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0. Introduction

Under what conditions on the curvature can we conclude that a smooth, closed
Riemannian manifold is diffeomorphic (or homeomorphic) to the sphere? A result
which addresses this question is usually referred to as a sphere theorem, and the liter-
ature abounds with examples (see Chapter 11 of [Pe] for a brief survey).

In this paper we concentrate on four dimensions, where Freedman’s work is ob-
viously very influential. For example, any curvature condition which implies the van-
ishing of the de Rham cohomology groups H'(M*, R) and H>(M*, R) will, by Freed-
man’s result ([Fr]), imply that M* is covered by a homeomorphism sphere. At the same
time, there are some very interesting results which characterize the smooth four-sphere.

An example of particular importance to us is the work of Margerin ([MaZ2]), in
which he formulated a notion of “weak curvature pinching.” To explain this we will
need to establish some notation. Given a Riemannian four-manifold (M?, g), let Riem
denote the curvature tensor, W the Weyl curvature tensor, Ric the Ricci tensor, and R
the scalar curvature. The usual decomposition of Riem under the action of O(4) can
be written

(0.1) Riem =W + 1E ®g + 3Re g,

where E = Ric — iRg is the trace-free Ricci tensor and (® denotes the Kulkarni-
Nomizu product. If we let Z =W + %E Dg, then

* Supported by NSF Grant DMS-0070542.
** Supported in part by NSF Grant DMS-9801046 and an Alfred P. Sloan Foundation Research Fellowship.
** Supported by NSF Grant DMS-0070526.

DOI 10.1007/510240-003-0017-z



106 SUN-YUNG A. CHANG, MATTHEW J. GURSKY, PAUL C. YANG
S 1
Riem =7+ 3;Rg Dg.

Note that (M*, g) has constant curvature if, and only if, Z = 0. We now define the
scale-invariant “weak pinching” quantity

_ 1217 WP+ 2JE?

0.2) WP =5 -

where |Z]? = ZWZW denotes the norm of Z viewed as a (0, 4)—tensor.

Margerin’s main result states that if R > 0 and WP < %, then M* is diffeo-
morphic to either S* or RP*. Moreover, this “weak pinching” condition is sharp: The
spaces (CP?, grs) and (S? x S!, Zra.) both have R > 0 and WP = é Indeed, using
a holonomy reduction argument, Margerin also proved the converse, in the sense that
these manifolds (and any quotients) are characterized by the property that WP = é

Margerin’s proof relied on an important tool in the subject of sphere theorems,
namely, Hamilton’s Ricci flow. In fact, previously Huisken ([Hu]) and Margerin
([Mal]) independently had used the Ricci flow to prove a similar pinching result,
but with a slightly worse constant. In addition, Hamilton ([Ha]) had wused
his flow to study four-manifolds with positive curvature operator. As Margerin points
out in his introduction, there is no relation between weak pinching and positivity of
the curvature operator; indeed, weak pinching even allows for some negative sectional
curvature.

On the homeomorphism level, both Margerin’s and Hamilton’s curvature as-
sumptions already imply that the underlying manifold is covered by a homeomor-
phism sphere. If (M*, g) has positive curvature operator, then the classical Bochner
theorem implies that H'(M*, R) = H?(M*,R) = 0. As we observed above, Freed-
man’s work then gives the homeomorphism type of the cover of M*. For manifolds
satisfying WP < é the vanishing of harmonic forms is less obvious, but does follow
from [Gu].

One drawback to the sphere theorems described above is that they require one
to verify a pointwise condition on the curvature. In contrast, consider the (admittedly
much simpler) case of surfaces. For example, if the Gauss curvature of the surface
(M?, g) satisfies f KdA > 0, then M? is diffeomorphic to S? or RP?. In addition to
this topological classification, the uniformization theorem implies that (M?, ) is con-
formal to a surface of constant curvature, which is then covered isometrically by S?.
Therefore, in two dimensions one has a “sphere theorem” which only requires one to
check an integral condition on the curvature.

Our goal in this paper is to generalize this situation, by showing that the smooth
four-sphere is also characterized by an integral curvature condition. As we shall see,
our condition has the additional properties of being sharp and conformally invariant. Al-
though there are different — though equivalent — ways of stating our main result, the
simplest version involves the Weyl curvature and the Yamabe invariant:
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Theorem A. — Let (M*, 9) be a smooth, closed four-manifold for which
4

(i) the Yamabe invariant Y(M?, g) > 0, and
(1) the Weyl curvature satisfies

/4 W *dvol < 167% x(M™).
M?

Then M* is diffeomorphic to either S* or RP*.

Remarks.
1. Recall that the Yamabe invariant is defined by

Y(M*, g) = inf wl(z)"* f R, dvol;,
ge[g] 1\11
where [g] denotes the conformal class of g. Positivity of the Yamabe invariant

implies that g is conformal to a metric of strictly positive scalar curvature.

.In the statement of Theorem A, the norm of the Weyl tensor is given by

W2 = WWWW ; 1.e., the usual definition when W is viewed as a section of
®*T*M*. However, if one views W as a section of End(A?(M?)), then the con-
vention is [W|? = iWWWW. This can obviously lead to confusion not only
when comparing formulas from different sources, but also when the Weyl ten-
sor 1s interpreted in different ways in the same paper (which will be the case
here). To avoid this problem, our convention will be to denote the (0, 4)-norm
using | - |, and the End(A*(M*))-norm by || - ||, which has the added advan-
tage of emphasizing how we are viewing the tensor in question. We should
note that some authors (for example, Margerin) avoid this confusion by just
defining an isomorphism between @ T*M* and End(A*(M*)) which induces
the same norm on both. But in our case, we will adopt the usual identifica-
tion: if Z € @*T*M*, then we identify this with Z € End(A*(M")) by defining
Z(w)y = 57; "oy

. That Theorem A relies on an integral curvature condition indicates the

possibility one could attempt to formulate a version which imposed much
weaker regularity assumptions on the metric. For example, in [CMS],
Cheeger, Miiller, and Schrader defined a notion of curvature on piecewise flat
spaces, which also allowed a generalization of the Chern—Gauss—Bonnet for-
mula.

By appealing to the Chern—Gauss—Bonnet formula, it is possible to replace (0.3)

with a condition which does not involve the Euler characteristic. Since

(0.4)

82y (M*) = / (LW = LIEP 4 LR?)duol,

M?

Theorem A is equivalent to
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Theorem A. — Let (M*, g) be a smooth, closed manifold for which
(i) the Yamabe invariant Y(M*, g) > 0, and

(11) the curvature satisfies

(0.5) f (—3IEP + £ R* — 1|W|*)dwol > 0.
M
Then M* is diffeomorphic to either S* or RP".

Formulating the result of Theorem A in this manner allows us to explain the
connection with the work of Margerin. This connection relies on recent work ([CGY1],
[CGY2]) in which we established the existence of solutions to a certain fully nonlinear
equation in conformal geometry. The relevance of this PDE work to the problem at
hand is explained in Section 1. Simply put, the results of [CGY1] and [CGY2] allow
us to prove that under the hypotheses of Theorem A’, there is a conformal metric for
which the integrand in (0.5) is pomntwise positive. That is, through a conformal defor-
mation of metric, we are able to pass from positivity in an average sense to pointwise
positivity. Now, any metric for which the integrand in (0.5) is positive must satisfy

[WI? +2|EJ* < R,

by just rearranging terms. Note that this implies in particular that R > 0. Dividing by
R?, we conclude that

_ WP 2P _ 1

R 6

The conclusion of the theorem thus follows from Margerin’s work.

As we mentioned above, Theorem A is sharp. By this we mean that we can pre-
cisely characterize the case of equality:

WP

Theorem B. — Let (M*, g) be a smooth, closed manifold which is not diffeomorphic to
either S* or RP*. Assume in addition that

(i) the Yamabe invariant Y (M*, g) > 0,
(1) the Weyl curvature satisfies

(0.6) / IW[2dvol = 1672(M*).
M#

Then one of the following must be true:

1 (M, 9) is conformal to CP’ with the Fubini-Study metric gys, or

2 (M*, g) is conformal to a manifold which is isometrically covered by S* x S' endowed with
the product metric gy,q..
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The proof of Theorem B relies on a kind of vanishing result, in a sense which
we now explain. Suppose (M*, ) satisfies that hypotheses of Theorem B. If there is
another metric in a small neighborhood of g for which the L*norm of the Weyl tensor
is smaller; i.e.,

/4 W |*dvol < 167 x(M™),
M-

then by Theorem A we would conclude that M* is diffeomorphic to either S* or RP*.
This, however, contradicts one of the assumptions of Theorem B. Therefore, for every
metric in some neighborhood of g,

f4 W |*dvol > 1672 x(M?).
M’

Consequently, g is a critical point (actually, a local minimum) of the Weyl functional g —
f |[W|2dwol. The gradient of this functional is called the Bach tensor, and we will say that
critical metrics are Bach-flat. Note that the conformal invariance of the Weyl tensor
implies that Bach-flatness is a conformally invariant property. In fact, the Bach tensor
1s conformally invariant, [De].

