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Abstract

Uniqueness of limit Gibbs states of one dimensional models with a unique “stable” ground
state is established at low temperatures. (© 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction

The problem of phase transitions in one-dimensional models has attracted the in-
terest of many authors during the last decades. The existence (the absence) of phase
transitions in some one-dimensional models was proved in [ 1-13].

In this paper we investigate sufficient conditions for the uniqueness of limit Gibbs
states in one-dimensional models.

It is well known that the condition ) _, xU(x)<oo (U(x) is a pair potential of
long range) implies uniqueness of limit Gibbs states [ 1-3]. In this paper we consider
models including the alternative case U(x)~ 1/x!™*, where 0 <o <1.

In this work we develop a method establishing uniqueness of Gibbs states under
very natural conditions similar to the conditions for two- or more-dimensional models.

2. The main result

Let us consider a model on Z! with the Hamiltonian

H(p(x))= Y U(p(B)). (1)

BCZ!
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where the spin variables ¢(x)€ @, @ is a finite set, the potential U(¢(B)) is not
necessarily a translationally invariant function.

On the potential U(¢(B)) we impose the natural condition which is necessary for
the thermodynamic limit:

> |U(e(B))|<const, ()

BCZ':x€eB

where the const does not depend on x and the configuration ¢(x).
We suppose that model (1) has a unique ground state @9 (x) and satisfies the fol-
lowing stability condition: for any finite set 4 C Z! with length |4|

H(o'(x)) — H(e" (x))>1]4] , (3)

where ¢>0, |A4| is the number of sites of 4 and ¢’(x) is a perturbation of the ground
state @Y on the finite set A.

We also suppose that the potential U(B) satisfies some natural decreasing condition
(see Eq. (22)).

Theorem 1. There exists f., >0, such that at any > f., the model (1) has a unique
limit Gibbs state.

By the uniqueness of Gibbs states we mean the non-existence of two different Gibbs
states.

We prove Theorem 1 based on the ideas introduced in [9]. The main idea of the
proof is the following.

Let Iy be the segment [V, V]. Suppose that the boundary conditions ¢(x)= @' (x),
xeZ' — Iy are fixed and

Hy(p@)o'n=" > U(e(B).

B C Z': BN[a,b]#0

A set of all configurations ¢(x); x €y we denote by @(V).

Due to conditions (2) and (3) the partition function =}, corresponding to the bound-
ary conditions ¢'(x) is finite and the Gibbs distribution P}(¢(x)) on the set &(V) is
well defined.

min, 1

Let ¢}, (x)€ @(V') be a configuration with the minimal energy:

H(gy™ le' ()= min  H(p)lo'()). 4)

Then the configuration @m;x(x) almost coincides with the ground state of model (1)
(see Lemma 1 in Section 3). Due to condition (2) the difference between energies of
two minimal configurations ¢mi, and ¢/ . corresponding to different boundary condi-
tions is bounded by some constant. Thus, we can define a common (for all boundary
conditions) contour (a contour will be defined as a connected subconfiguration not
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coinciding with the ground state) model and by using a well-known trick [14] we come
to noninteracting clusters from interacting contours.

Consider an arbitrary segment / in the volume [y, two arbitrary boundary conditions
¢'(x) and ¢?*(x). We prove that the dependence of the expression P'(¢'(1))/P?*(¢'(I))
on the boundary conditions ¢'(x) and ¢?(x) can be reduced to the sum of statisti-
cal weights of super clusters connecting the segment / with the boundary and this
expression is negligible at low temperatures.

Therefore, two arbitrary extreme Gibbs states are mutually continuous and hence
coincide.

3. Proof of Theorem 1
Let gor,‘}in’l(x)ecb(V) be a configuration with the minimal energy. The following
lemma describes the structure of the configuration @™ (x).

Lemma 1. For arbitrary fixed boundary conditions ¢'(x) there exist positive constants
Ng and N/ not depending on the boundary conditions ¢'(x) and V¥, such that the
restriction of the configuration qo’;‘i“’l(x) on interval [—V + N/, V — N; ] coincides with
the ground state @9 (x).

It can be easily shown that the lemma follows from condition (22). For a detailed
proof of this statement see [9]. Below we give a proof of the lemma in the special
translationally invariant potential case. This proof is rather amusing due to the fact that
it does not employ any of the conditions (2), (3) and (22) and uses only the very
natural condition that the potential tends to zero while the distance between interacting
elements tends to infinity.

Proof. Obviously, for each value of V' there are numbers N/(V, ') and N/ (V,¢') p
(OKSN/(V, o)<V, 0SN](V,@')<V) satisfying the lemma, thus, the restriction of the

min, 1

configuration ¢@}'™ ' (x) to the set [~V + N/, ¥ — NJ] coincides with the ground state
@7 (x).
Let N/(V, ") and Nj(V, ') be minimal, that is N/(V, ¢") + N/ (V, ') is minimal.
Let Ny(V, ¢') = max(N;(V, ¢"), Nj(V, ¢")) and

Ny(V)= max Ny(V, "),
wl

where the second maximum is taken over all possible boundary conditions ¢'.

In order to prove the lemma we show that max, N,(}') is bounded.

Indeed, suppose that max, N,(V') is not bounded. Then there exist a sequence of
numbers ¥ (k), a sequence of boundary conditions ¢f(x);x € Z' — [V}, V4] and corre-
sponding sequence of configurations with minimal energy (pr,?zr,;’)k (x), k=1,2,..., such
that lim,_, __ V(k)=o0 and lim,___ Ny(V(k), p*)=cc.

