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ABSTRACT

The de-to-de conversion ratio of the series
nesonant converten has been deteamined in the
genenal discontinuous and continuous conduction
modes. This new analysis gives a complete
descniption of the de operation of the circuit
gon any Load and fon any switching grequency.

1. INTRODUCTION

The series resonant converter shown in Fig. 1
is one class of dc~to-dc converters that, while
quite widely used is not as well understood as the
class of pulse-width-modulated converters (buck,
boost, Cuk, etc.). The state-space averaging
technique [1,2,3], that has proved to be so fruitful
in the analysis of pulse-width-modulated converters,
is not applicable to resonant converters because
the principal time constamts are not long compared
to the switching period. Nevertheless, the same
kind of analytical results are as desirable for
resonant converters as for pwm converters, in
particular the dc-to-dc conversion ratio.

Previous analyses [4,5,and 6] have considered
the operation of this circuit as a function of
some, for this purpose, inconvenient parameter such
as the diode (D1) conduction angle, and have not
determined the conversion ratio M explicity.

In this paper a thorough analysis of the
conversion ratio M = V/V, as a function of the
switching frequency fg and the load R is given for
the series resonant converter in the geneaal
continuous and discontinuous conduction modes.
Experimental results obtained for a resonant
converter with resonant frequency fg = 35.7 kHz and
fg = 157 kHz are in good agreement with predicted
values.

This work was sponsored by the Office of Naval
Research, Washington DC, under Contract N00014-78-

C-0757, and by the Naval Ocean Systems Center,
San Diego, CA.
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{a) The senies nesonant convertern and
(b) its Ldeal equivalent cinrcult.

Fig. 1.

2. THEORY OF OPERATION

The circuit in Fig. 1b is equivalent to the
circuit in Fig. 1la if we assume that the components
are ideal and that C_>» C. The various voltages
Vi, VB, Vcs V and the current IR are defined
according to Fig. 1b. The bidirectional switches
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Sl and S2 operate at 50% duty ratio for a duration
Tg/2, where Tg is defined as the switching
interval. The switching frequency fg is given by

F = L A

s T =
S

switching frequency (¢D)

When Ql is turned ON and simultaneously Q2
turned OFF, the diode D2 will become reverse biased
by Vi, = 2Vg, and consequently S2 will be opened.
The pattern repeats when Q2 is turned ON and Q1
is turned OFF. At no time Ql and Q2 are switched
OFF simultaneously. Later in Section 7 we will
remove this restriction and discuss the special
case when Ql and Q2 are switched OFF
simultaneously.

The most general current and voltage waveforms
during Tg/2 (S1 ON and S2 OFF) are shown in Figs.
2-3. The waveforms during the following cycle
(S2 ON and S1 OFF), parts of which are shown, are

the same as the waveforms in the preceding cycle
but of opposite sign because of the symmetry of
the circuit.

The voltage Vg at the input side of the
bridge is controlled by the sign of the resonant
current IR and its peak value is equal to the
output voltage V. The resonant current IR consists
of plecewise currents each of frequency equal to
the resonant frequency given by

1 1
£, = =4

2m yf LC T0

(2)

resonant frequency

From the current waveforms in Figs. 2 and 3
we see that there are two different types of
discontinuous and continuous conduction modes.
the discontinuous conduction mode the resonant
current IR terminates after completing 7 full half
cycles denoted by i;(t) through i, (t) as shown in
Figs. 2a,b. This is followed by a period of no
conduction even though, we point out that, the
sulteh S1 48 closed and capable 6§ conduction. The
reason for the discontinuity in the current Ig, as
will be shown later, is that the bridge becomes
reverse biased. The two differert discontinuous
conduction modes correspond to whether n is odd
or even and are appropriately called odd or even

In

type n dem. We can see that in general for type n
dem to occur we must have
T nT f 1
s 0 ]
z 77 °r OCF < o

The frequency interval given by (3) is the
largest possible interval for type n dcm to occur.
For a given load R, however, the interval in which
type n dcm occurs is more restricted than (3) and
can be written as

fs 1

0 < C,(R,n) < EE <€ Ryn) <, (4)

where Cj(R,n) and Cy(R,n) are constants depending
on the load R which will be determined in the next
section.
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We now define the load parameter Q as follows

woL

Q=3 (5)

This Q of course is not to be confused with

the Qupij1 ©f the inductor L which we have assumed
to be ideal (Q.pi1 * *)-

In the continuous conduction mode the
current IR never ceases to flow as shown in Figs.
3a,b. For any switching frequency less than the
resonant frequency, fg < f(, the Q determines
whether the circuit is operating in discontinuous
or continuous conduction mode: when Q is increased
above a critical value dependent on fg, the circuit
will enter continuous conduction mode (ccm). In
this section we will only describe the operation
of the continuous conduction mode and in a later
section determine the critical values of Q. There
are two different types of continuous conduction
mode depending on whether D1 (D2) or Q1 (Q2)
conducts first when S1 (S2) is closed. Fig. 3a
shows Q1 conducting first at the instant Sl is
closed. This is followed by D1 and Ql conducting
alternately for n §uff half cycles after which,
while D1 is conducting Q2 is switched ON and S1
is turned OFF. Steady state periodicity of Ix
requires that if Ql conducts first, D1 should
conduct last. This implies that u can only be even
or zero. This type of continuous conduction mode
is called +fype n com, where n refers to the number
of full half cycles of Iy while SI or $2 is ON,
and the positive sign refers to the fact that Iy
and Vy have the same sign when S1 or S2 is turned
ON (or immediately afterwards). Referring to
Fig. 3a or Fig. 6a, we note that for this case the
time interval Tg/2 - nTp/2 must satisfy the follow-
ing inequality;

T

Is T0 1 fs 1
2

7 °f a2 < N

To
E— <
0

nT
0
= <2 <o T

(6)

Eq. (6) gives the frequency interval in which +type
n Ccm can occur.

