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Introduction. Comparison theorem for solutions of stochastic differential
equations was discussed by A.V. Skorohod [9] and T. Yamada [10]. In §1, we
will modify the main theorem of T'. Yamada [10] so that it is more convenient for
applications. As an application, we discuss in §2 some stochastic optimal control
problem which was recently studied by V.E. Benes [1] using different methods.
In §3, we obtain some comparison theorem for one-dimensional projection of a
diffusion process. As an example of applications, we see that Hashiminsky’s
test for explosion ([3], [7]) is obtained simply from a well known one-dimensional
result.

1. A comparison theorem for one-dimensional Ité6 processes
The following theorem is a modification of Theorem 1.1 in T. Yamada [10].
Theorem 1.1. Suppose we are given the following:
(i) a real continuous function o(t, x) defined on [0, o)X R such that
(1.1) |a(t, x)—a(t, ¥)| <p(lx—y]),  x yER, t=0,

where p(E) is an increasing function on [0, o) such that p(0)=0 and

-..2 j—
(1.2) So+ p(E)*dE o,
(i) real continuous functions b(t, x) and byt, x) defined on [0, ©)x R such
that
(1.3) by(t, x)<<by(t, x), t=0, xR,

Let (Q, 3, P; 3,) be a complete probability space with right continuous increas-
ing family (3,),2, of sub o-fields of & each containing P-null sets and suppose we are
given the following stochastic processes defined on 1t:
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(ill) two real B,~adapted continuous processes x\(t, ») and x,(t, »),
(iv) a one-dimensional 3 -Brownian motion B(t, ») such that B(0)=0, a.s.,
(v) two real 3,-adapted well measurable processes B,(t, w) and By(t, o).

We assume that they satisfy the following conditions with probability one:

4 s®-n0 = [ o6 woBO+ [ B, i=1,2,
(L5 x(O)<x(0),

(1.6) BU<t, x(t)),  forall t=0,

(1.7) Bt)=by(t, %(f),  forall =0,

Then, with probability one, we have
(1.8) x(t)<xy(t), forall t=0.

If, furthermore, the pathwise uniqueness (cf. [11]) of.soluti(ms holds for at least
one of the following stochastic differential equations

(1.9) dX(t) = o(t, X(£))dB(t)--b(t, X(t))dt, i=1,2,
then, we have the same conclusion (1.8) by weakening (1.3) to
(1.3) by(t, x)<by(t, x), t=0, x&R.

Proof. In the following proof, it is more convenient to assume that o(%, x)
and b,(¢, x), 7=1, 2, may depend on w and oMot x, 0) and oMW b1, x, w),
i=1, 2, are &;-measurable for any fixed (¢, x). Also, by a standard localization
argument, we may assume that they are all bounded. First, we prove

(1.10) P31>0; xy(s)<xys) forall s€[0,4])=1,
under the above assumptions except that (1.5) is replaced by
(1.5) 2,(0) = 2,(0) .
For the proof, set
T = inf {s; by(s, %,(5))<<by(s, x,(s))} .

By (1.3) and (1.5), it is clear that P{r>0}=1. Let £>0 be fixed and set
t=FiAT. Then

Efx,(t)—x(1)]
(1.11) — F[S; o(s, w(NABE)— | ot xl(s))dB(s)]

+E[S; By(s)ds — S: Bl(s)ds]
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— B[ 69— Bi}as]

Let @, (%), (n=1, 2, --), be a non-negative continuous function such that its
support is contained in (a,, 4,-1), S "_l¢,,(u)du=1 and @, (4)<(2/n)p(u)~* where
the sequence a0=1>a1>---a,,>---”—->0 is defined by Sa"dp(u)‘zdu=n, Let

L]

{x] y
U (8)= SO dyso PRz, n=1,2, - .

Then, yr, € C¥(R), yr,(x)1|x| when n—oco and |[y(x)|<1. Using It6’s

formula, we have
Bnlant)— (8)) = | W)= (s, (5 —o (s, 1(5))}dB(S)
+ [ v~ () {8 — BN ds

+ % S: Y/ (20(8) —2,(8)) {o (s, 2e(5))— (s, x,(s))}%ds
== II+IZ+13’ SaY‘
Then, E(I)=0 and

BE) <5 B[ [, #1546 —5 () )~ s

gi—>0, as n~> oo,

n

Since t<T, By(s)— Bi(8) = by(s, 2x(5))—b\(s, %,(s)) =0 for all s<¢ by (1.6) and (1.7).
Then, letting n—cc and noting |yrs(x)| <1, we have

El(t)—(8)| = lim Bi, (xt)—(0)] < Tim E(L)
<8| [ |60-s01a] = E[{ (860-p60ds].