Without loss of generality, we assume that lim,_, . N/(V (k), ") = oco.
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Define a maximal nonnegative integer number z =z(V (k), ¢*) satisfying the condi-
tion:

PV (k) + N} — 2.~V (k) + NjD) # 0" (1= V (k) + N} — z—V(k) + Nj]).

Due to the definitions, z =z(V (k), ¢*) >0, if k is sufficiently large. Below we assume
that z=z(V (k), *)>0.

Now we are faced with two possible cases.

Case 1. limy, _,__z(V(K'), " )+ (V (k') — NJ)— (=V(k')+ N})=o00 for some sub-
sequence &’ of k.

Case 2. max, z(V(k), o)+ (V (k') — NJ) — (=V (k") + N}) is bounded, where the
maximum is taken over all values of k.

Let us define a configuration Yy )(x) = (pr;l?,i’)k(x — X).

In the first case we put X =V (k') — N} +z/2. Thus, Yy (x) is a V(k') — N} —z/2
shift of g% (x) to the right.

In the second case we put ¥ =V (k") — N}/2. Thus, Yy (x) is a V(k") — N//2 shift
of go?}’,:’,];l(x) to the right.

Now note that

(1) In both cases the support of the configurations Yy )(x) infinitely grows in both
directions when V' (k') goes to infinity.

(2) In both cases the restriction of the configurations Yy /)(x) to any interval [—L, L]
(when L is sufficiently large) does not coincide with the ground state:

U ([—L.L1) # " ([~L.L]) .

To verify the first property we have to show that in the configuration go?,‘i',i’/];/ (x) the
distances dist(—V(k"), —x) and dist(—x, V' (k’)) tend to infinity in both cases.

The first property readily follows from the definitions.

In the first case, dist(—V(k"), —%)>N//2 in both cases and since N/ tends to infinity
the expression dist(—V (k"), —x) unboundedly grows. The expression dist(—x, V(k'))>
z/2+(V (k") =N;)—(=V (K )—I—Nb[) and obviously tends to infinity in the first case. In the
second case we have to show that both distances dist(—x, V(k')) and dist(—=V(k"), —x)
unboundedly grow when Né tends to infinity. It directly follows from the fact that
dist(— %, V' (k")) >N//2 and dist(—V(k"), —%) = N}/2. The first property is proved.

The second property in the first case readily follows from the definition of z.

In the second case assume that there is a segment [—L, L] such that the restriction of
Y(x) to the interval [—L, L] coincides with some ground state ¢(x). Then by definition
of N} and N} (NL(V, ")+ Nj(V, ") is minimal) 2L<(V (k") — Nj) — (—=V (k') + N})
and since z/2 + (V(k') — Nj) — (—V (k") + N/) is bounded (over the set of all k") 2L
is bounded and the second property is held.

We say that a sequence of configurations ) (x) point-wisely converges to the
configuration (x), if for each x € Z!, there exists ki, such that Yy (x)=y(x), if
k> kl .
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After this natural definition, by using a diagonal argument we can show that the
sequence Yy()(x), k'=1,2,... has at least one limit point, say Y™ (x) # 9. Indeed,
there exists a subsequence x//}}(k,)(x) of Yy )(x), such that lﬁ,()( #y(0) is a constant. There
exists a subsequence tﬁg’(}c,)(x) of wg(k,)(x), such that lpg’(}(/)(l) is a constant. There
exists a subsequence lﬁg’(}{’/jl(x) of wg’(}{,)(x), such that ‘pB’(};,)‘l(—l) is a constant. By
continuing this process we obtain a subsequence x//g'(llgf)l"”’”ﬁ”"“(x) of Yw)(x) which
converges to some configuration ™" (x).

Now, note that /™"(x) is a ground state. In fact, suppose that y(x) is an arbitrary
perturbation of Y™"(x) on some finite set 7.

H((x)) — HY™™(x)) = Hy (¢(x)|o* (x)) — Hy (9™ (x)|o" (x))
—e(W, V (k) 0",

where ¢(x) is the same perturbation of @™"(x) on the set W — %, and for each fixed
W the term &(W,V (k'), gok') tends to zero uniformly with respect to q)k/ while V' (k')
tends to infinity.

But by construction Hy(¢(x)|@* ) — Hy(p™™* (x)|p* )=0. Therefore, H(¢p(x)) —
H(@™"(x))>0 and y/™"(x) is a ground state.

Now, note that the configuration y™"(x)+# @9 (x) due to the second property. In
fact, since the configuration Yy «)(x), which is just a shift of (p[;l}r,i’/ﬁl, the ground state
@Y" cannot coincide with Yy )(x) on the interval [—L,L]. And y™"(x) is a limit of
configurations Yy x/y(x).

This contradicts the assumption that max, N,(V) is not bounded. Lemma 1 is
proved.

Consider the partition of Z' into segments I, where J; is a segment with the center
at x = % + k and with the length 1.

Let us consider an arbitrary configuration ¢(x). We say that a segment I; is not
regular, if there exists a segment /;, connected with I, such that o(f}) # ¢/ (I]). Two
nonregular segments are called connected provided their intersection is not empty. The
connected components of nonregular segments defined in such a way are called supports
of contours and are denoted as supp K.

The pair K = (supp K, ¢(supp K)) is called a contour.

Let P' and P? be two Gibbs states of model (1) corresponding to the boundary
conditions ¢'(x) and ¢?(x), respectively.

Lemma 2. Gibbs measures P' and P? are absolutely continuous with respect to each
other.

