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Abstract—A comparative investigation on the use of random
modulation schemes for dc/dc converters is presented. The mod-
ulation schemes under consideration include randomized pulse
position modulation, randomized pulsewidth modulation (PWM),
and randomized carrier-frequency modulation with fixed and
variable duty cycle. The paper emphasizes the suitability and
applicability of each scheme in dc/dc converters. Issues addressed
include the effectiveness of randomness level on spreading the
dominating frequencies that normally exist in constant-frequency
PWM schemes, and the low-frequency power spectral density
(PSD) of each scheme. The validity of the analyses is confirmed
experimentally by using a dc/dc buck converter operating in
continuous conduction mode. The PSD of the output under each
scheme will be presented and compared.

Index Terms—DC/DC power conversion, power electronics,
pulsewidth modulation, random switching techniques, switching
circuits.

I. INTRODUCTION

W ITH the introduction of the international electro-
magnetic compatibility (EMC) directives, there is

an increasing awareness of the electromagnetic interference
(EMI) problems of switched-mode power supplies (SMPS’s)
[1], [2]. The control of SMPS’s is generally associated with
the use of pulsewidth modulation (PWM) technique. During
the last decade, random-switching technique, originated from
statistical communication theory [3], has been applied to power
electronics converters. Certain parameters that are named
as stochastic variables in the PWM modulator are subject
to randomization. The methodology is not merely a way to
comply with the EMC regulations, but it also provides a flexible
and practical approach to solving acoustic noise problems in
inverter-based motor drives [4].

In conventional dc/dc converters, the output voltage is gen-
erally controlled by varying the duty cycle of the main switch.
The duty cycle and switching frequency are kept constant in
steady-state operation, so that the harmonic powers of the input
current and output voltage are concentrated on the multiples
of the switching frequency. Using various random switching
schemes, the harmonic power in the frequency domain can be
spread and the peak level of the power spectral density (PSD)
becomes less than that of the classical PWM scheme. Discrete
harmonics are significantly reduced and the harmonic power is
spread over a continuous noise spectrum of small magnitude
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Fig. 1. Switching signal with randomized modulation scheme.

[5]. Spreading of harmonic energy across the spectrum may
be carried out in various ways. Many randomization schemes
and their syntheses have been addressed in many papers
[5]–[7]. They can be categorized into four modulation schemes,
including random pulse-position modulation (RPPM), random
pulsewidth modulation (RPWM), and random carrier-fre-
quency modulation with fixed duty cycle (RCFMFD), and with
variable duty cycle (RCFMVD), respectively. However, the
suitability and applicability of the use of random modulation
schemes in dc/dc converters have not been addressed. It has
been shown that random switching schemes could introduce
an undesirable continuous noise spectrum within the passband
of the low-pass filter in dc/dc converters, which requires tight
output voltage regulation [8].

In this paper, a comparative investigation into the use of
random modulation schemes in dc/dc converters is presented.
The issues addressed include the effects of the stochastic
variable randomness level on the PSD, low-frequency charac-
terizations, and practicability of implementation of the above
schemes, which are quantitatively investigated with uniform
probability density distribution on the stochastic variable.
Predictions are compared to measurements obtained in a dc/dc
buck converter operating in continuous conduction mode
(CCM).

II. RANDOM SWITCHING SCHEMES

A. Characteristics of Random Modulation Schemes

RPPM is similar to the classical PWM scheme with con-
stant switching frequency. However, the position of the gate
pulse is randomized within each switching period, instead
of commencing at the start of each cycle. RPWM allows the
pulsewidth to vary, but the average pulsewidth is equal to the
required duty cycle. RCFMFD exhibits randomized switching
period and constant duty cycle, while RCFMVD exhibits
randomized switching period and constant pulsewidth. As the
pulsewidth in RCFMVD is fixed and the switching period
is randomized, the resultant duty cycle is also randomized.
Nevertheless, the average duty cycle is equal to the desired
value. With the aid of Fig. 1, the characteristics of the pulse in
each scheme are summarized in Table I. has two discrete
levels (namely, and ), which are applicable to describe
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the behaviors of classical dc/dc converters.is the duration
of the th cycle. is the duration of the gate pulse in theth
cycle. is the delay time of the gate pulse. which is equal
to is the duty cycle of the switch in theth cycle.

