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Abstract 

The familiar one dipole, multiple dipole and multipole models of the 

electric heart action are tested on their suitability of simulating 

the field of double layers, which.change in time. These double layers 

form part of a new model (string model) of the depolarisation wave through 

the heart ventricles based on a gross physiological resemblance. 

The string model consists of two strings of dipoles, that travel along the 

endocardium; the depolarisation of the myocardium is represented by "filters" 

responding to the dipoles. 

If the well known models fail in a model-to-model test with the string model, 

it is to be expected, that they also can not handle the more complex real 

situation. 

Furthermore the string model itself may provide an expedient for tackling 

the so called direct and inverse problem of electrocardiography. 
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I nt roduct ion 

In the past many models have ~~~en developed for describing the depolarising 

action in the ventricles of th@ heart and the consequent potentials in 

electrodes on the body surface. The oldest model, a fixed dipole with variable 

direction and strength as a function of time, is generally known. Geselowitz 

(ref. I) improved this model by adding higher order poles, which resulted in 

a so called multipole expansion. In practice models of this kind could 

simulate electrode signals up to a high extent. 

Because models were desired, in which more correlation exists with the phy­

sical phenomenon of the depolarisation wave, the multidipole model was intro­

duced by e.g. Selvester (ref. 2, 3). (See also ref. 4, 5, 6, 7, 8, 9). 

For an impression of the total information provided by the electrode signals, 

the model of the intrinsic components is also frequently used (ref. la, II, 12). 

All these models have one feature in common: the electrode po~tials are 

always described by 

where ~ is the potential in an electrode as a function of time t and the po­

sition of the electrode E' The vector a is a function of .only E, whereas f 

is a vector function of the time only. Considerations about the quasi­

stationarity Can be .found in ref. 13. In the one dipole model the f(t) re­

presents the dipole components and in the multipole expansion the f(t) equals 

the coefficients· a and b (see section 3). In the multidipole model the 
nm urn 

f.(t) is the strength of dipole i. At last the f.(t) can be an intrinsic 
11· 

component. The vector ~ is mainly defined by the medium in between the heart 

and the electrodes,while thef(t) is directly dependent on the depolarisation 

wave. Sometimes the ~ becomes a function of time, when e.g. the origin of the 

one dipole model changes in time. In that caSe three extra time functions 

have to be introduced. 

The number of time functions, mainly f.(t), can be considered as a criterion 
1 

for the extent of a model. With that criterion the models mentioned above 

can be compared in their ability of simulating electrode potentials. The 

research, which is reported here,deals with this aspect. 

It is clear then, that a reference model is needed, which does not discretise 

the depolarisation wave by a small number of dipoles or multipoles. 



A continuou& model of the depolarisation wave is preferred. Thi& continuous 

model, (which we will name string model for rea~ons which will become clear 

later on) is described in sections 2 and 3, while in section 1 some marginal 

notes about it are made. 

Sections 4 till 9 are dedicated to a comparison of the several models. 
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I. The objective of the string mOdel. 

A mathematical model of the depolarisation wave is proposed, which explains 

the essential part of the true depolarisation wave as far as some phenomena 

are concerned, that have been noted in literature, but not yet explained 

satisfactorily. These phenomena include the following: 

I) The equivalent dipole model simulates the ECG signals up to a high 

degree of accuracy. 

2) Three (or even two) intrinsic components (ref. 10, II, 12) are pre­

dominant. Of course this fact highly correlates with the first pheno-

menan. 

In other studies explanations for these observations have been sought in 

the medium, surrounding the heart muscle such as the intracavitary blood 

mass, the lungs and the physical boundary of the body. (ref. 14, 15, 16, 17, 

18). In the research on which is reported here, however, the attention is 

concentrated on the heart itself and an attempt is made to establish a model, 

which accounts for the progression of the electrical field in time as well. 

Consequently the model can be used to relate the frequency contents of the 

electrode signals on the one side and local speeds of the pyopagation of the 

depolarisation wave combined with the geometry of the heart muscle on the 

other side. 

Before entering into details about the model it is useful to emphasize, that 

it is by no means the objective to develop a model, which exactly represents 

the depolarisatiQn wave. This would be impossible both due to insufficient 

knowledge and due to the fact, that appreciable differences are to be 

expected between individual depolarisation wave & This holds for the variabi­

lity between humans as well as for differences with the depolarisation of 

dogs' hearts, which are a predominant source of experimental knowledge. 

Most attention is paid to the essential course of the depolarisation wave 

as it has been measured, e.g. ref. 19, 20, 21, 22, 23. 

The shape of the heart is also strongly simplified in order to facilitate 

mathematical operations. In spite of these simplifications the confidence 

remains, that the model chosen shares with the heart the main field properties 

and also possesses so much flexibility, that improvements in details can 

easily be performed. Furthermore an important aspect is, that the models, used 

until now, such as the equivalent dipole, the multipole and the mUltiple 

dipole model can be compared directly with this new model, especially in 

their resemblance of surface potentials. 
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z. The physiological background of the strine model. 

The main course of the depolarisation wave ilO from the A.V. node by way 

of the bundle of His and the Purkinje fibers into the heart muscle. The 

myocardium is stimulated by the Purkinje fibers and the first depolarisation 

takes place more or less in the middle of the septum in two points, one on 

the left ventricle side and the other on the right ventricle side. The con­

duction in the septum behaves as though the left and right ventricles possess 

own separated walls. The depolarisation wave starts at the ventricle sides 

and is then directed towards the inside of the septum. 

Next there is a fast propagation in the endocardium because of the Purkinje 

fibers situated there and from this endocardium the depolarisation wave pro­

ceeds through the myocardium towards the epicardium. This behaviour of the 

depolarisation wave suggests to model first the endocardium activity and 

secondly the myocardium activity, which is triggered by the former activity. 

In order to facilitate calculations the anatomy of the heart is reduced to a 

simple sterometrical configuration. For that purpose the ventricle walls and 

the septum are supposed to be infinitisimally thin. The dimension of the 

musculature is accounted for later on. Moreover these walls have the shape 

of a sphere of radius R truncated by a flat plane, the base. In this truncated 

sphere a flat plane, perpendicular to the base and passing through the center 

of the sphere, represents the septum. For the sake of representation and cal­

culation it is advisable to use a coordinate system like sketched in figure I. 