Proof. Let I =[a,b] be an arbitrary segment and ¢’(I) be an arbitrary configuration.
In order to prove the lemma we show that there exist two positive constants s and
S not depending on I, ¢'(x), ¢*(x) and ¢’(I), such that

s<PU(¢'(1)/P*(¢'(1))<S . )
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Let P} and P§ be Gibbs measures corresponding to the boundary conditions ¢'(x),
and @?(x), x € Z' — Iy, respectively, where Z! — Iy =(—o0, =V — 1JU[V + 1, +00).
Thus,

lim Py =P' and lim P{=P?,

V—o0 V—o00

where by convergence we mean weak convergence of probability measures.
For establishing inequality (5) we prove that for each fixed interval I, there exists
a number Vy(/), depending on / only, such that for V >V}

s <PY(e'(1D)/P(@'(1)<S . ©6)

Let H(p(x)|@'(x), ™! (x)) denote the relative energy of a configuration ¢(x) (with
respect to ™™ !(x)):

H(p(x)| @' (x), o™ (x)) = H(p(x)|@' (x)) — H(™™ ' (x)|¢" (x)) .
Consider

Z(p([y);(p(l):(p’(]) exp(—ﬂH((p(IV)|<p1(x), (Pmin’l(x))y((P/(l)a V, (Pl(x)))
> oty EXP(=BH (@(Iy)| @' (x), ™™ (x))Y (o(1), V, 9" (x)))

Py(¢'(I)) =

_ By —1]e'(x), '), "™ ()Y ('), V, 9" (x))
2oy EAy = 19" (x), " (1), ™™ (x)Y (9" (1), V, ¢ (x))

B Ve ()
E(p”([) EV'Y ("), V,0'(x))’

where BV = E(Iy —I]o'(x), ¢'(1), ™™ (x)) denotes the partition function correspond-
ing to the boundary conditions ¢'(x),x € Z' — Iy, ¢’(I),x €I and

Y(o(), V, ¢'(x))
= 3 exp(—~B(U(p(4)) — U(@™ (4))), i=12, (7)

AC 2V ANTAD; ANZ —Iy £

where ¢(x) in sum (6) is equal to ¢’(x) for x €/ and it is equal to ¢’ for x € Z' — 1.
Expression (7) gives the “direct” interaction of ¢(I) with the boundary condition ¢'.
We can express Pg(¢'(1)) in just the same way.

In order to prove inequality (6) it is enough to establish inequalities (8) and (9):

1 < Y(p),V,¢'(x))<2; i=1,2 (8)

El,// Ez,//
1/S<(E>/<32’/)<1/S 9)

for arbitrary ¢”(I).

and
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Indeed, if inequalities (8) and (9) hold, then

1/(1/s) <Py(9'(1))/Py(¢' (1) <1/(1/S)

since the quotient of (3°7_; a;)/(>__, b;) lies between min(a;/b;) and max(a;/b;).

Now, we start to prove inequalities (8) and (9).

Inequality (8) is a direct consequence of the natural condition on the decreasing of
the potential: for each fixed / there exists Vj, such that if V' >V}, then 1 < Y(¢o(),V,
P'(x)<2; i=1,2.

So, in order to complete the proof of Lemma 2 we have to establish the following
inequality (which is just the transformed inequality (9)):

=l Ez,/

1/§<=

=2,11 71,1
=) &

<l/s. (10)

Define a super partition function
(EM" 2 =) exp(—BH(9*Uy)] @' (x), ¢ (x)p™(x)))

x exp(—BH(¢* ()| 0> (x), @' (x)p™"(x))) ,

where the summation in » is taken over all pairs of configurations ¢3(1) and ¢*(Iy),
such that *(1)=¢"(x); ¢*(1)=¢'(x).

Now, we show that for each fixed interval I, there exists a number Vy(/), which
depends on / only, such that if V> V(1)

S<(51,152,//)/(51,//E~2,/)<S (11)

for two positive constants s and S not depending on 7, ¢'(x), *(x),¢’'(x) and ¢"(x).

Now, we try to represent the super partition functions (£/Z%") and (E"Z2’) in
a more convenient form. Roughly speaking, by using a well-known technique we are
going to pass to noninteracting clusters from interacting contours [14].

Let the boundary conditions @(x)=[¢(x),x € (—oco,—V —1]JU[V + 1,00)] be fixed.
As above the set of all configurations ¢(x); x € [V, V] we denote by ®(V).

It is obvious that for each contour K, such that suppK € [—V + N, V — Np], there
exists a configuration Yx([—V,V]) such that the only contour of the configuration
Y ([=V,V]) is K.

The weight of contour K will be calculated by the following formula:

WK)=H(k(x) — H(o'(x)). (12)

Consider the Gibbs distribution P! on @&(V) corresponding to the boundary condi-
tions ¢'(x)=[¢p'(x),x € (—o0,—V — 1JU[V + 1,00)]:

exp(—B(H (¢ (x)]¢' (x), ™" (x))))
2 ocaqr) XP(—BUH (@) @' (x), ™™ (x)))) |

Pl(¢'(x))= (13)
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Let ¢(x) € @(V) be an arbitrary configuration, the boundary of the ¢(x) includes
a finite number of contours K;; i=1,...,n. The set of all contours of the boundary
conditions ¢'(x) will be denoted by Kj.