Fig. 3b shows Dl conducting first at the
instant S1 is closed. This is followed by Ql and
Dl conducting alternately for 4 §ull half cycles
after which Ql while conducting is switched OFF
and Q2 is switched ON (but D2 will conduct first).
As before, periodicity requires © to be even or zero.
This type of continuous conduction mode is called
-fype n cemwhere the negative sign refers to the
fact that Ig and Vp have opposite signs when S1 or
S2 is turned ON (or immediately afterwards).
Referring to Fig. 3b or Fig. 6b we see that for
this case the time interval T /2 - nT,/2 must
satisfy the following inequality,

nT T 1 f

T
s 0 0

<= o 2 = J— =
0 2 2 < z °F n < fO <

(1)

3}

Eq. (7) gives the frequency interval in which
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~type n ccm can occur. The frequency intervals
given by Egqs. (6) and (7) can be more restricted
depending on the load R. This is shown in Table 1
where Bl(Q,n) and BZ(Q,n) are constants depending
on n and Q and will be determined in Section 6.

Before going on to the analysis, we would like
to show the consistency of the nomenclature of the
two types of continuous and discontinuous conduction

modes. We have
Even +type n dcm Even type n dcm
0dd +type n dcm 0dd type n dcm
Even +type n ccm (a) +type n ccm (b)
Even -type n ccm -type n ccm

Since the positive sign with dcm and the
word even with cem are redundant, we omit them
and obtain the nomenclature given above in (b).

The results are summarized in Table 1.

ANALYSIS OF THE CONVERSION RATIO IN THE
.DISCONTINUOUS CONDUCTION MODE

3.

This mode of operation, as mentioned earlier,
occurs when the circuit is excited below resonance,
and the reason for its occurence is that the output
rectifier bridge becomes reverse biased. In this
section we will show that the conversion ratio M,
for the even discontinuous conduction mode, is a
Linear function of the switching frequency and the
load. For the odd discontinuous conduction mode,
it will be shown that M is insensitive to varia-
tions in load and switching frequency.

We define now two additional parameters:

The conversion ratio is defined as

\
M= v (10)
g
where V, = Vin/2 as shown in Fig. lb. We proceed
now wit§ the analysis of M in both types of

discontinuous conduction mode.

Even type n dem (n = even)

The output current Iy is the average
rectified resonant current |IR(t)|:

(11)

TS/Z

=v._2

I, = R Tsf i IR(t)‘dt
0

Referring to Fig. 2a this integral can be
expressed in terms of the areas, A,, under each
full half cycle of IgR. We can then write (11) as

n
v 2
E‘T_E Ay -
s

m=1

(12)

Using definition (9) we can write (12) as

n
Y, -
m

m=1

2CVK (13)

Next we consider the power delivered to the

£ f kit circuit, Pj,, and the power delivered to the load,
y = Eg T or ?ﬁ = — (8) Py, which in the ideal case are equal:
s 0 v
k=2 ___ T (9) Te/2 n
2 2RCmS 2 2 L
Pin =T vg IR(t)dt =5 vg Am(—l)
s s
14
o ey (14)
Mode Conduction Sequence Frequency Interval
fS 1
even type n dem QL DI ...... Q1 D1 0 < C(Qn) < — < C,(Qyn) < — n even
Nl ] 2 fo ~ 1 — n
N
n full half cycles
IS — A s !
odd type n dcm Q1L Dl ...... Ql D1 Q1 0 < CZ(Q,n) < ?—-f_Cl(Q,n) <3 n odd
+ type m Q1 Dl Q1 Dl Q1 Di —l—<£§<B(n)<—1——
ype n cc L QL ...... g 2 S S8 @ sy
" 0
n full half cycles n=0,2,4...even
DAL . @D L s <1
-type n ccm Q cerees Q Q e —'fo _»BE(Q,n) <3
Table 1
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s/2 o
2 2
Py =T V‘IR(t)ldt =5 é A (15)
s s
m=1
Equating (14) and (15) we obtain for M = V/Vg
n
A (_l)m+l
— m
M= n even (16)
2CVK

The equations for the currents il(t) through
in(t) can be determined by straightforward circuit
analysis:

T
im(t) = wOC[Vg + (-1)mv - ch]sinwo(t—(m—l)ig)

a7
mTO/Z
A = i (t)}dt = - - —1y™H
" fl (814t = 20[v v _+-1)NI¢-1)
(m—l)T0/2
(18)
where,
ch:é the initial voltage across the capacitor

C at the beginning of the m " half

cycle (Fig. 2a).

In equation (18) the V., are unknown,
however, we need only determine Voy = Vo (U), and a
recursive expression for Ay can be determined by
successive calculation of Ve = Vepe1 + (-1)™Ap1/C
starting with m = 2. The peak-to-peak capacitor
voltage Vep—p and V. are given by

n
m+l
Cvcp—p = 2CVc2 = 2A1 - E Am(-l) , n even
m=1
(19)
n
1
Al m+l
cl c2- ¢ T T2 Am(—l) - MRV
m=1
(20)

Now the desired recursive relation for Am can be
determined

A = 2cvg[1 - (2m-1)M + M’K] (21)

Now the summation in (16) can be computed
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n

E A D™ - o0y v
m g

m=1

n even (22)

Substituting (22) into (16) we get for M:

2n
o .

n even (23)

which is a linear function of load and switching
frequency. Using (21) in (19) we get for the
peak capacitor voltage and Vi

2n , n’
ch = Vg [2 - =+ K_]’ n even (24)
VCl = -nV (25)
Odd type n dem (n = odd)

The only difference between this case and the
even type n dem is that in the summation in Eq.
(22) n is odd and so we get

n
m+l 2
A (-1) = 2cvg[1 - nM + KM*], n odd (26)
m=1
which when substituted into (16) gives
1
M= . n = odd 27)

This result states that if the circuit is
operating in an odd discontinuous conduction mode,
then the conversion ratio M is insensitive to load
or switching frequency.

