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Optical metasurfaces consist of a 2D arrangement of scatterers, and they control the amplitude,
phase, and polarization of an incidence field on demand. Optical metasurfaces are the cornerstone
for a future generation of flat optical devices in a wide range of applications. The rapidly growing
advances in nanofabrication have made the versatile design and analysis of these ultra-thin surfaces
an ever-growing necessity. However, despite their importance, a comprehensive theory to describe
the optical response of periodic metasurfaces in closed-form and analytical expressions has not
been formulated, and prior attempts were frequently approximate. Here, we develop a theory
that analytically links the properties of the scatterer, from which a periodic metasurface is made,
to its optical response via the lattice coupling matrix. The scatterers are represented by their
polarizability or T matrix, and our theory works for normal and oblique incidence. We provide
explicit expressions for the optical response up to octupolar order in both spherical and Cartesian
coordinates. Several examples demonstrate that our analytical tool constitutes a paradigm shift in
designing and understanding optical metasurfaces. Novel fully-diffracting metagratings and particle-
independent polarization filters are proposed, and novel insights into the response of Huygens’
metasurfaces under oblique incidence are provided. Our analytical expressions are a powerful tool

for exploring the physics of metasurfaces and designing novel flat optics devices.

I. INTRODUCTION

During the past decade, research in electromagnetic
metamaterials has grown into a solid and mature scien-
tific domain. Their two-dimensional counterparts, meta-
surfaces, have gained particular attention thanks to their
easier fabrication combined with exciting application per-
spectives at microwave, THz, and optical frequencies [I-
9]. Metasurfaces exhibit a plethora of properties, which
make them appealing for a wide range of applications,
such as absorbers [6], [7], reciprocal and nonreciprocal po-
larization rotators [8] [@], holograms [T0HI5], lenses [16-
20], splitters [21], diffusers [22], 23], light sails for space
explorations [24] [25], biomedical applications [26], as well
as computational and quantum applications |27} 28§].

The growing number of metasurface applications and
rapid advances in their fabrication and characterization
[29] prompt methodologies to accurately analyze and de-
sign metasurfaces. While full-wave numerical solutions
are always an option, analytical tools can be much more
appealing because they facilitate the design and provide
valuable insights into the underlying physics of metasur-
faces. For periodic metasurfaces that consist of a sin-
gle scatterer per unit cell, the type of metasurfaces on
which we concentrate, herein, several techniques exist
for this purpose. First, comprehensible circuit models
of metasurfaces and metamaterials [30H32] were devel-
oped, which are easy to use in industry, especially for mi-
crowave applications. A second approach follows the ho-
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mogenization principle. It aims to replace metasurfaces
at stake with surfaces with equivalent surface suscepti-
bilities [33H35]. Although very helpful for component de-
sign, these methods are inadequate to describe the inter-
nal physics of the structures under study, such as the in-
teraction of consisting particles. Moreover, circuit mod-
eling and homogenization methodologies involve, some-
times, assumptions that simplify the investigated prob-
lem at the expense of accuracy.

More from "first-principles", a third approach aims to
construct the response of 2D arrays from the bottom-
up by summing the response of its constituting parti-
cles. While sharing some characteristics with the two
approaches mentioned initially, this bottom-up approach
is more general and versatile. It enables the easier han-
dling of a plethora of designs, including mm-wave and
optical applications [7, [36H43]. In this approach, the op-
tical action of the constituting particles is best discussed
using a multipolar expansion of fields [44H47]. Within the
multipolar expansion, the scatterers’ optical response is
expressed in a series of multipole moments induced by
the external illumination and the scattered field from all
the other particles forming the metasurface. Using an
ever-increasing number of multipole moments is impor-
tant to capture the response of meta-atoms and conse-
quently the metasurface more accurately. The involved
fields are expanded into an orthonormal basis set to reach
an algebraic formulation of the scattering process. The
amplitude of each mode used to expand the incident and
the scattered field is one element of a dedicated vector.
The relation between the expansion coefficient of the in-
cident and the scattered field is, then, merely a matrix
multiplication. The connecting matrix can then be con-
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sidered as the most comprehensive representation of the
scatterers’ optical properties. Two different formulations
for this matrix can be found, namely the polarizability
matrix and the T matrix.

The polarizability matrix expresses the scattering re-
sponse in Cartesian coordinates. Several methodologies
have been developed to acquire the polarizability matrix
beyond simple shapes, especially for the lowest, i.e., the
dipolar order [48-50]. On the other hand, the T ma-
trix expresses the scattering response in spherical coor-
dinates. It has attracted a substantial share of interest
as it can easily accommodate higher-order multipole mo-
ments [5IH53]. Due to the equivalence of Cartesian and
spherical coordinates representations [54], polarizability
and T matrices are interchangeable in the sense that they
contain the same information. This equivalence has been
explicitly documented up to quadrupolar order [55], and,
more recently, up to octupolar order [56].

Modeling of metasurfaces via the multipolar analysis
initially involved considering particles characterized by
only dipole moments [36], while specific quadrupole mo-
ments were added later into the models [7, 57]. More-
over, the description of the interaction among all the
particles forming the periodic metasurfaces is crucial in
every modeling attempt. Earlier works involved approxi-
mate expression for this purpose and failed to accurately
capture the spatial dispersion occurring in many appli-
cations where the metasurfaces are not operated in a
deep sub-wavelength regime [36]. Following this observa-
tion, efforts shifted into expressing this lattice interaction
more accurately, particularly via fast converging Green’s
function summations [58]. This has resulted in inter-
esting models that could accommodate dipole moments
at oblique incidence [59H61], dipole and quadrupole mo-
ments at normal incidence [62], and even up to octupole
moments at normal incidence [63]. However, these efforts
were generally limited in scope, e.g., focusing on spe-
cific particles with specific combinations of multipole mo-
ments (i.e., isotropic particles most of the time) or were
limited to normal incidence. Furthermore, diffracting
metasurfaces were not studied because sub-wavelength
metasurfaces were considered that sustain only a zeroth-
order mode in reflection and transmission.

To alleviate these problems, D. Beutel et al. [64] used
spherical coordinates and a T matrix representation to
develop a numerical method to calculate the complete
response of a metasurface, i.e., propagating and evanes-
cent modes, for any particle and up to a desired multipo-
lar order. Based on previous efforts on isotropic particles
[65] [66], this approach employs the Ewald summation
[67, [68] for the fast-converging determination of the lat-
tice couplings to achieve a complete description of a 2D
array response. Although efficient, this work lacks the
interchangeability between spherical and -more popular-
Cartesian representations. It also lacks closed-form an-
alytical expressions, which increases the understanding
and versatility among users in physics and engineering.

In this work, we derive accessible expressions for the
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FIG. 1. The set-up: a) An arbitrary particle placed into an
infinite, homogeneous space, illuminated by an incident wave,
E®¢ and its subsequent scattered wave, E**. The radius of
the smallest sphere enclosing the particle is r., while J(r)
is the induced current volume density. b) Equivalent setup
as Fig. for r > r., when the respective T or polarizabil-
ity matrices are used. ¢) A scattering rectangular 2D lattice
of identical scatterers along with the set-up Cartesian and
spherical coordinate systems. A simplified equation for the
scattered field in Cartesian coordinates is shown in the figure.
This response depends on the effective polarizability &eg, the
Cartesian multipole-to-field translation matrix S (6, ), and
the incident electromagnetic field ~]1§]CH The effective polar-
izability is a function of the lattice coupling matrix C and the
polarizability of the isolated particle &o. The inset shows the
lattice coupling for a rectangular lattice. The labels denote
the electric (E) and magnetic (M) coupling of dipolar (D),
quadrupolar (Q), and octupolar (O) orders.

optical response of periodic metasurfaces to provide a
unifying and comprehensive framework. The expressions
are based on a multipole expansion and accurately ex-
press the amplitudes of propagating diffraction orders
of periodic metasurfaces upon illumination at normal or
oblique incidence. This approach renders our contribu-
tion relevant for the study of metasurfaces and diffract-
ing metagratings. While higher-order multipole moments
can be accommodated, we express the response from the
scattering structure defining the unit cell of the metasur-
face up to the octupolar order. Unlike previous attempts,
the proposed methodology is interchangeable between a
Cartesian and spherical basis, meaning that either the
polarizability or T matrix of a particle can be considered,
making our contribution flexible, general, and convenient
to use. Additionally, we demonstrate reducing our gen-
erally valid expressions to handy closed-form analytical
formulas for selected specific cases if not all degrees of
freedom are accommodated. Such reduction eases phys-
ical explorations and simplifies the design. Finally, the



robustness of the provided analytical formulas is demon-
strated when applying them to selected design challenges
for metasurfaces and metagratings.

The paper is structured as follows. The first section
defines the multipole moments and fields and provides
formulas that transform them between a Cartesian and
spherical basis. Additionally, the lattice coupling matri-
ces are defined (Fig. |2 Row I), and the concepts of effec-
tive polarizability /T matrices within 2D arrays are elab-
orated. At the end of this section, closed-form equations
to express the optical response from scattering metasur-
faces composed of meta-atoms with general symmetries
described up to octupolar order and for an arbitrary il-
lumination direction are presented in a Cartesian and
vector spherical harmonics basis. Simplified expressions
are provided for rectangular and cubic lattices. In the
following section, we explore the symmetry of the lat-
tice coupling matrix at the practically most important
examples of a square and hexagonal lattice at normal in-
cidence. The isolated and effective polarizability or T
matrices of three meta-atoms with distinct symmetries
(isotropic, anisotropic, bianisotropic) are explored inside
and outside a square/hexagonal lattice.

Afterward, we demonstrate how to reduce the most
comprehensive expressions to some special cases and
how to use these expressions in specific design chal-
lenges. Subsequently, we derive an analytic expression
for the amplitudes of the propagating diffraction orders in
transmission and reflection from a square-periodic array
decorated with isotropic particles described in dipolar-
quadrupolar approximation and illuminated at normal
incidence. These analytic equations help in designing a
fully diffracting metagrating.

In the last section, we explore obliquely illuminated
metasurfaces. We derive an analytic expression for the
amplitude of the zeroth-order in transmission and re-
flection of metasurfaces made from isotropic and dipo-
lar meta-atoms. The analytic equations help to de-
sign a metaatom-independent polarization filter. It also
helps to analyze Huygens’ metasurfaces [3, [69H71] under
oblique incidence.

Finally, the Appendiz includes essential derivations
and equations, while the Supplementary Information or
Supp. Info. includes the step-by-step derivations and
complementary information.

II. MULTIPOLAR CALCULATION OF THE
SCATTERING FIELD FROM A 2D ARRAY IN
CARTESIAN AND VECTOR SPHERICAL
HARMONICS BASIS: GENERAL EQUATIONS

A. Isolated particles

Let us consider an arbitrary particle placed in an in-
finite, homogeneous surrounding, as shown in Fig. [Th.
In the vector spherical harmonics basis, the scattering
response of the particle to an incident electromagnetic

wave outside the smallest sphere circumscribing the par-
ticle can be described via the T matrix, or Ty, as
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herein, expressed up to the third (i.e., the octupolar)
order. The T matrix represents the electromagnetic re-
sponse of a scatterer. The scattering coefficient vectors
in the vector spherical harmonics (VSH) basis are de-
fined as bY = [bY by ... by b8 ]T, with v =
{e,m} denoting the electric or magnetic multipoles and
j ={1,2,3} being the multipolar order corresponding to
dipole, quadrupole, and octupole response. The vectors
qY contain the amplitude coefficients expanding the in-
cident field similarly to the scattering coefficient vectors.
The subscript "0" for the T matrix refers to the response
of an isolated particle.

Note that VSH functions are defined, herein, as in
Ref. 46] (— Appendiz A). Alternatively, the scattering
coefficients can be calculated from the scattered field of
a particle as defined in Appendix A.

Alternative to the vector spherical harmonics basis, we
can also describe the scattering response in the Cartesian
basis by a normalized polarizability matrix, or in short,
the polarizability matrix, &g, defined up to the octupolar
order through
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G=+vV2j+1)x, (2¢)

where k = 27/ is the wavenumber of the scattered field
in the embedding medium, 7 = y/p/e is the impedance
of the embedding medium, € and g are the permittiv-
ity and permeability of the embedding medium, respec-
tively, and fg“i{ is the normalized electromagnetic inci-
dent field. The tilde indicates the normalized polarizabil-
ity (— Appendiz B). This dimensionless and irreducible

polarizability matrix &g facilitates analytic calculations
and will simplify equations later on in this work. The vec-
tors E,, and H,, are the electric and magnetic multipolar
amplitudes of the incident field as defined in Appendiz B,
and contain spatial derivatives of the Cartesian incident
fields at the origin considered as the center of the parti-
cle [55], 56l [72]. The vectors p (m), Q¢ (Q™), and O°
(O™), are the irreducible Cartesian electric (magnetic)
dipole, quadrupole, and octupole moments, respectively
(— Appendiz C). The far-fields radiated by a scattering
particle as a function of the multipole moments expressed
in Cartesian basis are also provided in Appendiz D.

If we employ the transformation formulas, we can ac-
quire the elements of the T matrix from the ones of the
polarizability matrix and vice versa via

v’ s p—1 =vv =

TV =iF; oy Fy, (3a)

avy = —iF T FyY, (3b)
where {7,5'} = {1,2,3} and {v,v'} = {e,m}. The ex-
pressions do not have a subscript ’0’ as they are valid for
the particles independent of whether we consider them
isolated in free space or as a part of the lattice. In this
work, the use of the normalized polarizability matrix and
the choice of transformer tensors such that Fj = (F; )T
(— Appendiz E) enabled the formulation of simpler for-
mulas than the case of Ref. [56l This has become pos-
sible by defining, herein, the multipole and the fields in
Cartesian coordinates as provided in Appendiz C. There-
fore, a scattering particle can be described either in the
Cartesian or the vector spherical harmonics basis and be
replaced by the respective T or polarizability matrix, as
depicted in Fig. [Tp, simplifying, subsequently, the analy-
sis extensively.

The normalized polarizability matrix of three objects
with three different symmetries (spherical, cylindrical,
and helical) are shown up to octupolar order in Fig.
Row II. For the interested reader and completeness, the
vector spherical harmonics counterpart of the figure is
plotted in the Supp. Info. Fig. S3. While analytical
solutions for the polarizability of isotropic particles are
available via the Mie theory, the polarizability of the non-
spherical particles has been obtained from full-wave nu-
merical simulations based on the finite-element method
as described in Appendiz A. These numerical simulations
are the only full-wave simulations involved in our analy-
sis. They constitute the base, as they provide information
on how a single particle scatters light. Nevertheless, once

it is calculated and stored, it can be reused in all future
calculations that consider the same particle.

An isotropic particle (Fig. 2f) has a diagonal T and po-
larizability matrix. The diagonal elements of the T ma-
trix are the Mie coefficients, but with a negative sign, in
agreement with the definitions of VSH (— Appendiz A).
The diagonal elements of the normalized polarizability
are the Mie coefficients with an "i" multiplicand. Unlike
isotropic particles, a particle with cylindrical symmetry
(Fig. ) only has a diagonal polarizability matrix for
the dipolar order. Beyond dipolar approximation, non-
diagonal terms appear, which need to be taken into ac-
count. For helical structures (Fig. [2h) that possess a chi-
ral response, non-zero terms exist in the diagonal of the
electric-magnetic polarizability matrices. Note that the
white elements in the matrices in Figs.[2] Row II are either
symmetry-protected strictly zero or express a diminish-
ing response of the small particle for higher multipolar
orders. Especially these symmetry-protected zeros are
important, as they help construct a theoretical model up
to a particular multipolar order and for a specific parti-
cle symmetry that leads to simplified analytical equations
for the metasurface scattering response. We can ignore
them from the very first beginning. The symmetry of
the normalized polarizability or the T matrix within the
defined bases fully describes the electromagnetic symme-
try and response of a particle. This feature makes these
two matrices crucial tools in nanophotonics design and
analysis.

