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Abstract

We characterize the weight sequences (M), such that the class of ultra-
differentiable functions &5y, defined by imposing conditions on the derivatives
of the function in terms of this sequence coincides with a class of ultradiffer-
entiable functions £,,) defined by imposing conditions on the Fourier Laplace
transform. As a corollary, we characterize the weight functions w for which
there exists a weight sequence (M), such that the classes Ew) and &g,
coincide. These characterizations also hold in the Roumieu case. Our main
results are illustrated by several examples.

1 Introduction. Among the various ways to define ultradifferentiable functions the
following two are frequently used. The older one goes back to the work of Gevrey [5]
and measures the growth behaviour of such functions in terms of a weight sequence
(M) pen,, which is ((p!)*)peny, s > 1, in the Gevrey case and which satisfies certain
technical conditions in the general case. Later Beurling [1], see Bjorck [2] for a
detailed exposition, pointed out that one can also use weight functions w to measure
the smoothness of C'"*°-functions with compact support by the decay properties of
their Fourier transform. This method was modified by Braun, Meise, and Taylor [4]
who showed that also these classes can be defined by the decay behaviour of their
derivatives, if one uses the Young conjugate of the function ¢ — w(e'). In Meise and
Taylor [9] it was shown that under rather strong conditions both ways lead to the
same class. However, in general there are classes defined in one way which cannot
be defined in the other way.

The aim of the present paper is to characterize those weight sequences (M,),en,
for which there exists a weight function w, such that ) (G) = Ew(G) or
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Emy(G) = Ey(G) for each/some open set G in R". Our main result (Theo-
rem 14) is based on theorems of Langenbruch [7] and shows that this happens if
and only if the sequence (M),),en, satisfies the condition (M2) of Komatsu [6] and if
liminf; . mq;/m; > 1 for some ) € N where m; := M;/M;_;, j € N. If these two
conditions are satisfied then the associated function M of the sequence (M,)yen, is
a weight function. As a corollary we also characterize the weight functions w for
which there exists a weight sequence (M,)yen, such that w-classes and the (M,)-
classes coincide. Several examples illustrate our result. Moreover, we present a class
of weight sequences in Proposition 23 for which the associated function is a weight
function which can be computed explicitly up to equivalence. This result is then
applied to show that a quasianalytic class which came up in [3] can also be defined
by weight sequences.

For undefined notation concerning locally convex spaces, in particular sequence
spaces, we refer to Meise and Vogt [11].

2 Weight functions. A function w : R — [0, 00[ is called a weight function if it
is continuous, even, increasing on [0, 0o, and if it satisfies w(0) = 0 and also the
following conditions:

(@) w(2t) = O(w(t)) as ¢t tends to infinity.
(B) w(t) = O(t) as t tends to infinity.
(7) log(t) = o(w(t)) as t tends to infinity.
(0) ¢ :t— w(e') is convex on [0, 00l

If a weight function w satisfies

@ [ W=

then it is called a quasianalytic weight. Otherwise it is called non-quasianalytic.
The radial extension @ of a weight function w is defined as

w:C"—[0,00], @(z):=w(|z]).

It will also be denoted by w in the sequel, by abuse of notation. The Young conjugate
of the function ¢ = ¢,,, which appears in (¢), is defined as

p*(x) == sup{zy —o(y) : y > 0}, = >0.
3 Example. The following functions are easily seen to be weight functions:
(1) w(t) = [t|(log(1+ |t]))~* a > 0.
(2) w(t) =t|*, 0 < a< 1.

(3) w(t) = max(0, (logt)®), s > 1.
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4 Weight sequences. A sequence (M),)yen,0f positive numbers is called weight
sequence, if it satisfies the following three conditions:

There exists ¢ > 0 such that (¢(p+ 1))’ < M,, p € N,. (MO0)
M? < M, 1M1, p € Nand My = 1. (M1)
There are A, H > 1 such that M, , < AHPM,, p € Ny. (M2)’

A weight sequence is called non-quasianalytic, if it satisfies
M,
3 < oo, (M3)’
p=1 MP
otherwise it is called quasianalytic.

Later we will need the following condition which is obviously stronger than (M2)’:

There are A, H > 0 such that M, < AH? min M,M,_,, p € Ny. (M2)

0<q<p

We will also use the condition

> M, M;
There is A > 0 such that > =21 < A for each j € N. (M3)

5 Example. The following sequences (M,),en, are weight sequences:
(1) My,:=(p+1), s>1
(2) My := ((p+1)(logle +p))°), a >0,

6 Ultradifferentiable functions defined by weight functions. Let w be a given
weight function. For a compact subset K of RY and m € N denote by C*(K) the
space of all C'"*°-Whitney jets on K and define

£y () = {f € C¥(K) | fllim = sup sup | 7)) exp (== (mal)) < oo},

zeK aEN(I)V

For an open set G in RY, define the space E1wy(G) of all w-ultradifferentiable func-
tions of Roumieu type on G as

Q) = {f € C*(G) : For each K C G compact there is m € N
so that || f| xm < oo}

It is endowed with the topology given by the representation
g{w} (G) = pI'Oj —K indm—> g?:;} (K)a

where K runs over all compact subsets of G.

