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Abstract—A new comprehensive wide-band compact-modeling
methodology for on-chip spiral inductors is presented. The
new modeling methodology creates an equivalent-circuit model
consisting of frequency-independent circuit elements. A fast
automated extraction procedure is developed for determining
the circuit element values from two-port -parameter measure-
ment data. The methodology is extremely flexible in allowing
for accurate modeling of general classes of spiral inductors on
high- or low-resistivity substrate and for large spirals exhibiting
distributed trends. The new modeling methodology is applied
to general classes of spirals with various sizes and substrate
parameters. The extracted models show excellent agreement with
the measured data sets over the frequency range of 0.1–10 GHz.

Index Terms—Distributed effects, equivalent-circuit model,
integrated passives, proximity effect, RF integrated circuit (RFIC),
silicon, skin effect, spiral inductors, substrate eddy currents.

I. INTRODUCTION

S INCE ITS introduction, the integrated circuit (IC) has per-
vaded nearly every aspect of modern life. Recently, there

has been increased emphasis on RF and mixed-signal ICs, in-
cluding the creation of system on chip (SoC). A particularly
difficult aspect in the integration process is the embedding of
passives, such as planar spiral inductors, as illustrated in Fig. 1.
However, despite the difficulties, the benefits of embedding pas-
sives on-chip are substantial, including significant increases in
reliability and performance of the IC combined with lower cost
[1]. As a result, the use of monolithically integrated on-chip
spiral inductors has become commonplace in the IC industry.

The RF and mixed-signal IC design process requires accu-
rate inductor models that can be included in the circuit simula-
tion along with the entire IC design. The implemented inductor
model should be composed of frequency-independent circuit el-
ements to allow for time-domain circuit simulation in common
circuit simulators such as SPICE. To give the IC design engi-
neers a real benefit, the compact-model topology should use
a minimum number of ideal lumped elements while offering a
maximum amount of modeling flexibility. Furthermore, having
a robust automated extraction procedure is desirable to reliably
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Fig. 1. Planar spiral inductor on silicon substrate.

and quickly produce circuit models for a given spiral inductor
design on demand.

The most commonly used compact spiral inductor model is
the standard “nine-element” -model (e.g., [2] and [3]). The se-
ries branch of the nine-element model consists of a series combi-
nation of an inductor and a resistor together with a parallel-con-
nected capacitor, which may be thought of as representing the
capacitive coupling to the underpass, as well as between the
turns of the spiral inductor. While this model is useful over a
limited frequency range for electrically small spiral inductors
on low-loss substrates, it does not properly model distributed
effects as well as higher order loss effects, including conductor
skin and proximity effects in the metallization and eddy-cur-
rent loss in the silicon substrate for heavily doped silicon pro-
cesses. The lack of a single accurate wide-band model typically
leads to the creation of many narrow-band models for a given
spiral inductor. The problem of producing multiple narrow-band
models is compounded by the availability of many different
spiral inductors for a given silicon process. A wide-band mod-
eling approach significantly simplifies this bottleneck in the de-
sign flow by providing a single model for a given spiral inductor.
A wide-band spiral inductor model also has the capability of
providing a valuable accurate response outside the main fre-
quency band of interest for a specific application.

This paper presents a new comprehensive methodology for
wide-band compact modeling of on-chip spiral inductors, in-
cluding automated component value extraction. The proposed
wide-band models consist entirely of ideal lumped elements to
make them compatible for transient analysis in common cir-
cuit simulators. In order to make the models wide-band, two
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Fig. 2. Standard single-� network topology for compact spiral inductor
models.

Fig. 3. Distributed double-� network topology.

major frequency-dependent effects are included. These are fre-
quency-dependent series loss in the metallization and lossy sub-
strate, as well as distributed effects.

Frequency-dependent series loss in the spiral inductor is mod-
eled using transformer loops (similar to the substrate current
loops used in the equivalent-circuit models for on-chip inter-
connects [4], [5]). A simple transformer structure has also re-
cently been used for scalable modeling of spiral inductors [6].
The single- model augmented with transformer loops to incor-
porate the effects of frequency-dependent series loss in spiral
inductors achieves high accuracy over a wide frequency range,
in particular, for spiral inductors on low-resistivity substrates,
where eddy-current loss in the substrate is dominant [8], [9].