First we like to model the depolarisation front in the endocardium of the 

left ventricle. 

At time t = 0, the beginning of the QRS-complex, the septum is activated in 

the origin. A small time ~t later the depolarisation is propagated in the 

x-y-plane equally in all directions by way of the Purkinje fibers so that 

the front can be supposed to look like a circle. This circle is concentric 

with the sphere and has a radius equal 

pagation speed in the Purkinje fibers. 

to r = v .~t, where v is the pro-
e e e. 

This circular depolarisation,front 

proceeds until the base is reached at t = t
l

, after which the circle reduces 

to an arc of a circle up to the base. 

At t.= t z the sphere surface is reached and the depolarisation front moves 

like an arc of.a circle along the sphere, whereby 



lj! = 
V .t 
=~~ 1 

R 

(see figure I) 

At time t = t3 the arc passes into a complete circle again and at t = t4 the 

depolarisation front ends on the z-axis for z = R. 

The same holds equally for the depolarisation front in the endocardium of the 

right ventricle. From the endocardium the depolarisation is conducted through 

the myocardium towards the epicardium. 

This propagation is modelled bya current dipole string on the depolarisation 

fronts in the endocardium, directed outwards and"'8cting during the time, that 

the depolarisation wave needs to reach the epicardium (see figure 2). 

This duration T is equal to d/v I' where d is the local thickness of the heart 

wall and VI is the propagation speed through the myocardium. As a first 

approximation we distinguish four parts of the heart with different thickness, 

viz. : 

d
L 

thickness of the outside wall of the left ventricle 

d
R 

= thickness of the outside wall of the right ventricle 

d
LS 

= thickness of the septum part belonging to the left ventricle 

dRS = thickness of the septum part belonging to the right ventricle 

The evaluation of the electrical field in the medium outside the heart can be 

seen as a time filtering of a rather simple dipole string mOdel, which re­

presents the depolarisation fronts in the endocardium. For each of the heart 

parts mentioned above a dipole string can be plAced on the depolarisation front 

of the endocardium. The field due to this dipole string can be evaluated for 

an infinite, homogeneous and isotropic medium. The thickness of the local heart 

wall is then brought in by fiLtering this potential in time by a filter, which 

has a rectangul4r impulse response, like indicated in figure 3. Another inter­

pretation is a dipole string which is triggered by the endocardium and is 

maintained by the myocardium during a time proportional to the local thickness 

of the myocardium. The effect of this operation is, that the resulting potentia 

is originated by a homog"eneous current dipole layer in the form of a ribbon in 

between the depolarisation fornt circles at time t and t - T. 

Figure 4 gives a picture of the situation of the depolarisation waVe at several 

moments. The constants for that special case are given in table I, whereas 

more information about detailed calculations will be given in section 3. 



Naturally, the above theory t~ based on the assumption of a quasistationary 

'field. After the filtering of the different parts has been performed, the 

resulting potentials can be summed on account of the superposition theorem. 

Because of the use of dipole strings we name the above model, the string 

modeZ. 

Some supplementary remarks have to be made. 

At time t2 the direction of the dipole string is suddenly rotated over 90 

degrees. This phenomenon is exaggerated because the depolarisation wave 

has been started exactly in the middle of the septum in order to facilitate 

calculations. In the real situation the depolarisation starts somewhere on 

the positive x-axis. Then the depolarisation front does not end on the 

z-axis, but somewhere in the quadrant x < 0 z > O. In this situation the 

moment t2 of the rotation of the dipole directions is not sharply defined 

but spread over a small interval time. Nevertheless the sudden change will 

probably result in the fast change of the VCG at the beginning of the R-wave. 

This effect is enlarged by the high activity of the apex. In this part of 

the heart the walls of the ventricles are thick. This property however is 

only partially incorporated in our model. 

This discrepancy with the real situation is one of the main differences with 

reality. We made three assumptions: 

.' 
1) The septum is a flat plane with a circular boundary. 

2) The depolarisation front starts i~ the center of the septum. 

3) The depolarisation propagates uniformly because of the homogeneous 

spread of Purkinje fibers. 

None of these three conditions is fully satisfied. 

Therefore the depolarisation front will not reach the outside walls everywhere 

at the same time. On the contrary, according to Durrer (ref. 20) the break­

through takes place in the anterior special wall of the right ventricle and 

the posterior wall of the left ventricle somewhere between the apex and the 

base. 

Furthermore, because of the inhomogeneous spread of Purkinje fibers, the 

conduction in the basical parts of the septum and the right ventricle is low. 

This' implies, that the depolarisation ends in these heart segments. Then the 

depolarisation wave in the septum is directed towards the base and the 

direction of the final depolarisation front in the right ventricle wall 

possesses also an important tangential component. 
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Another assumption is the pure radial direction of the depolarisation wave. 

The direction of the dipole layer is always taken perpendicular to the walls, 

whereas the tangential component is neglected. As far as this aspect is 

concerned we refer to the so called Brody effect caused by the intraca­

vitary blood mass (see ref. 14). 
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3. Evaluation of the field potential 

Before the "filtering action" is performed, the potential is due to two 

strings of dipoles in the form· of an arc or a circle. m defines the dipole 

intensity per length in each direction and E defines the position of a small 

part of the string. If r is the position of the observation point, then 

where 

" - 4,,,,' -j 

v* is the true potential 

",* is a normalised potential, which we will generally use. 

a is the specific conductivity 

the integration is performed over the dipole string. 

( I ) 

The use of a multipole expansion in spherical coordinates is suggested both 

by the spherical geometry of the model and the frequent use of this expansion 

in literature, e.g. ref. I, 15, 18, 24, 25, 26, 27, 28. 

Let 

then 

r = r [:~::: 
cos e 

r 

cos 

sin 

r n=o m=o 

~rl ~r 
[

sin ep cos ~pl 
p sin e sin ~ 

p p 

cos e 
p 

o (n-m): m m 
(2-0 ) P (cos e )P (cos e )cos m(¢ -¢ ) 

m(+)fn rn P rp nm. 

where pm are associated Legendre functions of the first kind, 
n 

if m 0 
and 

if m ,; 0 

see e.g. ref. I, 25 
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If this- expansion is uniformly convergent, sunnnation and integration or 

differentiation may be interchanged. 