Note that Er,1(G) is a countable projective limit of (DFN)-spaces, which is
ultrabornological, reflexive and complete. This follows from Rosner [14], Satz 3.25
and Vogt [16], Theorem 3.4.
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The space £ (G) of all w-ultradifferentiable functions of Beurling type on G is
defined as

Ew(G) :={f € C*(G) : for each K C G compact and each m € N

Pr.m(f) :=sup sup |f(a)(x)| exp (—mgo*(ﬂ)> < 00}
meKaeNg m

It is easy to check that &)(G) is a Fréchet space if we endow it with the locally
convex topology given by the semi-norms pg .

7 Ultradifferentiable functions defined by weight sequences. For a weight
sequence (M,)pen, and an open set G in R the Carleman class ) of Roumieu
type on G is defined as

En,y (GQ) = {f € C*(G) : For each K C G compact there is h > 0 :
|f ()] }

sup ———— < 00
zeK hkﬂAﬁa|

aeNQ

and the Carleman class &g,y of Beurling type on G is defined as

Em,)(G) == {f € C*(G) : For each K C G compact and each h > 0 :

|f) ()] }
ok hled Mg =

aeNQ

8 Notation. Let w be a weight function and let (M),),en, be a weight sequence.
We will write £,j(G) (resp. &g, (G)) if a statement holds in the Beurling case as
well as in the Roumieu case.

Remark. For each s > 1 denote by (M,(s))yen, the Gevrey sequence of exponent s,
defined in 5.(1) and define the weight function w,(t) := |t|/%, ¢t € R. It is well-known
that then for each open set G in R" the identities

Enty()](G) = Ea(G)

hold as topological vector spaces. More generally, it was shown in Meise and Tay-
lor [9], Remark 3.11, that for each weight sequence (M,),en, Which satisfies (M2)
and (M3), there is a weight function s which is subadditive on [0, c0[ such that
Em,)(G) = Ex)(G) for each open set G in R™.

The aim of the present paper is to show that such an identity holds under much
weaker conditions on the weight sequence (M,),en,. To do so we have to introduce
more notation.
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9 Definition. Let (M,),en, be a sequence of positive numbers tending to infinity.
Then we define:

(a) The associated function M : R — R by

1
M(t) := suplog —

ift 40 and M(0) :=0.
suplog - = (0)

(b) The sequence (my)pen by my, := M,/M,_;.
(¢) The function m : [0, co[— Ny by m(t) := #{p € N: m, < t}.

10 Definition. Let F be a space of functions defined on R. Then we denote by
F?™ the subspace of F consisting of all 2r-periodic functions.

In the following lemma we recall some facts that were proved in Petzsche [12],
Satz 3.8, Langenbruch [7], Lemma 1.2, and Meise [8], Corollary 3.8.

11 Lemma. Let (M,)yen be a weight sequence and w a weight function. Then the

isomorphisms in the following assertions are defined by f +— (fj)jez, where fj is the
j-th Fourier coefficient.

(a) S(QA’}p)(R) is isomorphic to the Kothe sequence space
Ay o= {:L’ € CZ: ||afly ==Y |ay]eM*) < 0o Wk € N}.
jEL
(b) 5(25) (R) is isomorphic to the power series space of infinite type
Ao = {x € C%: ||zl =Y |zy]e™V) < 0o VK € N} .
€T
(c) €f&p}(R) is isomorphic to the dual Kothe sequence space

Ky o= {x €Cr:IkeN:Y |aleMiM < oo}.
jEL

(d) 5{25}(]1%) is isomorphic to the dual Kdthe sequence space

Ky i= {x €C:IkeN:Y |ajle W/ < oo}

JEL
which is isomorphic to the strong dual of Ao((w(7)) en)-
Next we concentrate on the Beurling case.
12 Lemma. Let (M,),en, be a weight sequence. Consider the following assertions:
(1) There exists a weight function w such that 5(2]\7511))(]1%) is isomorphic to 5(25) (R).

(2) There exists Q € N such that liminf; . mg;/m; > 1.
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(8) There exists C > 1 and A > 0 such that m(2t) < Cm(t) + A, t > 0.

(4) The associated function M of the sequence (M,),en, satisfies M (2t) = O(M(t))
as t tends to infinity.

(5) The associated function M of the sequence (Mp)pen, i a weight function.
Then we have the implications (1) = (2) = (3) = (4) = (5).

Proof. (1) = (2): By Lemma 11 it follows from (1) that 5(2]7\;1,,)(R) is isomorphic
to a power series space of infinite type. Hence it follows from Langenbruch [7],
Theorem 3.1, that there exists C' € N such that for all large p € N we have 2m,, <
meyp. Hence (2) holds.