The limitations of the single- network topology (Fig. 2) be-
come apparent as the physical size of the spiral becomes elec-
trically larger. Distributed effects in spiral inductors are directly
observed as a decrease in the effective series branch resistance

at higher frequencies, even to negative values in the fre-
quency-range of interest, where the series branch impedance is
given by

(1)

and is the mutual short-circuit admittance parameter
of the two-port network. The decrease in cannot be
represented by the one-port branch series impedance element

in Fig. 2 consisting of only ideal lumped , , ele-
ments. In order to represent these distributed effects, a compact
distributed model topology consisting of two cascaded sec-
tions (double- network topology [10]–[12]) is utilized, as illus-
trated in Fig. 3. The corresponding distributed double- equiv-
alent-circuit model also incorporates transformer loops to accu-
rately model series loss effects over a wide frequency range.

Both single- and double- compact wide-band models con-
sist entirely of ideal lumped elements. The component values
are determined from measured two-port -parameter data
using a robust automated extraction procedure based on a least
squares (LS) fitting algorithm [7] and a scaling technique for
the double- model. To verify the capabilities and demonstrate
the strengths of the new modeling methodology, a number
of sample spiral inductors covering the common classes of
on-chip spiral inductors are extracted from measurement data.

TABLE I
GENERAL CLASSIFICATIONS OF SPIRAL INDUCTORS

II. MODELING METHODOLOGY

The primary focus of this paper is to set forth a modeling
methodology that can be employed to accurately characterize a
wide variety of spiral inductors. In general, spiral inductors on a
silicon substrate may be classified into four categories, as shown
in Table I. A number of modeling techniques are currently avail-
able to handle categories 1 and 2 [2], [8], [9], [13]. The more
challenging spirals to model are contained within categories 3
and 4. The difficulties in capturing the distributed trends in spiral
inductors have recently been addressed in [10], [11], and [14].
Here, a methodology is presented that encompasses all four
general categories outlined above in one comprehensive mod-
eling methodology. Combining the single- and double- net-
work topologies along with a fast automated extraction proce-
dure produces a comprehensive wide-band modeling method-
ology that can accurately model the common classes of spiral
inductors used in modern silicon-based RF integrated circuits
(RFICs).

The modeling methodology can be divided into two general
steps. The first step is to develop a network topology whose
frequency-dependent branch impedance and admittances can
be determined from given two-port measurement -parame-
ters. Furthermore, the resulting frequency-dependent network
branch admittances and impedances, such as and

, shown in Figs. 2 and 3, should be synthesizable
in terms of ideal lumped-element circuits including parameter
extraction within an automated procedure. In this paper, the
single- and double- network topologies, shown in Figs. 2 and
3, are employed. The three branch elements in the single-
model (Fig. 2) can be directly (uniquely) expressed in terms of
the three independent two-port - or -parameters of the spiral
inductor [15]. The double- network, shown in Fig. 3, however,
has four unknown branch functions. A fourth relationship based
on a scaling technique is formulated in Section IV-B.

The second step of the modeling methodology is to represent
each network branch in terms of an ideal lumped-element cir-
cuit and extract the component values. To simplify this process
and avoid the need for extracting complex poles, the network
branches are limited to either , or , circuits based upon
the physical effects they are representing. The series network
branch is used to model the frequency-dependent
resistive and inductive component of the inductor, including
higher order loss effects. To model the frequency dependence of
the series branches, transformer loops are utilized, as in [4]. The
transformer loops model the effects of the frequency-dependent
series loss in the spiral inductor, which can be attributed to con-
ductor skin effect, proximity effect, and substrate eddy-current
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Fig. 4. Wide-band compact equivalent-circuit model for spiral inductors in
RFICs in a single-� topology.

loss for low-resistivity substrates [8], [9]. The shunt network
branches are utilized to model the electrical inter-
actions of the metal windings with the Si–SiO multilayer sub-
strate, as presented in [2] and [13]. Care must be taken to choose
ideal lumped-element circuits that not only accurately model the
frequency-dependent branch impedance and branch
admittances , but are also feasible in the implemen-
tation of an automated extraction procedure.