Combining this with (1.11), we have
E|xy(t)— (1) | <E(x,()—x4(2))

and this implies clearly that x,(2) >#,(¢), a.s.. 'This is true for all t=ZA7 and,
by the continuity of x,(s), we have
P{te0, 1] = x(t)y=x,(1)} = 1.

This implies (1.10).
Now, we prove the first assertion of the theorem. Let 8=inf {s; x,(s)>x,(s)}.
In order to prove (1.8), it is sufficient to show that #=oo, a.s.. Suppose, on
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the contrary, P(@<)>0. Set 0= {w; O(w)< o}, F,=7,,|0, 5=3|0 and
P(A)=P(A)/P(§)), A€G. On the space (@, F, P; §,), we set a(t, x)=c(t+0, x),
bi(t, x)=b(t+0, x), E)=x,(t+0), B()=pB(t+0), i=1,2, and B(t)=
B(t4-0)—B(#). Then, it is clear that X,(0)=x,(6)=ux,(0)=%,0) a.s. and also,
Bi(1) <by(t, Z(2)), Bi(t)=by(2, Z(2)) a.s.. Further,

%,(8)— X,(0) = g' &(s, %(5))dB(s) + g' B(s)ds, i=1,2.
0 0
Therefore, we can apply (1.10) and obtain
PEt>0;s€[0, f] = Z()<E(s)) = 1.

But this contradicts with the definition of 8. Therefore, §=oc a.s. and hence
(1.8) is proved.

To prove the second assertion, we assume that one of the stochastic differ-
ential equations (1.9), say, for =1, the pathwise uniqueness of solutions holds.
Let X(#) be the solution of the equation

; dX(t) = o(t, X(£))dB(2)+by(t, X(2))dt,

(1.12) X(0) = ,(0).

Let, for £>0, X *°(¢) be the solutions of

{ dX(t) = o(t, X()dB(®)+[b,(t, X(1))£EMdt,

(1.13) X(0) = %(0),

respectively. By what we have already proved,
X () <X(@)<X'(), forall >0,

and, by the continuity of by(¢, x) and the pathwise uniqueness of solutions of
(1.12), we have

1815{)1 X5ty = 131{101 X:(t) = X(t), forall £>0.
Now, applying what we have already proved to x,(f) and X;, (note that
Bi() b2, x,(1)) a.s. and by(¢, x)<<b\(t, x)-+&), we have x,(#) < X*() and hence,
by letting & | 0, x,(#)<X(?). Next, applying what we have already proved to
x,(f) and X7°, (note that B,(¢) =b,(2, x,(2)) a.s. and byt, x) >b\(¢, x)>b,(t, x)—E),
we have X ~°(t) <x,(f) and letting €| 0, X(2)<x)(t). Therefore, x,(£) < X(2) <wy(2).
g.e.d.

Remark 1.1.  For applications, the following modification of the theorem
1.1 will be useful. Suppose that there exists an &-stopping time S{e)>0 such
that x,(¢, ») is defined for t&[0, S), (=1, 2), and (1.4), (1.6), (1.7) are satisfied
for all &[0, S). Then the conclusion (1.8} holds for all &[0, S).
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2. Application to some stochastic optimal control problem

Let k(r) be a non-decreasing non-negative function defined on [0, o).
Let (B,, u,) be a system of stochastic processes defined on a space (9, 3, P; @,)
such that

(i) B, (By=0 a.s.), is an n-dimensional &,-Brownian motion,
(i1) wu,is an m-dimensional &,-well measurable process such that |%,| <1
for any ¢>0, a.s..

Such a system (B,, u,) is called an admissible system. Let us consider the
following optimization problem. Let x&R” be given and fixed. For a given
admissible system (B,, u,), the response X% is defined by

2.1) X% = x+B+ S' u,ds .
0

Now the problem is to minimize the expectation E[k(|X%|)] among all possible
admissible systems (B, u,).
A solution is given as follows. Let U(y) be defined by

—y/lyl, yERN\{0},

22) U(y) = { 0 —oer

Consider the following stochastic differential equation

{ dX, = dB,+U(X)dt,

(2.3) X —

By the well known transformation of measures, a solution (X7, Bf) of (2.3)
exists uniquely in the law sense. Set

(24) u = U(X?).