The statistical weight of a contour is

w(K;) = exp(—py(K7)) - (14)

The following equation is a direct consequence of formulas (12) and (14)

exp(—BH (p(x)] 9" (x), o™ (x))) = | [ w(K)) exp(—BG(Ko. K1, ., Ky)) . (15)

i=1

where the multiplier G(Ky, K], ...,K,) corresponds to the interaction between contours
and with the boundary conditions ¢'(x):

n

G(Ko.Ki. . K)=Y_ > G(Ki...Ki)=>_ > f(B), (16)

k=2 il smiy k=2 (B)EMH(K;, ... K, )

where at each fixed k the summation is taken over all possible collections iy,..., i,
i;=0,...,n, i;<ip, if [<m.

The interaction between some point x from the support of K; and some point y
from the support of K, arises due to the fact that the weight of the contour K; was
calculated under assumption that the configuration outside supp (K;) coincides with the
ground state.

We do not need the explicit expressions of f(B) and (int(K;,K;)), they are very
huge and we do not write them down. For the pair potential case see [9].

For simplicity, K;, i=1,...,n will be denoted by K;, i € I. Thus, formula (15) has
the form

exp(—BH(p(0)|o' (0), o™ (1)) = [ w(K) exp(—G(Ko.Ki.....K,)) . (17)
i€l

The set of all interaction elements B in the double sum (16) will be denoted by /G
(for the pair potential B will be a pair of points (x, y)). Write Eq. (17) as follows:

exp(—BH(p(x)|¢' (x), o™ (x))) = [ [w(&:) [[(1+ exp(—Bf(B)-1).  (18)

iel BelG

From Eq. (18) we get

exp(—BH(p()|¢' ). ™™ )= > [[w&) [ ®. (19

1G' CIG i€l BEIG'; f(B)#0

where the summation is taken over all subsets /G’ (including the empty set) of the set
1G, and g(B)= exp(—ff(B)) — 1.

Consider an arbitrary term of sum (19), which corresponds to the subset /G’ C IG.
Let the interaction element B € IG’. Consider the set K of all contours such that for each
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contour K C K, the set supp K N B contains one point. We call any two contours from
K connected.The set of contours K’ is called /G" connected if for any two contours K,
and K, there exists a collection (K| =K, K;,...,K, =K,) such that any two contours

K; and K;,1, i=1,...,n — 1, are connected by some interaction element B € IG’.
The pair D=[(K;, i=1,...,5);IG’], where IG’ is some set of interaction elements, is
called a cluster provided there exists a configuration ¢(x) containing all K;; i=1,...,s;

IG' CIG; and the set (K;,i=1,...,s) is IG' connected. The statistical weight of a
cluster D is defined by the formula

wD)=][wk) ] 9®. (20)
i=1

= (x.»)EIG’

Note that w(D) is not necessarily positive.

Two clusters D; and D, are called compatible provided any two contours K; and
K, belonging to D; and D, respectively, are compatible. A set of clusters is called
compatible provided any two clusters of it are compatible.

If D=[(K;,i=1,...,5);IG’], then we say that K; €D; i=1,...,s.

The following lemma is a direct consequence of the definitions.

Lemma 3. Let boundary conditions ¢'(x)=[¢'(x),x € (—o0, —V —1JU[V +1,00)] be
fixed.

If [Dy,...,Dy] is a compatible set of clusters and | J;-, supp D; C [V, V], then there
exists a configuration ¢(x) which contains this set of clusters. For
each configuration ¢(x) we have

exp(—BH(p(x)| 9" (), o™ ()= > [[w®Dn,

IG' CIG

where the clusters D; are completely determined by the set /G’. The partition function is
E(¢' ()= _ w(D1)...w(Dn),

where the summation is taken over all non-ordered compatible collections of clusters.
Lemma 3 shows that we come to noninteracting clusters from interacting contours.
The following generalization of the definition of compatibility allows us to represent
(EV" E%Y as a single partition function.
A set of clusters is called super compatible provided any of its two parts coming from
two Hamiltonians is compatible. In other words, in super compatibility an intersection
of supports of two clusters is allowed.

Lemma 4. Let boundary conditions ¢'(x)=[¢!(x),x € (—oc0,—V — 1JU[V + 1,00)]
and @*(x) = [¢*(x),x € (—o0,—¥ — 1JU[V + 1,00)] be fixed.
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If [Dy,...,Dy] is a super compatible set of clusters and | J;-, supp D; C [V, V'], then
there exist two configurations ¢3(x) and ¢*(x) which contain this set of clusters. For
each pair of configurations ¢>(x) and ¢*(x) we have

exp(—BH (¢ (x)|o' (x), ™™ (x))) exp(—BH (¢*(x)[ 9 (x), 9™ *(x)))

= > [Twon,

1G" C IG,IG" CIG

where the clusters D; are completely determined by the sets /G’ and IG”.
The super partition function is

gL =BV EX)=) w(Dy)...w(Dn)

where the summation is taken over all nonordered super compatible collections of
clusters.

Lemma 4 is an analogue of Lemma 3.

Let w(D;)...w(D,,) be a term of the super partition function Z"-">%’. The connected
components of the collection [supp(D),...,supp(D,,)] are the supports of the super
clusters. A super cluster SD is a pair (supp(SD), ¢(supp(SD))). Below, instead of the
expression “super compatible collection of clusters” we use the expression “compatible
collection of super clusters”.

A cluster (a super cluster) D=[(K;,i=1,...,r);IG'] (SD=[(K;,i=1,...,r);IG'])
is said to be long if the intersection of the set (|J;", suppK;)) UIG’ with both I and
Z'—Iy =(—o0,—V—1]U[V +1,00) is nonempty. In other words, a long cluster (super
cluster) connects the boundary with the segment /.