The peak capacitor voltage in this case is

2 K
ch Vg[z -5t ;71 s n odd (28)

4. DISCUSSION ON DISCONTINUOUS CONDUCTION MODE

4.1 Boundary Between Two Discontinuous

Conduction Modes

Assume that the converter is operating in
even type m dcm. The conversion ratio M according
to (23) is given by

2m fs

mq f

M (29)

" 0
and is plotted in Fig. 4 for three different

cases. These are straight lines through the origin
with slope 2n 1t is clear that cases II and III
correspond ™ to higher values of Q than case I.



For type m dem to occur we require that
fs/fg i.l , so that (29) is valid in a region to
the left™of fy/fo =1/m on the M vs. fg/fg plot.
In case I, as the switching frequency is increased,
Mp will increase linearly until the converter
enters odd type (m-1) dem at fo/fg. If we continue
to increase fg/fg, say up to f3/fy, the conversion
ratio M will stay at a constant value of 1/(m-1)
because of operation in odd type (m-1) dcm.
(To complete the discussion for all fg > f., we
need to know the results from continuous conduction
mode derived in the next section, but for the
present discussion we need only consider the
results obtained for dem). If on the other hand
we decrease the switching frequency, Mp will
decrease linearly until the converter enters odd
type (mtl) dcm at fp/fg. If we continue to
decrease the frequency, say down to fz/fg, the
conversion ratio will stay at a constant value of
1/(m+1). From the foregoing discussion, we see
that case I represents an even type m dcm that is
bounded between odd type (m-1) dcm and odd type
(m+1) dcm. Case II on the other hand represents
an even type m dcm that is bounded between an
odd type. (m+l) dem and +type (m-2) cem; i.e.,
if we increase fg beyond 1/m the converter enters
+type (m-2) cem. In case III we have an even
type m dem bounded between —-type m ccm and +type
(m-2) ccm. From the foregoing discussion we see
that the region of validity of Eq. (29) is the
shaded area shown in Fig. 4.

To determine fh/fg and f./fg at which
operation changes from even type m dcm to odd type
(m+1) dcm and odd type (m-1) dem respectively, we
equate the conversion ratios of both modes and
we get

fb mQ
% = ﬁ(———m-l-l) (30a)
fC mQ
% = VEICS)) (30b)

Referring to Fig. 4, we see that for even
type m dcm we must have fp/fp<l/m (note that fc/fg
does not apply to cases II and III), so that from
(30a) we get

q < 2(m+1)

<=L (1)

This last inequality is very important and
states that for even type m dem to occur Q must
satisfy (31). For any value of Q larger than
2(m+1) /7, even type m dcm can not occur. The
condition given in (31) covers all three cases I,
and IT and III. If we wish to be particular, we
can determine the condition on Q so that we have
only case I. To do so we require fo/fg f_l/m and
we get

Q< (32)

2(m-1)
m
With (31) and (32) we now give the intervals
in which even type m dcm occurs along with the
load conditions:

Q0

odd M M_<2m f d
type (m-1) m Qr fo 4
dem
m+d il
[ oo
odd /r : [ 1 : eem
type (m+1) S0 : : : ]
dem RO [ |
Ja—— ] 1 i 1
fa fp fo fg 1 1 (fg/fQ)
TR Tohm :
Fig. 4. Boundaries of even type m dem.
/
M m+s /
M =t even
S type (m-1)
i _ _ Gdcm
m ]
' 1
! :
]
even ' Vo cem :
type (m+1} ' ' 1
dem ! . 1
! 1 1} i
! [ i
1 t ] t
1 [ t
1 1 1 1
fq fp 1 1 (fg/hg)
;; fo m—+—1 m
Fig. 5.  Boundarnies of odd type m dem.
mQ fs T 2(m-1)
— . e
2m(m+l)—f0—-2m(m—l) ’ Q< m
type m dem
mQ fs 1 2 (m-1) 2(m+1)
I, <t H —<Q——
2m(m+1) fO m b m
(33)

The complete description of even type m dem
is given by (33) which states the condition on
Q for the occurrence of this mode and the intervals
in which it occurs. Comparing (33) to (4) we get:

. _ TQ
Csz,m) T 2m(m+l)
2 (m-1
g, gl P
m(m-1) ° ﬂ
Cl(Qym)=
1 2(m-1) 2 (m+1)
- H ——— < Q < ——
m T T

Next we consider operation in an odd type m
dem which according to (27) has a constant gain of
1/m. As in the case of even type m dcm the three
separate cases are shown in Fig. 5. The overlap
region has been shown split in order to identify
the conversion ratio characteristics of each case.



Case I shows an odd type m dem bounded between even
type(m+l) dem and even type(m-1) dem. Case II
shows an odd type m dem bounded between even type
(m+l) dem and -type(m-1) ccm. Case III shows an
odd type m dcm bounded between -type(m~1) ccm and
+type(m-1) ccm. Proceeding exactly as before, we
can determine the intervals in which odd type m dem
occurs along with the conditions on Q. The results
will be identical to those obtained for the case

of even type m dcm, so that (33) is valid for the
general odd or even type m dcm.

In this section we have given the boundary
between two discontinuous conduction modes and the
intervals in which a general type m dcm occurs
along with the condition on Q.