Theorem B is then a corollary of the following classification of Bach-flat metrics:

Theorem C. — Let (M*, g) be a smooth, closed manifold which is not diffeomorphic to
either S* or RP*. Assume in addition that
(i) (M*, g) is Bachlat,
(ii) the Yamabe invariant Y (M?*, g) > 0,
(i11) the Weyl curvature satisfies

(0.6) / |W|*dvol = 167° x(M™).
M#

Then one of the following must be true:

1 (M, 9) is conformal to CP’ with the Fubini-Study metric gys, or
2 (M*, g) is conformal to a manifold which is isometrically covered by S* x S' endowed with
the product metric gy,q.-

In local coordinates, the Bach tensor is given by

kot ey
Thus, Bach-flatness implies that the Weyl tensor lies in the kernel of a second order
differential operator. At the same time, appealing once more to the results of [CGY1]
and [CGY2], we can prove that a manifold satisfying the hypotheses of Theorem C is
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conformal to one for which the integrand in (0.5) is identically zero. In Section 4 we
show how these facts, along with a complicated Lagrange-multiplier argument, leads
to the classification in Theorem C.

Actually, the proof of Theorem C is the most technically demanding aspect of
the present paper. First, there is a long calculation to derive an integral identity for
the covariant derivative of the self-dual and anti-self-dual parts of the Weyl tensor of
a Bach-flat metric. In addition to the algebraic difficulties of analyzing the curvature
terms which arise in this identity, there are delicate analytic issues. For example, the
conformal metric we construct based on the work of [CGY1] and [CGY2] may not
be regular on all of M. Indeed, if it were known to be smooth, then we could ap-
peal to the classification of metrics with WP = ¢ done by Margerin. These regular-
ity problems are the price we pay, so to speak, for passing from integral to pointwise
conditions.

We conclude the introduction with a note about the organization of the paper.
In Section 1 we develop the necessary PDE material from [CGY1] and [CGYZ2]. Most
of the results are fairly straightforward generalizations of our earlier work. In Section 2
we show how the results of Section 1 and the work of Margerin can be combined to
prove Theorem A. Then, in Section 3 we lay the groundwork for the proof of Theo-
rems B and C by deriving various identities for the curvature of Bach-flat metrics. In
Section 4 we use these identities, along with an existence result from Section 1, to
derive a key inequality for a certain polynomial in the curvature. Analyzing this in-
equality leads us to consider a difficult Lagrange-multiplier problem, whose resolution
gives the classification in the statement of Theorem C.

The research for this article was initiated while the second author was a Visiting
Professor at Princeton University and the third author was a Visiting Member of the
Institute for Advanced Study, and was completed while all three authors were visiting
Institut des Hautes Etudes Scientifiques. The authors wish to acknowledge the support
and hospitality of their host institutions.

1. An existence result

In this section we prove an existence result in conformal geometry which allows
us to pass from the integral conditions of Theorems A-C to their pointwise counter-
parts. As we indicated in the Introduction, this result is based on the work in [CGY1]
and [CGY?2].

To place this result in its proper context, we begin by introducing some nota-
tion. Given a Riemannian four-manifold (M*, g), the Weyl—Schouten tensor is defined
by

1
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In terms of the Weyl-Schouten tensor, the decomposition (0. 1) can be written
1
(1.0) Riem = W + §A Dg .

This splitting of the curvature tensor induces a splitting of the Euler form. To describe
this, we introduce the elementary symmetric polynomials o, : R" — R,

OO d) = D Ao

i< <ip

For a section . of End(TM*') — or, equivalently, a section of T*M* @ TM* — the
notation o0, (.¥’) means o, applied to the eigenvalues of .. In particular, given a sec-
tion of the bundle of symmetric two—tensors such as A, by “raising an index” we can
cannonically associate a section g~'A of End(TM?*). At each point of M*, g7'A has 4
real eigenvalues, thus o, (¢g"'A) is a smooth function on M*. To simplify notation, we
denote 0, (A) = o, (g7'A).

Returning to the aforementioned splitting of the Euler form, the Chern—Gauss—
Bonnet formula (0.4) may be written

1
(1.1) 8y (M) = / Z|W|2[1wz+ / 0o (A)duol .

Note that the conformal invariance of the Weyl tensor implies that the quantity

f o9 (A)dvol

is conformally invariant as well. Using (1.1), assumption (0.5) of Theorem A’ can be
expressed

1
(1.2) /JQ(A)dUOZ—/Z|W|2dUOZ> 0.
Our goal in this section is to prove the following:

Theorem 1.1. — Let (M*, gy) be a smooth, closed Riemannian _four-manifold _for which

(i) The Yamabe invariant Y (M?*, g9) > 0, and
(i) The curvature satisfies

(1.3) / o3(Ay )dvol — / %|Wgo|2mz> 0,

2wy

where o« > 0. Then there s a conformal metric g, = ¢~*“gy whose curvature satisfies

o [
(1.4) 09(Ag,) — Z|Wga|2 =A,

where A is a positive constant.
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Theorem 1.1 is a refinement of Corollary B of [CGY2], which for comparison’s
sake we now state:

Theorem 1.2 (See [CGY2]). — Let (M*, @) be a smooth, closed Riemannian four—
manifold for which

(i) The Yamabe invariant Y (M?*, g3) > 0,

(i) The curvature satisfies

(1.5) f 0y (Ag)deol,, > 0.

Then there is a conformal melric g = ¢**gy whose curvature satisfies
(1.6) o(A,) = A,
where A s a positive constant.

The proof of Theorem 1.2 relies on a crucial preliminary result:

Theorem 1.3 (See [CGY1]). — Let (M*, @) be a smooth, closed Riemannian four—
manifold for which

(i) The Yamabe invariant Y (M?*, g3) > 0,

(i) The curvature satisfies

(1.7) f 03 (Ay)duol,, > 0.

Then there is a conformal melric g = ¢**gy whose curvature satisfies

(1.8) oy(A,) > 0.

The importance of Theorem 1.3 is that the metric satisfying inequality (1.8) pro-
vides an approximate solution to equation (1.6), which can then be deformed to an ac-
tual solution. Moreover, (1.8) implies that the path of equations connecting the metric
constructed in Theorem 1.3 to the metric constructed in Theorem 1.2 is elliptic.

The proof of Theorem 1.1 will parallel the proofs of Theorems 1.2 and 1.3.
The first step is the following analogue of Theorem 1.3:

Theorem 1.4, — Let (M*, gy) be a smooth, closed Riemannian four—manifold for which
(i) The Yamabe invariant Y (M?*, g5) > 0,

(i) The curvature satisfies

o
(1.9) / 05 (A )dool,, — / ~ W deoly, > 0
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where a > 0. Then there is a conformal metric g = ¢*“gy whose curvature satisfies

@ 72

Remark. — To simplify notation, we will use subscripts with 0 instead of g, and
denote the volume form by dy, instead of dvol,, .

Proof. — Following [CGY1], we consider the following functional F : W*?(M*)
— R

Flo] = yil[o] + py.1l[o] + yslll[w]

where y; = y;(1.) are constants and

I[w] = f4|WO|2wdvo — </ |W0|2dvo> log fe4wdvo,
[w] = /a)POa)dvo —I—/4Qpa)dvo — </ devo> log fe%)dvo,

H[w] = 12 <Y[a)] — %onRowdvo) )

2)2 ! 2
Y[Cl)] = (Aoa) + |V()Cl)| ) dZ)O — g R0|V060| dl)() .

Here P denotes the Paneitz operator:
2 * 2 ;
P=(A)"+d gRg—Qch d,

where d is the exterior derivative, d* is the adjoint of d, and Q) is the fourth order
curvature invariant:

_ 1 AR+1R2 3|E|?
Q_IQ 4 '

Thus
1 1
(1.11) Q = -09(A) + —(—AR).
2 12
As in [CGY2], we need to introduce an additional functional, which depends
on the choice of a nowhere—vanishing symmetric (0, 2)—tensor . We then let

T[w] = f4|17|3a)dv0 - (f |17|3de) log fe4‘“dv0.
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Now consider the functional
Flo] = %T[w] + nllw] + plle] + plle],

and define the conformal invariant

(1.12) K:ffl'/|77|3dvo+)/1f|Wo|deo+)/2/QodUo~

Following the work of [CY1], we have the following existence result for extremals of F.
To make the paper as self-contained as possible, we will provide a sketch of the proof.