III. EQUIVALENT-CIRCUIT MODELS

A. Single- Equivalent-Circuit Model

Fig. 4 shows the wide-band single- equivalent-circuit model
for spiral inductors. The inductance and resistance in
the series branch represent the spiral inductor’s series resistance
and inductance at the low-frequency limit, respectively. The in-
ductance and resistance simulate the th transformer
loop to account for the frequency-dependent losses. The mutual
inductances between and can be thought of partly
representing the inductive coupling between the spiral metal-
lization and semiconducting substrate. The impedance of the se-
ries branch with transformer loops is given by [4]

(2)

where is the number of transformer loops. With only a single
loop, the series circuit is effectively a simple transformer with
a resistive load. Each additional transformer loop adds an extra
term to the summation in (2), which allows for more variability
in the frequency response. In (2), the element is arbitrarily
chosen as 1 H to uniquely determine the equation (see Sec-
tion IV-C). It should also be pointed out that there is no inter-
winding capacitance connecting ports 1 and 2, as is commonly
used in the nine-element model. The interwinding capacitance is
used to model an increase in effective at higher frequen-
cies; however, distributed trends will be present and pronounced
at lower frequencies, resulting in the need for a double- model.
The double- model described in Section III-B includes an in-
terwinding capacitance.

The standard – topology consisting of ideal and
elements is used for the shunt branches in the configuration
of the wide-band compact model. Increased flexibility can be
realized by adding one or more parallel combinations in

Fig. 5. Wide-band distributed equivalent-circuit model for spiral inductors in
RFICs.

series with the basic – circuit. The impedance of this
augmented shunt circuit is

(3)

where is the total number of combinations in the shunt
circuit and is the branch number.

B. Double- Equivalent-Circuit Model

To include distributed effects in a compact spiral inductor
model, the single- network topology is extended to an equiv-
alent higher order ladder network. The resulting double-
network model is shown in Fig. 3. The frequency-dependent
shunt admittance and series impedance branches can be repre-
sented over a wide frequency range by ideal lumped-element
circuits, similar to the wide-band equivalent-circuit model in the
single- network topology. The corresponding new wide-band
distributed equivalent-circuit model for spiral inductors is
shown in Fig. 5. An additional parallel capacitance is added
to include the capacitive effects between the metal windings
of the spiral inductor. Interwinding capacitance has increased
importance when capturing the distributed characteristics of
the metal windings. As in the single- model, the transformer
loops represent the frequency-dependent series loss effects in
the spiral inductor. The loss mechanisms include conductor
skin and proximity effect and the effects of eddy-current loss in
the semiconducting substrate. The general trend of these loss
mechanisms is an increase in series resistance and a decrease in
series inductance with increasing frequency. Distributed effects
resulting in a decreasing or negative effective series resistance
at higher frequencies are obtained in the new distributed
equivalent-circuit model through the interaction of the series
branch and center shunt branch circuits. All lumped elements
are chosen in such a way as to accurately model the electrical
effects and to be compatible with an automated extraction
procedure. If this extra precaution is not taken, an accurate
equivalent-circuit model can be developed, but an automated
extraction procedure may not be feasible.

IV. EXTRACTION PROCEDURE

A. Single- Equivalent-Circuit Model

The extraction of the single- equivalent-circuit model be-
gins with the network solution of the single- network shown
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in Fig. 2. The series impedance can be directly obtained from
the admittance parameter, as previously shown in (1). The
two shunt branches shown in Fig. 2 are extracted as

(4)

(5)

The circuit element extraction using Cauchy’s method,
as described in Section IV-C, is performed for the series
branch and the two shunt branches and

.

B. Double- Equivalent-Circuit Model

The extraction of the double- equivalent-circuit model be-
gins with the network solution of the double- network shown
in Fig. 3. The given inductor measurements provide three inde-
pendent two-port network parameters , and . It
should be pointed out that the interwinding capacitance extrac-
tion is trivial and is not shown explicitly in the network topology
in Fig. 3. Extraction of the interwinding capacitance is done with
high-frequency data and removed from the measured short-cir-
cuit admittance parameters as

(6)

(7)

(8)

These three modified independent network parameters are used
in the following extraction process. The four unknown network
branches , , , and of
the double- network shown in Fig. 3 are related to the three
independent network parameters as