(2) = (3): From (2) it follows that there exist ¢ > 0 and py € N such that
mq; > (1 +&)m; for all j > py. Hence we have mgz; > (1 + €)?m; for all j > py.
Consequently, there exists C' = @ for some v € N such that 2m, < m¢, for all
p > po. Find tg > 0 such that m(tg) > C(py + 1). Fix t > ¢y and find the largest
integer p; € N such that m,, < 2t. Find ¢ € N with ¢C < p; < (¢ + 1)C. Then we
get

MC(po+1) < Mim(te) < o < 2t

and hence C(py + 1) < p;. By the choice of ¢ this implies ¢ > py and consequently
2my < mye < my, < 28,
which implies m, <t and hence ¢ < m(t). By the choice of ¢, this implies (3), since
m(2t) =p1 < (¢+1)C < Cm(t)+C, t > to.

(3) = (4): Note first that the sequence (m;);en is increasing with my; = M,
since (M,)yen, satisfies condition (M1). By Komatsu [6], formula (3.11), and the
definition of the function m we have for ¢ > 0:

tm() L mA)
M) = [ = [ P,
From the hypothesis (3) we get the existence of C' > 1 and A > 0 such that
m(2t) < Cm(t)+ A, t > 0.

The definition of the associated function M implies
t
M(t) > log — =logt — log My, t > 0.
M,
Hence we have

2t m(\) t m(2s) t COm(s)+ A
= — = < - 7 @
M(zt) mi A dA ~/m,1/2 S ds - ~/m,1/2 S ds

—cf ) s 1 Allog(t) — og(mr /2))

mi S

< CM(t) + A(M(t) + log My + log(2/M;) < (C'+ A)M(t) + Alog2.
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This proves (4).

(4) = (5): To show that M is a weight function, note first that My = 1 implies
the existence of ¢ > 0 such that M (t) = 0 for |t| < §. Next note that for each m € N
the supremum in the definition of M(¢), t € [-m,m], is in fact a maximum. Hence
M is continuous on R. From the definition of M it follows that M is increasing on
[0, ool

To check that M satisfies the conditions 2.(«)—(d), note first that condition 2.(«a)
holds by (4). Then note that for each ¢t € R we have

M(e") = sup log(e”*/M,) = sup (pt — log M,).
pENg pENg

Hence oy, : t — M(e') is convex, i.e., condition 2.(0) is satisfied. To prove condition
2.(/3), define
]
o(t) == supplo (— , teR.
(t) := sup plog | -2

It is well-known that there exists D > 1 such that o(t) < Dt + D. Therefore,
condition (MO0) implies for ¢t > 0
t D
M(t) = sup log(t?/M,) < sup log(t?/(c(p + 1))?) = o <-> <Zi4p
pENo pENg c c
Hence condition 2.() holds. Since condition 2.(vy) is an obvious consequence of the
definition of the associated function, we proved (5). ]

13 Proposition. Let (M,)yen, be a weight sequence. Then the following assertions
are equivalent:

(1) There is a weight function w such that &7 |(R) = EF7(R) as vector spaces.

(2) There is a weight function w such that 5(21\}?)(]1%) = 5(25) (R) as locally convex
spaces.

(3) (M,)pen, satisfies (M2) and there exists () € N with iminf; .. mg;/m; > 1.

(4) (M,)pen, satisfies (M2), its associated function M is a weight function, and
(1) holds with w = M.

Moreover, whenever a weight function w satisfies condition (1) then there exist A > 1
and B > 0 such that
1

ZM(t)—BSw(t)SAM(t)+B, t>0. (%)
Proof. (1) = (2): It is easy to check that the identity map id : £ \(R) — E77(R)
has closed graph, since a 2m-periodic C'*°-function is zero if all its Fourier coefficients
vanish. Hence (2) follows from the open mapping theorem.

(2) = (3): By Lemma 11, (2) implies A\py = A,. Hence there exist D > 0 and
k € N as well as £ > 0 and v € N such that

exp(M(j)) < Dexp(kw(j)) and exp(2kw(j)) < Eexp(M(vj)), j € No.
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Consequently, we have
2M(j) < M(vj) +log(ED?) for all j € Ny.
From this we get for ¢ > 0 and j € Ny such that t € [j, 7 + 1]

2M(t) < 2M(j +1) < M(v(j + 1)) + log(ED?)
< M(2vj) + M(v) +log(ED?) < M(2vt) + M (v) + log(ED?).

By Komatsu [6], Proposition 3.6, this implies that (M),),en, satisfies the condition
(M2).
The second condition follows from Lemma 12.

(3) = (4): The first two assertions follow from Lemma 12. To prove also the
last one, we argue as follows. Since (M,),en satisfies the condition (M2), it follows
from Komatsu [6], Proposition 3.6, that

2M(t) < M(Ht) +log(A), t > 0,

for the constants H and A which appear in (M2). Obviously, it is no restriction to
assume H € N. Then we get for each v € N

2" M(j) < M(H"j) + 2" log(A), j € N. (1)

Since M is a weight function, condition 2.(a) implies the existence of K € N such
that
M2t) < KM(t)+ K, t > 0.

This implies for each v € N
M(2"j) < KYM(j)+vK", j € N. (2)

From (1) and (2) it follows that the Kothe matrix A := (exp(M(kj))) ez ren defines
the same sequence space A'(A) as the matrix B := (exp(kM(7))) ez ken. By Lemma
11, this implies €77 \(R) = £} (R), which proves (4).