Theorem 1.5 (See [CY 1] Theorem 1.1). — Let (M*, g) be a compact Riemannian four—
manifold. If vy, vs > 0 and k < y,872, then inf Flw] is attained by some function @ €
W22(M?Y). Moreover, the metric g = **gy is smooth (see [CGY3], [UV]) and satisfies

(1.13) 7l + viIIWI* + 15Q — y3AR = kwol(g) ™.

Proof. — To see that inf Flw] is attained under the assumption that yy, y3 > 0

and k < ,87% we employ a sharp version of the Moser-Trudinger inequality es-
tablished by D. Adams [Ad]: there exists a constant C = C(M, gy) such that for all
w € WQ'Q(M,go)

] 1 f
(1.14) log fe‘*(w—w)dvo <C+ ey f (Agw)*dy,

where @ = f wdy,.

Define

Uy =U(g) =n Inlé + V1|W|g + v Qo — y3A0Ry,

ondZ)o =K,

and we can express I' as

then

Flo] = —«log fe4(“)—“3)dvo + 4 / Up(w — @)dvy
+ oy, < Py, > +123Y ().

When « < 0, we have

Flw] > 4/U0(a) — @)dvy + Vo < Pow, w > +12y3Y (w).
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When « > 0, we have from (1.14) that
Flw] > — Ck — — f(AOw) dvy
+ 4fU0(w — @)dvy + Vo < Pow, w > +12y3Y (w).

Thus, for a minimizing sequence {w,}, &mF[w,] < F[0] = 0. From the estimates above
we conclude that for / large, € small,

s
€ > Flw] > — Ck + <— ) + o+ 12)’3) /(Aowz)2
+ 12)/3/ |Vowy|* + 4/U0(0)1 — @)
2 , |
+ 32~ 4ys Ro[Vow|” = 2y | Ricy(Vow;, Vowy)
+ 24V3f(Aowz)|Vowz|2,

where & = max(k, 0). It follows that if k < 1872, and y, > 0, ¥3 > 0, one concludes
that there exists a constant C(gy) so that

(1.15) / (Do)’ + [Voorl* = Cl).

Since the functional F is scale-invariant, we may assume without loss of generality
that f wdyy = 0. It follows from the Poincare inequality and (1.15) that [|w|]12 is

uniformly bounded. Therefore, ||@,||2 13 bounded and a subsequence will converge
weakly in W*? to some @ € W*?(M, gy) with F[w] = inf,ew22 Flw].

Finally, a straightforward computation (see [BO]) shows that the extremal metric
g = **gy satisfies the Euler equation (1.13). ]

Next, let § € (0, 1] and choose

% = (_l) [ o2(Ag)duy — %f|Wo|2dUO <0
1 2 [ Inl2du,

o
Vlz_ga
Vo=1,

1
=—(36—-2).
V3 24(3 2)
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With these values of (3}, y1, ¥, ¥3), the conformal invariant x defined in (1.12) is equal
to zero. Thus, as long as y3 > 0 (Le., § > é) the hypotheses of Theorem 1.5 hold. In
particular, if § = 1 there exists an extremal metric g; = ¢**gy, satisfying (1.13), which
we rewrite using (1.11):

o 1 ~
(1.16) 02(A) — ZIWI2 = ZAR — 2%In)*.

Using the minimum principle of [Gu, Lemma 1.2], this implies that the scalar curva-
ture of gy 1s strictly positive.
For general 6 € (0, 1], the Euler equation (1.13) can be written

o ) ~
(**)5 09 (A) — lel? = ZAR — 2%Inl* .
Compare this with equation (x)s of [CGY1]:

)
(*)s 09(A) = ZAR - 2)/1|77|2 .

Note that the only discrepancy between (xx)s and (x); is the presence of the Weyl
term on the LHS of (x);. The key point is that this term has the same sign as the
term involving 7 and scales in exactly the same way. That is, if g = ¢*“g is a conformal
metric, then

2 —4w 2
(Wel, = ¢ IWolg
2 —4 2
Inl, = ¢ “Inlg -

Consequently, the subsequent arguments of Sections 2-6 of [CGY1] can be carried
out with only trivial modifications, as we now describe.

Fixing 6, > 0, let

7 { 5 [50. 1] (**?5. admits a solution with} .
positive scalar cuvature

As we saw above, 1 € .7 thus . is non—empty. To verify that . is open we com-
pute the linearization of (%x)s, exactly as in Proposition 4.1 of [CGY2]. Again, the
only relevant properties of the Weyl term and n—term in (x«);s are their scaling prop-
erties (which are the same) and their sign (ditto). Next, the estimates of Section 3 in
[CGY1] can be be used to show that .# is closed. Consequently, for each § > 0, there
is a conformal metric g = g5 = ¢*®g; of positive scalar curvature satisfying (x*)s.

In Sections 4-6 of [CGY2] we obtain the following a prior: estimate for solutions
of (x)s: For fixed p < 5, there is a constant C = C(p) such that

(1.17) lwsllo, < C.
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In particular, C is independent of 8. The same estimate holds for solutions of (%),
for the reasons explained above.

In Section 7 of [CGY1] the Yamabe flow is used to show that one can per-
turb solutions of (x); to find metrics with 0,(A) > 0. An analogous result is true for
solutions of (%x)s.

Theorem 1.6 (See Theorem 7.1 of [CGY1]). — Let g = ¢*“gy be a solution of (%%)s
with positive scalar curvature, normalized so that [ wdvy = 0. If 8§ > 0 is sufficiently small, then
there is a smooth conformal metric h = ¢*'g with

(1.18) o2 (A) — %w? > 0.

Proof. — The proof of Theorem 1.6, like the proof of its counterpart Theo-

rem 7.1 of [CGY1], is based on careful estimates of solutions to the Yamabe flow:

Ly,

ot 3

W0, ) =g=e"g.

Using the estimate (1.17), we show that there is a time T\, which only depends on
the background metric g, such that the metric 2 = A(T, -) satisfies (1.18). Although
the arguments are essentially the same, there are some necessary modifications of the
proof of Theorem 7.1 which require explanation.

First, Propositions 7.2 and 7.4, and Lemmas 7.3 and 7.5 can all be copied with-
out change. In the statement of Proposition 7.8 we need to make an obvious change:
instead of defining /= 03(A) + 2y1[n|*, we define /= 03(A) — £[W|* + 27|n|*. The
conclusion of Proposition 7.8 then holds with f replaced by /.

In fact, by substituting / with f, the proof of the next proposition (7.12) is also
valid. Therefore, by following the remaining arguments of Section 7 we arrive at the
following inequality: For fixed s € (4,5) and ¢ < T (g),

o ~ 4 1142
0y(A) — ZIWI2 > 2P [n)* — Cat' ™% — G877,

where C3 = Cj3(gy). Since s > 4 and —29|n|*> > C(gy) > 0, it follows there is a con-
stant Cy = Cy(gy) > 0 so that for t < Ty = Toy(gy),

3 ‘
(1.19) oo (A) — %lWlQ > ~Ci - Q80D
Therefore, if 7 = (4, ), then for § < 8y(gp), (1.19) implies
oA — LW > L0, > 0
2 3% 4 Rl = 9 4 .
This completes the proof of Theorem 1.6, and consequently Theorem 1.4. ]
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Once the existence of a metric satisfying (1.18) is established, to complete the
proof of Theorem 1.1 we need to show that the techniques of [CGY2] can be applied
to construct a solution of (1.4). This is actually a two step process: First, we need to
establish @ priori bounds for solutions of

o
(1.20) 0a(A) = JIWI* =/> 0.

The second step is to apply a degree-theoretic argument showing that a met-
ric satisfying (1.18) can be deformed to a metric satisfying (1.4). Of course, such an
argument relies on the estimates established in the first step.

Proposition 1.7 (See Main Theorem of [CGY2]). — Let g = ¢*“gy be a solution of (1.20)
with positive scalar curvature, and assume (M*, go) is not conformally equivalent to the round sphere.

Then there s a constant C = C(gy, || f|lc2) such that
(1.21) malx{ew + |Vow|} < C.
M

Now the estimate of [CGY2] applies to equations of the form
03(Ay) = />0,

whereas (1.20) includes the Weyl term. However, the argument of [CGY2] can easily
be modified to cover this case, as we now explain.