Physical reason for the occurrence of
dis continuous conduction mode

Now we will show that, when operating in
discontinuous conduction mode, the bridge becomes
reversed biased when Ip ceases to flow. Assume
that the converter is operating in even type m dcm.
Referring to Fig. 4 we can clearly see that

1 f

s
M >-— for —

>
m m+1 f

(34)

rh|
1

o
o

Referring to Fig. 2a, we see that the
capacitor voltage V. during Iz = 0 is Vepyy =
- Vo1 = mV (using Eq. (25)), so that the voltage
across the bridge is

VB = Vg - ch+1 = Vg - mV (35)

dividing (35) by V we get

Ve 1
=y -m=gyg -m (36)

<1 (37)

which means that the bridge is tevense biased,
and that Ip ceases to flow even though Q1 is
s2LLL ON or S1 is still closed!

If the converter is operating in odd type m
dem, then by referring to Fig. 5 we have

m+1
K

H
h

for (38)

"la
e

Referring to Fig. 2b we see that the
capacitor voltage during Ig =0 is Vg = - Vo =
KV/m (where this last step is obtained by
substituting M = 1/m in (20) which is valid for
odd type m dem as well). The voltage across the
bridge, Vg = Vopel — Vg, is

K
vV, ==V -V or B
m g

<
3| =

B v

BZ’ =

N

igy (t)
Aoy
ipalt) 7 TN
Aoz, \\\
/’ A
e— tb ta
To
E T nT
L__—‘_S-_B_._)
2 2

Fig. 6la). Expansion of the interval
0<t<t,+tydin Fig. 3a.

,,’ iOI(t) N

i R~ dgalt)
4 ~
’ A N
/ 01 AOE AN
tp ta =
Is_nlo
2 2
To
2

Fig. 6(b). Expansion of the interval
0 <t <ty +tydn Fig. 3b.

N
Using (38) we get v§-< 1 so that the bridge is
reversed biased again.

5. ANALYSIS OF THE CONVERSION RATIO IN

THE CONTINUOUS CONDUCTION MODE

Operation in continuous conduction mode
depends on which of the following two intervals
fg/fg falls in:

1 fs 1
mﬁg%‘q

n=0,2,4,...even (39)

1 f
S

— < <
n+l f

[«
B

To determine which interval a given fg/fg
falls in, we simply find an even »n that satisfies
only one of the following two inequalities:

£

n+ 2 > ?9 >n+ 1 (40a)
s
f0

n+1>f_>n (40b)
S

For instance, if fg/fg = .3781, then fg/fg = 2.64
and only n = 2 satisfies (40b), so that

1/3 < fs/fg < 1/2. 1f fg/fg = .323, then

fo/fs = 3.1 and only n = 2 satisfies (40a), so that
1/4 < f4/fg < 1/3.

Unlike the case of discontinuous conduction
mode, the conversion ratio M in the continuous



conduction mode will be determined numerically.
For each of the two types of continuous conduction
mode we will determine an equation of the form
F(M,Q,Y) = 0 which will be solved numerically for
a given load (Q) and switching frequency (Yy).

tiype n cem:  1/(n+2) < fg/f0 < 1/(n+l)

In this section we will give the most
important steps in determining M for +type n ccm.
Referring to Fig. 3a we proceed by equating input
and output power of the circuit and obtain

n
m
n;ﬁ LA+ Ay T Ay
M=o 41)
A+ Ay + Ay,
m=1

The output voltage V is

A +A . +A
m

o1 * A2 D)

[\/JD

_ _ 2
v IR—R——TS(
1

2
]

The recursion relation for the areas A under
the full half cycles of IR can be shown to be

A =2C(V -~ (Con-1)V -V) (43)
m cp g

From (43) we can determine the summation (recall
n is even or zero)

n

E: (—l)mAm = — 2nCV (44)

m=1

Substituting (44) and (42) into (41) and using
definition (9), we get

- -2nCV + AOl - A02 s
2VCK

To complete the analysis we need to determine the
two voltages V.(ty,) and Vc(O) and the two currents
iOl(t) and igp(t) shown in Fig. 3a and Fig. 6a.
The currents igy(t) and igp(t) in the interval

0 < t < ty shown in Fig. 3a are redrawn in Fig. 6a
for clarity.

The peak to peak capacitor voltage is

n
- _ _m
cvcp_p = zcvCp = E: A ( D7+ Ay + Ay,
m=1
(46)
A
01
= -—— = - 47
vc(cb) vCp c MKV &7

where in the last step we made use (44), (45) and
(46). From circuit equations we obtain ig2(t) and
Ap2

i,(8) = - moc[vg +V + VC(O)]sinwot (48)
Ly,
Ay, =f iy, ()dt = c[vg +V 4+ VC(O)][Coswotb—l]
0 (49)
but we have
A A
_ _ T2 _ _ o2
VC(O) = Vc(tb) < = MKV < (50)

Substituting (50) into (49) and realizing

ty =TS/2 - nTO/Z -t ,we get
= 2 - - p— -
Agy CVg[M K~ M- 1][sec(y wota) 1} (51)
wOCVg[MZK -M-1]
i02 (t) = 51nw0t (52)

cos(y - wota)
In the same way we obtain iOl(t) and AOl

w.cV [1 - M + M?K]
gﬁ

. _ 0 .o R
1Ol(t) = v 51n(w0t Y) (53)
0 a
= - 2 —
Ay CVg[l M + M%k][1 secwota] (54)
Substituting for A01 and A02 in (45) we obtain

2M(n+l) = [1 + M - M*K]sec(y - wyt )

- [1 - M + M*]secw €, (55)

0

We must also have iOl(tb) = ioz(tb) which gives

2
1-M+ MK tanw.t_ = tan(y - wota) (56)