(4) = (1): This holds obviously.
To prove the additional statement, note that by the arguments in the implication
(2) = (3) and Lemma 12.(4), there exist A; > 1 and Ay > 1 such that for each
7 € Ny we have

Since M is a weight function by Lemma 12, it follows easily from this that (x) holds.
]

14 Theorem. For each weight sequence (M,)en, the following assertions are equiv-
alent:

(1) There exists a weight function w such that for each n € N and each open set
G in R™ the spaces Ep,)(G) and £ (G) are equal as vector spaces and/or as
locally convex spaces.
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(2) There exist a weight function w, n € N, and an open set G in R™ such that
the vector spaces En,)(G) and E)(G) are equal.

(3) (Mp)pen, satisfies (M2) and there exists () € N with liminf; . mg;/m; > 1.

(4) (M,)pen, satisfies (M2), its associated function M is a weight function, and
(1) holds with w = M.

Proof. We first prove the Theorem in the Beurling case. To do so, note that the
implications (1) = (2) and (4) = (1) hold trivially.

(2) = (3): By the definition of the corresponding spaces, the present hypothesis
implies ) (G + ) = (G + ) for each x € R™ and hence [[,cpn ) (G +
z) = [leern £ (G + x). Since £y and &, are sheafs on R", this implies that
Eonr,)(R™) = E)(R™). Since Euy,)(R) and &) (R) can be identified with the sub-
space of this space consisting of all functions on R™ which depend only on the first
variable, the hypothesis implies that £y,)(R) and £¢,)(R) are equal as vector spaces.
Obviously, this shows that €77 ) (R) = E77)(R). Hence (3) holds by Proposition 13.

(3) = (4): The first two assertions in (4) hold by Proposition 13. To prove the
last one note first that by Komatsu [6], Proposition 3.2, condition (M1) implies

M, = supt* exp(—M(t)), p € No. (3)
>0

Note further that (M),),en satisfies the condition (M2) by hypothesis. Therefore it
follows from Komatsu [6], Proposition 3.6, that for t > 0 we have

2M(t) < M(Ht) + log A, (4)

where H and A are the constants from (M2). Of course it is no restriction to assume
H € N. Next we claim that the following assertions hold:

For each 0 < h < 1 there exist £ € N and C > 0 such that

5
exp(kgy (o/k)) < CHPM,, p € No. (5)

For each m € N there exist 0 < h < 1 and D > 0 such that
h’M, < D exp(mepy,(p/m)), p € No.
Obviously, (5) and (6) imply condition (1) for w = M.
To prove (5), fix 0 < h < 1 and choose m € N such that 1/2™ < h. Since M is
a weight function, there exists K € N such that by formula (2)

(6)

M(2™t) < K™M(t) + mK™

and consequently
—M(2"t) > —=K™M(t) — mK™.

Using this and (3), we get

2mp 2

> sup(plogT — K™M(t) —mK™) > sup(pr — K™ pp(z)) — mK™
7>0 x>0

m, % b m
=K @M(W) —mK

log(iMp) = sup (p log(im) - M(t)) = jg}o)(p log 7 — M(2™7))
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and hence

m 1 m
eXp<chp*M(%)) < emi %Mp <™ "R M, p € Ny.

This proves (5) with k := K™ and C := e™K".

To prove (6), note first that by Braun, Meise, and Taylor [4], Lemma 1.5, for
k <1 and each p € Ny we have k3, (p/k) < lg3;(p/l). Hence it suffices to prove (6)
for m = 2% k € N. To do so, fix k € N and let h := 1/H*, where H is the constant
from (4). Then (4) implies

2FM(t) < M(H™) + 2" log A

and hence
—M(H*t) < —28M(t) + 2F log A.

From this and (3) we get

log(%) = i%) (p log(%) — M(t)) = sup(plog T — M(H"7))

>0
< sup(plog7 — 2M (7)) + 2" log A < sup(pr — 2"pu (7)) + 2 log A
7>0 >0
« (P
= 2k<pM(2—k) +2Flog A

and consequently

b

Hkp ﬁ))? p 6 NO'

h?M,, = (L)Mp < A% exp (ngp}kw(

This proves (6) for m = 2.

Next we prove the Theorem in the Roumieu case. As in the Beurling case, the
implications (1) = (2) and (4) = (1) hold trivially.
(2) = (3): The arguments that we used for the same implication in the Beurling
case apply also in the Roumieu case and show that S{QX/IP}(R) = &0 (R) as vector
spaces. By the closed graph theorem, these spaces are equal even as locally convex
spaces. By Lemma 11.(d), this shows that 5{2;}?}(]1%) is isomorphic to the strong dual
of a power series space of finite type. Hence Langenbruch [7], Theorem 4.3, implies
that (M,),en, satisfies (M2) and condition 12.(3). By Proposition 13, this implies
(3).