As in [CGY2] we argue by contradicition: assuming the theorem is false, then
there is a sequence of solutions {w,} of (1.20) (with / fixed) such that

rriellx[|V0wK| + %] —> 00 as kK —> 00.

We then apply the blow-up argument described pages 155-156 of [CGY2]. To be-
gin, assume that P, € M* is a point at which (|Vyw,| + ¢%) attains its maximum.
By choosing normal coordinates {®,} centered at P,, we may identify the coordinate
neighborhood of P, in M* with the unit ball B(1) € R* such that ®,(P,) = 0. Given
e > 0, we define the dilations T,: R* — R* by x > &x, and consider the sequence
we. = Tiw, +loge. Note that

|Votwee| + ¢ = e(|Vowe| +¢*) o T, .
Thus, for each k¥ we can choose ¢, so that

=1.

x=0

Vo (@0 )| 4 €%

Note that w,,, 1s defined in B (0), and

Ex

IVo(we.e)| + ¢ <1 on BSL(O) .
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To simplify notation, let us denote w, ., by w,. Since from now on we view {w,}
as a sequence defined on dilated balls in R*, there will be no danger of confusing the
renormalized sequence with the original sequence. Note that ¢ = T} gy = ¢**gf
satisfies

o
(1.22) 0:(Ag) = T IWel" =0T, .

Furthermore, g§ = T} gy — ds*; where ds” is the Euclidean metric on R*, in C*# on
compact sets.

As in [CGY2], we now have to consider two possibilities, depending on the be-
havior of the exponential term ¢*®. However, from here on the argument is identical
in its details with that of [CGY2]. The main point is that the conformal invariance
of the Weyl curvature implies that the two possible limit metrics arising from the se-
quence g satisfy the same equations as they do in [CGY2]; that is, the Weyl term
in (1.22) converges to zero because Euclidean space is conformally flat. In particular,
Corollary 1.3 in [CGY3] applies to equations such as (1.20), so the estimates needed
to construct the limiting metric are the same.

To summarize: after applying the same blow-up argument to our sequence, we
end up with the same limiting equations on R* (see Corollary 1.4 in [CGY2]). The
rest of the proof carries through exactly as in [CGY2], and we conclude that the mani-
fold (M*, g) must be conformally equivalent to the round 4-sphere. Since this contra-
dicts our assumption, the estimate (1.21) must hold.

The local estimate of [CGY2, Cor 1.3] also applies, and consequently we have
a bound

1.23) |V20l < C.

Next, we use a degree theoretic argument to prove the existence of a solution of
(1.4). The following proposition is a fairly straightforward modification of Corollary B
in [CGY2].

Proposition 1.8. — Assume that (M*, gy) satisfies conditions (i) and (ii) of Theorem 1.4.
Then given any positive (smooth) function f > 0, there exists a solution g = ¢**gy of (1.20). In
particular, this s true if | = A _for a constant X > 0.

Proof — We first apply Theorem 1.4 to assert the existence of a conformal
metric ¢ = ¢*“gy for which the equation (1.20) holds for some positive function f.
Since by assumption (M*, gy) is not conformally equivalent to the standard 4-sphere,
the a priort estimates (1.22) and (1.23) hold. In particular, given a smooth function 4,
there is a constant ¢ independent of ¢ so that all solutions g = ¢*“g, of the equation

(=) @mg—%W£=y+u—nh
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with R = R, > 0 satisfy the bounds

(1.24) lollee < Sy(@&& > LIE1

where S = —Ric + %Rg (see [CGY1], Lemma 1.2). Let O, be the set
O, = {w € C** : (1.24) holds}

N {w e Che <02(Agw) — %|W,L|2> >0; R, > 0}-

We denote the degree of the equation (%,) by deg(%;, O, 0). The degree theory of
[Li] implies that

(1.25) deg(Xy, O, 0) = deg(X,, O,, 0).

We need to do a calculation verifying that for ¢ = 1 the degree of the equation is
non-zero. In order to do this, we deform the equation to one whose degree is easy to
determine. First, it is useful to re-write equation (1.20) in a suggestive form. Suppose
g = ¢“g, and denote

(1.26) M;;(w) = 287 + 2VV'w — 2Agwg) — 2V,wVw.

Then, after some computation, the equation (1.20) may be written in the form

o o [
— V) {M;(w)Vw} + (og(Ago) — Z|Wg0|2) = (GQ(Ag) — Z|Wg|2)e4w
(1.27) = fi*.
It is important to note the identity
M;i(w) = S; + Sj + [Vowlg),

so that it is clear that when both (0y(A,) — %|Wg|2) > 0,R, > 0 and (09(A,,
2IWyl?) > 0,R, > 0, then M is positive definite.

It is also convenient to re-formulate equation (1.20), on account of the conformal
covariance property, using the solution metric g of the equation as the background
metric:

(1.28) —ViAM;@) Vo) +f = fe",

so that v = 0 is a solution to this equation satisfying R > 0.
We now use the following deformation:

—ViiM; @) Vo) +f = (GQ(Ag,,) - %IW&,IQ>€4U = (1 — t)ffe4” + 4
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where [ " = [ ¢*dvol,. We label this equation by I',. Note that when ¢ = 1, we re-
cover the equation (1.28). The proof of the proposition now follows line by line the
proof of Corollary B in [CGY2]. More precisely, after establishing a priori estimates
for solutions of I';,, we find that the degree is well defined. A calculation of the lin-
earized equation, together with the homotopy invariance of the degree implies that
deg(T'y, O, 0) = deg(T'y, O,, 0) = —1. It follows that a solution of (1.20) exists. O

Applying Proposition 1.8, we complete the proof of Theorem 1.1.

2. The proof of Theorem A

Based on the results of Section 1, we can now give a detailed proof of Theo-
rem A.
As we saw above, the assumption (0.3) is equivalent to the inequality (1.2):

1
/GQ(A)dvol — / Z|W|2dvol> 0.

M* M

Taking @ = 1 in Theorem 1.1, it follows that there is a conformal metric satisfying
1
(2.1) UQ(A) - Z|W|2 =1>0.

Strictly speaking, at this stage all we really need is the conclusion of Theorem 1.4
— that is, we just need to know that the quantity in (2.1) is positive, not necessarily
constant.

In any case, rewriting 0y(A) in terms of the trace—free Ricci tensor E = Ric —
iRg and the scalar curvature we conclude

1 ] ]
—|E 4+ —R>— —|W]>>0.
2| |+24 4' |

Rearranging terms, this implies

WP+ 21EF 1
R? 6
By the weak-pinching result of Margerin [Ma2], M* is diffeomorphic to S* or RP*. O

3. A Weitzenbock formula for Bach—flat metrics

In preparation for the proof of Theorem C, in this section we derive various
curvature identities. The first such result is an inequality for metrics satisfying (1.4).
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Lemma 3.1. — Suppose (M*, g) satisfies (1.4):
@ a2
0y (A) — —|W|" =2,
4
where o > 0 and ) > 0 are constants. Then

3 2 2 1 2
(3.1) Sl VWE +3( IVEF — | VR?) > 0

Progf. — Define the tensor

1
V=JaW+ §E Dg,
where @® is the Kulkarni-Nomizu product. Then

(3.2) IV]? = a|W|* + 2|E[?
(3.3) IVV]? = a|VW|? + 2|VE|?.

As a consequence of (3.3), inequality (3.1) is equivalent to
9 1 2
(3.4) IVV|® > E|VR| .

To verify (3.4) note that (1.4) and (3.2) imply
Lo 2

(3.5) ER V" +4a .

Differentiating,

1
gRVR = V|V = 2|V|V|V].

Taking the inner product of both sides with R™'VR gives

2 VR 2 | | 2
—IVRI =2|Vi|g| VIV], = | = VI + IVIVII".
By Kato’s inequality, IVIVI]|? < |VV/|?, and thus
|[VR|®
3.6 —|VR> < |V[?
(3.6) | " < VI R
Substituting (3.5) into (3.6) gives
1 1 [VR|?
—|VR]* < [ =R* — 42 VR|? + |[VV|?,
3| I < (6 ) R | "+ 1VV]

because A > 0. This establishes (3.4), and consequently (3.1).
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We now recall two important identities for Bach-flat metrics. The first may be
found in [CGY1]:

Proposition 3.2 (See [CGY1], Lemma 5.4). — If (M*, g) is Bach-flat, then
1
(3.7) 0= / {?) <|VE|2 - ElVRF) + 6ZTE3 + ]K|E|2 - 6Wy'klEikEj€} dZ)OZ,

M*

where tE> = E;E;Ej.
Progff — Just combine identities (5.5) and (5.10) of [CGY]. O

The second identity is a consequence of Stokes” Theorem, the Bianchi identities,
and the definition of the Bach tensor in (0.7).