For 
determining :r::;..a)dient we :r~ fhain 

V (..1..-)= ~I V (p) + ~ V (a ) 

rule: 

a~ r-:£ 
+ - V (~ ) 

.l!. 1.E.-2.1 ap 2. asp 2. p a~ 2. p 
p 

Substitution in integral (I) results in: 

'" 
<!?* = - I 

r n=1 

where 

'" a 

<brr:)= 
nm 

pm(cos a) J a'" cos m~ + b'" sin m~ } 
n n r 1 DID r nm r 

n 

L 
m=o r 

(2_8
0

) 
m 

p m '0_" I n-' , 
(n+m)! -

m 
nP (cos a ) 

n p 

m 
ap (cos a ) 

n p 

aa 
p 

m 
P (cos a ) 

n p 

en 
s cos 

" ] p 
S1n a sin ~p p 

cos S 
P 

[::::: ::: ::] 
- S1n a 

p 

- sin ~p/ sin a 

cos ~p/sin a p 

0 

p 

~p <c~s m 
) + 

~p S1n m 

<
c~s m ~p) 

Sln m ~ 
p 

(- m sin m ~p 

m cos m ~ 
p 

+ 

) dl 

(2) 

Now it is easy to recognize the multipole expansion where n denotes the order 

of the multipole. 
• It 

Above expressions for a and b look quite complicated. Application to our 
nm nm 

configuration, however, results in simple formula's. Because of the symmetry 

with respect to the x-z plane, all bit 
nm are zero. 
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As an example we will evaluate the activity of the left ventricle: 

for t < t2 

Substitution in (2) results in: 

ifm • = 0 then a 
no 

= 

• if m # 0 then a = 
nm 

o 

nT) 

2(-1)-2-

o 

r = v .t 
c e 

8
p 

= "/2 

1.3.5 .... n n 
~maxrc 

2.4.6 .... (n-I ) 

for n even 

for n odd 

for m + n even 

n-m+1 
(-I) 2 ~ 1.3.5 •••• (n-m) rn sin (m~ ) 

m c 't'max 
2.4.6 •••• (n+m-l) 

where 2~ r is the total arc of the circle. 
max c 

for t > t2 [
s~n 8 cos ~] 
Sin 8 sin ~ 

cos 8 

.£=R m 

. Substitution in (2) results in: 

if m = 0 then a:
o 

= 2nR~~(cos 8) sin 8'~max 

[ :~: : ::: :1 
cos 8 J 

if m # 0 • then a 
4 (n-m)! n..m 

= iii (n+m) rnR t' n (cos 8) sin 9 sin 
nm 

for m T n odd 

8 

ljJ = 

Again simplifications occur, when ~ = "/2, which is the case for 
max 

and 
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iii 
Once these endocardium' front activities are calculated, the a need to be 

nm 
filtered in. order to obtatn the myocardium activity. 

The resulting normalised potential can be written as: 

~ n 

l: l: 
r n=lm=o 

m 
p (cos 9)a cos(m~) 

n n r run r 
r 

(3) 

.. 
The coefficients a are obtained by filtering a • For simplicity digital 

nm nm 
filtering is performed. 

As denoted before a distinction is made between the septum activity and the 
. . .. 

rest of the ventrlcle walls. Deflne that part of a • that represents the 
. . * .• oro 

septum actlvlty by a and the rest by slmply a • In the same way the sub-s . 

scripts Land R can b~ joined for the left and right ventricle respectively. 

The subscripts m and n ar'e omitted now for clearness' sake. Choose a sample 
-3 

time ~t(lO sec). 

The filtering process is then represented by: 

a(i) = 
~s 

(i-k) + L ~s 
k=o 

~ 

(i-k) + 

~ .. 
+ L ~ (i-k) + 

k=o 
L ~ (i-k) 

k=o 

where 

and 

~s = 

.. 
a 

nm 
for t i~t 

~s 

for i-k > 0 

Table 1 gives the values for the variable,. in the above formulas·. 



4. Relative importance of multipoles 

The subscript n in formula 3 denotes the order of the multipole. It is in­

teresting to know how much each mUltipole contributes to the potential. In 

view of the relative distances we compare the surface potentials for patients 

with the potential on a sphere with a radius, that equals two times the radius 

of the heart sphere and that is concentric with it. 

The root mean square value of the potential on the surface of that sphere is 

given by: 

4> = 
a i i·',,,,' ,i. , "" 

sphere 

Because of the orthogonality relationships for associated Legendre polynomials 

4> becomes: 
a 

4> 
a 

= 

00 n 

I I 
n=lm=o 

1 

(2R)2n 2n + 

(n+m)! 

1 (n-m)! 

For each n we find the contribution of the respective multipole to the mean 

square value of the potential on the sphere surface: 

n 

I 
(2R) 2n+2 m=o 

2 
a 

run 2n + 

(n+m)! 

(n-m) ! 

The roots of these values are plotted as a function of time in figure 5. 

Reflections on this plot lead us to the following remarks: 

I) The dipole and quadrupole components located in the origin of the 

coordinate system are insufficient to describe the potential satis­

factorily at a distance of two times the heart radius. Of course in 

reality the electrodes are often placed "at a greater distance. For a time 

independent two-dimensional experiment Kempner and Grayzel (ref. 24) 

already noted the importance of the octapole in relation to the quadru­

pole. 



2) For the septum activity the dipole component is strongly predominant. 

This is very encouraging, because Schubert (ref. 27) came to the same 

conclusion in his experimental research based on real data. 

Some r~narks about the mathematical background can be given. A homo­

geneous double layer with a circular boundary has only mUltipoles for odd 

n, when the expansion is made in the origin of the circle (see e.g. 

Burger ref. 31). The rings, which appear in the septum, can be supposed 

asa difference between two circular lamina with different radiL In that 

case the multipole expansion of the ring consists of the algebraic sum 

of the expansions of the circular lamina, which means, that the quadru­

pole and all even mUltipoles are missing. See figure 6a. 

3) For the quadrupole component as a function of the time one can distinguish 

two peaks, which also agrees with the work of Schubert (27) and Taccardi (29). 

Again some mathematical considerations are pertinent. The field due to a 

small double layer is given by: 

where 

C is a constant, depending on the medium. 

r is the observation point 

r' is the source point 

m is the dipole strength per surface area 

d n is the solid angle subtended by the small double layer at r 

The sign depends on tbe side from which the layer is observed. 