(3) = (4): This implication follows from a suitable modification of the arguments
that we used in the same implication in the Beurling case. [

15 Remark. Theorem 14 extends a result of Petzsche, which was announced in
Meise [8], 2.6 (2), but for which a proof was never published. Petzsche claimed
that for a sequence (M,)yen, Which satisfies (M1) and (M2), the condition M (2t) =
O(M(t)) for t tending to infinity is equivalent to the existence of Q € N with
liminf; . mg;/m; > 1.

Note that Example 21 below shows that there exist weight sequences which do not
satisfy (M2) but which satisfy condition 12.(2) and hence M (2t) = O(M(t)) for ¢
tending to infinity.
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16 Corollary. For each weight function w the following assertions are equivalent:

(1) There ezists a weight sequence (My)pen, such that for each n € N and each
open set G in R™ the spaces E,(G) and En,)(G) are equal as vector spaces
and/or locally convex spaces.

(2) There exists a weight sequence (Mp,)pen,, n € N, and an open set G in R™ such
that the vector spaces E,)(G) and E,)(G) are equal.

(8) There exists H > 1 such that, for allt >0,
2w(t) <w(Ht)+ H,

and the sequence (My,)pen,, M, := @,(p), is a weight sequence for which (1)
holds.

Proof. We first prove the corollary in the Beurling case. To do so, note first that
the implications (1) = (2) and (3) = (1) hold trivially.

(2) = (3): Obviously, condition (2) implies that 14.(2) holds for the existing weight
sequence (M,)pen,. By Theorem 14, also the condition 14.(4) holds. Hence (M,)en,
satisfies (M2) and by the Proposition 13, also condition 13.(*) holds. Consequently,
it follows from Komatsu [6], Proposition 3.6, that there exist H > 1, C' > 0, and
D > 0 such that in the notation of 13.(x) we have

1
2w(t) <2AM(t) + 2B < ZM(Hz&) +D+2B <w(Ht)+C+ DB, t >0,

which implies the first condition in (3).
To show that also the second holds, note that condition 13.(x) implies for y > 0:

wo(y) < %w}kw(Ay) + Band ¢} (y) > Aso}*w(%) - B.
From these estimates it follows that £ (G) = £y (G) holds for each open set G in
R™. Since (M,)pen, satisfies (M2) and since M is a weight function, it follows from
Theorem 14 that E)(G) = Ea,)(G) holds for each open set G in R”. Hence we
proved (3).
The proof of the Corollary in the Roumieu case is the same as in the Beurling
case, since Theorem 14 holds for both cases. [ |

17 Example. There exists a weight sequence (M,,),en, which satisfies the conditions
(M2) and (M3)’ such that for each weight function w, each n € N, and each open
set G in R™ we have £y,)(G) # E)(G).

To show this, let (M),),en, be the sequence which is constructed in Langenbruch
[7], Example 3.3. It satisfies (M1), (M2), and (M3)’. By its definition it satis-
fies m, > p? and hence (M0). Hence it is a weight sequence. If we assume that
for some weight function w, some n € N, and some open set G in R"™ we have
Em,)(G) = &€y (G), then it follows from Corollary 14 that there exists ) € N such
that lim inf; .., mq;/m; > 1. From this it follows as in the proof of Lemma 12 that
there exists C' € N such that

2m,, < mg, for all large p € N. (7)

However, it was shown in [7], Example 3.3, that (7) does not hold for this sequence
(M,)pen,- Hence it has the property claimed above.
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To show that there are a number of weight functions w for which &\ (G) #
E,)(G) for each weight sequence (M),),en, and each open set G in R", we have to
recall some definitions.

18 Definition. Let w be a weight function.

(a) We say that w is a (DN)-weight function, if for each C' > 1 there exist § > 0
and Ry > 0 such that

“HCR)w™ (JR) < (w(R))? for all R > Ry.
(b) We say that w has the property (¢) if it satisfies:

(¢) There exists C' > 0 such that / )dt < Cw(y) + C for each y > 0.

19 Lemma. Let w be a weight function which satisfies (¢) and the condition 16.(3).
Then w is a (DN )-weight function.

Proof. By Corollary 16, there is a weight sequence (M,)pen, such that £¢,)(R) =
Em,)(R). Then it follows from Theorem 14 that its associated function M is a
weight function and that E77)(R) = &7 (R) = &7 ) (R). Since w satisfies (e), it
follows from Meise and Taylor [9], Theorem 3.10, that the Borel map

B : €75(R) — C, B(f) = (f9(0));en,.

has the image

A, = {z = (%)) jen, : [|Z|lm = sup |z;| exp(—mep*(j/m)) < oo for each m € N}.
jeN

Next note that by Proposition 13 the equality EZ7(R) = &7 )(R) implies con-
dition 13.(x). From it we get that the Kothe matrices (ky};(j/k))jenken and
(kot(j/k))jenken define the same Kothe sequence space. Since the present hy-
pothesis also implies that the assertions (5) and (6) hold, we get that

Ao =3 ((ke20/m),, ) = 2 (i rm) )

On the other hand, the sequence (M,),en, satisfies condition (v;) of Petzsche [13],
since w satisfies (€). By Petzsche [13], Theorem 2.1, this implies that the image of
B is equal to the Fréchet space