Proposition 3.3. — If (M*, g) is Bach flat, then

f 1 f
(3.8) f|VW|2dvol - f{72 det Wt 4 72det W™ — §R|W|2 + QWQ-K[EWEJ[} :
M

Proof. — In [De], Derdzinski proved a similar formula for metrics with harmonic
Weyl tensor. Our identity differs from his in only one respect; namely, we replace har-
monicity of the Weyl tensor (a first order condition) with Bach flatness (a second order
condition). To simplify the calculations and harmonize our notation with [De], we
compute with respect to a local (normal) frame field. Using this convention, we write

(3.9) f IVWH? = f VWi VWi,

Since the splitting A> = A% @ A? is parallel with respect to the Riemannian connec-
tion,

(3.10) VW = VW' + VW™,
Therefore,
(3.11) / IVWT|? = / VijjlemW;";Ce.

Using the decomposition (1.0), the second Bianchi identity can be written
0=V, Wi + ViW,1e + ViW ke
+ 5 (€ (@A) e — g (dA)
— i (dA) ie + Ge(dA) ir — G (dA) e
(3.12) + e (a’A)gk],
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where
(A = Vi — VA,
Contracting (3.12) we get the identity
(3.13) W) = V,, Wy = é(dA)y‘g,

where § denotes the divergence. Subtituting (3.12) into (3.11) we get

= ViW,ire + %[gkm (dA)je — gne(dA) y'k] },

because all other terms vanish due to the symmetries of the Weyl tensor. Re-indexing
and combining like terms, we find

(3.14) f VW |? = f =2V, W5, ViW,ie + V, Wi, (dA) ji.

The splitting (3.10) implies sW = §W* 4+ 8W~, so by (3.13)
VWi (dA) e = 2(8WH) e (SW) e = 2|8W .
Similarly,
—QVMWMV Wi = =2V, W;KV WJJ,;M

Substituting these into (3.14) we obtain
(3.15) f|vw+|2 = f —2V, Wi, VW, + 2[SWH %,

We analyze each term in (3.15) separately.
For the first term, we integrate by parts and commute derivatives:

/—QV,”W;;ZV{W;;M =/2W;€KV,”VZ-W;;M

= f QW;;%{V \4 ijrrnkz + RmZﬁWAmk(
+ Ry Wi + Ry Wi,
+ R, W}

= / QW%V"V’”V\%M + QngXW%W::M
+ 2R W5, W, + 2R, Wi Wi

gmst
(3' 16) + Qle[Aij[W/mkS’
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where R;; = R,,;,,; are the components of the Ricci tensor. Note by re-indexing the last
two terms in (3.16) are equal. If we integrate by parts again, the first term in (3.16)
is

(3.17) f oW/, ViV, Wi, = f —2VW/, VW, = f 21SWH|2.
Using the Bianchi identity and re-indexing the next term can be rewritten
(3.18) QRW&W%WL/% = Rmsﬁwﬁzw;:xkz .

Appealing to the decomposition (1.0) once more, we get

(3.19) QRmﬁA‘W;;cEWj;nkl = WZ@-W%WZM + QAJS'VV;;C@W;;M .
Similarly,
(3'20> 4R7nikswé;[\/v;;u[ = 4sz'ksW;‘;ng\/;;5( + QAisW;KV\%z + QAkaﬁeVV;ul :

Using the symmetries of the Weyl tensor and re—indexing we find

(3.21) QAZ-SW;;C[WJ;;K + QAMW;CKWU = —QAWW;},CW;TM.

Jm

Combining (3.15)-3.21),

/ IVW*|? = f 4SWF* 4 2R WS, WH,
(3.22) + W

msy

+ Wt + Wt
jng,ZWmM + 4Wmik§WWW-

gmst *

Lemma 3.4.

. 2
1 W;le\/vj_;d =- HWJF‘ 85,
(i) W jW%KW;’n}M = 24detWT,

msy

(iii) 4W,., W, WF, , = 48 det W

Jm.

Progf — As in [De], we fix a point and diagonalize W= : A1 —> AZ. Let
AF,1 < i < 3 denote the three eigenvalues of W*, with corresponding eigenforms
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w*, n%, 0%. Then
W* = )»lia)jE ® ot + Xgﬁni ®nt + Xf@i ® 6*.
Then (1)—(i11) follow from elementry calculations.
From the preceding Lemma and (3.22) we obtain the identity

3.23 IVWT)? = | 4/8WT]? +72det W™ — LR|WT|?,
2

which holds for any Riemannian four-manifold.
Now suppose (M*, g) is Bach—flat. By [De, (23)],

0=V, VW, — lWi/g'lAki .

2

Pairing both sides with the Weyl-Schouten tensor and integrating we get
0= f A ViVeWi — éwilg'KAkKAy'
= / —ViAiVeWi; — %WZWAMA;;‘
= f — 1 (ViAj — ViA) VeWay — tWiieAreA;
= / __(dA)kz VeWirj — éWi/geAkeAy'
= [ 18WE — Wit
Since the Weyl tensor is trace—free, we conclude
(3.24) / |SW|? = f AW Ea B
Combining (3.23) and (3.24), we get
/ IVW|* = / [VW*? + / VW~ ?
= / 72det W + 72det W~ — SRIW|® + 2W;, B By,

This completes the proof of Proposition 3.3.
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Combining (3.1), (3.7) and (3.8) we find that for any o > 0,

3 1
= Za|VW/|? VE|? — —|VR|?
0 /{204 W] +3<| | 12| I)

M*

+ 66E° + RIE]” — 3(e + 2)W;i i Ejy

3
—108axdet Wt — 108cr det W~ + Zo¢R|W|2} dvol

> / 66E’ + RIE]” — 3(a + 2)W;i Ei Eif

M
3
(3.25) — 108a det W — 108c det W™ + 1ozR|W|2 .

This is the key identity in the proof of Theorem C.

4. The proof of Theorem C

127

Suppose (M*, g) is Bach—flat with positive Yamabe invariant, and that (0.6) holds:

/ IW|2dvol = 1672 x(M?*)..
M

This is equivalent to

1
(4.1) / 02(A)dol = - / IW/2duol .

M* M*

Now, if W = 0 then (M*, g) is locally conformally flat and (by (0.6)) x(M*) = 0.
It follows from [Gu, Corollary G] that (M*, g) is conformal to a manifold which is

isometrically covered by S* x S!. Therefore, let us assume from now on that

(4.2) / |W|dvol > 0.
M+

By (4.1), this implies that for any 0 <o <1,

o 9 (1 —) 9
o9(A)dvol — 1 W/ dvol = 4 [W|*dvol > 0.
M M

M*

2w

According to Theorem 1.1, there is a conformal metric g, = ¢“*g satisfying

o .
(4'3) JQ(Aga) - Z|Wga|2 = )\'a >0.
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2wy

Choose a sequence «, /' 1, and denote g. =g, =¢
of the sequence {g,} require careful description.

g. The compactness properties

First, we claim that the a priori estimate of [CGY2] holds: i.e., there is a con-
stant C such that

(Recall (4.2) implies that (M*, g) cannot be conformally equivalent to the sphere). This
estimate is immediate from Proposition 1.7. In addition, the local estimate of [CGY2,
Cor. 1.3] applies, and consequently we have a bound

(4.5) Voo < C.