So far, we have focused on the response of isolated par-
ticles. The following subsection explores how these po-
larizabilities/ T matrices are modified inside a 2D lattice
and how to derive such effective matrices analytically.

B. Periodic arrangement of identical particles

Let us assume an infinite number of arbitrary, but iden-
tical particles arranged in a 2D lattice described by two
unit-cell base vectors, u; and us, parallel to the lattice
plane [74], with |u;| = A; and |uz| = As being the two
periodicities (Fig. ) The arrangement is embedded in a
homogeneous material with refractive index n = /&, ir,
with e, and p, being the relative permittivity and per-
meability of the medium, respectively.

Now, let us assume that the 2D lattice is illuminated
by a time-harmonic plane electromagnetic wave with an
electric field corresponding to E¢ = Eje* ™ *  with
K (Binc, Gine, A) = kon(Kine - T) = kP % + k¢ y + kin° 2
being the incident field wavevector and Ey = |Eg| being
the amplitude of the incident plane wave, which, in this
work, is normalized, i.e., Ey = 1 V/m unless explicitly
mentioned. Note that A = A\g/n is the wavelength inside
the embedding medium.
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FIG. 2. Symmetries of scatterers and 2D lattices in Cartesian basis: Row I: a) The Cartesian lattice coupling matrix
amplitude up to octupolar order for b) a square array and d) a hexagonal array under normal incidence (i.e. 0inc = 0), as shown
in ¢). The normalized periodicity A for both arrays is 0.8. Row II: €) The normalized polarizability matrix amplitude for f)
an isolated Ag-core SiOs-shell particle (Tcore = 120nm, rshen = 120 + 30nm) in free space at A = 780 nm, and g) an isolated
amorphous silicon (n = 3.959 4 0.009i) cylinder (r = 291 nm, h = 211 nm) embedded in silica (n = 1.44) at Ao = 900 nm, and
h) an isolated silver (n = 0.095 + 8.675i |73]) helix (Raxiat = 80 nm, 7104 = 20 nm, Ppiteh = 105 nm, and Ny = 2) in free
space at A = 1180 nm. Row III: The normalized effective polarizability amplitude of i) & j) the core-shell sphere, j) & m) the
cylinder, and k) & n) the helix inside an infinitely periodic i)-k) square array or 1)-n) hexagonal array.

1. Vector spherical harmonics basis agating in a medium without absorption and supported
by the reciprocal lattice G, can be derived as [75] (—

For the case of the spherical coordinate, the general
equation for the amplitude of each diffraction order prop-
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where A = (u; x ug) - 2 is the area of the unit cell, kg

is the wavevector of the diffraction order of the lattice
G, and (6, ¢) are the polar and azimuth angles of the
wavevector. The "+" and "-" signs refer to forward (i.e.,
0 < 6 < 7/2) and backward (i.e., 7/2 < 6 < 7) prop-
agating diffraction orders, respectively. It corresponds
to transmission and reflection. The matrix W (6, ¢) is
the spherical multipole-field translation matrix, depend-
ing only on the direction of the diffraction order, and con-
tains trigonometric functions. We have calculated its ele-
ments as analytic relations up to octupolar order. These
elements are provided in Appendiz F. These analytic for-
mulas facilitate the derivation of closed-form equations
beyond the complexity of the semi-analytic, summation

approach of .

The vectors bj and b}" in are the effective electric
and magnetic scattering coeflicients of each of the par-
ticles, respectively. They include the interaction among
all the particles in the array and are identical for all the
(identical) particles due to symmetry. These effective pa-
rameters are calculated via by replacing the T matrix
of the isolated particle, or Tp, with the effective T matrix
calculated via the following equation [76]

= [ Bwe (ke 2] R, 6)

where I is the identity matrix, and Cj is the lattice cou-
pling matriz expressed in spherical coordinates, which
is a function of the normalized periodicities A, i.e., the
physical periodicity normalized to the wavelength, and
the direction of illumination. The coupling matrix el-
ements are infinite summations over lattice points and
can be calculated using various summation methods for
the translation matrices [46] [77] (— Supp. Info. I1.C).
To solve these tedious summations efficiently, we divide
them into summations in the real and Fourier space using
Ewald’s method, which results in exponentially conver-
gent summations [64]. Note that no approximation is
used here, up to the considered multipolar order, unlike
other references that take approximated Green’s func-
tions.

For the specific case of rectangular lattices, like the
one depicted in Fig. , ké of the respective diffraction
orders are calculated as [59] [75]
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where ny,no € 7Z are the diffraction orders. Note that
the diffraction orders are propagating only if kG eR. A
similar procedure can be used to calculate the wavevector
ki for other types of lattices, e.g., hexagonal, as elabo-
rated in the Supp. Info. II

2. Cartesian basis

The formulations mentioned above in spherical coordi-
nates can be translated into Cartesian coordinates. Af-
ter employing and applying the transformations to
Cartesian coordinates, expressed in , and after tedious
calculations, we arrive at (— Supp. Info. I.A and I.B)
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S (0,¢) is the Cartesian multipole-to-field translation
matrix, defined as

xe xe xe xm xm xm
S 1 SQ S3 S 1 SQ SB

S(0.0)= | S Sy S¢S Sy S| (sa)
Si¢ S3° S%° ST Szm Sy
with the vector elements of the matrix
S;;Z S;;Z
Sj (9a¢): Sj Sj =
S?e S;m (8b)

= VL [R0,0)" W (0,0)]



The R (6, ) matrix is the transformation operator from
spherical to Cartesian coordinates (— Appendiz F). The
matrix aeﬂ n is the normalized effective polarizabil-
ity matrix. The matrix includes the coupling between
particles on the lattice, in the same way as Tog, as ex-
plained above. The effective polarizability can either be

calculated from the T.g via applying the transformations
of (@), or directly via (— Supp. Info. VIIL)

Gt = [z_ Fo () € (fqm, =l Aj)] TaM. ©

where &g is the normalized polarizability matrix of the
isolated particle and C' = iFC,F~! is the lattice coupling
matrix expressed in Cartesian coordinates. The matrix C
can be, alternatively, calculated using various summation
methods for dyadic Green’s functions, and, hence, some
elements of C have been analytically obtained [36} 37, [58].
However, only certain simplified metasurface cases are
investigated in these publications, or an approximated
Green’s function is considered.

Therefore, with the closed-form formulas and ,
introduced in this work, one can effectively calculate the
response of a 2D lattice of particles up to octupolar or-
der when illuminated by a plane wave. In particular,
that employs Cartesian coordinates, which enjoy popu-
larity in the metasurface community, is a notable con-
tribution [59] [62] [(8H80]. However, we want to point
out that both representations, spherical or Cartesian, are
physically equivalent [54], and the choice depends on the
geometry of the problem or the user comfort.

The lattice coupling matrix expressed in Cartesian co-
ordinates, C, has the exact dimensions as the polarizabil-

J
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s&:{ac (I’, f{inca A7 )\) =
’ 8m3/2| cos 0| A2

Here, we have included all the arguments in the equation
for clarity. The factors that control the response of the
particle square array are evident from ; specifically,
the surrounding material, represented by k = 2mn/Ao,
the incident field direction, represented by the field vec-
tor and Rinc, the properties of the individual particle,
represented by &g, and the dimensions of the lattice,

ity matrix and is defined as
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where due to electromagnetic duality symmetry [81H84]
C_’;f?, = C_';Ij‘fn and C_';?,e = C_'jjn? Generally, based on the 2D
lattice symmetry and incidence angle, the coupling ma-
trices take different arrangements. Specifically, at normal
incidence, i.e., #i,c = 0, the coupling matrix takes a much
simpler form. Hence, in Fig. [2 we show the Cartesian
coupling matrix C for square and hexagonal lattices. The
spherical coupling matrix counterpart is shown in Fig. S3
in the Supp. Info. IX.A.. Note that the coupling matrix
is a function of the Rinc. Therefore, for normal incidence,
the choice of ¢;n. does not make any difference. Through-
out the manuscript, normal incidence refer to 6;,. = 0,
unless, explicitly, a constraint on ¢j,. is mentioned.

Following the calculation of C for a specific lattice,
the normalized effective polarizability can, then, be ob-
tained via @D The Row III of the Fig. shows Qer Of
the spherical, cylindrical, and helical particles inside the
square and hexagonal lattices, i.e., including the coupling
influence of all particles on the 2D array.

Let us now explore a commonly considered case for
metasurfaces, the square lattice, with A1 = Ay = A as
the periodicity. If we calculate the coupling matrix for
this case and, afterward, the effective polarizability via
@D, the scattered field in @ is further simplified to

glEl lA{inCa
k' GEs (Kine,

B (K (1)
in¢iH; { Kine,

ik~ ¢ Hy (Kine,

A
A
k%G Es (Kine, A
A
A

ink~2¢GH; (Kine, A

(

represented by A. Hence, modifying each of these pa-
rameters could change the response of the metasurface
according to one’s goals. As inserting the arguments in
, can make the equations lengthy and might distract
the reader, we ignore them from now on unless needed.
However, implicitly they are always assumed.

The summations and can describe the diffracted



TABLE I. Main equations for the scattering of 2D lattices in spherical and Cartesian coordinates.
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field from any 2D array in spherical and Cartesian coor-
dinates, respectively, in terms of the incident fields, the
lattice, and the consisting particles attributes, provided
that the problem can be sufficiently described with oc-
tupoles as the maximum multipolar order. Moreover,
unlike previous efforts [37, 59|, these formulas include all
the propagating, diffraction orders and not only a zeroth-
order. It allows the study of metagratings operating at
wavelengths shorter than the array periodicity and fur-
ther facilitates the design of related optical structures, as
demonstrated later. For convenience, we provide a sum-
mary of these equations in Table I. The verification of
the proposed equations is performed in the Supp. Info.
I.D. using COMSOL Multiphysics® [85] for an isotropic
particle, as well as a particle with broken symmetries,
namely a metallic helix, and under oblique incidence.
The T matrix of the metallic helix was obtained via an
extraction algorithm [52] using JCMsuite [86].

It should be noted that the form of the matrices and
their subsequent symmetries are essentially dependent
on the combinations we choose as an irreducible repre-
sentation of the Cartesian multipole moments and, sub-
sequently, the selection of the transformation matrices
Fj, j ={1,2,3} (= Appendiz E). The utilization of the
specific transformation matrices, in this work, originates
from real spherical harmonic corresponding to atomic or-
bitals, p, d, and f |[87], and enable the conservation of cer-
tain symmetries between Cartesian and spherical bases,

such as diagonality for T matrices for isotropic particles.
Different setups of multipole moments in Cartesian ba-
sis or a different choice of transformation matrices will
lead to different matrices in Cartesian basis from those
demonstrated in Fig. [2] as shown in Ref. 56l Addition-
ally, the polarizability matrix via a different Cartesian
basis can be retrieved from the current one through sim-
ple algebraic transformations (= Supp. Info. IV.).

Let us, now, assume specific symmetries about the ge-
ometry of the particles in use or a particular wave inci-
dence onto the metasurface. In that case, the closed-form
equations provided in this section can be further simpli-
fied to accessible analytical formulas that could greatly
assist the metasurface design process. This approach will
be demonstrated in the following sections. The next sec-
tion is dedicated to normal incidence, while the next but
one section is dedicated to oblique incidence.

III. ANALYTIC EQUATIONS: NORMAL

INCIDENCE

A. Propagating diffraction orders of
dipole-quadrupole metasurfaces made from isotropic
meta-atoms

In this subsection, originating from , we derive a
general, simplified, closed-form, analytic expression for
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FIG. 3. The Cartesian coupling matrix: a) The Cartesian coupling matrix amplitude for a square array with a normalized
periodicity of A/A = 0.9 under normal incidence (finc = ¢inc = 0) up to quadrupolar order. The relevant matrix elements for
a metasurface made from isotropic particles are dipole-dipole Cqq, quadrupole-quadrupole Cqq, and dipole-quadrupole Caq
couplings. They are marked with an arrow. b) The real and ¢) imaginary part of the relevant lattice couplings as a function
of the normalized periodicity A/\. For a square array, the electric and magnetic parts are equal.

the amplitudes of the propagating diffraction orders from
dipole-quadrupole metasurfaces and metagratings made
from isotropic meta-atoms and illuminated at normal in-
cidence. An isotropic particle has spherical symmetry
and includes homogeneous/core-multishell spheres and
isotropic colloidal particles [88]. Unlike previous mod-
eling efforts, our analytic procedure captures the ampli-
tudes in reflection and transmission of the zeroth diffrac-
tion orders, as well as higher propagating diffraction ones.

For isolated isotropic particles, as shown in Fig. 2f, the
polarizability matrix is diagonal. Thus, the elements of

the matrix & can be written via as

~ ~mm ~

ass = ap I, A = G 1, (12a)
ég% = &Qe f, 512112“1 == an I:, (12b)

where &, (Om), and aqe (Qigm) are the normalized elec-
tric (magnetic) dipole and quadrupole polarizabilities,
respectively. The dimensions of the unitary matrix, I,
changes according to the multipolar order, i.e. 3 x 3 for
dipole and 5 x 5 for quadrupole. These polarizabilities
can be linked to the Mie coefficients via (3), as [15, 0]

(13a)
(13b)

op =iay, am =iby,

&Qc = ia2, an = lbg
where a; (b;) is the electric (magnetic) Mie coefficient of
7’s order. When inside the lattice, these polarizabilities
will be modulated and coupled to each other according
to (9).

For normal incidence, or 6;,. = 0, the incident TE and
TM polarizations can be defined as

inc
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In this work, TE/TM polarizations are equivalent to s-
/p- polarizations, where the E-field vector direction is
the same as the unit-vectors of the spherical coordinates’
system, (ﬁ and é, respectively (— Supp. Info. I.A and
1.B).

Let us now consider the calculation of the lattice cou-
pling matrix. For a square array and under normal inci-
dence, C' has a simpler symmetry with many symmetry-
protected zeros. Additionally, for isotropic particles with
elements described in 7 not all coupling coefficients
enter , further simplifying calculations. In Fig. , we
show the Cartesian coupling matrix under normal inci-
dence for an exemplary normalized periodicity of A = 0.9
up to quadrupolar order and the relevant elements of C
for isotropic constituents are marked. In Figs. and
[Bc, the real and imaginary parts of the relevant cou-
pling coefficients are shown versus the normalized lat-
tice periodicity. The relevant lattice coefficients for the
specific normal incidence and square lattice calculations
are dipole-dipole Cy4q4, quadrupole-quadrupole Cqq, and
dipole-quadrupole Cqyq couplings. As their name sug-
gests, they are coefficients for the coupling of multipoles
of a different order. The imaginary parts of these coeffi-
cients can be analytically calculated using energy conser-
vation relations. We have calculated, herein, the imagi-
nary part of these coefficients for sub-wavelength meta-
surfaces using the analytic equations for transmission and
reflection (— Supp. Info. VIL.) as

3

(\(Cdd) = 47(7\2 — 1, (15&)
5

S(Caq) = 7= ~ 1 (15b)
15

(\(CdQ) = 47-(-K2 . (150)

The imaginary parts above can be used to determine
fundamental limits. The imaginary part of the dipole-
dipole lattice coupling has already been identified in the
literature [36]. The real part of the coupling coefficients
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TABLE II. Reflection and transmission coeflicients for metasurfaces under A) normal and B) oblique incidence. A.1 & B.1)
Effective Mie coefficients (coupled and modulated). A.2 & B.2) Modulated Mie coefficients. A.3) General equations.