B. Definitions of the Randomness Level

In order to investigate the effectiveness of the stochastic vari-
able randomness level on spreading harmonic power, a random-
ness level for each scheme is defined.

For RPPM,

(1)

where and are the minimum and maximum
limits of the pulse position in each cycle. is generally equal
to zero. is the nominal switching period.

For RPWM,

(2)

where Thus, the duty cycle varies between the
minimum possible value and the maximum possible value
around the nominal duty cycle in classical PWM scheme.

For RCFMFD and RCFMVD,

(3)

In these two modulation schemes, varies between a min-
imum possible value and maximum possible value
in RCFMVD varies between in which
is fixed.

C. PSD

The PSD of the waveform in Fig. 1 with RPPM and
RPWM can be shown [5] to be equal to

(4)

where is the nominal switching frequency and is the
Fourier transform of a cycle of with randomness level

is the expectation operator taking over the whole ensemble.
For RPPM,

(5)

TABLE I
CHARACTERISTICS OF DIFFERENT RANDOM

SWITCHING SCHEMES

It is noted that is the random variable, having the proba-
bility density function The expected value of and

can be determined as the follows:

(6)

(7)

where is the complex conjugate of and is
in uniform distribution. That is,

(8)

By substituting (5) and (8) into (6) and (7),

(9)

(10)

where is the nominal duty cycle, and is the nominal
switching period.

For RPWM,

(11)

where is considered as a random variable with of uni-
form distribution. That is,

(12)
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(a) (b)

(c) (d)

Fig. 2. Equivalent circuit of dc/dc converters. (a) Basic configuration. (b) Buck converter. (c) Boost converter. (d) Buck-boost converter.

TABLE II
TRANSFERCHARACTERISTICS OFVARIOUS DC/DC CONVERTERS

Fig. 3. Buck converter with the test setup.

Thus,

(13)

and

(14)

The PSD’s of RPPM and RPWM with randomness levels
and can be obtained by substituting (9) and

(10), and (13) and (14) into (4), respectively.
For RCFMFD and RCFMVD, the PSD can be shown to be

equal to

Re

(15)

where is the complex conjugate of is in uni-
form distribution. The proof of (15) is shown in the Appendix.
The expected terms in (15) can be expressed as follows.

For RCFMFD, is calculated with the constant duty
cycle and the randomized switching period

(16)

(17)
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(a) (b)

(c) (d)

Fig. 4. PSD of the diode voltage with respect to the change in< from 0 to 0.2. (a) RPPM. (b) RPWM. (c) RCFMFD. (d) RCFMVD.

Therefore,

(18)

(19)

and

(20)

(21)

For RCFMVD, is similar to (16) for RCFMFD but
is a constant . Hence,

(22)

As is in uniform distribution,

(23)
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(a) (b)

(c) (d)

Fig. 5. PSD of the diode voltage with< = 0:2: (a) RPPM. (b) RPWM. (c) RCFMFD. (d) RCFMVD.

Then,

(24)

(25)

(26)

(27)

Thus, the PSD’s of RCFMFD and RCFMVD with randomness
levels and can be obtained by substituting
(18)–(21), and (24)–(27) into (15), respectively.

Comparing (4) and (15), the PSD’s of RPPM and RPWM
contain discrete harmonics at the multiples of while those
in RCFMFD and RCFMVD show continuous spectrum.
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(a) (b)

(c) (d)

Fig. 6. Experimental PSD of the diode voltage with< = 0:2: (a) RPPM. (b) RPWM. (c) RCFMFD. (d) RCFMVD.