When we deal with a homogeneous double layer, only the rim contributes 

to the outside field because all solid angles, in which the rim is not 

involved, are subtended to opposite double layer segments with equal 

positive and.'negative contributions. 

The double layer rings, which appear in the outside walls of the ventricles, 

can then be represented by two circular lamina as figure 6b shows. These 

can be simulated very well by single dipoles. The result is then a pair 

of opposite neighbouring dipoles, which cause a strong quadrupole. 

4) The quadrupole to dipole ratio, which is shown in figure 5 agrees with the 

experimental curves of Hlavin and Plonsey (ref. 26) as far as the high 

ending of the curve is concerned. This can be explained by the strong eccen­

tricity of dipole activity during the end of the QRS-complex. 
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5) The validity of the foregoing remarks is restricted by the fact, that the 

multipole expansion is made with respect to the origin of the coordinate 

system. In sections 8 and 9 we will comment on this restriction. 



5. compadscm w~th a multiple d~pole model 

Now we will evaluate to what degree the ~tring model can be approximated 

by a small number of dipoles with fixed origin and direction, but varying 

in amplitude as a function of time. 

Figure 7a shows an example, whemonly six dipoles are used. All dipoles 

except for dipoles V and VI are situated in the x-z-plane. Because of 

the symmpetry with respect to the x-z-plane the intensities of dipoles 

V and VI will show the same function of time. Thus the potential is de­

pending on five functions of the time. In the multipole expansion the di­

pole and quadrupole components together were defined also by five time 

functions a • In that sense the six dipole model can be compared with 
nm 

the string model, when only the dipole and quadrupole components are con-

sidered. Each dipole stands for the action of a special part of the heart 

in a special direction: 

dipole I 

dipole II 

dipole III 

dipole IV 

dipole V 

dipole VI 

total septal activity 

all dipole activity directed to the positive x-axis. 

dipole activity of left ventricle directed to the positive 

z-axis. 

dipole activity of right ventricle directed to the nega­

tive z-axis. 

all dipole activity in the direction of the positive 

. y-axis 

all dipole activity in the direction of the negative 

y-axis. 

The positions 2i of the dipoles are chosen to be the points of gravity of the 

respective double layers. Because the'points of gravity change as a function 

of time, the average weighted with the dipole moment position, is chosen. 

A better criterion for 2, would be the resemblance with the string model 
~ . 

potential in some observation points. In that case however the origins of 

the dipoles change with the positions of the observation points, which we 

want to avoid. 

Table 2 shows the spherical coordinates of 2. and the directions of the 
~ 

dipoles. 
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dipole number I U III IV V VI 

1.£ ·1 in cm. 1.06 4.BO 4.32 4.32 5.96 5.96 
1 

e in radians "/2 1.32 0.24 2.90 I. 25 I. 25 
P 

~p in radians 0 0 0 0 1. 33 - 1.33 

direction of m. - ,Z + x + Z - Z + y, - Y 
-1 

table 2. 

Figure 7b shows the several dipole intensity functions. Referring to formula's 

1 and 2 the potential due to the six dipole model can be evaluated in a 

multipole expansion. where 

VI 
sin e 

pi 
cos $pi 

m 

I (n-m)! In-I T a = I (2_0 0
) Ip. m. . nPh(cos e .) sin e 

pi 
Sln ~pi cos m$ . nm m -1 -1 p1 pl i=I (n+m) ! 

cos e 
pi 

m e .) cos e 
pi 

cos ~pi ap (cos 
+ 

n p1 e sin ~pi cos m~ . cos + 
af;r . 

pi pl 
pl - sin e 

pi 

r- ,'" ~ . / .," , J m 
pl ' p1 

+ P (cos e .) cos ~pi/ sin e . • -m sin $pi n p1 p1 
0 

Although it is easy to evaluate the potential due to several dipoles directly. 

above multipole expansion is used. because it is suitable for comparison 

with'the string model. We have noticed, that a multipole expansion facilitates 

the evaluation of the means square value of the potential over the surface of 

a sphere. Figure Ba shows the mUltipole components of this ~a6D as a function 

of time for the six dipole model and a sphere of radius 2R. The first five 

multipole components'are taken into account. 
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The relatively h~gh values of multipole~ 4 and 5 attrack attent~on; this 

is accentuated by figure 8b. Here the mean ~quare values of the difference 

in potential between the string model and the six dipole model are shown 

for the same sphere and for each multipole: 

I-{r l 

m=o (2R) 2n+2 

(n+m)! 

(n-m)! 2 - 50 
m 

where S denotes the string model and 6D the six dipole model. The reason for 
\ 

these high values of multipoles 4 and 5 has to be sought in the lumping of 

the double layer in separated dipoles. A plane parallel to the septum contains 

three dipoles. The positions and directions of these dipoles II, V and VI 

promote the influence of the fourth harmonic in ~. It is inherent in the 

multipole expansion, that cos 4~ appears only in multipoles number 4 and 
1 

higher. Consequently it is not amazing, that the coefficients a
44 

and a
S4 

of the six dipole model are respectively 14 and II times those of the string 

model. 

~en we tried to limit these higher order multipoles by a smaller number 

of dipoles, for example by omitting dipoles V and VI, which cancel each 

other in the dipole component, it was found, that almost no resemblance was 

left in the quadrupole component. 

The only remedy seems to be to use many more dipoles. The six dipole model 

under discussion is only suitable for taking care of the dipole and quadru­

pole resemblance. The higher order components show only resemblance in mag­

nitude, but not qualitatively as is seen, when one compares figure 5 and 

figure 8. 

More conclusions and comparisons between the several models will be made 

on the basis of the potential on a surface, being the boundary of the 

conducting medium • 

. , 
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6. The effect of a spherjcal boundary 

The formula u.ed until now for the potential in an conducting infinite 

medium: 

~ n 

$ = L L 
n=lm=o 

is in fact the particular solution 

where f is the forcing function of 

$ of 6$ = f, (Poisson's equation) 
p 

the dipole layers. If the conducting 

medium is bounded, a homogeneous solution ~h has to be added so that on 

the boundary: 

o 

where n is the normal on the boundary surface. 