A) Normal Incidence®: finc = ginc =0

{6, T} B 0= TEny my 18 T} TE0,0—TMp; ny

{t 73 TMg 05 TEny iy 1 TITMg 0—TMu, 0y

(3a1’eff + 3b1,cff + 5a2,cﬁ' +

5 cos 20ba ofr
cos 6

cos 0

3ay etf 5 cos 20bs ofr
— (AL 4 80yt + Bazer + ZCE ) tan g

Onqn 0
1+1 1720 _ Ecos¢

2 A2
0 Sy a0 4T A

X

3b1 eff 5cos 20ag off
(Sal,cff + a7 + == + 5b2eff ) tan @

cos 0 cos 0

3by eff 5cos20ag eff
(3a1,eﬁ' + v + < + 5b2,eff

cos 6 cos 0 cos 0 cos 6
2 2
1 . 1+ CdeQ,modal,mod 1 B 1+ CdQGQ,modbl,mod
- ’ - ’
a ; b :
Leff a1 mod (1 +1iy/ 5/3Cdez,mod) Leff b1 mod (1 +iy/ 5/3Can2,mod)
L)
. 2 2
< 1 1+ Cdel,moda2,mod 1 1+ Canl,mode,mod
- ) - ’
a oY b s [aTE,
2,eff a2 mod (1 +1 3/5Cde1,mod) 2,eff b2,mod (1 +1 3/5Can1,mod)
~ 1 1 . 1 1 . 1 1 . 1 1 .
H :——1C’dd, :——1C’dd If—lCQQ, 7_*—ICQQ,
< G1l,mod Q1 bimoa b1 G2,mod Q2 b2,moa b2
) 1 o ~ A
; 0 = arccos[£4/1 — = (n? + n2 = arctan (— A= =
< [ A2 ( 1 2)]3 ¢ (nl )7 Y )
B) Oblique Incidence: ¢inc =0
.2 " 2
[ tTEg 0—TEo.0 1 3 b1,mod.xx COS Oiyc + A1 eff.yy + D1,eff .2z SIN G5
— _ - )
t 1 47 A2?| cos 6; 2 . 2
TMo,0—+TMo,0 | 1nc| a1,mod.xx COS oinc + bl,eff.yy + Q1,eff.zz S1I1 Oinc
2 : 2
[ PTEy g TEq o } 3 b1, mod.xx COS Uiyc — Q1 eff.yy — b1eff.zz SIN 05
= o )
2
r 47 A?| cos 6 2 .9
TMo,0—TMo,0 | inc| G1,mod.xx COS Oc — b1 eff.yy — O1,eff.2z SIN 05
2 2
1 — 1- CyzblvadlZal’mOdyy 1 _ 1-— Cyzbl,modAyyal,eﬂzz
= " 5 = . 9
aieff.yy a1,mod.yy (]- - C(yzbl,mod.zz s Hinc) bl,cff.yy bl,mod.yy (1 - CVyzall,rnocLzz sm ainc)
2 2
1 _ 1- Cyzbhmod'yyal,modzz 1 _ 1- C(yzbl,mod.zza/l,modyy
- ’ - )
Qa1,eff.zz a1,mod.zz (1 - Cyzbl,modAyy CcsC 0inc) bl,eﬂﬂzz bl,modAzz (1 - Cyzal,modAyy Csc einc)
1 1 . 1 1 . 1 1 .
7:*_1Cx)u 7:*_16227 7:*_lcyyv
N bl,n)od.xx bl bl,mod.zz bl bl,mod.yy bl
M 1 1 . 1 1 . 1 1 .
L Oy, = Oy, = O,
Q1,mod.xx ai a1,mod.yy ai a1,mod.zz ai

* Note that 8 and ¢ are the angles of the scattering field (i.e., for the reflection cos§ < 0). In A) for
'+’ use ’+’ for transmission and ’—’ for reflection. In B) k,;° = 0.

(Fig. ) cannot be analytically derived, and infinite sum-
mations, as discussed before, are required for accurate
calculations. The real part of the coupling coefficients
can be linked to the detuning of the response of the iso-
lated meta-atoms [89, [0]. For the dipole-dipole cou-
pling, R(Cqq) crosses zero for two normalized periodici-
ties A &~ 0.2,0.8 (A ~ 0.21,0.88 for a Hexagonal lattice).
As we will show later, this "magic lattice spacing" [89] is
where the "cooperative resonance" [90] of the meta-atoms
reflects all the incident light. At this point of operation,
the resonance of the isolated meta-atom experiences no

detuning, and hence the effective resonance also occurs
at the same spacing. Needless to say, that changing the
meta-atom changes the point of the collective resonance.
For the quadrupole-quadrupole coupling, R(Cqq) does
not cross the zero point. It is worth mentioning that for
a normalized periodicity of 1, i.e., at the onset of a new
diffraction order, the real part of the coupling constants
diverges to infinity. This finding is important to consider
when performing numerical calculations.

In the next step, we calculate the effective multipole
moments induced in each particle in the lattice as a func-



tion of the effective Mie coefficients up to quadrupolar
order for both TM and TE polarized excitation. For TM
incidence, they are analytically expressed as

67i @
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The effective Mie coefficients/polarizabilities of the parti-
cles in these expressions above depend on (a) the modula-
tion of the elements of the same multipolar order through
Caa and Cqq and (b) the coupling with other multipole
moments in the lattice through Cyq. The %) superscript
shows the coupled parameters, and the coupling term is
written in the circle. Electric (magnetic) dipole moments
are coupled to magnetic (electric) quadrupole moments
and vice versa. The modulated and coupled Mie coeffi-
cients, that are commonly called the effective Mie coeffi-
citents, can be written as
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where (n1,ns) label the different diffraction orders. Note
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The modulated Mie coeflicients in are explicitly writ-
ten as

1 1 1 1
=— —iCaq, ;—— =75 —iCuq,
a1 mod.  O1 b1, moa. b1
1 1 1 1
= — —iCoo, —— = — —iCo0q-
a2 mod. az QQ bQ,mod. b2 QQ

(18a)

(18b)

Writing the above expression in such a manner has the
immediate advantage of distinguishing the effect of the
lattice and the single meta-atom response on the effective
response. It is worth mentioning that despite a different
approach, the above equations are very similar to the
equations in Ref. [62]. In Ref. [91], we have exploited
the effective moments in Egs. to find operation
regimes in which the magnetic dipole moment can be
colossally enhanced.

By calculating the relevant lattice coupling matrix el-
ements and polarizabilities of the isolated, isotropic par-
ticle and by deriving the effective Mie coefficients with
, the general equation for square lattices , can be
simplified for both polarizations to

_cos¢ sgn(cosb) y

(19)
<3al’cﬁ' + 3f;é00ff + 5 cos 29a2,0ff + 5b2,cﬁ> tan(b

cos 0

3b1 e 5cos20as o

cos 6

(

that the modes are propagating if 6 is real. For 6 > /2,
i.e., scattering in the backward half-sphere, cos@ is neg-
ative. Hence, using , the transmission and reflec-
tion through a dipolar-quadrupolar metasurface with
isotropic constituents can be calculated. The derived for-
mulas from this subsection are conveniently summarized
in Table II(A).



B. Zeroth-order transmission and reflection

Under normal incidence (0inc = ¢ine = 0), if only
the zeroth-order mode is considered, or, simply, a non-
diffracting square array with A < A, then the calculation
formulas for the reflection (6 = 7, ¢ = 0) and transmis-
sion (8 = ¢ = 0) coefficients for TE/TM polarization can
be simplified to

D) 2 ) D)

3a1,2m0d. +3b1,2mod‘ +5a2jmod. +5b2,1mod‘
4mA2
ORI B DR

tTM:]-_ s (218.)

1

r _ al,mod. 1,mod. 5a2,mod. + b2,mod. (21b)
™ — 47‘(’K2 ’

tre = trm, (21¢)

rTE = —TTM- (21d)

Note that the reflection phase for the TE and TM polar-
izations are the same, and the sign difference is only due
to the specific definition of the TE and TM vectors. The
final equations above, for this specific case of a square lat-
tice, normal incidence, and isotropic consisting particles
are very similar to the equations derived by Ref. [92

C. Single Resonance

If we assume a single magnetic dipole on a square lat-
tice and at the resonance (i.e., by = 1), it is straightfor-
ward from to derive the resonance condition for the
2D lattice, or

3 1
TE + TTE Arh2 (1/b1 — iCdd) ( )

At a normalized periodicity A~02o0r A~ 0.8, the real
part of the dipole-dipole coupling coefficient, or R(Caq),
vanishes, as shown in Fig. [3p. Hence, inserting the imag-
inary part of the coefficient from , the transmission
vanishes completely and the metasurface is perfectly re-
flecting.

It might be interesting to find out the scattering cross-
section of such a meta-atom inside and outside the lattice
for the two "magic lattice spacing." In Appendiz G, we
have calculated the scattering, extinction, and absorption
cross-sections in spherical and Cartesian coordinates. For
a single magnetic resonance, the scattering cross-section
is calculated as

. k4n2

Osca = m

m|*. (23)
For a single magnetic dipole at resonance and outside
the lattice, for a plane wave excitation, and exploiting
and , the Cartesian scattering cross-section turns
to [93], 94]

tomo (R=o0) = T30y

12

and, now, for the meta-atom inside the lattice [95]

ot (A2 02,08) (452
Tgca,0 (7\ = OO) B ( 3

2
);:4,0.02,7.18. (25)

It is clear from the results that at the two resonances, one
can achieve much weaker (at A ~ 0.2) or more substantial

(at A ~ 0.8) scattering cross-section in comparison to the
response of the isolated object.

D. Fully diffracting metagratings

This subsection demonstrates the applicability of the
analytical expressions from Table II(A) to a design
challenge. We seek a non-absorbing metagrating that
diffracts all the light to a polar angle of § = 64° into
the first diffraction orders, or for modes for which it
holds |n1]| + |ne| = 1, and with no other propagating
modes. The goal of the design process is presented in
Fig. [fh. Note that for the first diffraction orders, there
are four distinct branches with azimuth angles of ¢ =
0°,90°, 180°, 270°, or, alternatively, the diffraction order
pairs, (nla nQ) = {(17 0)7 (717 0)7 (Ov 71)7 (Ov 1)} For each
of the four branches, two different polarizations are pos-
sible, TE and TM. However, due to the isotropy of the
constituents and lattice symmetry, some modes are zero.
Herein, without losing generality, we have assumed a TE
polarized plane wave excitation at normal incidence.

As presented in the equation in Table II(A.3), for nor-
mal incidence, or, 6, = 0, the diffraction angles (6, ¢)
are uniquely determined by the diffraction order pair
(n1,n2). For a set diffraction angle of § = 64°, the
required normalized periodicity is, then, calculated as
A = A/X\ = 1.12. Note, that the 2D array lattice dimen-
sion is not subwavelength. In the next step, using the
analytics expressions in Table II(A) for the amplitudes
of the diffraction modes, we seek to find the required
Mie coefficients that suppress the amplitude into the ze-
roth diffraction order, or ny = ny = 0, transmission. For
this purpose, we rely on representing the possible Mie
coefficients using the Mie angles [06]. Representing the
possible values of the Mie coefficients using the Mie an-
gles allows to systematically search through all possible
electric and magnetic dipole and quadrupole Mie coef-
ficients for regimes where the zeroth-order transmission
is zero at the fixed periodicity. It should be mentioned
that due to the analytic equations at hand, the numeri-
cal calculations are computationally cheap, and this fos-
ters multidimensional investigation. After the identifica-
tion of a set of Mie coefficients that cancel the zeroth-
order transmission, we use a particle swarm optimiza-
tion method [97] to find the dimensions and material
parameters of a core-shell sphere that provide the re-
quired Mie coefficients. At the operational wavelength
of A\ = 500 nm, we, finally, find that a core-shell sphere



y
X
1

(0]

(&)

[

®

Z 05

]

C

©

F oo

Power Efficiency

Reflectance

13

—_

||—— Specular
- ——Diffracted

o
o

o

400

700

FIG. 4. Fully diffracting metagrating. a) A square array of core-shell spheres (rcore = 0.34X, rshen = (0.34 + 0.06) A, ncore =
1.86, nshen = 1.43) illuminated with a TE polarized plane wave at normal incidence shall diffract all the light to the first
diffraction orders at an operational wavelength of A = 500 nm. b) The lattice’s normalized specular and diffracted power as a
function of the periodicity A. c¢) The transmittance and d) the reflectance of the zeroth and the higher diffraction orders of the
lattice. The dashed line shows the periodicity where diffraction to § = 64° occurs.

with reore = 170 nm, 7gpen = 170 + 30 nm, neore = 1.86,
and ngpen = 1.43 satisfies the requirement.

In Figs. [@p-d, we show the simulated response of a
metagrating made from the designed core-shell spheres
arranged in a square array at A = 500 nm. Figure
shows the power efficiency of the metagrating in diffract-
ing the power at the chosen periodicity A = 1.12\ = 556
nm (marked with vertical dashed line). Thus, most of
the power is diffracted. Figures [dc-d show the transmit-
tance and reflectance of the individual diffraction orders.
The reflectance and transmittance can be expressed as
a function of reflection and transmission coefficients, re-
spectively, as

| cos ]

| cos 4]
| cos Bine|’

T = |t|?
i | cos Bine|’

R=|r|? (26)

where for our case 8 = 64° and 6;,. = 0°. It can be seen
that the zeroth-order transmission and the zeroth-order
reflection are successfully suppressed at the assigned pe-
riodicity. This novel fully diffracting metagrating is a
prime example of how our analytic equations are a pow-
erful design tool for on-demand applications.

IV. OBLIQUE INCIDENCE: ANALYTIC
EQUATIONS

A. Zeroth-order modes of metasurfaces with

isotropic dipole meta-atoms

Even though metasurfaces have been extensively stud-
ied under normal incidence, the oblique incidence is less

explored. However, understanding the complete angular
response is essential for designing metasurface-based pho-
tonic devices [6I]. Therefore, this section provides ana-
lytical equations to express the optical response of dipo-
lar metasurfaces illuminated at oblique incidence. For
the case of an oblique incidence, the symmetry of the
lattice coupling matrix changes with respect to normal
incidence, and there are more non-zero elements on the
matrix C. Nevertheless, the symmetry of the coupling
matrix at oblique incidence is only affected by the lattice
type. Therefore, changing the lattice constant or the in-
cidence angles for a specific 2D lattice does not alter the
symmetry of the matrix, but only the values of the coef-
ficients. Figure [Bp shows the dipole-quadrupolar Carte-
sian coupling matrix for a square array under oblique
incidence angles of 0, = 7/6,¢inc = 0 and at a nor-
malized periodicity of A/A = 0.5. These coupling coeffi-
cients are a function of the incident angles, 8, and ¢ inc
(setup at Fig.) and the normalized periodicity of the
square array, A = A/A. In Fig. , the effective polariz-
ability matrix for an Ag-core SiO2-shell spherical particle
(with geometry also depicted in Fig. ) inside the lattice
above is shown up to quadrupolar order. The effective
polarizability is derived via @D It can be observed that,
unlike the polarizability of the isolated spherical object,
the effective polarizability is not diagonal but takes the
symmetry of the lattice.