{x = (zj)jeny © |®|m = sup | < oo for each m € N}
jeNo  M;

Hence A,, is isomorphic to the power series space Ao ((J);en,) of infinite type. Since
A, = A,(C), in the notation of Meise and Taylor [10], it follows from [10], Theo-
rem 3.4, that w is a (DN)-weight function. ]
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20 Example. For each s > 1 the function w(t) := max(0, (log|t|)®) is a weight
function which satisfies (¢) by Meise and Taylor [9], Example 1.8 (a), and which
is not a (DN)-weight function by Meise and Taylor [10], Example 3.5 (5). Hence
Lemma 19 together with Corollary 16 implies

Ew) (G) # Eay (G)

for each weight sequence (M,),en,, each n € N, and each open set G in R™.
Of course, this fact follows also from Corollary 16, since w does not satisfy the
condition in 16.(3).

The next example shows that there are weight sequences (M,),en, for which the
associated function M is a weight function but for which &) (G) # Euy(G) for
each open set G in R".

21 Example. For 1 < s <2 and p € Ny define M, := exp(p®). Then (M,),en, is a
weight sequence having the following properties:

(1) The associated function M of the sequence (M,),en, is a weight function.
There exist A > 1 and tg > 0 such that

1
—(log(1+ )7V < M(t) < Allog(L + [t))*, [t] > to.

(2) (M,)pen, does not satisfy (M2).

It is easy to check that (M,),en, satisfies (MO), (M1), and (M2)’. Since m, =
exp(p® — (p — 1)*), it follows from the mean-value theorem that

exp(s(p — 1)*71) < m, < exp(sp® ).

This implies for p > 2

Map s—11os—1 1 s—1

— > —1 2 —(1+—— .

m, > exp(s(p— 1) ( +p_1) J)

Hence condition 12.(2) is satisfied and by Lemma 12 M is a weight function. The
upper and lower estimate for M can be checked directly and were stated already in
Meise [8], 2.6 (4). Thus (1) holds, while (2) follows by direct computation. It also
follows from part (1), Example 20, and Proposition 13.

In [3], Example 4.7, the authors considered a class of quasianalytic weight func-
tions with the following property: Whenever w is in this class and G is any convex
open set in R” the the space & (G) of Fourier-Laplace transforms of the elements in
&' (G) is a weighted (LF)-space of entire functions on C" which admits a projective
representation as a vector space but not as a locally convex space. To show that
these examples can also be defined by weight sequences, we need some preparation.

22 Lemma. Let g : [0,00[ — [1,00] be a continuous increasing function which
satisfies g(0) = 1 and has the following additional properties

(1) g(2z) = O(g(x)) as x tends to infinity,
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(2) limsup <g(:£—|— 1)>x < 00,

z—oo \ g(2)
(3) h:]0,00] — [0,00[, h(z) := zlog((x + 1)g(z)) is convex.

Then the sequence (M,)pen, defined by M, = ((p + 1)g(p))* is a weight sequence
which satisfies (M2) and condition 12.(2). Moreover, if 302, 1/pg(p) = oo then
(M) pen, s quasianalytic.

Proof. We have to show that (M),),en, satisfies the conditions (M0), (M1), (M2),
and 12.(2). Note first that (MO) holds since g(p) > 1 for all p € Ny by hypothesis.
Next note that

log M), = plog((p + 1)g(p)) = h(p), p € No. (8)

Since h is convex by hypothesis, it follows easily that (M,),en, satisfies (M1).
To prove (M2), fix p € N. Then (8) implies

pp = min (h(z) + h(p — ) < min (log M, +log My—).

Since h is convex by (3), the function

hy,:10,p] = R, h,(x):=h(z)+ h(p — )

is convex and symmetric with respect to g, ie., hp(g +y) = h;,,(%9 —y) fory € [0, g]
Consequently,
p P p P
— hy(2) = 202y = plog (£ + 1)g(2
py = ho(5) = 2(2) = plog (& + g(3))
and hence

min M, M, 4 > <(]_9 + 1)9(8))1)-

0<¢<p 2 2

Now note that because of (1) we can choose p; € N and H > 1 such that
P
9(p) < Hg(5) forp=pr.

Hence we get for p > py

pt1

P\* .
) g(—)> < (2H) win M,M,_,.

2 0<q<p

M, = (p+ V) < 20

Obviously, this implies that (M,),en, satisfies (M2).
To show that (M,),en satisfies the condition 12.(2), note that by (12) we have

ﬂ%Zm@W+%V@é@D>_JEN- ©)

Then we use condition (2) to choose v € N, v > 6, such that

g \"_ v
(W) < % for p € N. (10)
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For p € N this implies

Since ¢ is increasing, we get

1 g(vp) )Vp_l
my, = vpg(vp 1+—”p<7 >vpg(p) -2 > 4m
P ( )( I/p) g(Vp . 1) ( ) P
for p € N and consequently

lim inf 2 > 2. (11)
p—00 mp

Thus, the condition in 12.(2) holds. By Lemma 12, this proves that M is a weight
function.
To show that (M,),en, is quasianalytic if 372, 1/pg(p) = oo, note first that

My 1 1 (9(]9— 1)>p_1‘

(12)

M, — pg(p) 1+ 2P\ g(p)

1 €T
Then let g = lim sup <%> . Obviously, u > 1 and without restriction we can
T—00 glx

assume that p, is so large that

(%)p_l <2u for p > ps.