Then the admissible system (BY, u7) gives an optimal control: that is, for any
admissible system (B,, u,), we have

2.5) E[k(1 X3 )] <Elk(| X3 ])]

In [1], V.E. Benes obtained the above result using many techniques. Here
we show that it is obtained most simply by applying our theorem 1.1. In fact,
we can obtain the following theorem which asserts, in a sense, pathwise optimality
of the response X7.

Theorem 2.1. Let (B, u,) be any given admissible system and, for a fixed
xER", the response {X4} is defined by (2.1).
Then, on an appropriate probability space, we can construct R"-valued stochastic
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processes {X4} and {X?} as follows:

(i) {X?} has the same law as the solution {X?} of (2.3),
(ii) {X%} has the same law as the response {X:},
(iil) with probability one, | X2 | < |X¥| for all t>0.

Corollary. Let C"=C([0, co)—R") be the space of all R"-valued continuous
paths and F(w) be a non-negative Borel function defined on C* which is non-
decreasing in the following sense:

2.6) if w, w,sC” and |w,(2)| <|wyt)| for all t>0 then F(w)<F(w,).
Then, for any admissible system (B,, u,), we have
(2.7) E(F(X°) <E(F(X").

That is, the solution {X?} of (2.3) is optimal in the problem of minimizing the ex-
pectation of F(X?).

Remark 2.1. The above problem is the case of F(w)=A(|w(1){) which
clearly satisfies (2.6). Similarly, if k(£ &, -+, £,) is 2 non-negative function on
[0, o=)" which is non-decreasing in each of variables, then, for 0<t,<<t,<C--- <t

F(w)zk(lw(tl)l’ Iw(t2)17 ) Iw(tn)l)
or

F(w):k(S:I(w(s)[ds, Si[w(s)lds, S'"’ lw(s)lds), etc.,

tm-1
satisfy (2.6).
First we shall prepare a lemma which is useful to realize several adapted
processes on a same probability space without changing the law of processes.

Lemma. Let(X,, B,) be a pair of n-dimensional continuous adapted processes
defined on a probability space (Q, &, P; 3,) such that {B,} is an n-dimensional
3,~-Brownian motion (B,=0 as.). Let (Y, Bl) be a similar pair defined on
(Q, ', P'; ).

Then we can construct a probability space (ﬁ, 3, P, @,) and a triple of n-
dimensional continuous adaped processes (X',, f},, B,) such that

(1) (X, B)) has the same law as (X',, B),
(i) (Y, BY) has the same law as (Y,, B),

(i) {B} is an n-dimensional & ,-Brownian motion.

Proof. The probability law of {B} on C" is the n-dimensional Wiener
measure starting at 0& R” which we denote by R(dw). Let O(dw,dw,) be the
probability law of (X, B)) on C"x C" and Q’(dw,dw,) be that of (Y,, B{). Then
the marginal distributions of O and Q' with respect to w, coincide with R(dw,).
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Let O"(dw,)= Q(dw,dw;)/R(dw;) and Q’"s(dw,)= Q’'(dw,dw;)/R(dw;) be the
regular conditional probability distributions (given w;). Set Q=C"xC"xC"
(with compact uniform topology), F =the completion by Pof topological Borel
field B(Q), P(dw,dw,dw,)= O"s(dw,)Q"“3(dw,)R(dws), F,= QO(QQ,H\/ 1) where B, is
the o-field on O generated by Borel cylinder sets up to time ¢ and J7 is the set of
all Ponull sets, X(t, 0)=w,(2), T(t, 0)=u,(t), B(t, 0)=1wyt) (o=(20, ,, w5) EC).
Then we can easily see that (i) (ii) (iii) are satisfied: a non-trivial point is only that

{B} is ,-Brownian motion but it can be proved as in [8], pp. 73~74 or [11].
q.e.d.
Now we return to the proof of Theorem 2.1.

Proof of Theorem 2.1. Let an admissible system (B,, #;) be given on some
t

probability space and set X ‘,‘=x+Bt+S uds. Let (X7, BY) be the solution of
0

(2.3) defined on some other probability space. Let p(x)=(p;/(x)) be a Borel
function x& R* M- p(x) € O(n), where O(n) is the set of ail # Xz orthogonal ma-
trices, such that

(2.9) p={

xj/lxl’ x:(xlaxz""yxn)#‘o)
81, x=0,

It is clear that we can choose one such p(x). Set

— t _ t
B = SO pX2)aB, and  Bi=( pxo)ans.
Then we have

£ —_ ¢
(2.9) Xt —xt S p“(X’;)stJrS uds ,

0 0

t —_ t
(2.10) X — at S p~1(X§)dB;+$ U(XC)ds .