It 1s important to note that (4.5) is optimal: (4.3) is elliptic if o9(A) > 0; but A, — 0
as k — 00, and there is no guarantee that the Weyl tensor does not vanish on M*.
However, higher order estimates for {g,} can be established on the set where the Weyl
tensor is non—zero. To explain this, let

M! ={xe M": W, >0},
M! = {xe M': |W,| =0}

By conformal invariance, the Weyl tensor of each g, is also non-zero on M! (and
vanishes on My). If x; € Mi, then there are constants € > 0, p > 0, such that [W,| >
€ > 0 on the geodesic ball B,(x)) = {x € M* : dist,(x, x0) < p}. On B,(xp) the metric

2wk

g = g satisfies
In particular, by the a priori estimate (4.4) we see that
03(A,) = Cc >0

on B,(xy). Therefore,

A) = [ZIW, 12+
02 "o 4 Su o

is a strictly elliptic, concave equation on B,(xy). The regularity results of Evans [Ev]
and Krylov [Kr] then give Hélder estimates for VZw, on B,(x) for any p’ < p (see
[GT, Theorem 17.14]). Applying Schauder theory and classic elliptic regularity, we
then obtain estimates for derivatives of all orders on any ball B, (x)) & B,(x)) with
p' < p. Consequently, a subsequence of {g.} (also denoted {g,}) converges to a limiting
metric g, In COO(Mi) N CHYMY).

loc
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Recall that inequality (3.25) is satisfied by each g, (with o = «,). If we split the
integral in (3.25) into two integrals, one over MY, the other over M, note that on M
the integrand reduces to

64E® + RIE|*.
Using the sharp inequality #E® > —% |E|®, we find that
(4.6) 6/E® + RIE[* > —2+/3|E[* + R|E]* = [E*(R — 2v/3 |E]) .
Since 03(A) > 0 on M, we also have

0 < —3|E] + %R

= R?> 12|E|?
(4.7) = R > 2V3|E|.
Combining (4.6) and (4.7) we see that the integrand in (3.25) is non-negative on the

set Mj. Therefore, in view of the convergence of {g;} on M* we have

0= lim [ 64"+ RIEI" - 3(c + 2) W, Ei B

f
MY

3
— 108a, det W — 108a, det W~ + Zoz,(R|W|2

= / 60E’ + RIE]” — 9W,,(E, E;
ML
3 :
(4.8) — 108detW" — 108 det W™ + ZR|W|2 :

To summarize: we have constructed a metric g, = ¢***g on M* with w,, €
C>(M1) N CH'(M*) which satisfies
0y(A) = ;|[W[Pon M3,
0> /{—108detw+ — 108 det W~

(4.9) M} !
+ 6t7’E3 - 9Wy’,([ Ei/( Ej(

+R (IEI* 4+ 2/W?) }dool .

Proposition 4.1. — If g satisfies (4.9), then
(i) goo € CMY);

(1) goo 15 Eanstein;

(iii) either WH =0 or W~ =0 on M*,



130 SUN-YUNG A. CHANG, MATTHEW J. GURSKY, PAUL C. YANG

Progf. — Opur first task is to rewrite the integrand in (4.9) in a suitable basis. To
this end, let Riem : A> — A* denote the curvature operator of (M*, g,,). Since M* is
oriented, we have the splitting A” = A% @ A2, and the well known decomposition of

Singer—Thorpe [ST]:
WH+IRId : B
(4.10) Riem= 1 ... 0 L.
B* : W™+ {RId
Note the compositions satisfy

* . 2 2
BB : AL — AL,

(4.11) B'B: A% — A%.
Fix a point P € M*, and let A7 < Ay < A5 denote the eigenvalues of W¥. Then
(4.12) detW* = A5 A5
. 2 2 2
(4.13) IW*P = 4WHIP =4[ (A7) + (&) + (235) ]

Recall that |[W#|| denotes the norm of W* when interpreted as an endomorphism
of AZ.

Following Margerin, we denote the eigenvalues of BB*: A% — A2 by
bt < b5 < b3, where 0 < by < by < bs.

Lemma 4.2.
(4.14) E|* = 4(b] + b5 + b3),
(4.15) 0E? > —24b,bybs .

Proof — Given a basis {¢} of TpM‘*, let {¢'} denote the dual basis of T;M4.
Relative to this basis, the curvature operator is given by

N * * 1 * >
(4.16) Riem(e; A ¢) = 5 Z Rjé: A€,
K,

where R, are components of Riem viewed as a (0, 4)-tensor; i.e., R = Riem(e;, ¢,
¢, e). If E; = E(¢;, ¢) are the components of the trace—free Ricci tensor, then the
decomposition (0. 1) implies

4.17) Rje = Wiiee + %(&KE]{ — 8B — 8icEip + 8j¢Eic)

+%R(5i/<5jz — 8i6ji) s

where Wy’,([ = W(ei, s Cs 65).
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A basis {¢'} of T;M4 induces a natural orthonormal basis of Ai:

wt = ﬁ(e’f/\e%:l:eg/\@:),
nt = %(ef/\egqieg/\ef*),
(4.18) 6* = %(e’f/\elzl:e;/\eg).
Now suppose the basis {¢} diagonalizes E:
E 0
Egy
E =
E;;

Using (4.11), (4.16), and (4.17), the matrix of B : A> — A? relative to the basis in
(4.18) is

2(Ey + Egy — Eg3 — Eyy) 0
B= 1(Ej1 4 Eg3 — By — Eyy)

0 i(Ell + Eyy — Egp — Eag)

Let

py = (B + Ep — Eg5 — Eyy),

Mo = i(En + Es3 — Ego — Eyy),

ws = 1 (B + Ey — Egp — Egy).
Since E is trace—free, these can also be expressed

My = é(En + Eg),

Mo = é(En + Es33),
(4.19) M3 = é(En + Eq4).

Consequently, in terms of {i), (o, s} the eigenvalues of BB* : Ai — Ai are

b = u,
by = 5,
(4.20) b= 1l

Now, a simple calculation gives
Buipapts = (Eir + Ego) (Eiy + Es3) (Eqy + Ega)
= E?1 + E?1E22 + E%1E33 + E?lE%
+ Ej1EgEss + Ej 1 EgEyy + Ej 1 EssEyy + EgEasEayy
= E%I(En + Ego + Eg3 + Euy) + 03(E 1, Ego, Eg3, Eyy).
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On the other hand, for a symmetric trace—free 4 x 4 matrix E, o3(E) = %trE3. Thus

B = 2401 puopus
> —24{p popus)
== —24b1b2b3 .
This proves (4.15). The proof of (4.14) follows from (4.20), and will be omitted. m]

The next inequality follows from Lemma 6 in [Ma2]. However, as our notation
and conventions are slightly different we provide some details.

Lemma 4.3.

3 3
(4.21) —WiieEiEje = —4 |:Z ATb A+ Z)‘z_bzz:| :
i=1 i=1

Proof. — This inequality is termed “decoupling of the Weyl and Ricci curva-
tures” by Margerin, and appropriately enough: In general W* and BB* or B*B do
not commute, and therefore cannot be simultaneously diagonalized.

In any case, if we choose a basis {¢} of TI,M4 which diagonalizes E as in
Lemma 1, then the matrix of W* : AL — A1 relative to the basis in (4.18) is

%(W'ww £ 2Wiggy + Wiysy) *
W* = %(\Nmz F 2Wises + Waigs) .
* 5 (Wi & Wigg + Wass)

Therefore, 1if { , )2 denotes the natural inner product induced on A% (see Re-
mark 2 in the Introduction), then
(W, BB")AQ+ + (W7, B"B) 2 = r(W* o BB* + W~ o B*B)
= {(WIQIQ + W3434)M?
+ Wiz + W2424)M§
+ Wigs + W2323)M§}
= %(W1212E11E22 + WisisEnEss
+ WisnEp 1 Egy + WosgsEgoEsg
+ WogosEgoEyy + Wiysa EgsEyy).

On the other hand,

Wit BicEjr = 2(W 191911 Egy + WisisEq Ess + WiEn Ey
+ WososEooEss + WougsEooEyy + WisgaEsgEyy).
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Therefore,
(4.22) —WieEiEje = —4(WT, BB*) 2 —4(WB'B),2 .
According to Lemma 6 of [Ma2],
3 3
(4.23) (W BBY) 2 + (W, B*B) 2 < > AFH + Y A0
i=1 i=1
Combining (4.22) and (4.23) we obtain (4.21). O

On the set MY, g, satisfies
0y (A) = T IWP = [[W]I* = [WFI* + W%,
Therefore,

(4.24) R = /12[E[2 + 24[[WH |2 + 24| W~ ||2.

Combining (4.21) and (4.24), the integrand in (4.9) at the point P satisfies the inequal-
ity
— 108det W' — 108 det W~ + 64E* — 9W, E, By + R(IE]* + 2[W]%)
> —108A7 Ay Ay — 108AT A, Ay — 144b,bybs

— 36[ATH7 4+ AT 05 + AT 05 + ATbT 4 Ay b5 4 Ay b3
+ {486} + 03 + 13)
+ 24 (A1) + () + (5) + )+ () + )]}
x {453+ 8+ 83)

+3[(1) + () + () + )+ () + )]}
= F(AF AL AT AT, Ay Ay, b, b, bs)

Proposition 4.4. — Suppose 0 < by < by < bg, AT < k;ﬁ < Xgﬁ with Z?:l kli =0
and Z?zl(l)»flz—l— |)\Z_|2) #0. Then F(AT, Ay, AT, AT, Ay, A, by, bo, by) > 0, and equality
holds if and only if one of the following s true:

(1) by = by = bs = 0 and there exists some a > 0 with A} = Ay = —a, Af = 2a,
A =2 =A; =000 =—2a, A =7 =a, A =A; =A; =0; 0
similar cases with the role of & and )] interchanged.