Let us assume that a metasurface consists of isotropic
dipoles, and we try to derive the zeroth-order response.
In this case, not all the coupling coefficients are relevant;
the elements of C' that determine the amplitudes of the
propagating diffraction orders of the metasurface made
from isotropic dipolar particles are Cys, Cyy, C--, and
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FIG. 5. Cartesian coupling matrix under oblique an-
gles a) The Cartesian coupling matrix amplitude for a square
array with a normalized periodicity of A/A = 0.5 b) under
oblique incidence (Oinc = /6, pinc = 0) up to quadrupolar.
The relevant matrix elements for a metasurface made out of
dipolar isotropic particles are the parallel Cxx and Cyy, the
perpendicular C,, and the oblique Cy, couplings. They are
marked in the figure. ¢) The normalized effective polarizabil-
ity matrix amplitude of the Ag-core SiOs-shell particle con-
sidered in Fig. [2f inside the square lattice when illuminated
at the oblique angle.

Cy.. These coupling coefficients are marked in the ma-
trix in Fig. fh. Note that for simplicity, we have ignored
the "dd" subscript, compared to the previous section, as
we anyhow only consider dipolar particles. Prior knowl-
edge of the non-zero and relevant elements of the coupling
coeflicients for this case of study enables us to construct
an analytic model that we can use for the upcoming ex-
pressions. Next, we follow a similar procedure to the
normal incidence case of the previous section to derive an
analytic equation for the zeroth diffraction order, char-
acterized by (ni,n2) = (0,0), from a metasurface made
from dipolar isotropic particles. Additionally, in all the
following equations, without losing generality, we assume
the azimuthal angle to be zero, i.e., ¢y, = 0. Assuming,
then, a plane wave oblique incidence, the TE and TM
polarizations can be defined as

. E, [ cos Bine S

=B, | =E 0 el K T HRET2) - (27a)
i E, | | —sin Oinc

%1]% = Ey = EO 1 el(kx z+k; Z)7 (27b)
| E. | K

where k"¢ = ksin 6, and k"¢ = k cos 6, are the r and
z component of the impinging wavevector.

Following , the induced multipole moments in each
particle for TM polarization as a function of the effective
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Mie coefficients are derived as

a1 ,mod.xx COS ainc

Pz/5 .
6mi ) .
p.fe | = ¥y —agodﬂ sinOine | E. (28a)
1,mod.yy

Similarly, for TE polarization, the following relation can
be derived for the effective dipole moments,

&

py/€ 67i al,mod.yy
My =7 —b1,mod.xx €08 inc | Ep. (28b)
nm; 2 .
bl,modzz sin 0inc
For a normal incidence excitation, i.e., 0, = 0, the

induced moments are the same as what we derived in
(16). However, at oblique incidence, the main differ-
ence is the induced moments normal to the metasurface
plane. These exited moments bring about novel inter-
ference patterns not seen at 6, = 0 incidence. We will
explore, later on, how these normal moments modify the
optical response of a metasurface. The effective dipolar
polarizabilities of the particles in depend on (a) the
modulation of the elements with the coupling coefficients
Cxx, Cyy, and C,, and (b) the coupling with other multi-
pole moments through the Cy, coefficient. The ¥,) shows
the coupled parameters, and the coupling term is writ-
ten inside the circle. Electric (magnetic) dipole moments
are coupled to magnetic (electric) dipole moments. The
effective Mie coefficients are, therefore, expressed as,

1 1
QA1 eff.yy 0=
a’l,mod.yy (293.)
2
o 1- Cyzbl,mod.zzal,mod.yy
= - ,
a1, mod.yy (1 - C’yzbl,modAzz sin ainc)
1 1
by eft.yy %)
1,mod.yy (29b)
2
o 1- C’yzal,mod‘zzbl,mod‘yy
- . b
bl,rﬂod.yy (1 - CyZCLl,IDOd.ZZ Si einc)
1 1
a1,eff.zz @
A1 mod.zz (29¢)
2
o 1- Oyzbl,mod.yyafl,mod.zz
- )
a1 mod.zz (]- - Cyzbl,mod.yy CSC einc)
1 1
bl,eff.zz b@
1,mod.zz (29d)

2
1-— Cyz a1 mod.yy bl,mod.zz

)
C’yzal ,mod.yy CSC Hinc)

N bLmod.zz (1 -
while the modulated Mie coefficients are calculated as,
1 1 1 1
= — —iCy, —— =— —1Cy,, (30a)

a1, mod.vv ay bl,mod‘vv bl



where a; and b; are the Mie coefficient of the isolated
scatterer and v = {x,y,z}. If we follow a procedure
similar to the one performed for normal incidence, the
zeroth-order reflection and transmission coefficients of a
dipolar metasurface under normal incidence can be cal-
culated. The resulting formulas are provided in Table
II(B).

The analytical equations for the transmission and re-
flection of an obliquely incident metasurface enable ef-
ficient and more accessible exploration of the physics
involving metasurface structure. In the following sub-
sections, we derive a particular Brewster angle for a
single metasurface and further explore the transmission
through a Huygens’ metasurface under oblique incidence.

Note that higher-order analytic equations, i.e., involv-
ing quadrupoles, can also be derived from equations in
Table I. However, in this contribution, we focus on the
simpler dipolar expressions for the oblique case. If a par-
ticular application for a specific scenario is demanded,
other analytic equations can be further derived.

B. Brewster angle: Particle-independent
polarization filter

As a direct application of the analytic equations for
metasurfaces under oblique incidence presented in Table
II(B), we can search for specific metasurfaces that offer a
desired and predefined optical response. Polarization, for
example, is a crucial property of light, and its control is a
fundamental necessity for wave modulation. A question
at hand concerns the Brewster angle for metasurfaces.
The Brewster angle is the angle at which the reflection
for TM or TE polarization vanishes [98HI00]. Therefore,
it provides an important tool to separate different po-
larizations of light. In this subsection, we provide an
example to demonstrate the strength of the analytical
equations in finding important regimes for on-demand
applications. Here, the set goal is to give the recipe for
a metasurface that can separate the two polarizations
in reflection. First, we assume a metasurface consisting
of only isotropic magnetic dipolar scatterers, or equiva-
lently a,~¢ = bp>1 = 0. Magnetic dipoles constitute the
lowest-energy resonance in homogeneous high-refractive-
index spheres and are easier to achieve. From the equa-
tions in Table II(B), the reflection coefficient for such a
metasurface can be written as,

= ———X

TTEo,0—TEo,0 3
47A2 cos Oipe

rTMQyo—)TMO‘O ( )
2 31

2 -
bl,modxx COos Hinc - bl,mod.zz s1in elnc

*bl,mod.yy

The equation above shows that the moment induced
normal to the metasurface interferes destructively with
the moment induced in-plane. To derive the Brewster an-
gle, one needs to find the metasurface parameters where
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reflection vanishes for the TE polarization. Therefore,
the Brewster angle condition further simplifies to

TTEq.o—TEoo = 0 =

bl,mod.xx COS Qiznc = bl,mod.zz sin aiznc =
cos 912?0 _ _sin Oizfm . (32)
1/b1 — ICZZ 1/b1 — ICXX

At an incidence angle of 0;,. = w/4, the Brewster con-
dition becomes independent of the scatterer’s Mie coeffi-
cient, and thus, simplifies to Cyxyx = C,,. In other words,
at an oblique incidence angle of 45 degrees, a metasur-
face can separate the two polarizations irrespective of its
constituents, as far as the dipolar approximation holds
and the condition mentioned above is satisfied. Sweep-
ing through the lattice constants, we find out that for
a Brewster angle of 45 degrees, the required lattice con-
stant is

AHB:TK‘/4

= 0.5352 33
)\ ) ( )

which is smaller than the dimension where the first
diffraction order appears for this incidence angle (i.e.,

A = 0.58) and, hence, no diffraction occurs.

Therefore, a metasurface at a normalized periodicity
of 0.5352 suppresses the reflection for TE polarization
as far as the spheres are small enough compared to the
operational wavelength to be described with a magnetic
dipole response. The reflected amplitude for the other
polarization can be determined via by the strength
of the effective magnetic Mie coefficient. A similar Brew-
ster angle can be derived to suppress reflection in TM
polarization, i.e., the s-polarization, with a metasurface
made from electric dipolar particles at the same normal-
ized periodicity point of operation.

Using the analytical formulas of , we can, gener-
ally, derive the condition for the Brewster angle for differ-
ent metasurfaces, depending on combinations of the Mie
coefficients and the lattice dimension. Here, we demon-
strated a simple but powerful case.

C. Huygens’ metasurfaces under oblique angle

Huygens’ metasurfaces have attracted significant at-
tention in the optics community due to their ability to
provide unity transmittance, and broad phase coverage
[3, BT, 69H7TL, [T0T]. Although Huygens’ metasurfaces are
extensively studied at normal incidence, the oblique inci-
dence case is not well studied yet [102, [103], the main rea-
son potentially being the lack of analytical tools. Ques-
tions of retaining the unity transmittance or additionally
providing a phase coverage are still under-explored.

This subsection, shortly, studies the transmission of
Huygens’ metasurfaces in the subwavelength regime, de-
pending on the lattice constant and the incidence angle.
The Huygens’ metasurface we study is made from dipolar
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FIG. 6. Obliquely illuminated Huygens’ metasurface:
a) The amplitude and b) phase of the transmission coefficient
of a Huygens’ metasurface as a function of the incident angle
Oinc and the normalized periodicity A/X. The metasurface is
made from a particle with an isolated electric and magnetic
Mie coefficient of 1, i.e., at resonance (a1 = b1 = 1). The
dashed blue line indicates the onset of diffraction orders. Note
that for a Huygens’ metasurface, the TE and TM excitations
are equivalent.

isotropic particles at resonance when considered isolated
(i.e., ay = by = 1). Figure |§| shows the amplitude and
phase of transmission versus the normalized periodicity
and the angle of incidence via the formulas of Table II(B).
The dashed line shows the onset of the first diffraction
order. We ignore the results above this dashed line to
assure a single-mode operation.

For a Huygens’ metasurface, due to the electromag-
netic duality symmetry of its constituents, both TE and
TM excitations result in the same reflection and trans-
mission.

When illuminated at normal incidence, or 6;,. = 0, re-
gardless of the polarization, transmission amplitude is 1,
as seen from Fig. [bh. Furthermore, a broad phase shift
coverage of almost 37/4 is achievable when changing the
normalized periodicity in the range [0.7,1] [I5]. If differ-
ent but equal electric and magnetic Mie coefficients are
considered, the periodicity range in which a broad phase
coverage is accessible changes. Therefore, depending on
the particle size and the permissible densities, a proper
point of operation can be chosen for the metasurface.

For those currently chosen Mie coefficient values (a; =
by = 1), it is apparent from the results in Fig. @ that for
small oblique incidence (i.e. fin. < 7/6), the broad phase
coverage range (i.e. A(Zt) > m) falls, primarily, into the
regime for which the metasurface is diffracting, and hence
the transmission is suppressed. Therefore, we find out
that for a better phase coverage with high transmittance
under oblique incidence, one must carefully choose a dif-
ferent Mie coefficient to avoid the diffracting region and
the sharp zero-transmittance resonance.

If the incidence is only slightly tilted at a normal-
ized periodicity of 0.71, a sharp resonance appears in the
transmittance of the metasurface. This resonance can be
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traced back to the destructive interference of the in-plane
and out-plane induced moments, as described previously.
Although the sudden drop of the transmittance may spoil
the functionality of a Huygens’ metasurface for its phase
coverage, the prior information of the regime in which it
occurs can help avoid this point of operation. Moreover,
this interesting region for a metasurface can be exploited
in other applications in which normal transparency and
oblique opacity are sought after.

In short, our analytic tool can help in designing a Huy-
gens metasurface for a specific application, avoiding the
certain undesired point of operations.

V. CONCLUSION

This paper provides exact, robust, and accessible equa-
tions to calculate the amplitudes of all propagating
diffraction orders from a 2D lattice decorated with iden-
tical but otherwise arbitrarily shaped particles. We pro-
vided explicit expressions in both Cartesian and spher-
ical bases up to the octupolar order. By utilizing the
polarizability /T matrix of the individual particles and
the lattice coefficients, we calculated the effective polar-
izability /T matrix of the particles. Besides the primary
one, the proposed formulas enable the explicit calcula-
tion of the amplitudes of all propagating diffraction or-
ders. In addition, tools for the convenient transformation
of the two equivalent bases are also provided. Although
the main manuscript is focused on the Cartesian basis,
the supplementary information provides complimentary
graphs on the spherical basis.

We investigated the impact of the lattice and that of
the decorating particle on the optical response of the
metasurfaces. Our analytical framework constitutes an
extraordinary tool to disentangle the individual impact.
For this purpose, we have introduced the coupling matrix
of a 2D lattice and explored it explicitly for square and
hexagonal lattices. Moreover, based on the defined bases,
symmetries of polarizability and T matrix of isotropic,
anisotropic, and helical objects were investigated. Stem-
ming from the symmetry-protected zeros of the parti-
cle’s polarizability and the lattice’ coupling matrix in the
Cartesian basis, we introduced simplified, efficient, and
closed-form analytical formulas, which we used to conve-
niently design and explore three contemporary metasur-
face applications, namely a fully-diffracting metagrating,
a polarization filter, and a Huygens’ metasurface.

The authors hope that the techniques proposed herein
will allow physicists and engineers to conduct investi-
gations related to metasurface phenomena and propose
novel photonic designs. Our comprehensive multipolar
theory not only paves the way for further exploration
of the rich physics of metasurfaces but also enables a
paradigm shift in designing next-generation optical de-
vices. As far as further endeavors are concerned, the
presented work could be expanded to incorporate evanes-
cent modes from the 2D arrays and extract more analyt-



ical expressions from the existing general equations for
on-demand, specific metasurface applications.

Appendix A: Field expansion via spherical wave
functions

Assume a particle positioned inside an infinite, non-
isotropic, linear, homogeneous, and isotropic medium.
An electromagnetic field illuminates the particle. The to-
tal electric field in the spatial domain outside and around
the particle at an angular frequency w consists of the in-
cident and scattered fields. Each of these fields can be
expanded using vector spherical harmonics (VSH) as [46]
as,

o0 J

m 1
Buc(t) =Y Y ¢5, NG (kr) + ¢, ML (kr), (Ala)

j=1m=—j

Z Z b5, N (kr) + b2 M) (kr), (A1b)

j=lm=—j

with g%, and b},., j = {1,2,3}, m = {—j,...,j}, v =
{e,m}, the electric/magnetic incident and scattered field
expansion coefficients, respectively. The wavenumber k
corresponds to the medium that surrounds the particle,
and r > r., with r. being the radius of the sphere that
circumscribes the particle. Moreover, the VSH functions

are defined as,

(l) =Yjm V X {rz (kr)Pj™(cosf)e ""4’} ) (A2a)
@) @)
N]m - %v X M]m’ (A2b)
with
2+1)  [G-m)
g \/47r](j+1) (j +m)! (A2c)

with [ = 1 for the incident field and [ = 3 for the scattered
one. zjl (x) = jj(z) is the spherical Bessel function of the
first kind, while z](-g)(a:) = hj(z) is the spherical Hankel
function of the first kind. Finally, P/"(x) is the associated
Legendre polynomial.

The scattering coeflicients can be calculated, using the
orthogonality relations, as a function of the incident field
via the following formulas,

(3) p
t,, = dsDm®) BealDdS
fS |N (t)[2dS
(3)
;_nm _ fs Mjm(r) Eqca(F )dS7 (A4)
JsIME) (#)[2ds

where the integrating surface S is any sphere enclosing
the particle, as shown in Fig. [1} Generally, (A3]) cannot
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be calculated analytically, except for simple geometries,
like spheres [I04]. Therefore, the elements of the T ma-
trix of the particle under study can be numerically ob-
tained after a series of simulations for a sufficient number
of either plane-wave incidences [5I] or normalized VSH
functions of as incidence [52] [53].