Because of the symmetry with respect to the x-z-plane: 

~ n 

<Ph = L L 
n=l m=o 

n m 
+ ~ r) P (cos e )cos(m~r) 

nm n r 

If we choose a concentric sphere as the boundary, the homogeneous solution 

within this sphere has to be finite for r = O. This implies, that all 8
nm 

are zero. The ~ are found in the boundary condition: 
nm 

ar 

a~ 
= _ ----E. 

ar 

n + I 

l1, n+2 
~ 

nm 

where ~ is the radius of the sphere. 

This implies, that the potential on the surface is given by: 

~ 11 

~ = I I 
n=lm=o 

2n+l 

l1, n+l n 

m 
P (cos e ) a cos (m~ ) 

n r run r 

We observe, that each a has to be multiplied by ~ in order to find poten-
nm n 

tials on a spherical boundary. It implies, that high order multipoles are 

reduced in strength compared to lower order multipoles. 
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7. Deviations of the one-dieole., the dieole and quadrupole, and the six 

dipole !nodel in comparisOn' w;l:th the string model. 

In this section we will compare several models with the string model. The 

criterion will be the surface potential differences on a spherical boundary. 

The root mean square values of the pOtential differences on a spherical 

boundary with radius Rb are as follows: 

For the one dipole model: 

~ =·fIl 
aD ln~2 'In 

where 

C 
2 

= _-".:...1 '"" 
n (~)zn+Z 

2n + 1 

Z 
n 

n 2 
I a

nmS 
m=o 

(n+m)! 

(n-m)! 

and subscript S denotes string model. (see section 4) 

When the dipole and quadrupole components are used: 

The error of the six dipole modeZ is given by: 

<!>a6D = L 
1 2n + 

-(R-)"";z'""n-+Z'" n 2 

n 

I (a _ )2 (n+m)! 
nmS anm6D 

n=1 
b 

m=o (n-m)! 

In order to compare these functions for several ~, the relative error is 

defined by dividing these functions by the RMS of the potential of the 

string model: 



In these expressions the upper l~mit of the summations is infinite. In 

our computer programs only five multipoles were calculated. It is easy 

to see, that taking more multipole. into account will enlarge the re-

errors of the one dipole model and the dipole and quadrupole lative 

model, 

values 

2 
because C > 

n 
O. Because a 6D does not look like a for higher 

nm nms 

of n, it may be expected, that also for the six dipole model the 

error found here is a lower bound. The small values of a for n > 6 
nms 

ensure us, that only small deviations have to be expected. Figure 9 

shows these relative errors of the different models for Rb = 2R, 3R and 

4R where R is the radius of the heart sphere. In order to relate these 

curves to the averaged potential on the boundary, ~ is given too. 
a 

The following remarks can be made. 

1) During the activity of the septum, i.c. 0 < t < 30 (m sec), small 

errors are found for all models. This is due to the fact, that a 

dipole alone in the center of a flat double layer can simulate the 

field of that double layer quite accurately. In section 4 this 

phenomenon is mentioned already. 

Because of partial cancellation of double layers in the right and left 

part of the septum, the total activity ~ is relatively small in this 

interval. 

2) For 30 < t < 50 (m sec) the outside walls of the ventricles are active. 

As figure 4 shows, in this period the largest double layer exists in 

the form of rings. A high extent of eccentricity is reached and the 

directions of the dipoles in the double layers are widely different. 

Consequently the ~ is maximal, but the models fail. All relative errors 
a 

of the models show a peak at ·about 40 m sec. The model, which uses a 

dipole and quadrupole term, can handle this situation most adequately. 

3) In the interval 50 < t < 80(m se~ the errors are rather large due to the 

facts mentioned under 2. 

The lack of the quadrupole contribution is easy to recognize in the 

~ aD I ~ a; ~ aD+QI ~ shows the absence of the third order multipole. 
a 

(see also figure 5). 

4) At the end of the QRS-complex (80-95 m sec) one can distinguish two rather 

flat double layers, wherein the dipole·s are mainly directed along the 

z-axis. It was to be expected, that the six dipole model could simulate 

this accurately, but the errors are still disappointingly large. The 

origins of dipoles III and IV may not be optimal. 
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The errors during this period are in general large, but the total <I> 
a 

diminishE!s rapidly. 

5) On the whole the <I> a6D and <I> aD+Q are substantially better than <I> aD' 

The <l>aD+C! seems to result from a better simulation then the <l>a6D' where 

both models are described by five time functions. 

6) The errors <l>aD and <l>aD+Q are essentially greater then found in practice 

(ref. 27, 30). The reason will be the choice of the origin, where the 

expansion is made. Geselowitz (ref. 25) suggested a method for deter­

mining an optimal origin. He assumes, that multipoles of an order higher 

than the quadrupole are neglectible. In the optimal origin the quadrupole 

component is minimal. The formula he derived is: 

x 
o 

Yo = I,Er\ 1.p.12I - i.p..p. T) Q.P. 

where .P. is the vector of dipole components and the matrix Q contains 

quadrupole coefficients. Application of this formula gives us the cooc­

dinates of the origin as a function of time. Because of the symmetry the 

y will always be zero. For the string model the result is shown in 
a 

figure 10. As had to be expected the optimal origin moves in the interval 

o < t < 30 (m sec) from the origin of the coordinate system along the 

positive x-axis. When the time proceeds from 30 to 40 m sec a strange 

loop occurs, which may be due to the neglection of multipoles of higher 

order then the quadrupole. Form 40 to 50 m sec the origin is rather stable. 

Afterwards the left ventricle activity seems to be predominant and con­

sequently the origin moves along the positive z-axis. Because the last 

depolarisation takes place on the z-axis for z = 6 em, the origin will 

be found there at the end of the depolarisation wave. Generally the 

tendency exixts, that the origin moves along the positive x-axis and the 

positive z-axis. 

In ref. 27 Schubert gives an optimal trajectory of the origin calculated 

from real data. Some resemblance can be recognized. He also found, that 

the optimal origin is rather time independent during the periods 0-20 

m sec and 80-100 m Sec. During the time from 20 m sec until 30 m sec both 

pictures shows a course along a straight line. Schubert remarks, that in 

the periods 30-50 m sec and 60-70 m sec the method fails more or less 

because of the big quadrupole to dipole ratio, which is the same in,our 

case. (see figure .5). 
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According to Durrer (ref. 21, 22, 23) the activation ends in the 

basical right ventricle and septum wall. The optimal origin at the 

end of the QRS-complex should be in that region then, in contrast with 

our model, where depolarisation ends in the left ventricle outside wall. 