1+ M- MK 0a

Solving (56) and (55) simultaneously to
eliminate "wota" we get

[o+1][ 1-M4M°K] osy ijﬁk+n]£M2(n+l)2—l][n+2—MKl°inY

1-M(n+1) 2-MK 1-M(n+1) 2-MK

2
_ I1+M—M K“l’H-lI (57)

1+M(n+1) 2-MK

The peak capacitor voltage and the peak
resonant current are:



MK - 1
ch = Vg[l + Mn + —;“—+‘—l'] (58)
wOCV
- 2 -_—
Ipeak = ———Ln ) [M (a+1)? + MR - 1] (59)

In solving (56) and (55) simultaneously to
eliminate "wota" we determine:

2
COS(A)Ot = _._l.__uM——IS-——— (n+1) (603)
a1 MR - M(n+1)?
2 2 _
sinwgt = W/Eik+“J[M (n+1)?-1] [n+2 - MK]
2 MK + M(n+1)? -1
(60b)

Equation (57) is the desired equation from
which we can numerically determine the conversion
ratio M for a given load and switching frequency.
The results are shown in Fig. 8 for n = 0,2, and 4
which correspond to the intervals 1/2 < fg/fg < 1,
1/4 < £5/fg < 1/3 and 1/6 < fg/fg < 1/5
respectively. Note that for certain values of Q,

M

Substituting (64) and (62) into (61) and making use
of definition (9) we get

ey +
n A1

2CVK

A
M= _._O.?L (65)

To complete the analysis we need to determine
ig1(t) and ig2(t). These are determined in the
same way as in the previous case:

reaches the peak value of 1/(n+l) for fg/fg < 1/(n+l)

where n 0,2,4. This happens because operation
changes from +type n ccm to odd type (n+l) dcm.

The boundaries between continuous and

discontinuous conduction mode are determined in
Section 6.

—type n cem: 1/(n#l) < fg/fg < 1/n

Referring to Fig. 3b we proceed as before by
equating input and output power and obtainm

n
: m
- ZAm( D™+ Ay - Ay,
M = m=1

(61)

n
I A +A

m=1 "
For the output voltage we have

o1 ¥ 402

2
T
s

n
Vo= <[ (e)|> R = R[Z A +45 +4]

(62)

The recursion relation for the areas A, under the
full half cycles can be shown to be

A = 2c[vg - (2m-1) - vcl] (63)

where V ., as shown in Fig. 3b, is the capacitor
voltagecat the beginning of the first full half

cycle. Next we determine the summation in (61),
which for n = even gives:

n
m
E: Ah(_l) = = 2nCV

m=1

(64)

Q3

Vv w.cf1 - M - M*k] sinw.t
15 (8) = B 0 (66)
cos (Y wo a)
Ay = CVg[l - M - M*k][sec(y - Wyty) - 1]
(67)
V w.c[l + M + M2K]
ity = B9 T in(y - w.t)
02 cosw.t 0
0"a
(68)
= 2
Ay, = VgC[l +M+M K][secmota - 1] (69)
Substituting A02 and A01 into (65) we obtain:

2
(1M K)secwota-(1—M—M2K)sec(y—woca)=2M(n+1) (70)

Requiring i (t, ) we obtain

02(tp) = 1015

1 +M+ MK
1 -M-M%K

t

0 a oL

tanw tan(y - wota)

We solve (70) and (71) to eliminate "wota and we

get:

[n+1][1+M01°K] o5y +\/fMl<—n][l—M2 (n+l)2][n+2+MK]=inY

14M (n+1) 2-H1K 14M (n+1) 24MK

_ (1-M-MK) (n+1)

(72)
1-M(n+1)? + MK
The peak capacitor voltage is

V.M
g K n=20

ch = , (73)

14M(n+l) © + MK

Vg[1—3M + ———SEIIL—————J, n even

As in the previous case (72) is the desired
equation from which we can determine numerically the
conversion ratio M for -type n cem for a given load
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and switching frequency. The results are shown in
Fig. 8 for n = 0,2, and 4 which correspond to the
intervals fg/fg > 1, 1/3 < fg/fg < 1/2 and

1/5 < fg/fg < 1/4 respectively. The interval

fg/fg > 1 corresponds to exciting the circuit above
resonance and has no discontinuous conduction mode.
In the intervals 1/3 < fg/fg < 1/2 and

1/5 < fg/fg < 1/4 we see that for certain values of
Q operation changes from continuous to discontinuous
conduction mode. These boundaries between continuous
and discontinuous mode will be given in Sectiom 6.
We also note the occurrence of second and third
resonant peaks at fg/fg = 1/3 and fg/fg = 1/5.
There are in fact, an infinite number of these
resonant peaks located at fg/fg = 1, 1/3, 1/5, ...,
1/m ... (m = odd) with the maximum value of M at
these peaks being equal to Mpeak = 1, 1/3, 1/5, ...
1/m (m = odd) respectively. Of course, in reality
these results are valid only for swifching times
that ane shont compared to the output Load time
cons tant.