Appendix B: Normalized polarizability and
denormalized polarizability in SI units

In this work, the normalized polarizabilities are used
in the definition of . They are all dimensionless and,
hence, can be directly compared to each other. Neverthe-
less, if the polarizabilities in SI units are required, they
can be directly obtained from the normalized ones as,

GG =
vv' . SIS) 'uv
&jjr = T4t %hs (Bla)

G =+ 2j+Dm, (B1b)

with {4,7'} = {1,2,3} and {v,v'} = {e,m}. More infor-
mation about calculating the prefactors ¢; can be found
in Supp. Info. III..

Appendix C: Field and multipole vector definitions

The irreducible multipole moment vectors in are
defined as
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while the fields are defined as in (C2)),

OyEy + 0. By
E, || OuE. +0.E,
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H(O2=05)Er—200y Ey}

(C2b)

with the magnetic multipoles m, Q™ and O™ and fields
H;, j = {1,2,3}, defined in similar fashion as the electric
ones above, but with a multiplication with the prefactor
in, as in the case of .

The components of multipole moment vectors used,
herein, and defined in , form an irreducible set of
Cartesian multipole moments that are sufficient for the
representation of a scatterer’s response up to the respec-
tive expansion order. We have used the real spherical
harmonics corresponding to atomic orbitals, p,d, and f
[87] for the combination and order of the vectors. Other
irreducible sets of multipole moments can be formed from
the quadrupole, and octupolar matrices [81], depending
on the problem under study or for convenience (— Supp.
Info. IV.).

Appendix D: Radiation field definition in Cartesian
coordinates

The scattering far-field from a particle described up to
octupolar order in Cartesian coordinates is defined as

2 ikr ) 1 A .
EC(kr):EGT lrx<6pxr>+(nmxr)

— —fFx (iQexf->—i(]:(ngmxf')

2 2
—kf'x(ioexf>—k(n(’)mxf')], (Dla)

P=r,X+7ry+7r.2=

= sinfcos¢ X + sinfsing y + cosf z, (D1b)

where T is the position unit-vector.
The components of the vectors @ and O are defined
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as,

Q= Qlsts (D2a)
B

04 = Ol gy,
By

with {«, 5,7} = {x,y, 2z} and v = {e,m}. The Cartesian
multipole moments Q5 and Ogﬁ7 are the elements of
the two-dimensional quadrupolar and three-dimensional
octupolar matrices, respectively, as defined in Ref. [81l
The vectors of (D2)) are used only for the calculation of
the far-field in (D1)) and are different from the irreducible
Cartesian multipole moment vectors Q¥ and O used in
this work and defined in Appendiz C.

(D2b)

Appendix E: Transformations between spherical and
Cartesian coordinates for multipoles and fields

Following the procedure of Ref.[56, the induced Carte-
sian multipole moments are related to the scattering co-
efficients of as

—1 _Clz e
g p—lkigFl 15 (Ela)
—1 e_<2 e
k Q‘i/TSFQ 2 (E1b)
2 —1 e <3: e
ke O—IICTF?, 35 (ElC)
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-1 0 0 0 i
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0 -i0 0 0 i 0
_ L]0 0 -0 00
Fs=—10 0 0+v2 00 0 |. (E2c)
V2109 01 0 -10 0
01 0 0 010
L1 0 0 0 0 0 —1]

Note that F; = (ijl)T_

The transformations between Cartesian and spherical
magnetic multipole moments are performed similarly, ac-
cording to the definitions of and . Moreover, the
local or incident fields on the scatterer are related to the
incidence coefficients of (1)) as

. 1 =
kIR, =z S, (E3a)
J
. 1 =
k= inH =— Fj . (E3b)
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Herein, for the sake of simplicity, normalized incident
field amplitudes are employed.

The induced multipole moments of a particle in the
Cartesian coordinates when illuminated by an incident
wave can be calculated as a function of the induced cur-
rents, as depicted in Fig. [Th. Specifically, the multipoles
in Cartesian coordinate up to the quadrupolar order can
be calculated via [105],

pa:—{zt/[(rJ) —ﬂ@@ﬁfgdv

1w

/ Ja ,70 k’f‘ (E4a)
ma:§/v(r><J) (E4b)
%_—%x (Edc)
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kr 72

— TaJ@ — ’I“gJa —I- J(Sa/g:l },

Qry= /v [ra (rxJ)g+7p (rx J)a} J&ff)g) dV, (E4d)

where {a,} = {z,y,2z}. The connection between the
multipole moments defined above in Cartesian coordi-
nates and the multipole moments vectors defined in
is further elaborated in the Supplementary Material.

Appendix F: Multipole-to-field translation tensor W
and coordinates transformation tensor R

In , the V:Vj is defined as

The elements of the tensor W for each multipolar order,
required for the scattered field calculation in and ,
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are given as in

e—i%cosh 7 —emie T
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where 6 is the polar angle of the wavevector of the re-
spective diffraction order. The vectors @ and ¢ can be
expressed as a function of the vectors X, y, and z using
the tensor R as,

0] B x | cosfcos¢ cosfsing sinf x
ol )2’ | sing —cosgp 0 )2’
(F3)

Appendix G: Transformations between spherical and
Cartesian coordinates for scattering and extinction
cross-sections

The scattering cross-section, expressed in spherical co-
ordinates, is defined as [40]

1

3
s _ e|2 m|2
Osca = |E(]‘2]€2 ]z:; ( |b]‘ + lb] | ) ’ (Gl)

where | - |2 is the 2-norm of a vector or a matrix. Herein,
the multipole order is limited to the octupole or j = 3,
as it is the scope of this work.

To express s, as a function of the rnultipole moments
in Cartesian coordinates, transformations and (| .



are employed. Therefore, is rewritten with the mul-
tipole moments expressed in Cartesian coordinates, de-
fined in Appendix A. However, for the specific transfor-
mation matrices |[F;]7!? = 1, (GI)) can be manipulated
further if ¢; are, also, calculated. Therefore,

. 1 k4€72 9 k?47]2 9 k6€72 02
s = |E0|2( s B+ g Inf + g a1
6,2
B Qe+ o A |0|).<Gz>

Similarly, the extinction cross-section can be calculated
as a function of the multipole moments and the fields rep-
resented in Cartesian coordinates. The extinction cross-
section, herein up to j = 3 order, is defined as [46],

. - T —
i = ] 1]

j=1
_ -1 R Z |: e',T be* + me :| (G3)
|E0|2k2 = q] J q] J ’

where the superscript * denotes the conjugate operation
and the superscript T denotes the transpose operation. If

the transformations ( , , and . are employed,

and after the 1dent1ty F L F ~ " =T is utilized, (G3)
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finally arrives to,

k 1 .
Oext = |E0|2 ( E;-p“+7°H; -m" + E2 Q"+

772 H2 . Qm,* + EE?) . Oe,* + ’172H3 . Om,*) . (G4)

The absorption cross-section can be, afterwards, calcu-
lated from and , as Tabs = Text — Osca-

More information about deriving the formulas of this
Appendix can be found in Supp. Info. V.
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Supplementary Information

Appendix A: Calculation of the scattered field from a 2D lattice of particles for oblique incidence

Assume a particle placed inside an infinite, homogeneous, and isotropic medium. An electromagnetic field illu-
minates the particle. The total electric field in the spatial domain outside and around the particle at an angular
frequency w consists of the incident and scattered field, or,

EfRa(r) = Efd(r) + Efa(r). (S1)

The fields above can be expanded using vector spherical harmonics (VSH) [46] 51]. Thus, the scattered field in (SI))
can be expressed as,

sca 3 m 3
ind Z Z b §77)L k[‘ + b M;;r)L(kr) (82)
j=1m=—j

with bjﬁl , being the electric/magnetic scattered field expansion coefficients. Moreover,

3 3 3
M) = hy(kr)Xjm(kr,0,6), N9 = EV x M),

(S3)

are the outgoing VSH, with h;(x) being the spherical Hankel function, and Xj,,(kr,0,¢), the vector spherical
harmonic (VSH) calculated as

X (k7 0, 3) = Yjm 1T jm (c080)0 — Tjp (cosO) ™, (S4a)
with
, _ ™ pm 9 pm @i+ G =m)!
Tjm(cost) = sin@Pj (cosd), Tjm (cosf) = 89P (cost), Vim = \/47rj(j Y \/(j )l (S4b)

where PJ"(z) is the associated Legendre polynomial.

Let us now consider an infinite 2D periodic distribution of identical particles in the z = 0 plane. The 2D lattice
can be described by two base vectors u; and us parallel to a xy plane, hence, the position of every particle in the
lattice is derived as R = njuy + naug, with ny,ns € Z. Additionally, the area of the unit cell is A = (u; X ug) - 2
Therefore, the total scattering contribution of the 2D lattice by the summation of the contribution of each particle is

calculated via as [75]

B =0 3 {55N (ke R)) 4 0 MO b )} R )
R

j=lm=—j

where k| is the wavevector component parallel to the plane of the lattice. Subsequently, the calculation is reduced
to the summations of the VSH over the particle positions, which are in turn calculated by applying the Poisson
summation formula as [75]

271177 = Xjm (kG) et

M) (k(r — R))e*I R = Gl elkgr, (S6a)
2M TP PiTe

. X;m((kE) |
SN (k(r — Ry = T Z” I &) g, (S6b)
R

with

X X k7,0, 0) = Yjm [Tjm(c0s0)8 + imjm (cosh) @] €™ = Zj,, (kr, 0, ¢), (S6¢)
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and

kg =k +G*2/k2 — (k) + G)2 =k + G kg2 (S6d)

where G = nju}+nsuj, with uj = 2 (uyx2) and u, = £ (2xuy), is the reciprocal lattice vector, and A = (u; xus)-2.

After substituting of (S4)) in 7 one arrives to

27r(

> N 2nid ikg-
B (r Z Z (0501 Zjon (K& + b X jon (k)] T —

(S7)

The formula provides the total scattered field from 2D particle lattice.

1. Propagating diffraction orders scattered from a 2D array

Some simplifications will be gradually inserted into the general model to identify the propagating diffraction orders
from the array. Considering the case of oblique incidence or k|| = kinc,z X + Kincy ¥ # 0, for a propagating mode, it
must hold that, k* > |k; + G|*>. Under the assumption of a rectangular lattice, with [u;| = A; and |uy| = Ao,

then, the reciprocal lattice vector is calculated as G = 27\%}2 + 21’2‘2377 while A = A1As. Hence, the condition for
propagating modes generated from a rectangular lattice turns to

K2 > (ki 4 20 2 4 ((hine 4 22 2 (S8)
v Ay Y Ao '
It can be deduced from , that (n1,n2) = (0,0), or the zeroth diffraction order, is the only propagating mode

under the condition of {A1, A2} < A/2. Thus, for each propagating mode and after further manipulation of (S7)), one
arrives to

27 ek X2 2j+1 (j—m)!
Esca imo
Gir) = Ak [k | Z Z amiG+ O\ G+m)©

. [ (ij(cose)bjm + Tjm (cosf)bl,) 6 — (7 jm (cosO)bS,,, + Tjm (cosO) b, ) QAS} ,

(S9)

where

kG = kaoX +kay§ + kg . 2, (S10a)

2 2
: 2mny : 2mng 4 . 2mny ) 21Ny
kgs =k 4+ ——, k =k + , k = 44/ k2 — | kinc 4 — | knc + =k 0, 10b
G, x A, G,y Y Aoy G,z \/ (z Ay ) <y As ) cos (510b)

+
kG,z
+
kgl

cost =

and ¢ = arctan (:Gy> . (S10c)

G,x

For the common sub-case of the square lattice, or A; = A, = A and A = A2, we can also write kg from (S10) in
the following form

kg = kcoX +kay§ + kg .2, (S1la)
with
27 (. A 2 (. . A
k. = 5N (sm Binc COS Pine + Anl) . kay = Y (sm Oine sin @ine + Ang) , (S11b)

9 2 2
kzéz = i;\/l — (sin Binc COS Pine + 2711) — (Sin Oine SIN Py + ing) = kcos0. (S1lc)
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Due to the symmetries of the square lattice, an incident wave with only kinc can be considered in the analysis, or
0 # 0 and ne = ¢ine = 0. Hence, the diffraction angles for directions orders in transmission (also called here forward)
or reflection (also called here backward) can be calculated via (S10) using

f d . . A backward . . A
0 g frion = arcsin < | sin Ojne + Kn1| ) , O i, = ™ — arcsin ( | sin i + Xn1| >, (S12)

while in general form, the polar angle of the wavevector of each diffraction order can be calculated as

A A
Odiffraction = Arccos :I:\/l — (Sin Oipe oS Pinc + Knl)Q — (sin Gipe sin gine + KnQ)Q (S13a)
Sin Bipe SiN Gine + 21
¢diffraction = arctan N ¢ /; 2 . (Sl3b)
S einc COSs ¢inc + Knl

If now the normal incidence on a square lattice is considered, or 6, = 0, (S12) and (S13)) simplify to

A\ A
R i\/ 1= (3) Grad | o, e (Fynd o), s
backward . A 2 2 n2
O fifraaios = m — arcsin n ni+ns |, Qdiffraction = arctan n—l . (S14b)

Note that in 4, the plus sign is for the forward direction and the minus sign is for the backward direction.

2. Scattering multipolar contribution

a. Dipole: Let us begin our calculations from starting with the dipole case, or for j = 1. Hence, for each
propagating diffraction order, it holds that

+1 [ _ 1
Es(gasd _ / 3 :t (1 m);elmqﬁ.

. {i (Tl,,L(cosﬁ)b‘im + T1m (cosh)by;,) 0— (1m (cos0)bS,,, + T1m (cosd)bTs,) QAS} ,

Hence, by calculating the summation in (S15|), the scattered field from a dipole array at oblique incidence reads as

d 171 37 eiké{' R R
By (r) = - T [ (Wab§ + Wb 6 — (Wib§ + Wibt) ), (S16a)
Ak 2 kg .|
where
W, = |[e %cos) —/2sinf — ewcosH} ) Wi=[-¢™ 0 —¢9]. (S16b)

From one gets the scattered field from a dipole array expressed in the spherical coordinate system. However,
for many applications and a better understanding of physical mechanisms, sometimes it is desirable to express lattice
scattering in Cartesian coordinates. Let us, first, express with Cartesian dipoles. If the modified transformations
between spherical and Cartesian coordinates for multipoles [56] are applied (— Appendiz E - Main Text), they lead
to

Eeiké-r /3
A kg .| 2G

ESd(r) = [ (Wi R p/e + Wi R inm) 8

(S17)
—1*1(W’1131_1p/5—&—W115 "inm) (;AS}
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Moreover, if a transformation to Cartesian coordinates is performed and the resulting ES%“ is broken down to its
.
vector components for convenience after some algebra one arrives at the expression of

Esca,d ) . . . e Xm
E(s;cg,d _ 1k2ﬁ e]kém g |: (5C71) p :| _ iky/m elké.r 231’6 gym |: (5471) p:| (S18)
= 1| i —1 = inc—1 ’
Eg‘%’d 24 ‘ké,z| in(”" m 2A |cosf)| Sze Szm ¢~ m
with
e — /3 (Wicosficosg — iW'sing) F,™1,  S¥™ = /3 (W cosfcosg — iWsing) F, 1, (S19a)
SY¢ = V/3 (Wicosbsing + iW/cosg) F, 1, SI™ = /3 (W) cosbsing + iWycosp) F, L, (S19b)
% — _\3Wysing F,"', SP™ = —/3W/sinf F, !, (S19¢)
or,
1 1
xe—\/3 {sinng + cos?fcos?’p  — isiHQQSin(qu) - 23in(29)cos¢] , (S20a)
Sk — /3 [O —icosf isin@sinqﬁ}, (S20b)
1 1
S¥ =3 [—2Sin295in(2¢) cos’¢ + cos’fsin’p  — 2sin(29)sin¢] , (S20c¢)
SHEEVE] [i cosd 0 — isin@cosqﬁ], (520d)
Jo 1. 1. . .o
Sz =/3 —551n(29)cos¢ - 551n(20)sm¢ sin“f| , (S20e)
sz — \/3 [ — isinfsing isinfcosd 0}. (S20f)

b. Quadrupole: Let us continue the calculations with the quadrupole case, or for j = 2. Hence, (S9)) turns to

Sca i_2 5 elkG
Bor) = Ak: Z \/ (S21)

. [i (Tgm(cosﬂ)bgm + Tam (cos)by,,) 0 — (mam (cos8)bs,,, + Tam (cosd)b,,) (]Ab} .