In the following section more data ahd discussion on the optimal origin 

will be given. 
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8. Surface Eotentials 

We have seen, that a spherical boundary was very easy to handle in calcu­

lations. We will use this boundary and evaluate the potentials in electrodes, 

equally distributed on the surface. Figure 11 shows a projection of the posi­

tions of the electrodes on the x-z-plane. The spherical coordinates are also 

given, where r is always Rb, the radius of the spherical boundary. 

Electrodes positions 6,.7,8 and 9 are chosen, in such a way, that the distances 

to the nearest electrodes on the axis are equal. 

In the minus y half space one_can define a same set of electrodes, but the 

symmetry of the heart will caUSe the same potentials in those electrodes. 

The potentials in these nine electrodes are very representative for potentials 

on the whole surface, because errors, as defined in section 7, were calculated 

for these nine electrodes instead of integration over the whole surface and 

the resulting curves were the same as shown in figure 9. 

The systematic placing of the electrodes provides simple formula's for the 

potentials, if the multipole coefficients are known. 

In order to get an idea of the potential curves in the electrodes, figure 12 

·shows these potentials as a function of time for ~ = 2R and Rb = 4R. 

Allmost all potentials change only quantitatively as a function of ~, except 

for potential-curves 1, 2 and 3. 

Especially the potential of electrode 2 undergoes an essential change, if the 

radius of the sphere is doubled. This indicates a proximity effect with respect 

to the right ventricle. When the radius of the spherical boundary is large, 

the left ventricle dominates and consequently the potential is negative during 

the period from 40 till 100 m ,Sec. 

'If on the otherhand; the radius is small, then the field of the right ventricle 

is strong enough to cause a positive peak at 70 m sec, the'moment, when the 

direction of the right ventricle double layer is directed towards the minus 

z-axis. 

From the potential curves in figure 12 it is easy to see, that a dipole in 

the origin of the coordinate system is a bad model. Such a model provides 

signals in pairs of electrodes like and 2 or 3 and 4, which would quali-

tativelY show p and p respectively. These dipole components are dr~wn as 
z x 

dotted lines in the concerning plots. Because p is zero, electrode 4 would 
y 

not even show any potential curve at all for a one dipole model. Although 

this sounds unfavourable for the one dipole model, with the aid of the intrin­

sic components it can be shown (section 9), that a better origin for that one 

dipole results in completely opposite conclusions. 
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Before determining these intrinsic components a last remark about figure 

12 has to be made. The potential curves look like those measured on 'persons. 

This fact is very promising. More conclusions, however, can not be drawn 

in this stage of the research. 

In the introduction it is already stressed, that the string.model of the 

depolarisation wave fails in many details but that it shares the field 

properties with reality. Furthermore the spherical boundary is a very 

primitive representation of the human body. 
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9. Intrirtsiccomponertts. 

The nine electrode potentials of figure II span a timespace with dimen­

sion equal to or less than nine. The so called intrinsic components form 

an orthogonal basis for fuis space in such a way, that these respective 

canonical signals possess a diminishing importance. The factor analysis, 

used for this purpose, is described in many articles e.g. ref. 9, 10, II 

where it is adapted to this field of research. In a nutshell the procedure 

is .as follows: 

Using the nine electrode signals s. a correlation matrix H can be formed 
1 

where 

IH. ·1 
1J 

100 m sec 
= J s.s.dt 

1 J 
o 

H can be written in a Jordan canonical form: 

A - diagonal matrix containing 

eigenvalues of H in the order 

of diminishing magnitude 

E - Matrix, whose columns are the 

corresponding eigenvectors. 

The relation between the intrinsic components u. and the electrode signals s. 
J 1 

is given by: 

Furthermore 

. 100 m sec 
f u.u.dt 

1 J o 

and 

and 

s = Eu 

1002m sec 
Ju.dt=X. 
o 1 1 

which means, that the eigenvalues X. equal the energy of the correspon-
1 

ding intrinsic component. 

Figure 13 shows the intrinsic components for three values of ~. Comparison 

of these u. with intrinsic components from real measurements (9, 10, II) 
1 

indicates, that there is a strong resemblance. 
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The relative importance of the different intrinsic components can be de­

fined very easily using the eigenvalues A .• Suppose, that we want to 
.. 1 

simulate the signals s. by s.' , which is a linear combination of the p 
1 1p 

largest intrinsic components. Then s can be written as: 
-. p 

.. .. 
s = Eu because s = Eu 
4' 4' 

II 
where u contains p elements of ~ and for the rest zero elements. The 

-p 
relative error can be defined by: 

f 
!II T .. 

(s-s ) (S-8 )dt 
- P - 4' .= 

These values and the functions 

A • 
....L 
9 
L A. 

• 1 
1=1 

9 

f '" T T '" \" A. (u-u ) E E(u-u )dt .L 1 1 
'---_4'-"-___ -_4'-"-_ =",1~a.Jp:.:+..!-_ 

f~TETE~dt 9 

L A. 
i=1 1 

are given in figure 13. It was found, that, within the accuracy of the 

computer (13 significant decimal digits in the mantissa), the dimension 

of the time space was eight instead of nine. 

For all ~ > 2R the first four intrinsic components define more then 96% 

of the total signals according to above criterion. 

We would like to have an idea about the error as a function of time, which 

causes us to omit the integrals,in above criterion. Then we cannot use 

the A. any longer, but the criterion is the same as we used for the other 
1 

models : 
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~ ")T( .. )' (s-s s-cs 
- --p - :-P 

These functions for different p and ~ are given in figure 14. The behaviour 

of these curves is remarkable for two reasons. The errors for a fixed number 

of time functions is much less then the errors of the models used untill now 

with that same number of time functions, especially in the interval from 40 

m sec till the end. In contrast with the earlier models, however, the error 

during the septum activity is rather large. An explanation for this last 

phenomenon can be found, if we compare the intrinsic components with the 

dipole components. The intrinsic components U
l 

and U
2 

are highly correlated 

with the two dipole components p and p • Figure 15 shows two sets of three 
x z 

curves which are almost equal. One set is composed of the potential difference 

51 - 8
2

, the contribution to this potential difference of Pz and the contri­

bution of U
l 

and U
2

• The other set shows the same for 83 - 8
5

, Px and U
l
, U

2 
respectively. 