0 ]
Now we apply the lemma to (X%, B,) and (X{, B}). Then, on a probability
space (ﬁ, 3, P; Ei,), we have a triple of n-dimensional continuous adapted pro-
cesses (X’,‘, Ko, B,) such that B, is éﬁ,-Brownian motion and (X7, B,)é (X'?, B,),

= L

(X?,Bf)z(X?, B). (Here = denotes the coincidence of the law). Clearly
there exists &,-well measurable n-dimensional process #, such that |#,] <1,
V>0, a.s. and

A ¢ » ¢
Xt — xt so pHXY)dB, A~ SO 4.ds.
Applying Ito’s formula to x,(¢)=| X?|%and ()= | X*|?, we have
dxy(t) = 2X%-p~ Y XdB,+2X - d,dt+ndt
= 2\ X¥|dB}+-[2X% -4+ n)dt
= 2/ x(1)dB}+[2X% - d,+-ndt
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and
dx(t) = 2X2-p~(X?)dB,+-2X? - U(X?)dt+-ndt
= 2| X?|dBi+[—2| X7 | +n]ds
= 2/ %, (0)dB}+[—2\/x () +nldt ,

where B,=(B}, B}, -+, BY). (Note that [x-p~(x)],=2x (p™ () ;=20 %;p;,(*)=

Salxl.) Set a(s, &) =2VEVO, bs, §)=bfs, &)= —2VEVO+n, Bys)=
—2/x(s)+n, and Ba(s) =2X"-4,4n. Then, cleary, B;(s)=by(s, x,(s)) and
Bs)= — 2|1 X4 +n=—2+/ x,(s)+n =byfs, x,(s)). Furthermore, it is known
(cf. [10], Example 1.2) that, for the stochastic differential equation

dX(s) = o(s, X(s))dB(s)+by(s, X(s))ds
= 2(X(5) V 0)2dB(s)+(— 2(X(s) VV 0) > m)ds ,

the pathwise uniqueness of solutions holds. Therefore, we can apply the second
assertion of the theorem 1.1 and obtain

(1) <x,(2) forall t>0, as..
This implies that

(X9 < I)A(’fl, forall >0, as.. g.e.d.

ReMARKk 2.2. Slight generalizations of the above problem as are discussed
in [1] are also covered by our method.

3. Comparison theorem for one dimensional projection of diffusion
processes

In this section, we will apply Theorem 1.1 to obtain some comparison
theorem for one dimensional projection of multi-dimensional diffusion processes.
For simplicity, we consider the case of a diffusion process on the whole space R"
but a similar result holds also for a minimal diffusion process on a domain D in R".

Let (oi(x))? 5~1 and (b'(x))?., be sufficiently smooth real functions on R" and
let X(#) be a diffusion process on R" defined by the solutions of the following
stochastic differential equation

(3.1) dXi = k}jl CUX)ABIAB(X)dt, i=1,2, - n.
The diffusion X(z) is defined up to the explosion time e:
(3.2) e = sup {t;sggpt] | X(s)| < oo} .

This is the diffusion process which corresponds to the differential operator
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(3.3) -

l
2
where a*/(x) = ;é o k(x)o(x).

Let p(x) be asmooth real function on R” and let I= {§=p(x); xER"}.
Then 1 is an interval in R. Let .S be the set (possibly empty) of all x€R" such

that p(x) is an end point of 1. Let I be the maximal open interval contained in
I and I be the minimal closed interval in [—o°, o] which contains I. We

assume that |Vp(x)|= /\/ Zn a”(x)ap (x) (x)>0 for all k& R"\S. Set

64 e = 31 o)L g—g ®,

(3.5) b(x) = [ 2" ”(x) (x)—}— z‘, b 2 0p (x)] / a(x)
= (Lp)(x)/a(x) , xER”\S ,

o

(3.6) a*(§) = ,.Sup, a(x) , a“(’g’): 1g)f Ea(oc) tel,
(7 = _swp bw), b= _inf Ky, &l

We assume that a*(¥) and b*(f) are finitely determmed and define locally Lip-
schitz continuous functions on /. On the interval I we consider the following
four diffusion processcs (§°%(£), Pg)se; (for four possible combinations of ++)
corresponding to the local generators L** respectively, where

68 L =e@(; o),

2 dg
(9 L =a *(E)(Ed—gﬁ ©F),
610 L =a @5 e,
(311) L =a (s)(ﬂ—gﬁ ®%).