Hence we get from (12) that

Myt for p >
= : orp = pa.
M, — e2u pg(p)
Therefore, the present hypothesis shows that (M,),en, is quasianalytic. [ |

From Proposition 13 and Lemma 22 it is clear that the associated function M
of the sequence (M,),en, defined in Lemma 22 is a weight function. Next we show
that it can be computed in terms of the function g, if ¢ satisfies two additional
conditions.

23 Proposition. Let g : [0, 00[— [1,00[ be a continuous increasing function which
satisfies the assumptions of Lemma 22 and has the following two properties:

(a) there is D > 0 such that g(zg(x)) < Dg(z) for all x > 0,
(b) the function ¢ :y — y/g(y) is increasing for y > yo > 0.

Let M, :== ((p+ 1)g(p))?, p € No. Then there is B > 1 such that the associated
function M satisfies

1 t
M) < o5 < BM(®), t2 B
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Proof. We keep the notations of the proof of Lemma 22 and note that (11) holds.
Since (M,)pen, satisfies (M1), the sequence (my,)yen is increasing. It is easy to check
that

ot

Y
M,

M(t) = log mp—1 <t <my, p>2,

where m,, is given by (9). Hence, for p > 2

M(m,) = (p—1)log [g(]gg(f)w (1 N })P < 9(p) )p—l} |

By (10), there is A; > 1 with

< M(mp) < Ai(p—1), p=2. (13)

By (9) and (10) we get C' > 1 with

pg(p) <m, < Cpg(p), p€N. (14)

In particular p < m,, for p € N. Moreover, since g is increasing we have for p > 2:

my, < Cpg(p) < Cpg(my) < 2C(p — 1)g(my).

Therefore
Sp(mp) = mp/g(mp) <20(p—-1), p>2.
For p € N we have, by (14),

(p—1)g(my) < (p — 1)g(Cpg(p)) < pg(Cpy(p)).

Next we apply condition (a) together with condition 22.(1) to find D; > D such
that

pg(Cp(g(p))) < pg(Cpg(Cp)) < pDg(Cp) < Dipg(p) < Dim,,

and hence
p—1< Dip(m,), peN.

If Ay := max(2C, D,), we have

Since lim (1)1/;7—1 =1, we get py > 2 such that for p > p, it follows from (10) and

p—0o0 Ze
(14) that
my, < 2v(p—1)g(p—1) <2vmy_;.
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Therefore, there is S € N, such that

my S Smp—1> p Z P4. (16)
Moreover, as g is increasing we have for ¢ > 0,
p(2t) = 2t/g(2t) < 2t/g(t) = 2¢(2). (17)

Now fix p > ps + 1 with my,_; > yo, yo > 0 given by the condition (b). If ¢t €
[my—1,my] we get from (15), (13), and 16

t/g9(t) = o(t) < p(my) < Az(p —1) < AtAsM(my)
S A1A2M(Smp_1) S AlAgBlM(mp_l) S AlAgBlM(t),

for some By > 1 which exists because M is a weight satisfying 2.1 («) by Proposition
13. On the other hand, it follows from ((13)) and (15) that

M(t) < M(m,) < Ai(p—1) < A Asp(my,) < AjAsp(Smy,_q)
< A1 Ay Bap(my,—1) < A1 AsBop(t) = A1 AaBot/g(t),
for some By > 1 which exists by (17). [

In order to derive examples from Proposition 23, we will use the following lemma.

24 Lemma. Let g : [0,00[— [1,00][ be a continuously differentiable increasing func-
tion with g(0) = 1.

(i) If A := sup(zg'(z))/g(xz) < oo then the function g satisfies the condition
>0
22.(2).

(11) If B := sup(zg¢'(z)) < oo then the function g satisfies the conditions (a) and
x>0
(b) in Proposition 23.
Proof. (i) We put e(x) := (z¢'(z))/g(x), x > 0. Then for = > 0 the equality

g(z) = exp (/ @dt)

0
holds. From it and condition (i) we get the following estimate

(455 = (oo (750 ot 2)) = 043" 50

Hence the condition (2) of Lemma 22 is satisfied.

(i) By the properties of g it follows from the hypothesis in (ii) that for x > 0 we
have the estimate

‘Q(L(;U)) = exp (mg(m)wdt> < exXp (B

1
g(x tg(t) zg(r)

Consequently the condition (a) of Proposition 23 holds.
The condition (b) in Proposition 23 is valid since

< y )' 9w -vd) . 9y - B
9(y) (9)?* = (9(y)?

for large y > 0. ]

(zg(z) — x)) < eP.

>0
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We remark that the integral representation for the function g in the proof of
Lemma 24 plays an important role in the theory of regularly varying functions (see
for example [15], Ch.I, 1.2).