Fig. 7. Low-frequency characterizations with different random switching
scheme.

D. Estimation of Output Noise Ripple

As shown in Fig. 2(a), a dc/dc converter is considered as a
low-pass filter fed by different types of input sources, which are
dependent on the circuit configuration. With the aid of Table II,

the most common types of transformed dc/dc converters are
illustrated in Fig. 2(b)–(d). Converters operating in CCM and
having relatively constant inductor current are considered. De-
note as the transfer function of the filter. The PSD of the
noise output of the converter can be shown to be [9]

(28)

The noise power is calculated by integrating over the
spectrum. Hence, the rms value of the noise ripplein the
converter output is

(29)

Due to the rapid roll-off characteristics in at high-
frequency range, can be approximated by

(30)
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(a) (b)

(c) (d)

Fig. 8. Comparison of low-frequency characterizations with< = 0:2 and< = 0:6: (a) RPPM. (b) RPWM. (c) RCFMFD. (d) RCFMVD.

Since the of RPPM and RPWM consists of contin-
uous spectral component and discrete spectral com-
ponent they can be expressed as

(31)

(32)

can be shown to be

(33)

where is the number of frequency points over the range of
For RCFMFD and RCFMVD, only the continuous

component and the dc component exist over the spectrum.
Thus,

(34)

III. EXPERIMENTAL VERIFICATIONS

A dc/dc buck converter is illustrated with a test setup as shown
in Fig. 3. The component values are mH, ,

F, , and The input voltage
is 60 V. The nominal switching frequency is 20 kHz and

the duty cycle is 0.5. The voltage waveform of(i.e., ) is
similar to the pulse train in Fig. 1 with and
The of the output filter is (35), shown at the bottom
of the next page.

Fig. 4 shows the variations of the PSD of with respect to
the changes in under the four random switching schemes.
is changed from zero to 0.2. Whenequals zero, the PSD is the
same as the PSD of the classical PWM scheme. Asincreases,
the harmonic spectrum is gradually spread over. However, the
PSD’s of the RPPM and RPWM schemes consist of two com-
ponents, namely, discrete components at the multiples ofand
a continuous component over the frequencies. The PSD’s of the
RCFMFD and RCFMVD contain continuous spectrum only, be-
cause the switching frequency is randomized. Figs. 5 and 6 show
the theoretical and experimental results of the PSD under the
four schemes with The measurements are obtained
from a signal analyzer HP89410A with resolution bandwidth of
100 Hz. There is an overall 30-dB difference between the the-
oretical and experimental results. This difference is due to the
fact that the analyzer gives the comparative results of the actual
spectral power with 1 mW as reference. The unit of the theoret-
ical spectral power is in decibels, while the measured one is in
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(a) (b)

(c) (d)

Fig. 9. Measured output noise ripples with different random switching scheme. (a) RPPM (200 mV/div). (b) RPWM (2 V/div). (c) RCFMFD (200 mV/div). (d)
RCFMVD (2 V/div).

decibels referred to 1 mW. The relationship between these two
units is demonstrated as follows. For instance, if the actual spec-
tral power is ,

dB dB

(36)

With the consideration of (36), the theoretical results show
close agreement with the experimental ones. The low-frequency
characterizations of within the passband of the filter
under the four schemes are shown in Fig. 7. It can be observed
that RCFMFD introduces the lowest low-frequency harmonic
spectrum. RCFMFD combines the advantages of: 1) spreading

harmonic power at the multiples of the switching frequency and
2) not introducing significant disturbances at the low-frequency
range. The main reason for this feature is that the duty cycle
in every switching cycle is constant, even if the switching
frequency is varied, giving a relatively stable output voltage.
This factor can be observed from the behaviors of RPWM and
RCFMVD schemes, in which relatively large low-frequency
voltage variations are present because of the varying duty cycle.
The duty cycle in the two schemes is changing because the
pulsewidth is randomized in RPWM and the switching period
is randomized in RCFMVD. Although the average duty cycle
in RPPM is constant, the actual ratio between the on time and
off time of in every switching cycle is randomized. Thus,
the low-frequency harmonic components are higher than those

(35)
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of RCFMFD. From the above observations, RCFMFD offers
the best spectral characteristics in dc/dc converter applications
among the random schemes under consideration.