The resemblance of the curves implies, that On a distance ~ = 4R the in­

trinsic components.u
l 

and U
2 

can be obtained by rotation from the dipole 

components p and p with a small error. This rotation was necessary 
x z 

because in the time domain the p and p are generally not orthogonal. This 
x z 

is illustrated in figure lSb. It means, that choosing an optimal origin for 

the one dipole model is sufficient to obtain an error on a sphere of 4R, which 

is about 10% during the activity of the ventricle outside walls, as figure 

14 shows. The optimal origin is somewhere in the quadrant x > 0 and z > O. 

This can be seen using figure 16, which shows the image space with respect 

to the intrinsic components U
l 

and U
2

• All electrode potentials can be des­

cribed by: 

The values eli and e
2i 

are the coordinates along 

The dotted lines denote the directions of p and 
x 

in figure 15 these axes are found by a rotation 

the two axes of figure 16. 

p in this image space. Like 
z 

over an angle a. Indeed the 

1 1 
axes x and z are almost parallel to the lines of connection between the 
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images of electrodepairs 1-2 and 3-5. With the aid of these lines it is 

obvious, that the image of electrode 1 is built up by a small negative 

amount of p and a 
x 

space the position 

positive amount of p • This implies, that in the real 
z 

of the p will be in the positive x half space. Be-x . 
cause of the small amount of negative p in the electrode signals 3 and 5, 

z 
the origin of the p will be in the positive z half space. Theoretically 

z 

it is not necessary now, that the origins of the p and p are the same. 
x z 

So it is possible, that we deal with the situation, that the two intrinsic 

co~ponents under discussion form such a good model because they simulate 

two separate dipoles. More research should be done on this aspect. 

Nevertheless the eccentric position of the Pz is disadvantageous during sep­

septum activity, which explains the larger error in this interval as figure 

14 shows. 

The conclusion may be drawn, that a carefully chosen origin for the dipole 

(or origins for 2 dipoles p and p ) improves the simulation drastically. 
x z 
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10. Conclusions artd futute·developmertts 

A new mathematical model: of the depolarisation wave is described, which is 

still primitive, but improvements can easily be made. Using this model it 

will be simple to simulate surface potentials in a mathematical model of 

the human body, where also the intracavitary blood mass and the lungs are 

incorporated. 

In the present research the string model was used to test the other models. 

When the string model has been improved, it can be used for the inverse pro­

blem too, where the condition of the heart is determined from the electrode 

signals. 

The agreement of the string model with reality lies espeically in the field 

properties. In ref. 28 Hlavin and Plonsey mention two main conditions, which 

cause a distributed source to behave like a dipole: 

1) The observation point should be at a distance from the source, which is 

at least two times the extent of the source. 

2) The sources can be approximated by a uniform double layer with a short 

rim. 

In reality and in the string model the first condition is fairly satisfied. 

The second condition, however, contradicts with reality, where more active, 

separa~ed layers exists, which have no short rims at all. The string model 

shares this last property with reality. These multiple layers cause the larger 

influence of higher .order poles • 

. If the double layer has a circular rim the simulation by a single dipole is 

best as is seen for the septum. If the layer is strongly curved, however, 

then it is questionable how many dipoles can simulate the field in an 

appropriate way. The extreme of a curved plane is the closed ring with radial 

direction of the dipole layer, which can be found in the string model at 

about 30 m sec. In reality these rings exist too, be it not in such a pro­

nounced way as in the string model. 

Many others (ref. 2, 3, 4, 5, 6, 7, 8, 9) have considered the simulation of 

double layers by dipoles. In this article however, the influence of time is 

taken into account. It is rather simple to constitute a number of dipoles 

for simulation at a certain time, but the problem becomes more complex if 

fixed dipoles have to represent changing double layers. 

The fact, that we introduced changing double layers with multiple rims, gives 

us a deeper insight into the validity of the one dipole model compared with 

the conclusions Frank made (ref. 32). 
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He found, that the one dipole was a good representation of a double layer 

with a circular rim; but this is a too simple representation of the depolari­

sation wave, ~nother conclusion he arrives, viz. that the importance of eccen­

tricity effects are much more pronounced than the differences between dipole 

and double layer, is confirmed here .. Indeed, the relatively unexplored effects 

of variable eccentricity during heart beat are still of great importance. 

The capacity of the one dipole model to represent electrode potentials is 

confirmed, without the influence of inhomogeneties in the body. The poten­

tials, however, are very sensitive to the origin of that one dipole. This 

fact has been recognised in literature many times. Some physical background 

concerning that optimal origin has been given. In section 9 a fixed origin 

was found with the aid of the intrinsic components, while in section 8 an 

optimal origin as a time function was determined. In the last case four time 

functions were used because of the symmetry of the heart. In this light it 

is remarkable, that only four predominant intrinsic components were dis­

tinguishable. 

The multiple dipole model used is hardly better than the one dipole model. 

No research however has been done to optimize the origins and directions of 

the dipoles. We expect, however, that many fixed dipoles will be necessary to 

obtain a clearly better result than the one dipole model if we maintain the 

restriction, that the origins of the dipoles are in the region of heart seg­

ments which they. have to represent. 

As far as the multipole representation is concerned, it can be said, that 

the string model provides us with dipole and quadrupole components, which 

have much in common with those components measured in the practical situation. 

Furthermore it gives us an idea of the importance of the higher order multi­

poles, when the expansion is made with respect to the center of both ven­

tricles. 

Although we are aware of the fact, that the string model fails to represent 

the depolarisation wave exactly, we feel, that a model, which can not simulate 

the string model satisfactorily, will not be able at all to represent the 

more complex practical depolarisation wave; 
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General notations 

a vector 

a = I~I = length of veetor a 

T 
a = ~ transposed 

V = gradient with respeet to ~ 
a 

-36-

< > braekets used, when almost the same formula holds for several variables 

between these braekets. 