(9)

(10)

(11)

Unlike the case of a single- network, the four network branches
cannot be uniquely determined from the three independent net-
work parameters. To solve the network, a frequency-dependent
complex scaling relationship between two shunt branches

(12)

is defined. The specification of the complex scaling function
is achieved simply in terms of three real scaling constants,

as described in the Appendix. Equations (9)–(11) together with
the scaling relationship (12) result in the following polynomial
equation for series branch impedance function :

(13)

Although the polynomial needs to be solved for every frequency
point, the polynomial solution is desirable because it is compu-
tationally very fast. With determined, the three shunt
admittance branches are found as

(14)

(15)

(16)

As a final step, a circuit element extraction using Cauchy’s
method, as described in Section IV-C, is performed for the se-
ries branch and the three shunt branches ,

, and .

C. Circuit Element Extraction

An important consideration in developing compact models is
the need for a fast and accurate means of extracting the com-
ponent values. Typically, compact models, including the nine-
element model, are extracted using time-consuming optimiza-
tion. Since optimizers involve an iterative solution process, they
can be prone to convergence problems, depending on the initial
values supplied by the user. The optimizer may converge to a
“local minimum” or possibly never reach convergence. To avoid
these problems with the more complex transformer loop model,
we have developed a robust computer-aided design (CAD)-ori-
ented extraction methodology using an LS fitting procedure.
Due to the large number of frequency points and limited number
of components, the LS fitting procedure involves the solution of
an overdetermined system of equations. Note that this extraction
approach is feasible because of the simple mapping between the
coefficients of the resulting rational polynomial and the compo-
nent values in the wide-band compact model, as illustrated at
the conclusion of this section.

As (2) and (3) show, both the series and shunt impedance
functions include summations of single-pole terms, which can
be rewritten as rational polynomials of . To take advantage
of the rational polynomial form, Cauchy’s method [7], [16] is
used to extract the coefficients of the rational polynomial and,
hence, component values involved in the summations. To illus-
trate the extraction procedure, the main steps in the extraction
are described for the series impedance branch. The shunt circuit
extraction is similar and the main differences will be described.

Investigation of the series impedance function shows that, at
low frequencies, and dominate the impedance of the
series circuit in the transformer loop model. The dc values can
be found by separating the measured data, similar to (1), into the
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resistive and inductive parts, and extracting the low-frequency
asymptotes of both curves. After obtaining and , the
remaining unknowns are isolated by rearranging (2) as

(17)
Equation (17) shows that the only remaining terms are due
to the transformer loops and are contained in a summation of
single-pole functions. This summation can be rewritten as a
rational polynomial in

(18)
Rewriting (18) and applying it to each frequency point (

) results in a set of complex equations of the form

(19)

The total number of coefficients in the rational polynomial is
three or five for the single and double transformer-loop models,
respectively, while the number of frequency points is on the
order of 100 for the examples shown in this paper. The example
of the commonly used single transformer-loop case can be used
to clarify the process. The set of complex equations in (19)
is rewritten as

(20)

which must be satisfied at each frequency point of interest. The
resulting overdetermined system is solved directly using a stan-
dard matrix eigenvalue equation approach. The components of
the resulting eigenvalue vector provide the coefficients of the ra-
tional polynomial set forth in (18). A partial fraction expansion
is performed on the rational polynomial to obtain the poles and
residues written, in general, as

(21)

In the case of the single transformer loop, the simple mapping
function is used to map (17) to the poles and residues of (21) as

(22)

where is taken as a scaling factor and, as previously men-
tioned, has been chosen as 1 H for all models presented in this
paper. This value of can be chosen arbitrarily, but it should
be taken into consideration that and .
The occurrence of a successful extraction will not be dependent
on the arbitrarily chosen value of .

The impedance function of the shunt circuits is similar in
form to that of the series branch circuit, as can be seen from
(3). can be extracted from the low-frequency asymptote of

TABLE II
DESCRIPTIONS OF SPIRAL INDUCTORS USED FOR MODELING RESULTS

the shunt impedance, and the impedance function is rearranged
as

(23)

This form directly leads to an extraction using Cauchy’s
method, as explained above, where only the simple mapping
of poles and residues to the impedance function (23) must be
rearranged. In the commonly used – equivalent shunt
circuit, the simple mapping is arranged with (23) as

(24)

In a similar manner, the mappings of – – as well as
double transformer loops are arranged. Caution must be given
to the generation of the poles and residues indicated in (21),
which can result in irrational polynomials due to measurement
noise [17].