Hence, by calculating the summation above, the scattered field from a quadrupole array at oblique incidence reads as

sca . o eiké . e m\ A e my 1
B0 = 5y [ (Wab§ + Wibg) 6 — (Wib§ + Wabl) ¢ (S22a)
2
where
1 . . 3 . 1 .
W, = [26_’2¢sin29 e %cos20 — \/gsinQH — e'%cos26 2@‘2¢sin291 , (S22b)

W, = [—e_iwsin@ —e%cosf 0 —elPcosh ei2¢sin9] . (S22¢)
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If the modified transformations between spherical and Cartesian coordinates for multipoles [56] are applied (— Ap-
pendiz E - Main Text), they lead to

'k2 / ik

17 dme [1 2(W F2 1er/E+W lnka)

A 20 kg .| (523)
— 2 (WHET QS e+ Wa Bl ik Q™) ).

After utilizing spherical to Cartesian coordinates conversion and breaking down Eécz’q to its vector components, we

arrive at the expression of (S22)) for Cartesian coordinates

Esca ,q

ES(r) =

: ikEr — e : ikE r S3° SX - e
Escaq _ ik2\/m ek 3 {k;(s@) 11Q ] _ ikyT e'ka Sgc Sym {k(s@) 11Q } ($24)
Ebca,q 2A ‘ké,z| 177]94-5 Qm 2A | COS 9| Sze Szm 177kC§ Qm ’
with
S3¢ = V/5 (iWycosfcosd + Whsing) F, 71, S3™ = /b (iW)cosicosp + Wasing) F, L, (525a)
S3° = /b (iWcosfsing — Wheose) F, 1, SY™ = /5 (iWcosfsing — Wocosd) Fy L, (S25b)
S = —ivV5Wasind F, !, S5™ = —iv/5 Whsind F, !, (S25¢)
or,
—isind sing (cos(2¢) — 2cos®6 cos ) T %sin(Z@) cos¢g r
—isin?6 cos sin(2¢) cos(20) sin®$ + cos*0 cos®¢
=5 —iv/3 cos?0 sinf cos¢ , S =45 7ism(29) sing , (S26a)
icosf (cos(26)cos®¢ + sin2¢2 ffsm 20 sin(2¢)
isinf cos¢ ((30529 cos(2¢) + 2sin ¢) , sm(29) sing
isinf (cos(20) sin¢ cosp + cos® o) T —1sin(26) sing r
icosf (sin®6 cos(2¢) + cos0) 1sin6 sin(2¢)
Sy =56 —iv/3 cos®6 sinf sing , S =5 V3in(26) cos : (S26b)
—isin?0 cosf sin(2¢) — (cos(26) cos®¢ + cos*@ sin’¢)
—isinf sing (2cos2¢ — cos?@ cos 2¢))) —%sin(Z@) cos¢
—isin?6 cosf sin(2¢) r —sin?6 cos(2¢)
1sing (sing — sin(36)) —1sin(26) cosg
Sy =5 iv/3sin20 cosf . S =15 0 . (S26¢)
1cos¢ (sinf — sin(30)) 1sin(26) sing
—isin?6 cosf cos(2¢) sin?@ sin(2¢)

c.  Octupole: Finally, the calculations with the octupole case, or for j = 3, are performed. Hence, turns to

sca,o iT 7 elkG 'm¢
Be () = 50k V 37 kG . - Z 3+m '

. {i (T3m (cos0)bS,,, + m3m (cosd)bs;,,) 0 — (73m (cosO)azm + T3m (cosb)bs,y,) QAS} .

(S27)

Hence, by calculating the summation above, the scattered field from an octupole array at oblique incidence reads as

sca,o i_3 n eiké i . e / m\ A / e m\ 1
G (r) = ETW [1 (W3b§ + Wi5,b5") 6 — (W3,bs + Wby )‘15}’ (S28a)
G,z
where
[ @6_13%11129 cosf 1 [ —‘/Tﬁe—i?’%inze 1
%\/ge_iwsinH (3cos20 + 1) -1 \/gefiwsingg
=€ (cost + 15cos30) —1e7% (5c0s%0 — 1)
Ws = — 3 (sind + 5sin30) . Wi= 0 : (S28b)
— =71 (cost + 15c0s30) —1€' (5cos?0 — 1)
%\/ge_i%sinﬁ (3cos26 + 1) % 3 1205in26
i —@e’i?"i’sin% cosf | L 415 ¢¥9sin*0
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If the modified transformations between spherical and Cartesian coordinates for multipoles [56] are applied (— Ap-
pendiz E - Main Text), they lead to

s ik? /Tr eika 1o = _ = 1. ~m\A
éi’o(r): I? k:t |:l1 3<W3F3 loe/E‘f'WéF?) 11770 )0
3 kg, | (S29)
— i (W Fy 0% Je + WaFy ! mom)(ﬂ .
Let us now for convenience break down Esé?sjo to its vector components. Thus,
P 7.2 ik r 2/ —1Iyv(ye : ikEr | S3° SF™ 2/ —1Iyv(ye
sca,o ik ﬁ e"G & k (5C3 )O lk\/?l' G ye ym k (EC?) )O
Eg'y | = 53 | . o 1 Am | = Sz Sy o em | (S30)
Ecs;daz,o 2A |kG,Z‘ lnk C3 (0] 2A ‘COS 9| Sgc ng lnk Cg (0]
with
e = —V/T (Wscosfcosd — iWhsing) Fy ', SE™ = —/T (Wheosfcosd — iWssing) Fy L, (S31a)
S§° = —V/T (Wscostsing + iWheosg) Fy L, SY™ = —/7 (Whcostsing + iWscosd) Fy *, (S31b)
20— \/TWasind F; !, S7™ = /7T Wising F; L. (S31c)

Hence, we can now derive the general equations for the fields scattered from the surface, both for spherical and
Cartesian coordinates. For the spherical case from (S16)), (522), (S28)), the general equation for each scattered mode
for the metasurface is derived as

. 3 i e ikk
S E&S ™7 (2] + 1)7T elkc'r . m\ A m\ 1
Gu(r) = [ng‘i } =) Tk 5 i [1 (W;b$ + W’b") 6 — (W’b$ + W;b’") gb} (S32a)
B j=1 2
W, = [6_1%059 —V2sind  — ei‘bcosH} ) Wi=[-¢™ 0 —¢9], (S32b)
1 —i2¢_: —ig 3. ig 1 263
W, = ¢ sin20 e 'Pcos20 — istG — e'%cos26 ¢ sin26| , (S32c)
W, = [—e_i2¢sin0 —e%cosh 0 —e'Pcosh ei2¢sin0] , (S32d)
5 5 17T r i T
V15 =i395in20 cosd — V15 o~i3dgin2g !
%\/ge’i%sinﬂ (3cos260 + 1) —% ge_i%sin%
25e71? (cost + 15cos36) —1e7? (5c0s%0 — 1)
W; = —% (sinf + 5sin30) , Wi = 0 . (S32e)
— 25719 (cosf + 15cos30) —1€¢ (5cos?0 — 1)
%\/ge*iwsiné) (3cos260 + 1) 1/ 3€2?sin20
L _\/Tﬁe_iwsinQQ cost | [ —Reisin’g

By applying a spherical-to-Cartesian transformation or by combining (S18]), , and (S30), one arrives at

()" p 1k
[ sca 4 k(ECQ)ilQe et i <2E2
oy | pan | VT ERST o | RI(EG)TIOT | iV ST e k2GR, ($33)
Gl =) 7G| T 24 Jeost] inGiim T k224 Jeosg] T | G Hy |
G,z ink JtQm ik—1
ink(y " Q ik~ 'n¢ Hy

ink?¢; o™ ik~2n (3 Hy
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S¥¢ = N(25+ 1) (W cosfcosg — iW/; sing) ﬁ'j_l, (S34a)
S =1771/(2j + 1) (W cosfcosg — iW sing) ﬁjfl, (S34b)
S¥° =1971/(2j + 1) (W cosfsing + iW’; cosg) }:?’j_l, (S34c)
ST =1971/(2j + 1) (W), cosfsing + iW cosg) F, (S34d)

/(25 + ) Wysind F,70, 87 = —id =1 /(2j + 1) W sing F, ', (S34e)

O[S sy sy oS osym sy
S= |8} sy sy sy sy syt . (S34f)
Sie Sée S:A))e Sim Sém Sgll]

Concisely, the total scattered field from all multipoles up to octupoles as a function of the incident field, the lattice
interaction, and the consisting polarizabilities can be calculated as,

G1E;
sca k_1<2E2
E&%(r) = EG; _ VR S g (7-a 5)_13 kG, (S35)
| g | 24K [cosf] 0 0 in¢:Hy |
G ink = (o Hy
ink~—2(3Hs

3. Computation of the lattice coupling matrix Cz’s for vector spherical harmonics

The lattice coupling matrix C, is a function depending on the lattice geometry and the wave vector k'"® illuminating
plane wave direction. The lattice is described by the vectors R = nyuy+mnauy, with ny, ng € Z. In the two-dimensional
lattice, we consider the particle at the origin. Then, the matrix C, is the summation of the translation coefficients
from each point of the lattice to the origin.

To translate the regular to the outgoing vector spherical harmonics, we use [106]

M) (kr =37 S Ay (~FR)MID (he) + By (- FRONGD (), (S36)
=1 p=—1¢

N (kr — kR) = Z Z Buyjm(—kR)YMY (kr) + A, (—kR)ND (kr), (S37)
=1 p=—1

where

2 1 . ] |
Apjm(kr, 8, ¢) = %m( 1)m Lt iL_J\/W(]__‘_m'u iPy/2p+1 h(l) kr)Yp m—pu (6, ¢)x

Yep L(L+ 1) (] m ! L+,u (8383)
(73; S u) (3 0 75) G +1) +ue+1) = p(p+1)],
_ _ Ygm gym 201 (]—i—m 1)
Buyjm(kr. 6, 8) = ’Y]m( D (e + 1)1 J\/ﬂ (j— L—l—,u )! le\/ZPTh (kr)Yp,m—u(0, ¢)x ($350)

(,fl _Lu —mp+u> <6 (L) pal) VIGT e+ 12 —p2 2 — (G — o).
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1 ™2 m3

The brackets ( 7311 J2 J3 > are the Wigner 3j-symbols [107, [108]. The summation over p runs through all possible
values determined by the selection rule in the Wigner 3j-symbols. ~ is defined in . Y is the spherical harmonics,

and hz(,l) is the spherical Hankel function of the first kind. For a complete discussion on the addition theorem, refer
to Ref. [109)

With a suitable order of the modes, the matrix C:’s can be expressed as
= _ N~ (A(-kR) B(-kR)\ i .r
Os = Z <B z el y (839)

where the rows and columns of the matrices A and B can be indexed with j € N and m € {—j,—j +1,...,j}. The
exponential function, where k| is the part of k'™ tangential to the lattice, accounts to the different phase of the
illuminating plane wave on each particle. As a reminder, that we omit the origin in the summation over all lattice
points, we use a prime next to the summation symbol.

Now, we single out the part of each element in Eq. that depends on R, which is

Djm(k) = Z/ h;”(kR)ij (0_r,¢-r) ™R (S40)
R

The computation of this quantity is the main challenge when computing the lattice coupling matrix. The infinite
series converges very slowly when summed directly. However, using the Ewald summation method [67], it is possible
to separate long and short-range parts of this series that can be summed separately. The short-range contribution
is evaluated in real space, whereas the long-range contribution is summed in Fourier space. These transformed
series are quickly converging, making a fast and efficient computation possible. Conventionally, these parts Dj,, =

Dj(}qz + Dj(f,z + Dj(f,)L are written as [110]

2)
o j—lml k& . r(1_) _(ké,z)z

D(l) \/(2] +1)(G—m)(j+m)! Z <|k| + G|)J oMPk | +G z2: k) +G| 3 ) 172 Siia)
. = - g m ‘_m b a
AT e\ ) TR NEE )

pe - DT VO DG = m)l +m)! 3 G Reimp n L (22BN [y Cpag2 (S41b)
Jm i1 pi=myjtm k\ k ’

2 2 - R T2
Dim = 3™ <2’ i) (841¢)

where the first and the second term are the Fourier and real space summations. The third term is a correction term
that appears to account for the missing lattice point at the origin when applying the transformation from real to
Fourier space.

In D](i,)L the summation runs over the reciprocal lattice points G. The series contains the upper incomplete Gamma
function I" where ké . = Vk? — (k| + G)?. The parameter T" defines the splitting between the real and Fourier space
summation. 7' = /7/A is considered as a proper splitting factor [64]. The integral in Dj(iz can be computed by a

recursion relation. Dﬁrz contains the Kronecker delta d;;. Having solved the lattice summation with Eq. 1] it is
possible to insert the result in Eq. (S39) and, hence, to obtain the lattice coupling matrix finally.
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4. Verification

In this section, the metasurface model presented above is evaluated, herein, via simulations of two characteristic
examples, using COMSOL™ Multiphysics. As a first example, a symmetry-broken case of a metallic helix under
oblique incidence is studied. The dimensions of the helix are selected as, large radius, R; = 80 nm, small radius,
Rs = 20 nm, helix pitch, P, = 150 nm, and number of turns, N = 2. The lattice is set as square with a periodicity
A =500 nm. Silver (Ag) is selected as helix material [73], while the surrounding material is the vacuum. Comparative
results are depicted in Figs. for the zeroth diffraction order or (n1,n2) = (0,0), and show an excellent agreement
with negligible small discrepancies.

0.9 09 r
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0.8 0.8
o 0.7 o 0.7}
Q Q
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205 205t
172} w)
=) ——TE - calc. =) L ——TE - calc.
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FIG. S1. Verification with a helical particle: Calculated and simulated transmittance versus wavelength from an infinite
2D square array of Ag Helices in vacuum under plane wave illumination, for the primary mode; a) co-polarized and b) cross-
polarized scattered wave from a TE or TM illumination and (finc, ¢inc) = (0,0), and ¢) co-polarized and d) cross-polarized
scattered wave from a TE or TM illumination and (finc, inc) = (7/6,0).