Each of the diffusions is uniquely determined before the first leaving time 7 from
I and we set, if 7< oo, E(#)=1lim £(s), (this limit exists in I'), for =7 where £(f)
S4T

is any sample path of each of the diffusions. Thus, the sarnple paths £%(f) are
defined for all >0 as [-valued continuous paths with I \I as traps.
Let X, be a sample path of the above diffusion starting at x,& R"\.S and set
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inf {t<e; X, €8},

3.12 =
(3:12) £ e yif{}=4¢.

We assume that, if £<Cco, lim p(X,) exists in [ and set p(X,)=lim p(X,) for
s4¢ st¢
t>t. Thus p(X,) is defined for all # >0 as a I-valued continuous path.

Theorem 3.1. Let x,&R"\S be fixed and f,=p(x)E]. Let X, be the
above diffusion such that Xy=x,. On a probability space, we can construct I-valued
continuous stochastic processes E,, Et*, £1 7, ET*, E7™ such that

(1) {&} has the same law as {p(X))}.
(i) {&**} has the some law as {£**(t), Py} for each of four combinations
of ++.

(iti) Set & = max {, &,= min £, and & "= max ¥, £7* = min £5* for
0<s<t 0<s<t 0gs<t 0<s<Lt

each of four combinations of ++-. Then, with probability one, we have

(3.13) B <E<E ", foral 120,
and
(3.14) £ T<E<E",  forall t>0.

Remark 3.1. If a(x) depends only on p(x), i.e., if there exists a function
4(£) defined on I such that a(x)=a(p(x)), then a*(£)=a (£)=4(£) and therefore,

we may assume that £}*=£7" and £/ "=£7". In this case, we have
(3.15) ErT<E <EFT, for all t>0.

Proof. For simplicity, we assume that a*(¢) >a (£)>0 for every & EI?
§=o0 a.s. and (£7%, Py, are all conservative diffusion processes on [I: general
case can be proved with a slight modification.

Set (1) = | a(X)ia*(H(X))ds and (1) ={] a(X.)fa (p(X))ds. Then

0 0

clearly,

P () <t<Lp (1), forall #>0.

Let y*(2) and +(¢) be the inverse functions of tW@™(2) and tMW— @~ (2),
respectively and set X} = X(y*(#)), X7=X(y(¢)). Then, by the general
theory of time change, we see that X} and X7 satisfy the following stochastic
differential equations with appropriate z-dimensional Wiener processes Bf=

((BF)', (BEY, -5 (BF)), (Bi=0) and B7 =((B7)', (Br ), -, (B7)"), (Ba=0):
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J dXTY = V@ (BED)a(X7) 2 oi(X7F)d(B} )
(3.16) l ot (HX )X (Xt ,
X =x,, i=1,2, .-, n,
| XY = v (T aXT) B XTIaBT)
(3.17) l e (X)) (XXt
X5 =ux,, i=1,2, -, n.

Then, by Ito’s formula,

d(X1) = aF GEDNED) 3 oixt) i (X1)d(BEy

(3.18) Fa(p(X ) a(X HLp) X7 )t
P(Xg) = EO )
and
dp(X7) = \/a..(P(Xt—))/a(X;-) i.ék; 1a'}j,()(,_) g% (X?)d(B7)
(3.19)

+[a (P(X7)/a(XT)Lp)X7)dt ,
P(X 5-) =&.
Hence, if we set

—~ n

Br=% S V1 1/a(X*)ak(X+) vl (X*)d(B*)k

for each of + and —, then B} and B7 are 1-dimensional Wiener processes and
we have
(3.20) { dp(X1) = Va (p(XT)dB: +a* (p(XT))b(X)dt ,
' PXD) =&,
and
(3.21) { dp(X7) = Va~ (p(X7))dB7 +a” (p(X7)b(XT)dt
' PXT) =

Let £/ =p(X;) and £7=p(X7). Then, by (3.20) and (3.21), we have

det = V& (EDAB+a* (EDHXD L,

3.22
( ) { E(T = '50 ’

and
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(3.23) { dZ: - ;/ “f(E?)dB?—Fa‘(if?)b(X?)dt,

Consider the following stochastic differential equation

def = N a (£ )dBi +at(E1*)br(Edt
iT=26&.
Since we assumed that a“(¥) and b*(¥) are locally Lipschitz continuous, the

pathwise uniquenss of solutions holds for the equation (3.24) and hence, by
Theorem 1.1, we have

(3.24) {

(3.25) EF<EFT, forall >0, as..