Due to the similarities in the impedance functions of the series
and shunt circuits of the wide-band compact model, the same al-
gorithm can be used to extract all branches of the equivalent-cir-
cuit model, which leads to a very compact and efficient extrac-
tion procedure. The extraction time for a typical complete equiv-
alent-circuit model consisting of single or double transformer
loops and – or – – shunt circuits typically is
on the order of 30 s for the single- equivalent-circuit model
and 90 s for the double- equivalent-circuit model on a SPARC
Ultra10 workstation.

V. RESULTS

To demonstrate the broad capabilities of the presented com-
prehensive modeling methodology, four inductors from the four
general classes of spiral inductors were modeled. The inductors
were chosen to show the flexibility of the modeling method-
ology to accurately characterize a broad class of inductors. A
brief description of the inductors is contained in Table II. All in-
ductors were fabricated in BiCMOS processes with or without
an epi-layer. Inductor B was modeled with the single- equiva-
lent-circuit model. The remaining inductors were modeled with
the double- equivalent-circuit model for maximum accuracy
over the frequency range of 0.1 to 10 GHz. In order to demon-
strate the benefits of modeling electrically large inductors with
the double- model, single- models were also extracted for
comparison purposes for inductors C and D. To illustrate the
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TABLE III
EXTRACTED SINGLE-� EQUIVALENT-CIRCUIT PARAMETERS

FOR A 1.5-nH SPIRAL

TABLE IV
EXTRACTED DOUBLE-� EQUIVALENT-CIRCUIT

PARAMETERS FOR A 9.5-nH SPIRAL

two possible outputs of an extraction process, sample results
are shown for the single- and double- equivalent circuits.
Table III lists the circuit component values of the single- model
for inductor B obtained with the automated extraction proce-
dure. Table IV lists the double- extracted circuit component
values obtained for inductor C.

To demonstrate the accuracy of the models, a number of in-
ductor characteristics that are of importance to the circuit de-
signer are shown. Fig. 6 shows the short-circuit input resistance

and short-circuit input inductance for inductors A and
B, as defined by

(25)

There is slight improvement in modeling performance for in-
ductor B above 8 GHz by using two transformer loops. Sim-
ilarly, the results for inductors C and D are shown in
Fig. 7. The model results for are shown in Fig. 8 for
inductors A and B and in Fig. 9 for inductors C and D, re-
spectively. These results demonstrate the accuracy of the mod-

Fig. 6. Input resistance R (!) for inductors A (double-� model) and
B (single-� model) obtained from measurements and modeled using the
comprehensive modeling methodology.

Fig. 7. Input resistance R (!) for inductors C and D obtained from
measurements and modeled using the comprehensive modeling methodology
using single transformer loops.

Fig. 8. Input inductance L (!) for inductors A (double-� model) and
B (single-� model) obtained from measurements and modeled using the
comprehensive modeling methodology.

eling methodology in terms of the one-port characteristics of the
spiral inductors.

The second set of characteristics to show are the mutual resis-
tance and mutual inductance , defined by (1). The model
results for are presented in Fig. 10 for inductors A and B
and in Fig. 11 for inductors C and D, respectively. The results for

are the best indicator for the need of a distributed model.
A single- model is unable to capture the negative-resistance
trends seen in at higher frequencies. When using a dis-
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Fig. 9. Input inductance L (!) for inductors C and D obtained from
measurements and modeled using the comprehensive modeling methodology
using single transformer loops.

Fig. 10. ResistanceR (!) for inductors A (double-� model) and B (single-�
model) obtained from measurements and modeled using the comprehensive
modeling methodology.

tributed model, the series resistance parameter is able to achieve
negative values because of the presence of the additional shunt

– branch at the center. Inductor A is a borderline case for
the necessity of using a double- model. The single- model is
able to model the inductor accurately up to 6 GHz. To demon-
strate the modeling capabilities of the single- model prior to
decreases in , a single- model using double transformer
loops was extracted for inductor A with measurement data up to
6 GHz. The results shown in Fig. 10 illustrate the accuracy of
the single- model before diverging from measurement data be-
yond 6 GHz. Comparisons of the model results for are
shown in Fig. 12 for inductors A and B and Fig. 13 for inductors
C and D, respectively.