Although the zeroth diffraction mode is most of the time sufficient for the analysis of metasurfaces, the proposed
method can calculate the amplitudes from possible diffraction orders of the array, something handy for metagrating
applications. For this purpose, a square lattice of dielectric spheres is simulated under normally plane wave incidence
at A = 500 nm, and with a varying lattice dimension, A. The sphere material is set as, ¢, = 9+ 0.2¢ and u, = 1,
while the surrounding material is vacuum. Results are depicted in Fig. [S2] for a propagation higher diffraction order
with {n1,n2} = {—1,0,1}. The results show excellent agreement for transmittance and reflectance for the performed
lattice sweep, with only some discrepancies around the unit-cell dimension where the onset of a new propagation order
is encountered, i.e., around A = A. This behavior is attributed to the tendency to infinity of interaction coefficients
when they are calculated via the semi-analytic fast-converging series techniques of [64], but do not affect the general
validity of the proposed approach.
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FIG. S2. Verification with an isotropic particle: Calculated and simulated response versus lattice dimension from an
infinite 2D square array of dielectric spheres in a vacuum under linearly-polarized, normally-incident plane wave illumination;
a) transmittance from co-polarized and b) cross-polarized scattered modes, and c) reflectance from co-polarized and d) cross-
polarized scattered modes.

Appendix B: Propagating diffraction orders from a 2D lattice excited by a plane wave

In this section, the lattice and incident wavelength relation for a propagating diffraction order from a 2D array
illuminated with a plane wave is derived for two interesting cases: a square and a hexagonal lattice. The propagating
diffraction orders for the 2D lattice can be obtained from and the propagation constraint, k? > |kH + G|. Thus,
after some substitutions, for a propagating diffraction order, it must hold that

27 2mng

2 2
k% > (k;“ + i sim/J) + (k;“c + i (1- coszb)) =

. 27Ny 2 . 2mng 1 — cosy 2
2 inc inc
k>(kz+ A>+<ky+ T

(S42)

where v is the angle between the vectors of the 2D lattice of the metasurface. Herein, it is also assumed that u; = A x
, U = AQ(COSZ[J)A( + SiIM/) S’), with |’U,1‘ = |’LL2| = A. Additionally, G = nlu’l + ’/7,211/2 = 27:4n1 (UQ X i) + 2#% (i X ul) =
2T A sing X + 2572 A(1 — costp) § and A = (ug x up) -2 = A% sinep.

At this point it becomes convenient for the analysis to split the incident field to a kinc,, = 0 and a ki, = 0 part.
With kinc, = 0 and the dimension of the lattice is a fraction of the wavelength, or A = t\ with ¢ € (0,1), (S42) turns

to

2\ 2 2 21, 2 21Ny 1 — cosy 2 71\ 2 ng 1 — cosy 2
- i —— i — B D——" . S43
()\) ><)\sm9+ t/\> +(t/\ e ) =>1>(sm9—|—t> +<t . ) (543)
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For the case of a square lattice, or ¢ = 7/2, (S43) turns to,

2 2
1> (sine+ %) n (%) . (S44)
For ny = 0, only the n; = 0 propagates for ¢t < 1/2, because —1 < sinf < 1. Moreover, for ny = 0, only the ny =0
propagates for ¢ < 1. Thus, for the case of the square lattice the (n1,n9) = (0,0), or the zeroth diffraction order, is
the only propagating diffraction order, if A < \/2. For the case of a hexagonal lattice, or ¢ = 7/3, (S43)) turns to,

1> (sin9+%)2+ (@(2—\/3))2. (S45)

t
In this case, if only the (n1,n9) = (0,0) diffraction order should be propagating, it should hold that

ng 1 — cosy o
—_ <1 —(2 — 1. 4
F oo < = —( V3) < (S46)

Hence, for a normal hexagonal lattice the zeroth diffraction order is the only propagating one if A < (2 —1/3) X or,
approximately, A < 0.2679\.
For the case of kiyc, = 0 and the dimension of the lattice is a fraction of the wavelength, or A = ¢\ with ¢ € (0,1),

(S42) turns to

2\ 2 21N, 2 2w 2mng 1 — cosyp 2 n1\ 2 ng 1 — cosyp 2
2m T 1 ni . i A S47
()\> >< Y ) +()\51n9—|— R ) = >(t> +(51n9+ : ) (547)

For a square lattice, or ) = /2, the propagation mode constraint is,

ni

1> (7)2 + (Sin0 v %)2 (S48)

Due to symmetry this case arrives to the same conclusions as in the previous kinc , = 0 one. Hence, the (ny, ny) = (0,0)
is the only propagating mode for A < \/2. For a hexagonal lattice, or ¢ = 7/3, (S47)) turns to,

ni

1> (7)2 + (sind + %(2 - \/5))2 . (S49)

Following the same analysis as in the previous section, for a hexagonal lattice the (ni,m2) = (0,0) is the only
propagating diffraction order for A < (2 —/3)/2 X or, approximately, A < 0.13397\.

Appendix C: Calculations of the (; prefactors via the radiation fields

The prefactors will be derived by comparing a scatterer’s far-field expressions in Cartesian and spherical coordinates.
The scattering far-field in Cartesian is defined as

T dmor

k2 eihr 1 k(1 ik
Ee = ° [f'x(pr>+(nmxf-)z6rx<gexf)ZG(ngmxf')
3 13

(S50a)
kjf"x 1(’)‘Sxf k—z((’)mxf)
16" \z 16 " ’
where
I = sinfcosg X + sinfsing y + cosh z, (S50b)
Q=D Quapfe: 0o =2 Oasy sty (850c)
B By
with {a, 8,7} = {z,y, 2} and v = {e,m}. Moreover the far-field is expressed in spherical coordinates as
eikr > J
E* = im (=) Zjm (0 —i)7 b X (6
Y i (0 Zan0,9) + (8 b Xy (0,6, (s512)

j=lm=—j
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where

Z;n(0,0) =Vim [ij(cosﬁ) 0+ 17 m (cosf) (ﬂ , (S51b)

Xim(0,0) = Vjm [i Tjm(cosf) @ — 7, (cosf) QAS} . (S51c)

Let’s check the dipole case. The prefactor ¢; can be obtained by comparing (S50) and (S51)). For j = 1, (S51) turns

to
) eikri 3 , ~ . , In
E] =- 3 %[(W11a1+W1b1)9+1(W131+Hllbl)‘ﬁ}’ (852)

with the related vectors defined in (S16|). Let us now assume only the excitation of the electric dipole p,. If also
observations are set to 6 = ¢ = 0, then from (S50)), , and comparing only the z-component, one gets

—i [ 3 V2T k3 eih p » o
Bl =E{= /- (a1 —an) &= ——— &%= = = - $53
1=Ei = o g ( man) k= pae Tk s T8 = g (e —an), (S53)

which in turn gives ¢; = /67, if the formulation of (S17) and the Fy tensor are used (— Appendiz E - Main Text).
The same result could be obtained via magnetic dipoles following a similar procedure.
Moving on to the quadrupole case, For j = 2, (S51) turns to

eikr 1 5 . ) R
E;Zf , 5 a {(W2132+W/2b2) 0+1 (W’2a1 +W21b1) (]5:| y (854)

with the related vectors are defined in (S22). Let us now assume only the excitation of the electric quadrupole Q..
If also observations are set to § = ¢ = 0, then from (S50)), (S51)), and comparing only the z-component, one gets

—1 [ 5 [3ekr k3 e ikQ,.
ES=E = —/—{/=-—(a2_1— X = —— —X
2 2 2 67'(\/; kr (421 = a21)% 4 kr 6eg x

kQ.. V1207 (a1 — am)
V3 ik 2—-1 — a21),

(S55)

which in turn gives ¢, = /120, if the formulation of (S23) and the F, tensor are used (— Appendiz E - Main Text).
The same result could be obtained via magnetic quadrupoles following a similar procedure.
Moving on to the octupole case, For j = 3, (S51) turns to

eikr i 7 . ) R
Ei = ——1\/5- [(Waas+ Wiby) 0+i[(Wjas + Waby) ], (S56)
with the related vectors defined in (S22). Let us now assume only the excitation of the electric quadrupole O, ,. If
also observations are set to § = ¢ = 0, then from (S50)), , and for the z-component, one gets

i |7 —ethr k3 et ik2 O k20 1677
E° . —E° i 3 L oM TZZ A rzz i - 857
o = Bt = 3\ 3 V3G (i mea)R= - o R g (), 550

where (3 = 121/357 is set, if the formulation of (S29) and the Fj tensor are used (— Appendiz E - Main Text). The
same result could be obtained via magnetic octupoles using a similar procedure.

By combining the results above the general formula for the ¢ prefactors is finally composed as, ¢; = /(25 + 1)! 7,
where j = {1, 2, 3}.

Appendix D: Transformations of polarizability matrices

The quadrupole matrix for an arbitrary particle is defined as [81]

v v v

_ TX Ty Tz
QU= | Qo Gy Qe |, (S58)

zZT zy 2z
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where v = {e, m}. However, due to the symmetries that are implied in the definition of these moments (— Appendiz
E - Main Text), Qf; = QY; and because the Q" is traceless, thus, QY + Qy, +QY, = 0, only five terms from (S58) are
required to sufficiently describe the quadrupolar response of a particle. Hence, the properly selected five quadrupole
moments are expressed in the main text as a QY vector.

With the modified transformations between spherical and Cartesian coordinates for multipoles [66] (— Appendiz
E - Main Text), one can deduce the polarizability matrix of an arbitrary particle from its T matrix and vice versa.
With the specific selection of F i, @ ={1,2,3}, for dipoles, quadrupoles, and octupoles, respectively, as presented in
Appendiz D of the Main Text, any symmetry is retained after transformation. However, the resulting polarizability
matrix, as defined in this work, provides connections between fields and combinations of multipole moments that are
not always easy to interpret physically, e.g., Qz» —Qyy. This can be alleviated by using simple matrix transformations,
that the quadrupole matrix is traceless, and that fields are free of divergence. Let us demonstrate the procedure while
beginning with the electric quadrupole. Multipole moments and field irreducible basis definitions in Appendix E of
the Main Text can be changed as

L vz _ vz
Q° = My Q° = 2z | = Mam 75 V3/2Q¢, ; (S59a)
Zy ( i’:c - Zy) /2
OyEy + 0. By OyEr + 0. E,
o L | 9yE: +0.B, 4, | %E-+0.E,
E2 = M2f E2 = 5 azEz + az-E:v = 2f —— \/gazEz s (S59b)
20,E, 2V3 | 9.E. +0.E,
where
V3 0 0 0 0
) _ 0 V3 0 0 0
m=My=1]0 0 0 V3 0 (S59c¢)
0 0 V3
0

-1 0
V3 -1 0 —V3
Under this procedure, the quadrupole moments are written individually on the left side of (S59a)), and the fields are
written on the left side of (S59b|) in the form presented in [62, [72]. While transformations are performed separately,

the same Moy, and My matrices appear in both quadrupole moments and field transformations. This observation
can be utilized for the octupole case. Thus, the quadrupole polarizabilities for the individual quadrupoles and fields

of (S59) are acquired as

= ’ = _1 ) — 7 = _1 o
Q° =a5 Ex = M, Q° = a5, My, Ey = (S60)
v = — ’ = _1 . ; ’ = = ’ = _1
Q° = Mo 385 My' By = &8 = Mow a3 My, {0,0} = {e, m}.

The same procedure can be applied for the magnetic quadrupole moments and fields.

Moving to the octupole case, the same procedure as above for quadrupoles is repeated. The octupole matrix OV,
analogously to (S58), is a 3D matrix. Again, symmetries can be applied, i.e. OF), = 0%y, = O}y = OF,. = O, and
the traceless identity, or O;,, + Op , + O7,, = 0, with {i,j,k} = {z,y,z}. Thus, only seven appropriately selected
octupole moments suffice to describe the octupolar response of the particle understudy, which in turn are written in
vector form as QY. As in the quadrupole case, the octupole moments combinations for the utilized OV vector and the
resulting polarizability matrix as defined in this work (— Appendix E - Main Text ) are not always easy to interpret
physically, e.g. 30y, — Oyp,,. This can be alleviated by using simple matrix transformations, as performed above.
Let us demonstrate the procedure, beginning with the electric octupole moment. Multipole moments and field basis
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definitions proposed herein, can be changed as [56],

[ Ogyy T [1/2 (305, = 03y,) T
V6/4 O3,
o _ ngz _ \/6 \/ﬁ/2 OZZZ
0° = M5nO° = | Oy | = Mam = V5/2 02, : (S61a)
gm V15/2 0%,
o a0
L TTT zyy) -
where
0 0 0 0 —1/(2v15) 0 —1/27
0 0 0 0 2/V15 0 0
. 4|0 0 2415 0 0 0 0
Mym=—1[1/2 0 —1/(2V/15) 0 0 0 0o |, (S61b)
(G 0 ~1/V/10 0 1/vV/6 0
0 0 2/V15 0 0 0 0
| 0 4/V6 0 0 0 0 0 |

with the transformation above applying, also, for magnetic octupoles. The same procedure will be followed for the
octupolar fields using the E-field arrangements as in [56]. Thus, the E-field vector can be transformed as,

Eg = ]\:43ng =
- - r 1(92 _ 92 o
2B, — 0°E, + 20,.F. o V8 0nEet 0o By OuyBe)
O2E, ~ 01, +20,.E. g | v (02Ey +20,: B = 00Ey — 500 By — 0, Ey) (S622)
O’E, — a%Ey + 20,y Ey :J\Z?,Zﬁ ﬁ (202E. — 02E. — 20,.E, — 02E, — 20,.E,) |,
0. — 05 F. +20.. P = (02B, +20,.B. — L02B, — 0, B, - $02E,)
O, E. — 0; 2E +20,.Ey 5 (03B + 20, By — 0, B. — 20,.E,)
where
0 0 0 0 0 0 -2
0 0 0 0 Vi5/2 0 —1/2
B oy | 1/2 0 V15/2 0 0 0 0
My==-|2 0 0 0 0 0 0o 1. (S62b)
V6l o 0 o0 V10/2 0 V6/2 0
0 0 0 V10/2 0 —v6/2 0
L 0 V6 0 0 0 0 0 |

Therefore, the octupole polarizabilities for the individual octupoles and fields of (S61f) and (S62|) are acquired as,
0° = Gty By = M, 0° = a8y My, By = (S63)
O° = My, asy My Bz = a4y = Mam ayy My, {v,0'} = {e, m}.