(2) by = by =bg, A =0 forall 1 <i<3.



134 SUN-YUNG A. CHANG, MATTHEW J. GURSKY, PAUL C. YANG

The proof of Proposition 4.4 is given in the Appendix, and amounts to a com-
plicated Lagrange-multiplier problem. We will assume the result for now, and explain
how Proposition 4.1 follows.

By Proposition 4.4, the integrand in (4.9) is non-negative. Since the integral
is less than or equal to zero, it follows that the integrand F(A{, A3, A5, A7, Ay, As,
by, by, bs) = 0. Thus, at each point in M} either case (1) or case (2) of Proposition 4.4
above must hold. Since by definition [W| > 0 on M!, case (1) is the only possibility.
In particular, E =0 on M! and at each point either W" =0 or W~ = 0.

Since E = 0 on M! the scalar curvature is constant on each component of
M, which implies by (4.9) that [W|? is also constant on each component. We claim
that M! = M?* ie., My is empty. To see why, choose a component O of M! and
a sequence of points {x;} in O with x; = xy € M}. Since [W|? is constant in O,

¢ =Wy ()
for some ¢ > 0. By conformal invariance of the Weyl tensor,
2 — 4000 (%7 2
¢ = W [P(x) = =W, 2 (x).

By definition, |V\7g|2(x0) = 0, and consequently wy(x;,) = —00 as 1 — 00. But this
contradicts the fact that w, € C"!. It follows that the Weyl tensor cannot vanish
on M* so (M*, g) is a smooth Einstein manifold. Moreover, since |W|? is constant
and either WT = 0 or W~ = 0 at each point, it follows that one of the compo-
nents of the Weyl tensor vanishes identically on M*. By Hitchin’s classification re-
sult [Hi], (M*, g») is homothetically isometric to 2CP? with the Fubini-Study metric.
This completes the proof of Proposition 4.1.

Appendix

In this appendix we establish Proposition A below, which is slightly more general
than Proposition 4.4.

Denote B = (b, by, b3), X = (x1, %0, x3), Y = (91,79, 5) vectors in R?, and
B2 =Y0 0% IXPP =30« IV = 30 »% Define the functional I = I(B, X, Y)
by

1= 6 [4BP + 30X + [YP)] (21B] + IXP* + 1¥?)"
- 54X1X2X3 — 54_))1_))2_))3 - 72blbgbg
— 18(%15% + X905 + 2305 + 9167 + 9205 +y3b§) .
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Proposition A. — Assume b} < b3 < 623,50 x = 0,3 9 = 0. Then T > 0.
Further, 1 = 0 only at the following points:

HB=X=Y=1(0,0,0), or
(11) B = (0,0,0) and either X = (:a, —a, 2a), Y = (0,0,0), or a permutation of
X = =@ X = —a,x3 = 2a and Y = (0, 0, 0), or with the preceding values with the
roles of X and Y reversed Jor some a ;é 0, or
(1) B = (b, b, b) for some b # 0 and X =Y =(0,0,0).

Remark. — If we set F = 21, x; = 1], yi = A7 (1 <i < 3), with |X|2+|Y|2 # 0,
then Proposition 4.4 is a consequence of Proposition A.

We will first establish Proposition A in the special case where B= (0,0,0).
Lemma 1. — Denote
JX,Y) =1(0.X,Y)

=3V6(IXI? + Y (IX)? + V)
— D4 x9x5 — D4y 99 93

1/2

with Y0 % =3 9,=0. Then ] >0, and ] = O only when X =Y =(0,0,0) or at the
points

X:( , —a, 2a), Y = (0,0,0), or
S( (2a, —a, —a), Y = (0,0,0), or
= (—a, 24, —a), Y = (0,0,0);

or with the roles of X and Y reversed, Jor some a # 0.

Proof — 1In the case X Y = (0, O 0), J = 0. In the case IXI2 + |Y|2 75 0,
we may assume w.l.o.g. that IX)2 +

replacing x; and i by g and gplmm,
VP =1, 0 < x < x, and ) <5 <s.

To find the minimal points of J we use the method of Lagrange multipliers. Let
o= XP+Y2P=1,¢ =x+x4+x =0, and ¢ = y; + 15 + 3 = 0 denote the
constraints, and let u, 28, 2y denote the respective Lagrange multipliers. Set j—i =

M%ﬁ‘ +2,36¢2 a‘] = ,Uf;;‘ —FQ)/‘””3 for 1 =1, 2, 3; we get the equations

1) —27 XoX3 = M X1 + ,8
2) —27 X1X3:MX2+,B
) —27X1XQIMX3+,8.

=

B
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Subtracting (A2) from (Al) we get
—27(xg — x)x3 = p(x1 — x0),

so we have either x; = x9, or x; # xy while 27x; = p. Subtracting (A3) from (A2)
we get similarly xy = x3 or xy 7 x3 while 27x; = . Thus, we have three possibilities:
either x; = x = x3 = 0, or ¥y = x» # x3 with 27x3 = @, or x; % x = x3 with
27x; = p. In summary, we have X = (0,0,0) or X = (—a, —a, 2a) with 54a = u;
or )Z = (2a, —a, —a) with 54a = u, where a > 0. By symmetry, we also have either

= (0,0,0), or Y = (—c¢, —c¢, 2¢) with 54¢ = u, or Y = (—2¢, ¢, ¢c) with —54¢ =
where ¢c>0.

Combining the possibilities for X and Y, we have eight cases.

HX =(0,0,0), Y=(—c, —c 2); then]=0.

(i) X =(0,0,0), Y=(=2,¢0¢); then]J=0.

) X = (—a, —a, 2a), Y = (—c¢, —¢,2¢) with 54a = @ = 54¢ > 0; then
JX,Y) = 36 - 124" V124 = 54 - 4a’ = 216(v/2 — 1)a’ 2 0.

i) X = (—a, —a, 2a), Y = (— %, ¢,0) with 54a = pu = —54¢;  then @ = —¢
while both a > 0, ¢ > 0; thus X = Y = (0,0,0) and J = 0.

1)

Cases (v) — (viil) are similar to cases (i1) to (vi) with the roles of X and Y reversed.
This finishes the proof of Lemma 1. ]

We now consider the general case in Proposition A. The proof is more tedious,
but follows the same pattern of the proof of Lemma 1. We first outline the steps.

Outline of the proof of Proposition A. — When B = (0,0,0), we apply Lemma 1.
So assume B # (0,0,0). We also assume wl.o.g that 2|l§|2 + |)q(|2 + |§7|2 = 1. To
locate the minimal points of I under this constraint, we once again apply the method
of Lagrange multipliers. We will break the proof into the following four steps:

Step 1. We may assume wlo.g. that 0 < b < by < b3 and x; < %9 < x3,
D1 =02 =3, and 13 = 0,95 = 0.

Step 2. Actually, by = by = b.
Step 3. When 6 = 0, then x; = xy =y =y and I > 0.

Step 4. When 6 > 0, then x;, = x% = »; = 59 = —a, and either « = 0, b3 = b,
andI=0; ora>0andI>0.

We now prove each of the steps in more detail.

Proof of Step 1. — We first observe that at a minimal point of I = I(ﬁ, X, \?) we
may assume bybob; > 0. Thus by switching b; with —b4;, (: = 1, 2, 3), we may assume
under the hypothesis 47 < 3 < 43 that 0 < b, < b, < bs.
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Next observe for any B, for X to be a minimal point of I we must have x; 57 +
ngg + ngg < xob? + xlbg + ngg. Therefore, (x; — x9)b7 < (x, — XQ)bg. Thus unless
b= bg = 0, we have x; < xo; but when #? = bg = 0, we may also switch the order of
x; and xy if necessary, and assume x; < xy to attain the same value of I. Thus we can
argue similarly and obtain x; < x, < x5 and y, < y, < y5. Since Y0 =30 5 =0,
it follows that x3 > 0, y3 > 0.

Proof of Step 2. — We now set up the Lagrange multiplier problem under the

constraints
o1 = 2B + X+ Y =1
@r=x1+x+x=0
Y3 =21+ +r3=0

with multipliers w, 28, 2y, respectively. To locate the minimal point( ) of I under the

given constraints we set :_bl, = M‘;“;], (f; i dx] +28 (j,?, o = M dyl —i—Q}/d‘m for | =
1,2, 3 and obtain the following nine equations:

(A4) —9(x, +91)b; — 18bobs = (1 — 2v/6)b,

(A5) —9(x2 +92)by — 18b1bs = (1 — 2v/6)by

(A6) —9(xs +93)bs — 18b1by = (1 — 2v/6)b;

(A7) —27(xox3) — 96> = (. — 3/6)x; + B

(A8) —97(x1x3) — 963 = (i — 3v6)wy + B

(A9) —27(x1x9) — 962 = (u — 3v6)x3 + B

and (A10), (All), and (A12) are obtained by substituting y; in place of x; (1 = 1, 2, 3)
and y in place of B in equations (A7), (A8), (A9).