A set of super clusters is called compatible provided the set of all clusters belonging
to these super clusters are super compatible.

The following important lemma shows that in our estimates long super clusters are
negligible.

Lemma 5. For each fixed interval /, there exists a number ¥4(/), which depends on /
only, such that if V' >1;(1)

%EI,I,Z,// <El,/,2,//,(n41.) _ Z W(SD] ) . W(SDm) ,

where the summation is taken over all nonlong, nonordered compatible collections of
super clusters [SDI,...,SD,,,],U;”:1 supp(SD;) C Iy — I corresponding to the boundary
conditions @'(x), ¢@?(x), x€Z' —1Iy; ¢'(x) and ¢"(x), x€1.

Consider a collection of contours Ky, Kj,...,K,. The value of the interaction of the
contour Ky with the contours K7,...,K, we denote via G(Ko|K,...,K,):
G(KolKy,....K)= [ (1 +exp(=pf(B)—1)), (21)

BEIG(0|1,..,n)
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where IG(0|1,...,n) is the set of all interaction elements intersecting the support of

the contour Kj.
On the potential U(B) we impose the following natural condition:

G(KolKi,-. oK) =[] 101 +exp(—Bf(B) - 1))

BEIG(O|1,...,n)
< hi([supp(Ko)|)h2(dist(0[1, ..., n)), (22)
where dist(0|1,...,n) is the distance between the support of Ky and the union of the
supports of contours K, ..., K, and the functions %;(x) satisfy the following conditions:
xlgrolo h(x)/x=0 xlgrolo hy(x)=0. (23)
In other words, the interaction of Kj,...,K, on K, tends to zero when the distance

between them increases, and the value of the interaction increases with a rate less than
the length of the support of Kj.

These conditions are very natural and in particular are held in all models with pair
potential U(x)~ 1/x'** as x — 00,0<a . In the pair potential case (see [9])

G(Ko|K1,...,K, <const(dist(0|1,...,n))~*(|supp(Ko)|)' ~*.
The following lemma is an analogue of Lemma 5 for clusters (not super clusters).

Lemma 6. For each fixed interval /, there exists a number ¥y(/), which depends on /
only, such that if V' >1;(1)

=1, =1, (nl) _
JEV <EM D =N "Dy w(D)

where the summation is taken over all nonlong, nonordered compatible collections of
clusters [Dy,...,D,],U;-, suppD; CIy — I corresponding to the boundary conditions
o'(x), xeZ' —Iy; ¢'(x), x€I.

Proof.

’:!1,/ _ :1,/,(n.l.) + (f;l,/ _ :vl,l,(n.l.))_ :!1,/,(}1.1.) _|_ :1,/,(14)
e’ = fla) fla) =& fla) 5

where the summation in Z-"(") is taken over all nonordered compatible collections of
clusters [D;,...,D,,] containing at least one long cluster, Ul";l supp D; C Iy — I corre-
sponding to the boundary conditions ¢'(x), x€Z' — I; ¢'(x), x€1.

By dividing both sides of the last equality by ', we get

1 :El,/,(n.lA)/El,/ 4 El,/,(l.)/El,/ . (24)

Now, we are going to show that the second term (which is not necessarily positive)
is negligible, that is the absolute value of it is less than % (actually we can show
that the absolute value of the second term is less than any fixed positive number at
sufficiently large values of V).



194 A. Kerimov /| Physica A 258 (1998) 183-202

The term E4-U)/EL7 can be interpreted as a “probability” P (Long) of the event
that there exists at least one long cluster.

We show that the absolute value of this “probability” is less than % by the following
method. We estimate the density of long clusters: the probability that a given segment
belongs to the support of some long cluster. Since some statistical weights of clusters
are positive and some negative, we estimate the absolute values of these “probabilities”.
We show that for a fixed segment the “probability” that this segment belongs to the
support of some long cluster with positive “probability” minus the “probability” that
this segment belongs to the support of some long cluster with negative “probability”
is less than one. Since the density is less than one, by the Law of Large Numbers a
“typical” long cluster has not very long support, and therefore has long bonds. When
V' tends to infinity, the total length of bonds tends to infinity, and the impact of these
bonds tends to zero.

Let us replace each term in ') with its absolute value. That is, each factor w(D;)
we replace with |w(D;)|.

|ZLEEKY T WD) WD) I/EY

Now, the expression Y [w(Dy)| - |w(D,)|/E"" which is the sum of the absolute
values of “probabilities” of configurations containing at least one long cluster can be
interpreted as an “absolute probability” P?*5(Long) of the event that there is at least
one long cluster (actually, this expression exceeds the absolute value of the formal
expression for the probability of the event that there is at least one long cluster).

Now, our aim is to estimate the “absolute probability” P of the event that a given
segment belongs to the support of the cluster. In other words, we are going to estimate
the statistical weights of clusters after replacing values of all negative bonds with their
absolute values. Of course, after this replacement the statistical weights of clusters
become greater, but it turns out that not essentially.

Let ¢(x),x € Iy — I be an arbitrary configuration which contains contours K3, ..., K,
K= Ui supp' K, K!' =KN[—V,—(||/2)] and K2=KnN[|/]/2,V].