25 Example. For k € Nj define recursively
ep := 1, ex := exp(eg_1), log, z := z,log, x := log(log,_; ).

Then fix s € N, @ € ]0,1], if s = 1 and @ > 0 if s > 2, and define the sequence
(My(c, 8))pen, by

My(a, s) := ((p + 1)(log, (e, +p))°‘>p.

Then there exists C, s > 1 such that the associated function M, s of (M,(a, s))pen,
satisfies "
1 t
—Ma s t S
G0 = Thog e, +100)

To show this, we put g,(t) := (log,(es +t)), t > 0 and show that the function
Jo, satisfies all the conditions in Lemma 22 and Proposition 23. Then the assertion
follows from Proposition 23.

Note first that condition (1) in Lemma 22 holds obviously. Condition (2) of
Lemma 22 holds by Lemma 24 (i). To check the condition (3) in Lemma 22 we show
that for arbitrary s € N the (infinitely differentiable) function h(zx) := zlog(log,(es+
x)) is convex on [0, col.

For all z > 0 we have

a S Ca,sMa,s(t)u |t‘ Z Ca,s-

R (z) = (es + x) 72

2(es + ) (ﬁ log;(es + :B)) —x (ﬁ log;(es + a:)) —

j=1 j=1

Hence for all x > 0

W (z) > (ﬁlogj(es —l—x)) ) (es + )" (2 _ méa*ﬂ) >0,

J=1

Consequently the function A is convex on [0,00[. From this and the convexity of
the function = +— xlog(z + 1) it follows that the function z — zlog((z 4 1)ga(x)) is
convex on [0, 00l too.

The conditions (a) and (b) in Proposition 23 hold by Lemma 24 (ii).

Acknowledgements: S. Melikhov thanks DAAD for financial support.
The research of J. Bonet and R. Meise was partially supported by FEDER and
MEC, Project MTM 2004-02262.



Classes of ultradifferentiable functions 443

References

1]

2]

[10]

[11]

[12]

[13]

[14]

A. Beurling: Quasi-analyticity and general distributions, Lecture 4 and 5, AMS
Summer Institute, Standford, 1961.

G. Bjorck: Linear partial differential operators and generalized distribution,
Ark. Mat. 6 (1966), 351-407.

J. Bonet, R. Meise, S.N. Melikhov: Projective representation of spaces of quasi-
analytic functionals, Studia Math. 164 (2004), 91-102.

R.W. Braun, R. Meise, B.A. Taylor: Ultradifferentiable functions and Fourier
analysis, Result. Math. 17 (1990), 206-237.

M. Gevrey: Sur la nature analytique des solutions des équations aux derivées
partielles. Premier mémoire, Ann. Sci. Ec. Norm. Supér. III. Sér. 35 (1918),
p-129-190.

H. Komatsu: Ultradistributions I. Structure theorems and a characterization,
J. Fac. Sci. Tokyo Sec. IA 20 (1973) , 25-105.

M. Langenbruch: Ultradifferentiable functions on compact intervals, Math.
Nachr. 140 (1989), 109-126.

R. Meise: Sequence space representations for (DFN)-algebras of entire functions
modulo closed ideals, J. reine angew. Math. 363 (1985), 59-95.

R. Meise, B. A. Taylor: Whitney’s extension theorem for ultradifferentiable
functions of Beurling type, Ark. Mat. 26 (1988), 265-287.

R. Meise, B. A. Taylor: Splitting of closed ideals in (DFN)-algebras of entire
functions and the property (DN), Trans. Amer. Math. Soc. 302 (1987), 321—
370.

R. Meise, D. Vogt: Introduction to Functional Analysis, Oxford Univ. Press
1997.

H.-J. Petzsche: Die Nuklearitat der Ultradistributionsraume und der Satz von
Kern I, Manuscripta Math. 24 (1978), 133-171.

H.-J. Petzsche: On E. Borel’s theorem, Math. Ann. 282 (1988), 299-313.

T. Rosner: Surjektivitat partieller Differentialoperatoren auf quasianalytischen
Roumieu-Klassen, Dissertation, Diisseldorf 1997.

E. Seneta: Regularly Varying Functions, Springer Verlag 1976, Berlin-
Heidelberg-New-York.



444 J. Bonet — R. Meise — S. N. Melikhov

[16] D. Vogt: Topics on projective spectra of (LB)-spaces, pp. 11-27 in Advances in
the Theory of Fréchet Spaces (Ed. T. Terzioglu), Kluwer Academic Publishers
(1988).

Departamento de Matematica Aplicada and IMPA-UPV
Universidad Politécnica de Valencia

E - 46071, Valencia

Spain

email: jbonet@Qmat.upv.es

Mathematisches Institut
Heinrich-Heine-Universitat
Universitatsstrafie 1

D-40225 Diisseldorf

Germany

email: meise@math.uni-duesseldorf.de

Department of Mathematics, Mechanics, and Computer Science
Southern Federal University

Mil’chakova st. 8a

344090 Rostov on Don

Russia

and Institute of Applied Mathematics and Computer Science,
VNTS of Russ. Acad. Sci., Vladikavkaz, Russia

email: melih@ms.math.rsu.ru



