resolution mesh, on the other hand,
agree with the experimental data quite well on the entire cylinder surface.

Appendix B. Additional case studies on DNS spanwise resolution at Re = 3900

To complement the resolution study in Ma et al. (2000) at Re = 3900, especially
on the effect of spanwise resolution, we have carried out additional simulations and
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Case P K Nz Lz/D −Cpb
St Bubble length/D

A 8 902 64 1.5π 1.04 0.206 1.00
B 8 902 128 1.5π 0.96 0.210 1.12
C 8 902 192 1.5π 0.93 0.208 1.18
I 10 902 256 2 π 0.96 0.203 1.12

Table 3. Additional case studies on spanwise resolution at Re= 3900 in DNS. For the
meanings of symbols see the captions of tables 1 and 2. (Case I is taken from Ma et al. 2000).

summarized the results in table 3. Cases A, B and C in the table are the current
simulations while Case I is taken from Ma et al. (2000), the highest resolution in that
paper, as the reference case. These additional results are computed on a domain with a
spanwise dimension 1.5π (normalized by the cylinder diameter), with the 902-element
mesh and an element order 8. Spanwise resolutions are varied by changing the number
of Fourier modes in the z-direction, ranging from 32 (or 64 grid points) to 96 (or 192
grid points) for different cases in table 3. The variation in Strouhal number is within
2 % for different spanwise resolutions. The base suction coefficient decreases and the
bubble length increases to a certain degree with increasing spanwise resolution. The
differences of these global parameters between Case C (highest spanwise resolution
considered here) and the reference Case I range from about 2 % to 5 %.
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