Put C'(¢(x)) = [K'| and C*(p(x))= [K?|

|P(Long)| = £ (/2" <P™(Long) = Y _ [w(D1)| - - [w(Dy)|/Z"’

ps1 P2
=> " WD)+ [wD)I/EY + D [w(D)] -+ [w(D)|/E"

= P®(Long, > p) + P (Long, < p),

where last two summations are taken over all nonordered compatible collections of
clusters [Dy,...,D,,] containing at least one long cluster, | J;", supp D; C Iy — I corre-
sponding to the boundary conditions ¢'(x), x € Z' —Iy; ¢'(x), x €1, the summation in
S°7! is taken over all configurations o(I;): p(I)=¢'(I); 2C ((x))/(|Iy| = I])> p;
2C*(@(x))/(|Iy| — |I|)> p, the summation in Zp’z is taken over all configurations
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o) )=/ (1); 2C (p()/(|Iy| — 1)< ps 2C2(9(x))/(lIy| = |I)< p. It means
that the density of contours in each configuration from % ! ooF ’2) in both segments
[—V,—(|1|/2)] and [|1|/2, V] is greater than p (is not greater than p).

We fixed the value of p as 1 — ¢/2l, where the values of ¢ and / will be defined
in the proof of Lemma 8.

It turns out that the long clusters are negligible:

Lemma 7. For each fixed interval I there exists a value of V;, such that if V' >V}

P*™(Long) = P**(Long, > p) + P**(Long, < p) <1 . (25)

Lemma 7 is a consequence of the following two lemmas.

Lemma 8. For each fixed interval I there exists a value of ¥, such that if V' >}

b 1
P™(Long, > p)<jy.

Lemma 9. For each fixed interval I there exists a value of V;, such that if V' >}

b 1
P™(Long, <p)<jy.

Proof of Lemma 8. Consider the partition of Z' into segments T} = Tx(/) , where T;(])
is the segment with the center at x =(//2) + k/ and with the length / (T} consists of /
segments /). The value of / will be defined later. Let us consider an arbitrary configu-
ration ¢(x). We say that a segment /; is regular, if @(ly— Ul Uly11) =@ ([—1 UL U
Ii+1). We say that a segment 7 is super-regular, if 7; contains at least one regular
segment.

Let Py be a Gibbs measure corresponding to the boundary conditions ¢'(x), x € Z!,
'), xel

Let the segment Iy — I consist of n segments Ty;k=1,...,n.
We define a sample space Q2 consisting of 2" elementary events A7 =[a(1),...,0(n)],
where a(k), k=1,...,n takes two values: g(k)=0 corresponds to the case when the

segment 7T}, is super-regular and o(k)=1 corresponds to the case when the segment T}
is not super-regular. On the sample space Q2 we define two different probability spaces
(©2,Py) and (Q,P,) by the following formulas:

Pl(A«f):Pl[a(l),...,a(n)] =Py[a(1),...,0(n)],

where Py is the Gibbs distribution Py, corresponding to the boundary conditions
o'(x), xeZ', ¢’(I), x&I and

Py(4)=Ps[a(1),...,a(m)]=¢""*(1 — q)°,

where s denotes the total number of 1 entries of the vector 4/ =[a(1),...,o(n)].
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We define a random vector (1(1),#7(2),...,%(n)) on the probability space (£2,P;) and,
respectively, a random vector (&(1),E(2),...,¢E(n)) on the probability space (2, P;) by
the formulas:

kYA =0, and  Ek)AT) =0

The random variables #(k) and (k) are defined on the same sample space but on
different probability spaces.

Due to the definitions, the random variables #(k) are dependent, and the random
variables £(k) are independent and identically distributed.

Consider the two sums >, n(k) and Y_;_, &(k).

Suppose that

P(5#(m)= 1] any conditions outside 7,,)<1 —gq. (26)

Note that P((m)=1| any conditions outside 7,,)<1 — ¢g=P(&(m)=1 and therefore
the following assertion must hold.

Proposition.
P<Zn(k)>l> <P<Zé(k)>l>
kek keK

for all natural values of /.

Proof. Let us define a new pseudo-probability function prixd. K" on the sample space
Q as

PR () =[a(1),....,a(m)])
:Pmixed,K”(n(k/):o_(k/)’ k/ GKI; f(k”):a(k//), k// GKH)
=P(n(k")=o(k'), k' € K')P(&(K") = a(k"), k" € K")
=P(y(k')=o(k'), k' €K')(1 - )",
where K" is an arbitrary subset of [1,...,n], K'=[1,...,n]—K", and |K"| is a number
of elements of K”.
Roughly speaking, we get pmixed. K" by “replacing” random variables n(k”) with

random variables &(k”).
Now, we prove the following inequality:

P ( ) n<k>>l> <P™KT(4(1) (27)
k=1
for any K" C[1,...,n], where the compound event 4(/) is the union of all elementary

events A/ =[o(1),...,0(n)], such that for each 47:% "  a(i)=1).
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Consider an event Y, n(k)>1. This compound event can be represented as the
union of elementary events A/ =[a(1),...,0(n)], such that for each elementary event
the >/, o(i)=1. Thus, the inequality (27) is equivalent to the following inequality:

S P =0(1),....n(n)=a(n))< Y _ PmK" (47, (28)

where both summations are taken over all possible events 4/ =[c(1),...,a(n)], such
that >, o(i)=>1.

Suppose that K” =5 in Eq. (27). It means that we are going to “replace” a random
variable 7(s) with random variable &(s).

Summations in Eq. (28) are taken over some class of elementary events 4/. For
each elementary event 4/ we have two possibilities, namely, o(s) =1 and a(s)=0.