[] veetor braekets. 

aa 
db 

speeifie derivative 

List of important variables 

2 e = eontribution of the n-th multipole to the square value of the potential 
n 

on the spherieal surfaee 

d = loeal thiekness of the heart wall 

dl small integration part of a string 

ISo = Kroneeker delta 
m 

1 = distanee between base and origin 

m = dipole intensity per unit length in eaeh direetion 

~I' ~II ete = dipole strength of eorresponding fixed dipole 

m = order of harmonie 

n = order of multipole 

nL, nR, nLS, nRS = duration of impulsresponse in number of samples for the 

different heart parts. 

pm = assoeiated Legendre function of the first kind 
n 

£ = position of a small dipole string 

£1' Pn etc = position of fixed dipoles 

r = position of the observation point 

R = radius of the heart sphere 

~ = radius of the boundary sphere 

rc = radius of the depolarisation front in the septum 

a = speeifie conduetivity 

t = time in m sec 

~t small time interval or sample time 

tl = beginning of the QRS-complex 

ti .. ending of the septum endoeardium aetivity 
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t3 = the time at which the depolarisation front in the endocardium of the 

ventricles closes into circles. 

t4 = ending of the depolarisation front in the endocardium 

T = duration of impuls response 

v = the propagation speeed of the depolarisation through the endocardium 
e 
~ velocity in Purkinje fibers. 

vI the propagation speed through the myocardium 

~ = angle in x-z plane 

~ = normalized potential 

V = field potential 

~} --~ spherical coordinates 

~ denotes the end of a string 
~max 

:}~ .," ..... 1 ... "«H,.,,, 

• denotes, that the "filtering action" is not yet performed. 



Table values'of important constants. 

Am 
- = IA 
m 

R = .06 m 

I = .03 m 
m 

v = 2 /sec 
e 

vI = I 
m/ 

sec 

d
R 

= .0054 m 

d
L 

= .018 m 

dRS = .0027 m 

d
LS 

= .009 m 

at = I m Sec. 

15 m sec. 

t2 = 30 m sec. 

t3 = 61 m sec. 

t4 = 77 m sec. 

nL = 18 

nR = 5 

nLS = 9 

nRS = 3 
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x 

figure 1 

Representation of the heart in the string model. 

The walls are infinitesimally thin •. 

~z 

The heart sphere (radius R) is truncated by the base, a plane perpendicular 

to the x-axis in x = -1. 

The septum is situated in the x-y-p1ane 

The angle ~ (in the x-z-p1ane) denotes the current position of the depo1ari­

sat ion front in the endocardium. 

The left ventricle is on the positive z side. 



figure 2 

Schematic of the 

direction of the de- X 
polarisation wave. The 

direction of its tangen­

tial and radial velocities 

(V
e 

and V
l 

respectively) 

are indicated. 

figure 3 

/ 
/ 

/ 
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1~ ______________ ~ 

O~----------~T----------t--- - .... ~ 

The i~pulse response, which represents the depolarisation wave through the 

myocardium. 

The dipole string, triggered in the endocardium, is maintained by the myo­

cardium during a time, proportional to the local thickness of the myocardiu 
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figure 4 

The double layer (shaded areas) at several moments. 

View A: The septum seen from the positive z-axis. ·(left ventricle is omitted) 

View B: The left ventricle seen from the positive z-axis. 

View C: Anterior view from the negative y-axis. 

View D: The right ventricle seen from the negative z-axis. 
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50 60 70 80 90 100 
___ ...... ~ tin m sec 

Different contributions C
n 

of the mUltipoles to the RMS of the potential 

on a sphere with radius 2R. (see section 4). 

in % 

10 20 30 40 50 60 70 80 90 100 
___ ......... t in m sec 

The quadripole to dipole ratio is also given. 

The strengths of these mUltipoles are determined according to the definition, 

given by Geselowitz (ref. 25). 

FIGURE 5 
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Illustration of the way the septum activation is simulated by a dipole. 

--

b b 

figure 6b 

A ring with a homogeneous, radially directed dipole layer possesses no 

resulting dipole component, but a strong quadripole. 
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x 

figure 7a 

Positions of the discrete dipoles in the heart sphere. The exact coordinates 

are given in table 2. The positions of the dipoles are defined as the time 

averaged gravity points of the double layer activity concerned. 

3.5 

3.0 

Am 2.5 

1 2.0 

1.5 

1.0 

.5 

o 10 20 30 40 50 60 70 80 90 100 -+ t in msec 
figure 7b 

The strengths as a function of time of the different discrete dipoles. 

Each dipole represents a part of the heart activity and the strength 

moment: of that special part. 
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The multipole components in the RMS(~ ) of the potential on a concentric 
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The differences in multipole components in the RMS of the potential differences 

on a sphere (2R) between the string model and the six dipole model. 
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Relative errors of the different models with respect to the string model. <P is the RMS value of the potential 
a 

on the spherical boundary (radius 2R) for the string model. <PaD' <P aD+Q and <P a6D are the RMS values of the 

potential differences on a spherical boundary (radius R6) between the respective models and the string model 



t = 10 ms 

l20ms 
t = 60 ms 

2 3 4 5 6 
t=80 ms 

heart 
boundary 

Zo ....,.. 
In em 

7 

\ 1=70ms 

-t in m s 

2 

3 

t=40 m~s;-t..;.--- __ ~ I=: gQms 

t:::;30ms 

2 

3 

in em 

figure 10 

4 

em 
5 

6~------------------~---f--~--

7 
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figure 11 

Projection of the electrode positions on the x-z-plane. (y < 0). 
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Potentials as a function of time for the nine electrodes. 

The radius of the spherical boundary is chosen to be 2R or 4R. 
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The most important intrinsic components of the 

nine electrod signals on spheres with radii of 

2R, 3R and 4R. 

t in m sec 

The relative error made if only p intrinsic 

components are used, is also given as well as 

the relative energy of each intrinsic component. 
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figure 14 

The relative error for a reconstruction of the nine electrode signals by 

means of the p most significant intrinsic components. p = 2, 3 or 4. 

The radius of the spherical boundary is 2R, 3R or 4R. 
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figure 15a 

The potential difference between electrodes I and 2 : sl - s2. The 

contribution to this potential difference of the dipole component p 
z 

and the summed contribution of intrinsic components u
l 

and u
2

• The same 

for respectively s3 - s5, p andul, u2. x . 
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figure ISb 

Illustrations o~ the correspondence between the dipole components p , p 
x z 

and the first two intrinsic components. Weighted with suitable coefficients 

u and S for appropriate amplitude, it can be seen, chat a single rotation 

transfonns the one set time funet ions into the otllGr. 

up (upz) is the full time 
x 
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figure 16 

The image space with respect to the two main intrinsic components. 

Along the xl and zl axis, on finds the coefficients of the dipole 

components p and p respectively. The numbers correspond to the x z 
electrodes. 
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