The transformations for the magnetic multipoles and fields are performed equivalently. - -
Finally, if the same procedure is followed with dipoles and octupoles as with quadrupoles, with M, and Mi¢ being

identity matrices, then the final transformation formula for the full polarizability matrix is
&yt = Miw &y My',  {v,v'} = {e, m} and {i, j} = {1,2,3}. (S64)
This methodology can also construct other transformation matrices for different multipole basis selection. The matrices
M;m and M;s derived above in this section for the specific combinations of multipole moments and field derivatives

can be used on the formulas of Ref. [56], in order to derive the transformation matrices F}, i = {2, 3} utilized in this
work (— Appendiz E - Main Text).
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Appendix E: Transformations between spherical and Cartesian coordinates for optical cross-sections

The scattering cross-section is defined as [46]
s 1 — e|2 m|2
Usca:WZ“bﬂ +[b}?), (565)
j=1
where | - |? is the 2-norm of a vector or a matrix. In this work, investigations are limited to the octupole or j = 3
order. Thus, (S65) is simplified to
1 3
2 m |2
Ogca = WZ(“@?\ +b7?). (566)
j=1

To express o4, as a function of the multipole moments in Cartesian coordinates, the transformations of Appendiz F
- Main Text ) are employed. Therefore, (S66|) is re-written as

kte? 2 k=i, o KOeT 112
(? = F- m F e
Osca |E ‘24-2 | | |p| +‘EO|2<12 | 1 | | | + |E |2C2 | | |Q ‘ +
Ko =1 2, KB =iy 2 kS 112 2 (567)
— |F5 2 |Q™ F O°|* + ——— |F5 |7 |0™|7,

with the multipole moments expressed in Cartesian coordinates, defined in Appendix A. However, for the specific
transformation matrices |[F. j]_1|2 =1, and (S67)) can be manipulated further if §j are, also, calculated. Therefore,

1 k4 —2 k4 2
c <L| |2 n |m‘2

e B Qe B o B jomp). (sey)
Ogen = 755 —_— .
sca |E0|2 6 50407

120 120 0407T

Similarly, the extinction cross-section can be calculated as a function of the multipole moments and the fields repre-
sented in Cartesian coordinates. The extinction cross-section is defined as [46]

szt IE ‘2k'2 g qj ' b? + q;n : b_;n’ ] ) (869)

where the superscript * denotes the conjugate operation. For up to j = 3 order,
3 1 3
) e,* m,* o e, T 1 ex* m,T 3 m,x*
szt \E |2k2 Z qj'bj +q?]'bj ] __|E \%28% Z{qj bj —|—q] b } ) (870)
0 = 0 =

where the superscript T denotes the transpose operation. If the transformations of fields and multipole moments
between Cartesian and spherical coordinates are employed (— Appendiz E - Main Text ), (S70) turns to

1 k * —1,% k - —1,% *
agxt:—|E02k2Re{ ERTEVTE Yy — ikt T F VTR mj - = TETE YT EQY
(S71)
—1,% ~m,* k — —1,%x ~e,x* . o— —1,% ~m, %
— kP HT By VR QY - —BTE TR 05 — ik HT YR o) }
After the identity f’Jfl’Tﬁ‘Jfl’* =1Tis employed, (S71)) finally can be rewritten as
ngt =
1 Re ./4}3 1E *+ 2H m*—|—1E Qc*+ 2H Qm*+1E o°* + 2H oQm*
[ —1 — . . — . ) . ’ — . ’ . ’
| Eo[2k2 Bt p —nH; o2 n 2 o3 nmHs3 (S72)
k 1 1 1
YR tm {gEl P+ H m" 4 —Ey - QY 4 "Hy - QT + By O +9°Hy - Om’*} '
0

The absorption cross-section can be, afterwards, calculated from (S68|) and ( -, as Oabs = Oext — Tsca-
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Appendix F: Useful Legendre function formulas

The Legendre functions, P;n(x), have certain useful recurrence properties,

=P = (<5 ) [P @)+ G- G P @), (5720
V1— xQ%P;ﬂ(m) = % [(j —m+1)(j +m)P]" " (z) — PJmH(x)] : (S72b)

For x = cosf = dx = —(sinf df), (S72) turn to

Tjm(cosf) = %ij(cosé)) = (;) {P}’f{l(cosﬂ) +(G+m—-1)G+ m)Pﬁ]l(COSH)} , (S73a)
Tjm(cosf) = %ij(cosH) = (—é) {(j —m+1)(j +m)P"" (cos) — P+ (cos@)] . (S73b)

Thus, (S4)) are also calculated in terms of recurrence formulas.
Another useful Legendre function values are those for the arguments = = cosf = +1, with # = 0 and 7 , respectively.

Therefore,

0, m#0 0 , m#0
P™(1) = , P (-1) = , . S74
i () {1 , m=0 (=1 {(—1)3 , m=0 (574)
The first few associated Legendre functions up to j = 2, or, equivalently, the quadrupole order, are
PY(cosh) = 1, (S75a)
1 : 0 —1 1 1 1 .
Py (cosf) = —sinf, Py (cosf) = cosh, Py (cos) = fiPl (cost) = ism@, (S75Db)
2 2 1 . 0 3 2 1
P; (cosf) = 3sin“0, P, (cosf) = —3sinfcosl, P, (cosh) = 508 60— 3 (S75¢)
~1 L L. -2 L o L. o
Py " (cost) = §P2 (x) = §smﬂcos9, Py “(cost) = ﬂPQ (cost) = gsin 0. (S75d)

If (S75) are substituted into (S73)), one gets for the dipole (j = 1) case

—% , m=-—1 %COSQ , m=-—1
Tm(x)=4¢ 0 =0 |, Tim(z) =< —sind , m=0 |, (S76)
-1, m=1 —cos , m=1
and for the quadrupole one (j = 2)
7%Sin9 , m=-—2 isinﬂcosf) , m=-—2
—fcos , m=-1 cos?0—3  , m=-1
Tom(x) = ¢ 0 , m=0 , Tom () = ¢ —3sinfcosd , m=0 . (S77)
—3cosl , m=1 3—6cos’0 , m=

6sinf , m=2 6sinfcost , m=2
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Appendix G: Deriving the imaginary part of the lattice coupling coefficients

For a non-absorbing and non-diffracting metasurface, energy conservation dictates that T4+ R = 1. If the metasurface
consists of meta-atoms with only an electric dipole response, from Table IT A) we can write:

-3 3
r= mal’eﬂ = _A, t=1-— malyeﬂ =1-A. (8783)
Then, we can write
AP +|1 - AP? =24A4" +1 - A* —A=1= AA* :§R(A*):>1:§R<jl>. (S79)
Then, we can use the Mie angle model [96] and write
1 A2 ~i0e1 47 A2
Rl — == [% ( ° ) + %(Odd)] = 1+ 3 (Caa)l = L. (S80)
mal’eﬁ‘ 3 COS 9E1 3
Then, it can directly follow
S (Caa) = 3~ -1 (S81)
4m A2

where we have used the Mie model (a; = cos 01 expifg;) for non-absorbing spheres [96]. Similarly, we can derive the
imaginary parts of Cqq and Cqq as

5 V15
S(Caa) = =5~ 1, S(Caq) = —-

e (S82a)

Appendix H: Effective T and polarizability matrices

Here, we derive the equation for the effective polarizability matrix from the vector spherical counterpart relation.
The effective T matrix is defined as

eff — (f_ Oés)_1T0~ (Sl)

First, we define
Fyy = L_fj 0 } (S2)

From the above equations and the transformation formulas, we can derive the effective polarizability equations with
the following step-by-step procedure

= ’ = = ’ = = = = = /7
VO L By = Ly — A5 &80 Fig (<iF5 5 CprFyg)) ™ Frp iahT Fyy &

33" Tett,J3’ J 0,37’ Jj Jj 233"
Fyirall s Figr = Ly — Fyjagt CigrFyg) ™ Fypr ol Fije <
Fyyralll sy By = [F (g — a7 Cigo ) Fipe] ™ Fj50 a7 50 Fyjr
=_1 ’:])I)/ . =_1,3 5pp/ 1 ~pp/ :,,
Fyirall s Figr = Figi (g — a5 Cgo) ™ oy Fjjr <
_ _ -, _
~pPp _ .. __ xpP .\—1~pp
ag i = g = gl Cigr) ™ @y, (S3)

where we have used the following property of square matrices A, B

(AB) ' =B 1A~ (S4)
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Appendix I:  Analytical models for T-matrices and lattice coupling matrices

1. T matrix

a. Spheres: The T matrix of an isotropic meta-atom can be written as

f[az O O 0 O O O 0 0 O O O O O O 07
0ag O O OO O O OOOOUOUOOTD O
0 0 aga 0O 0O OO O OOOOOOODO
0 0 0 az O O O O O OO O O O OUDO
0 0 0 0 az O O O O O O O O O 0 O
0 0 0 0O 0az OO O OO OTOOOTDO
0 0 0 0 0 0 azg OO O OOUOOTGOUDO
A 0 0 0 0 0O 0O 0 az OO O OO O OUDO
To=— 0 0 00O OO0 O05b 0 O0O0OO0OO0OTO0OTO0]” (886)
0 0 0 0 0 0O O O O0b 0 0 O0OO0OO0OTO0
0 0 00O O OO 0O 0 O0bB 00000
0 0 0 0 0 0O 0O 0O O O 0% O 0 O0 O
0 0 0O0OOOO 0 O0OOTO0OTO0OTUDbDLO0OO0OO0
0 0 0 0O 0O OO O 0O 0O O0OO0OTO0VUWb o0o0
0 0 00O O OO 0 0O O0OTO0OTO0OTO0TUWb o
L0 0 0 0 0 0 0O 0O OO O O O 0 0 b

where a;, and b; are the Mie coefficients. The Mie coefficients for a homogeneous sphere are calculated as [81], 104]

pem. D% (1) (240 ()] — prsph.gin (2) 1240 ()]

" et () [ ()] = g b ) g )
b, = Hsph.Jn (77:”) [x]n (:ﬂ ] fem.Jn ( ) [779€Jn (7733)}/ (887)

)
peptn (92) 280 2)] = pemn 82 ) g )

where subscript em. and sph. denote the properties of the embedding and the sphere, respectively. j and h denote
the spherical Bessel and Hankel functions, respectively. We have used n as the multipolar order so that it is not
confused with the Bessel function. The primes are derivatives with respect to the argument. The parameters x and
7 are defined as

_ % /eem‘ (w) Llom. (o\))Rsph., and n = €sph. (CU) Msph. (LU) , (888)

€em. (W) fem. (W)

where Rgpp,. is the radius of the sphere.
b. Cylinders: The T matrix of a cylinder can be written as the following model

[ an 0 0 0 0 0 0 0 0 0 0 0 apm O 0 0 7

0 ai2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 ag11 O 0 0 0 0 0 0 0 0 0 0 —apm O

0 0 0 a2 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 a2z 0 0 0 aqm O 0 0 0 0 0 0

0 0 0 0 0 a3 O 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 a2 O 0 0 —agm O 0 0 0 0

= 0 0 0 0 0 0 0 a2 O 0 0 0 0 0 0 0
To = - 0 0 0 0 —agm O 0 0 b1 O 0 0 0 0 0 0 ’ (889)

0 0 0 0 0 0 0 0 0 b2 0 0 0 0 0 0

0 0 0 0 0 0 agm O 0 0 b11 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 b1 O 0 0 0

—apm O 0 0 0 0 0 0 0 0 0 0 b2 O 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 b3 0 0

0 0 apm O 0 0 0 0 0 0 0 0 0 0 ba2 0

L O 0 0 0 0 0 0 0 0 0 0 0 0 0 0 b21
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FIG. S3. Symmetries of scatterers and 2D lattices in VSH basis: Row I: (a) The spherical lattice coupling matrix
amplitude up to octupolar order for (b) a square array and d) Hexagonal array under normal incidence as shown in (c). The
normalized periodicity for both arrays is 0.8. Row II: (e) The T-matrix amplitude for (f) an isolated Ag-core SiO2-shell
particle (Tcore = 120, 7shen = 120 + 30) in free space at A = 780 nm, and (g) an isolated cylinder (r = 291 nm,h = 211 nm)
embedded in silica (n = 1.44) at A = 900 nm, and (h) an isolated helix (Raxial = 80 nm, roq4 = 20 nm, Ppiten = 105 nm and
Newrn = 2) in free space at A = 1180 nm. Row III: The effective T-matrix amplitude of (i) & (j) the core-shell sphere, (j) &
(m) the cylinder, and (k)& (n) the helix inside an infinitely periodic (i)-(k) square array or (1)-(n) hexagonal array.
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2. C matrix
The Cartesian coupling matrix can be written as

Aee See Aee Aem ~em ~Yem
C:11 ~12 q13 q11 q12 ~13
~Yee ~Yee ~Yee ~Yem ~Yem ~Yem
C:2 1 q22 q23 q21 q22 q23
~Yee ~Yee ~Yee ~Yem ~Yem ~Yem
gS 1 g3 2 (}33 g3 1 g32 g33
~Yme (Yme Yme mm Omm  oymm
q11 q12 q13 q1 1 q12 q13
~Yme (Yme Yme mm Omm  Ymm
CZ 1 C122 C23 02 1 C'22 C23

Ame (Sme me mm omm  oymm
C'31 C32 C33 C‘31 032 C33

Qi
I

(S90)

Due to electromagnetic duality symmetry, C:']eje, = C:'J'-‘;-?‘ and :Jr-‘j‘-‘? = C:’fj“,’ The dipolar and the dipolar-quadrupolar
parts can be written as

- o5y Css s Cop

_ Cvee Cvem _ Cfee Cvee Cvem Cfem

e B -

O C1° O COffF O

Sme (Sme me ymm
021 CV22 C'21 022

(S91)

Different lattice symmetries result in different coupling matrix symmetries. Here, we show essential models of the C
matrix based on the multipolar order, incidence orientation, and lattice arrangement. We will use simplified symbols
for elements that would be later used in the equations. For a dipolar metasurface illuminated under normal incidence,
the Cartesian C matrix for a square and a hexagonal arrangement can be written as

cxx 0 0 0 0 0 Caa O O O 0 0
0 ¢ 0 0 0 0 0 Caq O O 0 O

= _| o 0 ¢ o o0 o0 | o o ¢y 0o 0 o0

Cp = 0 0 0 C&x 0 0 - 0 0 0 Cgqq O 0 |° (592)
0o 0 0 0 C¥ o 0 0 0 0 Cqqa O
o 0 0 0 0 cy 0o 0 0 0 0 B

where, for simplicity, and due to symmetry, we use C5¥ = CJ)] = C4q. For a dipolar metasurface, illuminated at
oblique incidence with a plane wave (¢, = 0), the matrix for both the square and hexagonal arrangement is

Cxx 0 0 0 0 0 Cex 0O 0 0O 0 0
0¥ 0o 0o o ¥ 0 Gy 0 0 0 Cy
= | o 0 cm oo ¥ 0| _| 0 0 Cu. 0 —Cy 0
Co=1 9 o 0 Cx 0 0 | T | 0 0 0 Cx O 0 | (593)
0 0 P o0 o 0 0 Cu 0 Cy 0
0 Cc¥% o0 0 0 % 0 —Cyp 0 0 0 Cu
where for simplicity we use C¥} = Cxx, CY) = Cyy, C%4 = C,,, and C] = —C3) = Cy,. It is anti-symmetric.

For a dipolar-quadrupolar metasurface with a square lattice and illuminated at normal incidence (ine = @ine = 0),
we can write the lattice coupling matrix as

[Cqa O O O O 0 0 0 0 0 0 0 —Ciqq O 0 0 7
0 Caqg 0 0 0 0 0 0 0 0 0 0 0 0 Cyq O
0 0Cy%B 0 0 0 0 0 0o 0 0 0 0 0 0 0
0 0 0Cy% 0 0 0 0 0o 0 0 0 0 0 0 0
0 0 0 0 Cqp 0 0 0 —Caqq O O O O 0 0 0
0o 0 0 0 0 CZ 0 0 0o 0 0 0 0 0 0 0
0 0 0 0 0 0 Cqq O 0 Cag 0 0O 0 0 0 0
= 0o 0 0 0 0 0 0 C¥Y 0 0 0O O 0 0 0 0
Coe@=| o o 0o o ~Caq 0 O X Caqa 0O 0O O O O 0 0 (594)
0 0 0 0 0 0 Cyq O 0 Cag 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0o 0Cy%B 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0Cy% 0 0 0 0
~Cig 0 0 0 0 0 0 0 0 0 0 0 Cqq 0O 0 0
0o 0 0 0 0 0 0 0 0O 0 0 0 0 C& 0 0
0 Cag 0 0 0 0 0 0 0 0 0 0 0 0 Cqq O
L 0o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 C5]

In Fig.[S3] we have shown the T matrix, the C matrix, and the effective T matrix for a core-shell sphere, a cylinder, and
a helix inside a square and a hexagonal lattice. The Cartesian counterpart is shown in Fig. 2 of the main manuscript.
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