Consider 4/, such that ¢(s)=1 and two terms from Eq. (27) corresponding to 4/,
namely a term from left hand side and a term from right hand side of (27). For this
elementary event 4/ =[c(1),...,0(n)] we have

P((D)=c(1).....0(s)=0(s)=1.....n(n) = (n))
=P(n(1)=0(1).....7(s — ) =0(s — (s + 1)
=a(s+1),...,9(n)=0a(n))P(yn(s)
=0(s)=1|under conditions: n(1)=a(1),...,n(s — 1)
=o(s — 1).n(s + 1) =a(s + 1).n(n)=a(n))
<P =0(1),....0s — D=0(s — 1), s+ 1)=0(s + 1).....n(n)
=a(n))(1 — ) =P™¢K"(47)

because of a conditional probability P(#(s)= 1| any conditions outside T;) < 1—gq. Thus,
for all these 4/

P(n(1)=0(1),...,n(s)=0(s)=1,...,n(n) = a(n)) <P™xK" (47 |

Consider 4/, such that o(s)=0. Now, we use the following trick: together with
A7 we consider an engaged elementary event A/, which is obtained by changing of
a(s) into 1 (obviously A’ belongs to the same compound event A(/) and for different
elementary events 4/ with ¢(s)=0 we have different elementary events A4'.

For these two elementary events A/ =[d(1),...,0(s)=0,...,0(n)] and A'=
[a(1),...,0'(s)=1,...,0(n)] we have

P(n(1) =a(1),....n(s) = a(s)=0,...,n(n) = a(n))
+P((1)=0(1),....,n(s)=0"(s)=1,....,n(n) = a(n))
=P =a(1),....n(s = D)=o0(s — 1),n(s + 1)
=0a(s+1),....,n(n)=a(n)) + P(n(s)
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= 0(s) =0|under conditions: #(1)=a(1),...,n(s — 1)
=0a(s = 1), n(s + a(s +1),....n(n) = a(n)) + P(n(1)
=0o(l),...,n(s — D=a(s — 1),n(s+ 1)
=o(s+1),...,n(n) = a(n))P(n(s)

=¢'(s)=1|under conditions: n(1)=a(1),...,n(s — 1)
=oa(s—1),n(s+ Do(s+ 1),...,n(n)=a(n))

(the following equality is valid due to the fact that the sum of two conditional com-
plementary events is equal to one)

=P(n(1)=0a(l),....0(s — 1)=0a(s — 1),n(s + 1)=0a(s+ 1),...,n(n)=a(n))
=g+ A =g)Pn(1)=0(1),....n(s = 1)=0(s — 1),n(s + 1)
=o(s+1),....n(n)=0a(n))
— Pmixed,K//(Aj) + Pmixed,K”(Ai) .
Thus, for all 4/ of the second kind we have
P(n(1)=o(1),....n(s)=0a(s)=0,...,n(n) = a(n))
+P((1)=0(1),....n(s)='(s) = 1,....n(n) = a(n))
— Pmixed,K”(Aj) + Pmixed,K”(Ai) .
In the case when K" =s inequality (27) (and therefore Eq. (28)) is proved.
In the general case, when K consists of / numbers (when we “replace” / random
variables), we successively repeat / times the same argument and obtain Eq. (28).
Just by putting K" =K we complete the proof of the proposition.
The random variables &(k) are independent and identically distributed. The mathe-
matical expectation of £(k) equals 1 —gq.

Now, we show that inequality (26) is valid for the “absolute probability” P>, that
is

P®(y(m)=1|any conditions outside 7,,)<1 —g¢. (29)

Let Py be Gibbs measure corresponding to arbitrary boundary conditions and T}
be an arbitrary segment. Consider the set of all configurations on the interval 7} and
the restriction of the measure Py on this set. We show that at some value of / the
“absolute probability” P that in T} there is at least one regular segment greater than
q>0 for some constant ¢ not depending on k. The event n(m)=1 means that all
segments belonging to 7; are nonregular.

Condition (3) and the Peierls argument method directly imply that

Pabs(n(m): 1| conditions outside T, are ¢ (x))< exp(—ptl). (30)
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Now we note that inequality (29) which is just inequality (30) at any conditions
outside 7} is also held at sufficiently large values of /. Indeed, due to Eq. (22) when we
increase the value of / the influence of the conditions outside 7; on the configuration
in T} increases with the rate less than / and therefore at some value of / and for some
positive ¢ <t

P™(y(m)=1|any conditions outside 7,,)< exp(—pt;/)<1 —q.

Now Lemma 8 is a direct consequence of the Strong Law of Large Numbers for £(k)
and the Proposition. Indeed, consider independent Bernoulli trials when the probability
of success at each trial equals 1 — q. According to the Strong Law of Large Numbers,
the probability of the event that the density of successes exceeds 1 — ¢’; 0<q’ <gq, is
less than %, when V' tends to infinity. It means that the “absolute probability” of the
event that the density of nonsuper-regular segments 7 is greater than 1 — ¢’ is less
than %. Due to the proposition, this probability is greater than the P probability of
the event that the density of nonsuper-regular segments, T is greater than 1 — ¢’. In
other words, the P probability of the event that the density of super-regular segments
Ty is less than 1 — ¢’ is less than 5. Thus, the P™ probability of the event that the
density of super-regular segments 7} is greater than 1 — ¢’ is greater than A]—‘. Taking
into account that each super-regular segment 7 contains at least one regular segment,
one can see that the last statement implies Lemma 8 if the parameter p is chosen from
the open interval (1 —¢’/I,1). We choose the value of p as 1 — ¢/21.

Lemma 8 is proved.