The peak resonant current is

wOCVg[l-M+MK] ;i 1-M-MXK <O

n=0
.I = W,CV ‘\jm((l—Mz)(Pﬂ(+2);l - M - MK >
peak 07"'g
1 _ K n#0
wocvg[~—n+1 + M(n-1 + ———n+l)]
(74)

The reason V., for n = 0 is different from
n # 0 can be seen grom Fig. 3b. For -type n ccm
Vep occurs at the end of the §ist full half cycle
of Ig which for n = 0 does not exist and consequent-—
ly Vep = Ve(ty + tp) = MKV,. For +type n ccm Vep
occurs at the end of iol(t% which is always present,
even when n = 0. This is the same reason for Isesk
to be different for n = 0 and n # 0. In the case
of Ipegks however, we see from Fig. 7 that for
-type 0 cem, Igeak depends on the intersection of
ig1(t) and ig2(t). If igy(t) and ig2(t) intersect
after the occurrence of the peak of igi(t), then
Loeak is the same as the peak of igp(t). If igy(t)
and igy(t) intersect before the occurrence of the
peak of ig1(t), then Ipeak = in(tb). It can be

shown that this break point occurs for 1 - M - MK = O

It can also be shown that 0 < wgt, < ©/2 for -type
ncem (n = 0,2,4...), so that the peak of igp(t)
never occurs.

a) Tpeak | 194 tty) b) _do1 (tp) =Tpeax
igq (£)~2 igq (tiI—= .
01 T2 (t) o igg{t)
e Tty ke ta le——tp —o tai!
2 2 |

Fig. 7. (a) Ipeak 0% -type O com for
1 -M- MK <0 and (b} for 1 - M - MK > 0.
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6. BOUNDARY BETWEEN DISCONTINUQUS AND -

CONTINUOUS CONDUCTION MODE

The conversion ratio characteristics for the
general continuous and discontinuous conduction
modes are shown in Fig. 9. The line M = 1/(n+l) is
the boundary between discontinuous conduction mode
and +type n and ~type n continuous conduction modes.
In this section we will analyze the range of
critical values of Q which determine the mode of
operation of the converter. Before going into the
analysis, let us study the results given in Fig. 9.
The two shaded regions in Fig. 9 are determined by
the range of critical values of Q.

In region I the conversion ratio character-
istics belong to the range of values of
Qel[20/m,2(n+1)/n]. The dashed line is the
boundary between even type n dcm and -type n ccm.
This is precisely case I1I1 discussed in Fig. 4.

In the interval 1/(n+l) < fg/fg < l/n, for this
range of values of Q, operation changes from -type
n ccm to even type n dcm as we increase fg/fg from
1/(n+l) to 1/n. Upon careful examination of Fig.
9, we realize that because of the periodic nature
of the intervals, the converter will be in
continuous conduction mode for all fg/fy > 1/n

and in discontinuous conduction mode for all

fS/f0 < 1/(n+l). Moreover, for all these values of
Q the conversion ratio will be 1/(n+l) in the
interval 1/(n+2) < fg/fg < 1/(n+l) which is the
case of overlapping characteristics as discussed
in Fig. 5 (case II). We have the following now:

ffs 1 R
s 5 _ cm
fO n
Qn fs 1
E;?;:E$'< ;—-< Y Even type ndcm
20 2 (o+1) 0
Prufiuid < Q & L
m T 1 £ qQn
(n = even) oo < f8’< In(adl) -type n ccm
fs 1
— < 0 dem
fO n+l

(75)

Compare the second interval in (75) to the
second interval given in (33).

Region II corresponds to the range of values
of Qe[2(n+1)/m, 2(n+2)/v]. This is the same as
case ITI shown in Fig. 5. For these values of Q

we have: fs L
(> cem
fO n+l
Qn £, 1 odd
e
2 (n+1) (nt+2) ?;nﬂ type (n+l) dem
2000 208D {4 ¢
< <SS ooy ftype moocem
(n even) n+2 fg 2 (n+1) (n+2)
fs 1
i dcm
Lfo n+2

(76)



" The results just given are derived by
4///// studying the radicals in equations (57) and (72).
57 In the interval 1/(n+l) < fs/fo < 1/n we see from
(72) that we must have
{
\Q“gx 1
\Y MK > <~
“(\ K > n and M SE (79)
Q’RF
Since in this interval the maximum value of
M, for the -type n continuous conduction mode, is
0€F£¥ﬂ-gggiq 1/(n+l), we get from (79)
1 fS Qm 1
3 K>n(n+l) or —= < — < &~ or
1 n+l —-fO — 2n (n+1)
' 2n giry_i)] £ 2n(n+l)
e " i Q2 T m (80)
&7 ) . . . .
| Since the maximum value of fg/fy in this
h N T7T 4 interval is 1/n, then we see from the last
a3 ATl s770 iy inequality in (80) that in order to have -type n

; , . ccm in the entire interval 1/(n+l) < fg/fg < 1/n
F/Lg.’ 9. Genenal boundaries bm@en conlinuows we must have Q> 2(n+l)/1T. This is the region

and discontinuous conduction modes, below regi in Fi
iy gion I in Fig. 9. For values of
and the range o nitical vatues of Q. Q < 2(n+l)/m we have continuous conduction mode
over an interval given by (80) which is more
restricted than 1/(n+l) < fg/fg < 1/n. However,

To determine which of the two regions a since the minimum value of fg/f in this interval
given Q belongs to, we determine an even "n" that is 1/(n+l), we must have Q > 2n/m for continuous
satisfies only one of the two following conduction mode as required by (80). The values
inequalities: of 2n/m < Q < 2(n+l)/7m define region I, and the

results in (75) follow.

n+ 2> %ﬂ-> n+ 1 - Region II (77a) From (80) and the preceeding discussion, we
can see that Bp(Q,n) in Table 1 of Section 2 is
given by
a+1>F >n > Region I (77b) @ m o, 20
2n(n+4l) 7 n
B -
1f Q = 10, for instance, then only (77a) is Z(Q’n) = 1 2 (n+1)
satisfied for n = 14, and passage from continuous o 5 Q> -

to discontinuous conduction mode is given by

(76). 1f Q = 9, then only (77b) is satisfied for

n = 14 and passage from continuous to discontinuous
conduction mode is given by (75).