The last performance characteristic is the input quality factor
defined as

(26)

The input quality factor is an overall performance measure of a
spiral inductor. To show the flexibility of the modeling method-
ology in accurately capturing the overall performance of a wide
variety of spiral inductors, the results for are shown in a

Fig. 11. Resistance R (!) for inductors C and D obtained from
measurements and modeled using the comprehensive modeling methodology
using single transformer loops.

Fig. 12. InductanceL (!) for inductors A (double-� model) and B (single-�
model) obtained from measurements and modeled using the comprehensive
modeling methodology.

Fig. 13. Inductance L (!) for inductors C and D obtained from
measurements and modeled using the comprehensive modeling methodology
using single transformer loops.

single diagram in Fig. 14. All four models show excellent agree-
ment over the entire frequency range from 0.1 to 10 GHz. In
particular, all models give accurate peak information.

To allow for further comparison of modeled and measured
data, an -parameter comparison is shown for inductor C. The
modeled -parameters and are shown in com-
parison with measurement data in Fig. 15 for inductor C. There
is excellent accuracy over the entire frequency range for the
modeled -parameters. This comparison illustrates the benefits



856 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 52, NO. 3, MARCH 2004

Fig. 14. Input quality factor Q (!) for inductors A–D obtained from
measurements and modeled using the comprehensive modeling methodology.
(Inductors A and B are modeled using two transformer loops, inductors C and
D are modeled using one transformer loop.)

Fig. 15. Comparison of modeled and measured S-parameters S (!) and
S (!) for inductor C.

of using the , , characteristics for viewing the otherwise
undetectable inaccuracies. In addition to the results shown here,
a large number of other spirals from the four categories have
been modeled, and similar excellent model performance was ob-
served [18].

VI. CONCLUSION

A new comprehensive methodology for wide-band com-
pact modeling of spiral inductors on lossy silicon substrate
has been presented. The modeling methodology consists
of both wide-band compact equivalent-circuit models and
an automated extraction procedure. Distributed effects in
electrically larger spirals are modeled in terms of a double-
equivalent-circuit topology. The frequency dependence in the
equivalent series resistance and series inductance of the spiral
inductor is modeled in terms of coupled transformer loops,
which capture higher order loss effects, including conductor
skin and proximity effects and the effects of eddy-current loss
in the semiconducting substrate. The automated extraction
procedure is based on Cauchy’s method and takes advantage
of the simple mapping between the coefficients of the rational

impedance functions and the equivalent-circuit elements. The
extraction process is considerably faster in comparison with
standard optimization techniques.

To verify the accuracy of the new methodology, a set of four
inductors was extracted from two-port -parameter measure-
ments over the frequency range of 0.1–10 GHz. The four in-
ductors were chosen to cover four general classes of spiral in-
ductors on lossy silicon substrate. Results for several signifi-
cant characteristics , , , , ,

, and were presented. The excellent accuracy of
the results across all classes of spiral inductors demonstrates
the flexibility of the modeling methodology. The new method-
ology for wide-band compact-model development for spiral in-
ductors should be very useful in the design of RFICs and mixed-
signal ICs. The methodology produces an equivalent circuit with
ideal lumped elements allowing for direct implementation of the
model in common circuit simulators such as SPICE for transient
and frequency-domain simulation.

APPENDIX

The scaling relationship (12) needed for the network solution
of the double- network is obtained by simply using real con-
stants , , and within a limited range that can be quickly
scanned. Typical ranges used for this paper were ,

, and . First, an initial estimate for
shunt admittance using the single- network model
in Fig. 2 is obtained. The extraction of a – circuit is used
to produce rough estimates for the equivalent-circuit parameters

, , and . The estimated shunt branch is given in
terms of the equivalent-circuit parameters as

(27)

Scaling of each extracted value is performed using , , and
to obtain , , and with

(28)

The two resulting – admittances are used for the creation
of a frequency-dependent scaling factor given as

(29)
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