Proof of Lemma 9. Let us consider the set of all long clusters D; with the density of
supports less than p. Let supp(D)= U;:j supp(X;). These supports K; are connected
between themselves and with the boundary. Since the density of supports is not greater
than p<1 the sum of the lengths of bonds in both halves [—V,—||/2 and [||/2,V]
is not less than (V' — |I|/2)(1 — p). When V' goes to infinity the sum of lengths of any
long cluster with the density less than p tends to infinity, and by condition (22) the
impact of these bonds tends to zero.

By choosing the appropriate value of / we complete the proof of Lemma 9. Lemma 9

is proved.

We omit the huge proof of Lemma 5 since it is absolutely analogous to the proof of
Lemma 6. The only difference is the fact that in %" overlapped clusters are allowed,
so the density of nonregular segments of typical configurations in Lemmas 8, 9 instead
of p will be a number less than 1 — (1 — p)(1 — p).

Partition functions including only nonlong super clusters satisfy the following key

lemma which has a geometrically combinatorial explanation.

Lemma 10.

L2000 — ol 2l
) =0F ,
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where the factor O = Q(¢'(x), 9*(x), ¢'(x), ®’'(x)) is uniformly bounded: 0 < const; <
Q <const;.

Remark. The factor QO appears due to the fact that the configurations with minimal
energies corresponding to the different boundary conditions do not coincide everywhere
(due to Lemma 1 they differ on some finite set and due to condition (2) Q is finite).

Proof. Due to the factor O, without loss of generality, we suppose that the configura-
tions with minimal energies corresponding to the different boundary conditions coincide
with @9 (x).

The summations in =
compatible collections of super clusters.

We put a one-to-one correspondence between the terms of these two super partition

L2, 1) — gh2.00 (L) are taken over all nonlong, nonordered

functions.

Fig. 1 shows how this one-to-one correspondence can be carried out.

To the term w(D;" Yw(Dy" YWw(Dy" Yw(Dy" (D3 YWw(Dg yw(D3"Ww(Dg") (the first
four factors of this term came from the partition function Z" and the last four fac-
tors of this term came from the partition function £2’) of the super partition func-
tion Z-2401) we correspond the term w(D} yw(Dy yw(Dy Yw(Dy yw(D" yw(Dy"")
w(D3"yw(Dg"") (the first four factors of this term came from the partition function
EZL7 and the last four factors of this term came from the partition function 5>") of
the super partition function 5%%2/-(11),

It can be easily shown that this one-to-one correspondence is well defined: if some
term from Z1/2/-(1) corresponding to the term from Z/-2%("1) does not exist (in
other words, the corresponding clusters from Z'/ or £%” are overlapped) then the term
from E-/-2%(11) is a long super cluster, which is impossible. The lemma is proved.

Inequality (9) is a direct consequence of Lemma 5 and 10. Lemma 2 is proved.
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Let P! and P? be two different extreme Gibbs states of the model (1) corresponding
to the boundary conditions ¢'(x) and ¢?(x) respectively.

Theorem 2 (Dobrushin [15]). P! and P? are singular or coincide.

Proof of Theorem 1. Let P' and P? be two different extreme limit Gibbs states of
model (1) corresponding to the boundary conditions ¢'(x) and ¢?(x), respectively.
Due to Lemma 2 P' and P? are not singular. Therefore, by Theorem 2, P! and P?
coincide, which contradicts the assumption. Theorem 1 is proved.

4. Conclusions

In [10], the following conjecture describing sufficient conditions for the absence of
phase transitions was formulated:

Conjecture. Any one-dimensional model with discrete (at most countable) spin space
and with a unique ground state has a unique Gibbs state if the spin space of this model
is finite or the potential of this model is translationally invariant.

Our Theorem 1 is closely related to this conjecture.
The main point in the proof of the uniqueness of Gibbs states is Lemma 10 and
the estimation of long super clusters connecting the boundary with the segment /.

L2 into EL42(eD) Tt turns out that long clusters

We reduce the summation in &
from the partition function Z"2-(*!) have long interaction elements and therefore are
negligible.

Theorem 1 admits generalizations in different directions:

(1) Theorem 1 can be generalized for the models having a unique ground state to

within translations. But in this case we have to add one more condition

> U(p(BUA) — U(ep(B + 1UA)| <const,

A C(—o0,m]; B C[m,00)

where the inequality holds uniformly with respect to the configuration ¢(x) and integer
numbers m, [.

(2) Theorem 1 can be generalized for the models with a countable spin space. In
this case, condition (3) must be replaced with the following condition:

There exists f >0 such that for all f>f and for any finite set 4 C Z' with the
length |4]

> exp(—BH(¢'(x)) — H(9" (x))) < exp(—B(1|4])) ,
¢'(x)

where the summation is taken over all possible finite perturbations ¢’(x) of the ground
state @Y on the finite set A.
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(3) Suppose that in the two-dimensional case the configuration with the minimal

energy @)™'(x) € &(V) differs from the ground state on some set of finite volume

C, where the constant C can be chosen uniformly with respect to /' and boundary
conditions ¢'(x). Then by using the method of this paper we can also prove the
uniqueness theorem for two-dimensional models with a unique ground state (see also
[16] but only at “very” low temperatures (in one dimension the condition on low
temperatures comes just from the need in condition (3)). In fact, even if condition
(3) is held, in two-dimension the phenomenon of percolation does not allow us to
prove the analog of Lemma 7 at any temperature (in one-dimension the constant p in
Lemma 8 can be an arbitrary number, less than one, but in two-dimension in order to
resist a percolation, p must be bounded above, say by 0.503).
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