As shown in Fig. 4, no significant enhancements in spreading
high-frequency harmonics are observed whenis larger than
0.15 for the four schemes. However, low-frequency harmonic
components increase asincreases. Fig. 8 shows the low-fre-
quency characterization of under the four switching schemes
with equal to 0.2 and 0.6, respectively. It can be observed that
the low-frequency harmonics within the passband of the output
filter are generally increased when increases. When be-
comes unnecessarily large (say the advantage of re-
ducing discrete harmonic components is offset by the increase
in the low-frequency output ripple.

Fig. 9 shows the measured output ripple voltage of the con-
verter under the four switching schemes. The RCFMFD gives
the lowest ripple voltage. Take by using (33) and
(34), the computed is 0.13 V in the RPPM scheme, 1.08 V
in the RPWM scheme, 0.55 V in the RCFMVD scheme, and
0.11 V in the RCFMFD scheme. These predictions are in close
agreement with the experimental measurements.

IV. CONCLUSIONS

This paper has given a comparative investigation into the ef-
fects of the randomness level on the PSD of four random mod-
ulation schemes that are applied to classical dc/dc converters
operating in CCM and having relatively constant inductor cur-
rent. It has been demonstrated that, by controlling the degree
of randomness, all schemes can gradually spread the discrete
frequency harmonic power over the frequency spectrum. How-
ever, the continuous noise spectrum within the passband of the
low-pass filter results in a noise-induced low-frequency ripple
in the converter output voltage. This investigation shows that
among all random schemes under consideration, the RCFMFD
gives the minimum low-frequency harmonic spectrum and is,
therefore, considered as the best choice for dc/dc converter ap-
plications. Further research will be dedicated to a comprehen-
sive study of RCFMFD in suppressing conducted EMI in an of-
fline switching-mode power supply and an investigation of con-
verters operating in discontinuous conduction mode.

APPENDIX

A. Proof of (15)

Considering a generic switching cycle in Fig. 1, the
switching waveform can be expressed as

for
for
elsewhere

(A.1)

where is a randomized switching period in theRCFMFD and
RCFMVD schemes. For RCFMVD, is fixed and is varied.
A general expression for is

(A.2)

The autocorrelation of is defined as

(A.3)

where is the expected value of the quantity inside the
bracket. is the observation interval, containing expected
value of That is,

(A.4)

By substituting (A.2) and (A.4) into (A.3),

(A.5)

If and denote the Fourier transform of and
respectively, and denotes the time integral in (A.5),

(A.6)

Referring to [3],

(A.7)

Equation (A.6) can be expressed as

(A.8)

Hence, the autocorrelation ofcan be expressed as

(A.9)

Based on the Wiener–Khinchin theorem [3], the PSD of a
signal is the Fourier transform of its autocorrelation func-
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tion Conversely, the autocorrelation can be given by the
inverse Fourier transform of the PSD. That is,

(A.10)

and

(A.11)

With this relationship, the PSD ofover the range of positive
frequency, is easily observed from (A.9), in
terms of the randomness level of i.e.,

(A.12)

Consider denoting the double summation of the expected
term in (A.12)

(A.13)

where

(A.14)

is dependent on if

(A.15)

and is dependent on if

(A.16)

Hence, (A.14) can be shown to be

Re

(A.17)

where

(A.18)

Consider

(A.19)

and

for
for .

(A.20)

Thus, (A.18) becomes a real number as

(A.21)

Since (A.21) is simplified as

(A.22)

By substituting (A.22) into (A.17),

(A.23)

Finally, (A.13) becomes

Re

(A.24)
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