(Take, in Theorem 1.1, o(t &) = Va'(), At)=bX!)a (E}), But)=
b (EF*)a™(EF™) and by(t, E)=by(t, £)=b"(E)a*(£).) Similarly, if £/~ is the solu-
tion of the stochastic differential equation

pag | = VOB e

then we have
(3.27) Ero<E for all t>0, as..
Also, if £77 is the solution of the stochastic differential equation
N Va (6 BT+ a ()b (€7

Et— = Eo ’
then we have
(3.29) Er<ETY, for all >0, as.,
and if £7~ is the solution of
(3.30) { der™ = a (g7 )dBr+a (£ )b (77t

EO_— - go ’
then

(3.31) E<ET, forall >0, as..
Finally, let £,=p(X,). Then, since

max £} = max £, min £ = min §&;
0<s <t o<s<it (2) 0<s<t 0<s<p ¥ (¢)

and ¢<<~r*(2), we have
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(3.32) max £ > max§, and min&d < miné,.

0Lt 0s<t 0<s<t 0<Ls<t
Similarly, using #<+"(¢), we have

(3.33) max £ <max§ and minf; > minéf,.

0<s<y 0<s<t 0<s<t 0<s<?
Then, by (3.25) and (3.31), we have

& = max £~ < max £y < max £, = &,,

0<s<t 0<s<t 0<s<t

and

E,—max £, <max & < max ;T =&
0<s <t 0<s <t 0<s<t

Similarly, by (3.27) and (3.29), we have

<& <&

This proves the theorem.
Exampre 3.1 (Hashiminsky’s test for explosion, [3], [7]).

Let X(#) be the diffusion process defined by the solution of (3. 1) We
assume that det(a’(x))>0 for every x&R" and n>1. Let p(x)—- [xf2=

E ; x;. Then I=[0, o) and S={0}. Let the explosion time e be deﬂned by
(3.2). If X(0)==0, X(¢) never visits the origin () and hence {=e as..

In this case

n

) = 30 @@, b) = ae) | L D) Spem

1,7=1

xe R"\{0} ,
a*(r) = max a(x), a (r)= mm a(x)
1*¥1=yor 1=y
Y re(0, o).
bt (r) = max b(x)y, b (r)= rlnln b(xy,
1*=var [*|=v2r

{g**(t) P} cro.1 1s the diffusion process on [0, co] with the local generator

( ; Z ,T07(r) @L) and the boundaries 0 and oo are traps.  {£77(¢), P,},cio,
is the diffusion process on [0, cc] with the local generator a™(r) (%%z +b7(r)— >

and the boundaries 0 and oo are traps. It is easy to see that 0 is unattainable
for both diffusions. Let e*=inf{t; £"*(f)=0c0} and e =inf {¢; £~ (f)=1c0}.
By Theorem 3.1, for a given >0, we can realize, on a same probability space,
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X(0), £7(t) and £(2) such that | X(0)|*=£*(0)=¢""(0)=r and

max E () < max | X(s)]2 < cr’rsrjlégtg (s), forall t>0, as..

Then, clearly " <e<e™ a.s.. Set

ct(r) = exp Sr 2b*(u)du and ¢ (r) = exp SI 2b~(u)du .

By a well known result of Feller, (cf. [5]), if

r
1

ST [1/c*(7)] S [c*(w)/a™(w)]dudr = o |

then e*==oc0 a.s. and a fortiori e=co a.s.. On the otherhand, if

[ e on {7 e @ya-dudr< o=

then e << oo a.s. and a fortiori e<< oo a.s..

Similarly, we can prove Hashiminsky’s test for regularity of boundary

points [4] by using Theorem 3.1. Also, we would like to remark that such a
comparison theorem is useful in the study of diffusion processes on a Riemannian
manifold which has some interesting applications to analysis and geometry. For
such topics, we refer to [6] and [2].

(1]
[2]
(3]

(4]
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