For the interval 1/(n42) < fg/fg < 1/(n+l),
we study the radical in Eq. (57), from which we

get
For a given fg/f( the critical values of Q
depend which interval fg/fgy falls in: MK > n+2 and M f.nil (81)
£ 2(n+l) (n+2) Since in this interval the maximum value of
Q<?§-————fﬁ————— dem M in the +type n continuous conduction mode is
1 f 1 0 1/(n+l), we get from (81)
S
n+2 < ?6-< n+l f  2(n+l) (n+2)
P> ————— +type n ccm
fo ™ fs 2
K > (n+1) (n+2) or Q 3.?—-- F—(n+l)(n+2) or
f 2n(n+l) 0
S dem Lo ol
1 < EE < i 0 n+2 < ?g'< 7 (n+1) (n+2) (82)
n+l fO n 2n(n+l)
o= — ~type n ccm
fo T The maximum value of fg/fg in this interval is
(78) 1/(a+l) so that we see from (82), in order to have

continuous conduction mode in the entire interval

Q6



1/(n#2) < fS/fo < 1/(n+l), we must have Q > 2(n+2)/m.

The range of values Q > 2(n+2)/m defines the region
below region II. For values of Q < 2(n+2)/7 we
will have continuous conduction mode in an interval
given by (82) which is more restricted than

1/(n+2) < £g5/fg < 1/(n+l). However, since the
minimum value of fg/fQ in this interval is 1/(n+2)
we must have Q > 2(n+l)/7 for continuous conduction
as required by (82). The range of values of
2(n+l)/m < Q < 2(n+2)/n defines region II, and the
results in (76) follow.

From (82) and the preceeding discussion we
can see that Bj(Q,n) in Table 1 of Section 2 is
given by

qn . 2(n+l) qQ < 2(n+2)
2(n+1) (n+2) ’ s kit
B, (Q,n)=
1 2(n+2)
T H Q> —"
n+l ul

The results in (78) follow directly from (75)
and (76). From (78) we can see that there can be
no continuous conduction mode for Q < 2n/m in the
interval 1/(n+l) < fs/fo < 1/n, and for
Q < 2(n+l)/m there can be no continuous conduction
mode in 1/(n+2) < fg/fy < 1/(n+l).

1. OPERATION IN THE SPECIAL CASE WHEN

QL AND Q2 ARE OFF SIMULTANEOUSLY

Until now we assumed that Ql and Q2 were
allowed to conduct for the entire duration of
Tg/2. 1If conduction is inhibited by switching
Q1 (or Q2) OFF before the end of Ty /2, the
converter will be fonrced to operate with a finite
number of allowed continuous and discontinuous
conduction modes over the entire range fg/fg e[0,].
To illustrate this, let us refer to Fig. 2a and
assume n = 6 for a given Q and fg/fy- In Sections
2, 3, and 4 we showed that although the transistors
were ON during the entire period Tg/2, I became
discontinuous because the output bridge rectifier
became reverse biased. Now we ask what happens if
under the same operating conditions the transistors
are switched OFF after conducting the current
iy (t). The current i)(t) which is carried by the
diode (D1 or D2) will flow because we can not
switch OFF D1 or D2. The current i3(t) will not
be able to flow, however, because Ql is switched
OFF and the circuit will be forced to operate in
type 2 dcm instead of type 6. Moreover. we see
that in the entire range fg/fg £[0,*] the allowed
modes of operation are type 1 dem, type 2 dem and
+ type 0 cem. To illustrate further, if we assume
for the same Q and fg/fg, the transistors are
switched OFF after conducting the current i3(t),
the converter will be forced to operate in type &4
dcm instead of type 6 dem. In this case the
allowed modes of operation in the entire range
fo/fg €[0,2] are type 1 dcm through type 4 dcm,

+ type 2 ccm and + type O ccm.

We see from the preceeding discussion that
when Q1 and Q2 are OFF simultaneously, - the conver-
sion ratio characteristics in the interval
0 < fg/fp < 1/2 will be different from that in
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1
M
‘y
¥4
0 1 1
3 fg/fg
Fig.10. The conversion hatio characternistics
in The special case when Ql and Q2 are
allowed to conduct only once.
1
M
s 1L VY
3
/ . /
ol
0 104 1 1
i3z Fa/fo
Fig. 11. The conversion natio characteristics
An the special case when Q1 and Q2 are
allowed to conduct at most twice.
Fig. 8. 1In the interval fg/fgy > 1/2 the conversion

ratio characteristics will not be affected because
in this interval Ql and Q2 conduct only once.

Fig. 10 shows the conversion ratio character-
istics when Ql and Q2 are allowed to conduct only
once in the period Tg/2. Since the only allowed
modes of operation in this case are type 1 decm,
type 2 dem, and + type O ccm, we can not have the
other resonant peaks at fg/fg = 1/3, 1/5,... as



shown in Fig. 8. 1In the entire interval

0 < fs/fo < 1/2 M will be given by (23) for type 2
dcm and (27) for type 1 decm. Moreover, we notice
that the lower bound of the frequency interval in
which type 2 dcm can occur is zero instead of
C7(Q,2) = m Q/12 as given by (33). This is obvious
because fg/fp = €2(Q,2) is the boundary between
type 2 dem and type 3 dem which we can nof have
since we have constrained the converter to operate
with a maximum of type 2 dcm.

In general if the transistor is allowed to
conduct at most only J number of times in the
period TS/Z, the maximum allowed discontinuity is
type 2j dcm and consequently C2(Q,23) = O.

Fig. 11 shows the conversion ratio
characteristics when Q1 and Q2 are allowed to
conduct only twice in the period Tg/2. 1In this
case the maximum allowed discontinuity is type 4
dem and C5(Q,4) = 0. The M for type 2 dem will now
be sandwiched between M = 1/3 and M = 1 because
of the occurrence of type 3 dem. In addition to
the first peak at fg/fp = 1, we also have the
second resonant peak at fg/fp = 1/3 but not any
‘other. It is clear from the above discussion that
if we allow Q1 and Q2 to conduct at most J times
in the period Tg/2, we will have only j resonant
peaks at fg/fy =1, 1/3, ... 1/(23-1).

This completes the D.C. analysis of the

series resonant converter in the general
discontinuous and continuous conduction modes.

8. EXPERIMENTAL RESULTS

A resonant converter was built with the
resonant frequency selectable either at
fo = 35.7 kHz or fg = 157 kHz. The output trans-
former was eliminated in order to avoid extra
parasitic losses. The voltages Vg and Vg shown in
Fig. la were measured and the conversion ratio M
was determined by taking the ratio of Vg to Vg» so
that

\' vV -V \'
M = T _ g s

= — = = g
VB vV + 2VD vV + 2V

(83)
D

Vg is the voltage across Sl or SZ and varies
between Vg, and -Vp; depending on the direction of
the current IR. Normally V, is much greater than
either Vgar or Vpp, and the approximation in (83)
is good. Accounting for the voltage drops in the
output bridge rectifier is slightly more
complicated and requires modification of the Q.
This is done by considering the power dissipated
at the input terminals of the bridge rectifier:

2
. o (VB ZVD) . (VB 2VD)
out D R R

(84)

The first term in (84) represents the losses
in the bridge and the second term is the power
delivered to the load R. Rearranging (84) we get
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fs/fo 1.5

x
L 9=.94

g=4.42

G=1.68 G-i;gg——____g_____JL——x .
o o
v

v g=4.6" 1
JaL
0
1/4 fs/fo 1/3 1/3 fs/fo 1/2
Fig. 12. Experimental results in the interval
1/4 < £g/fy < 1.5.
vy vy sz 2v,
foue TR BT T Q) 89
g

Eq. (85) implies that when we consider the
conversion ratio M = Vg/VB, then R and Q must be
modified according to

2V
- R _ D
R= T~y °r Q= al - ]
D g g

(86)

To determine M for even type n, with Q
modified, we substitute (86) in (23) and obtain

2
n f 2VD
(87)

The conversion ratio of the odd type n dcm
remains unaffected by this modification of Q. For
+type n ccm and -type n ccm the correction for Q
to determine M is done numerically., Experimental
results are shown in Fig. 12a,b,c. 1In Fig. 12a the
dashed lines indicate the conversion ratio
characteristics without modifying Q and the solid



lines after modifying Q as in (86). The boundary
conditions given in (75), (76) and (78) can be
easily modified by changing Q to Q[1-2Vp(n+l)/V ]

as can be seen from (86) in which we let M = l/%n+1).

Figs. 13a,b,c show how operation changes from
type 1 dem to type 2 dcm to —type 2 ccm as we change
the load while operating at a fixed switching
frequency. In Fig. 13a we see that although the
diodes D1 and D2 are present, they do 1ot conduct
because the load R is not small enough. This can
be seen from (33) in which if we let m = 2, we
require Q > 4fg/mfgy for type 2 dem to occur. When
the Q is modified according to (86), this condition
becomes Q > Afs/ﬂfo(l—ZVD/Vg). The operating
conditions for Fig. 13a are

fS = 13.9 kHz L = .197 mH Vg = 14V
fO = 35.7 kHz R =89 Q VD = .7V
fS
— = ,389 > n=2and 1/3 < f /f, < 1/2

f s' 70

0

Afs 1
Q = .496 - TE :—L—‘_—W/T = .55 (88)
0 D' g

We see then from (88) that Q does not satisfy
the condition for type 2 dcm to occur and as a
result the diodes D1 and D2 do not conduct.

If we now change the load to R = 27.0 2, the
diodes D1 and D2 begin to conduct and operation
changes to type 2 dcm as shown in Fig. 13b. The
transistors Q1 and Q2, however, do not conduct for
the second time in Tg/2 even though they are still
ON. This can be seen from (78) in which if we let
n = 2, we require Q > 12 f4/fym for -type 2 ccm
to occur. When Q is modified according to (86),
this condition becomes for n = 2
Q > 12fg/fgn(1 - 6Vp/V,). For the operating
conditions in Fig. 13b we have

12¢
s

R=127.Q + Q=1.64 — S _ ____
Ty (= V)

2.13
(89)

We see then from (89) that Q does not
satisfy the condition for —type 2 ccm to occur and
as a result Ql and Q2 do not conduct for the
second time in Tg/2.

If we change the load further to R = 11
then Q = 4.0 > 2.13, and the condition for -type 2
ccm to occur is satisfied. This is seen in Fig. 13c
in which we see the transistors Q1 and Q2
conducting for the second time in the interval Tg/2.
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Fig. 13.

c)

Expernimental verification of how
operation changes grom (al type 1 dem
to (b) type 2 dem to (c) -type 2 com as
the Load R is neduced §rom 890 to 11Q.

Top trhace £is Vg, boltom trace 44 Ip



9. _ CONCLUSION

In this paper the dc operation of the series
resonant converter has been analyzed in terms of
two simple parameters: the Load parameter
Q = woL/R and the ratio of swifching grequency
to resonant frequency. The discontinuous and
continuous conduction modes have been Ldentified
in the general case and the conversion ratio M has
been determined for each mode of operation.

There are fwo general continuous conduction
modes, defined as +type n com and ~type n cem,
for which the conversion ratio M is determined
numerically.

There are {wo general discontinuous conduction
modes defined as even ftype n dom and odd type n dem.
For the even type n dcm the conversion ratio M is a
Linear function of the switching frequency and the
load, whereas in the odd type n dem the conversion
ratio is {nsensi{tive to variation in load and
switching frequency.

The boundaries between discontinuous and
continuous conduction mode are given in terms of
the load and switching frequency.
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