We now assume 0 < b < by < b3, x; < x9 < x3, »1 < 99 < 93, and prove that
(A4)~(A12) imply b, = by. To see this, first suppose b = 0. Then by (A4), bybs = 0O;
since by < bs, by = 0 and thus b, = b.

If b # 0, then by # 0, b3 # 0. Subtracting (A8) from (A7) we get

A13) —97x5 (% — x1) — (B2 — 83) = (u — 3v/6) (1) — %)
Subtracting (All) from (A10) we get
(Al4) —27y3(92 — 1) — 9(b] — 83) = (1 — 3V6) (1 —10).

Adding (A13) and (A14),

—18(b; — b3) = (u — 3V6) (x1 + 1 — 32 — )
(A15) + 27(953(962 —x1) + 300 —yl))~
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Subtracting (A5) from (A4) and substituting into (A15), we obtain

f bobs  bib
(A16) —18(6? — b3) = 2(1 — 3/6) (—% + %) +27P
1 2
where P = x3(xo — x1) + 93(99 — »1). Observe that P > 0.
Thus if b3 — b] > 0, we may divide (A16) by b3 — b7 and get

by P
Al7 18 = —2(u — 36 + 927 .
(A17) (1 )ble gy

Substituting (A17) into (A6), we get

bib.
—9(x3 +93) = (u — 3v6) + V6 + 18;—2

3

biby 27 P biby
Al8 =9—+= —— — + 6.
Al8) b 2 =0 b
The left-hand side of (A18) is < 0, while the right-hand side is > +/6 > 0. Since this

contradicts the hypothesis b3 — b7 > 0, we must have b3 = b7 and hence b, = by. This
establishes Step 2.

Proof of Step 3. — Denote by = by = b, assume b = 0, and b5 > 0.
We rewrite (A6), (A13) and (A14) in this case and get

(A6) —9(xs +93) = (1 — 2v6),
(A13) —27x3(x — 1)) = (U — 3V6) (1 — ),
(A14) —27p3(92 — 1) = (i — 3V6) (31 — o).

We observe that from (A6) (and x5 > 0, y3 > 0) that u — 2+/6 < 0. Thus we conclude
from (A13) and (A14) that x; = x» and y; = yy. Denote x; = xp = —a, y1 = o = —¢,
with @,¢ > 0. Then B = (0,0, b3), X = (—a, —a, 2a), Y = (—¢, —¢, 2¢). We now
assert that a = ¢. To see this, we first subtract (A9) from (A8) to get

(A19) —27x1 (x5 — x9) + 962 = (1 — 3v/6) (x, — x3)
or
(A19Y 974" + 362 = —(u — 3v/6)a.

Similarly we subtract (A12) from (All) and get

(A20) 97¢* 4 362 = —(u — 3v/6)c.
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Subtracting (A20)" from (A19), we then have
27(a* — &) = —(u — 3v6)(a — o).

Thus, either a = ¢, or a # ¢ while

(A21) —27(a+¢) = — 3v6.

We will now derive a contradiction to see that the latter possibility (¢ # ¢) does not
happen. Comparing (A21) with (A6), we see —18(a+¢) = u—2+/6. Combining (A21)
with (A6) we get

6
(A22) LY
9
We now add (A19) to (A20) and substitute the relation ¢; = 253 +6(a*+¢*) = 1 and
(A21) into the equation to get

(A23) 3+ ) =9a+0?— 1.

By (A22), this expression equals g— 1 < 0, which is a contradiction. Thus we conclude
that a = ¢ and B = (0,0, 545), X = Y = (—a, —a, 2a) for some b; > 0 and a > 0.
At this moment, we can check directly that I = I(ﬁ, }Z, {’) > 0 if b3 > 0. To be
more precise, one can check that I = 8(I; — I,) with I}, = ﬁ(bé +9d%) (b3 + 6a%)!/2,
I, = 9a(3a®> + b3), and I} — I3 > 0. This establishes Step 3.

Proof of Step 4. — Assume by = by = b # 0, b3 > 0. In this case, we may write
(A4), (A5), (A6) as

(A4)" —9(x; 4+ 1) — 18by = 1 — 246,
(A5)” —9(xy +95) — 18b5 = ;1 — 2+/6,
(A6)” —9(x3 + p9)bs — 186> = (1 — 2v/6)bs .

Subtracting (A5)" from (A4)”, we get
(A24) X1 +y1 = X9 +_))Q .
Subtracting (A8) from (A7) and (All) from (A10) we get

(A13)’ —27x3(x5 — 1)) = (U — 3V6) (1 — ),
(A14)’ —27y3(ps — 1) = (i — 3V6) (3 — ) -



140 SUN-YUNG A. CHANG, MATTHEW J. GURSKY, PAUL C. YANG

We now make two claims.
Claim 1: x; = x(= —a), y1 = p(= —0¢).
Claim 2: a = ¢.

Proof of Claim 1. — By (A13)”, we have either x;, = xy or x; # x and 27x; =
n—3+/6. By (A14)", we have either y; =y, or y, # y, and 27y; = j — 34/6. By (A24),
we have x; = xy implies »; = 9. Thus, we either have x; = x, and »; =y as claimed,
or x| # X9, y1 # yo while x5 = y; = %(M — 34/6). But in the latter case, from(A6)” we
would have

—9(xs +93)bs — 186> = (1 — 23/6)bs = (27x5 + V/6)bs .

This is a contradiction as the left-hand side of the equation is less than zero, while
the right-hand side is bigger than zero.

Proof of Claim 2. — We follow the same strategy as in the proof of Step 3. Sub-
tracting (A9) from (A8) we get

(A19)’ 974" 4 3(b2 — b*) = —a(u — 3/6).
Similarly, if we subtract (A12) from (All) we get
(A20)" 27¢* + 3(b2 — b°) = —c(u — 3v6).

Finally, subtracting (A20)" from (A19)" we have
27(a* — &) = —(u — 3v6)(a— o) .
Thus, either a = ¢ as claimed, or
(A21)" a#c and 27(a+c¢) = —(u—36).

We will now show that (A21)” cannot be true. To see this, denote a + ¢ = £ (£ > 0),
a—c¢=d. Then d # 0, and wl.o.g. we may assume ¢ > 0. Substituting (A21)" into
(A4) we get

—18b3 = (u — 2+/6) — 9(a + 0)
(A24) = (1 —3v6) — 90 + V6 = —360 + V6.
Substituting (A21)" to (A6) we get
—186* = (10 — 2v/6)bs + 18(a+ ¢)bs
(A25) = (=9¢ 4 V6)bs .
Thus in particular

(A25)" ~9¢++/6<0.
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Combining (A24) and (A25), we get
(A26) 18(6% — b3) = (—36L 4+ v/6 + 9 — V/6)bs = —27Lbs.
On the other hand, substituting (A21)” into (A19)”, we get
274" + 3(bs — b°) = 27a(a+ o),

SO

[ e -4
(A27) 3(b5 — b°) = 27ac =27 :

Combining (A24), (A26), (A27), we get
(A28) 27d> = (—=9¢ + /6)¢,

which contradicts (A25)". We conclude ¢ = ¢, as in Claim 2.

We are now in the situation where B = (b, b, b3), with bs = b > 0, and X =
Y = (—a, —a, 2a). There are two final possibilities to consider, depending on the sign
of a.

Claim 3: If a =0, then b3 =56 # 0, and I = 0.

Claim 4: If @ > 0 then I > 0.

Proof of Claim 3. — When a = 0, we multiply (A4)” by b5 then subtract (A6)” to
get b3 = b%, hence b3 = b. In this case I = 726° — 726° = 0.

Proof of Claim 4. — When a # 0, we will show that I > 0. First, we rewrite
(A4)", (A6)", (A7) and (A9) as follows:

(A4)’ 182 — 18hy = . — 24/6,

(A6) —36ab; — 186> = (u — 2v/6)bs,
A7)’ 54a> — 95 = —(u — 3v/6)a + B.
(A9)’ —27d* — 902 = 2(u — 3v/6)a + B.

Multiplying (A4)” by b5 and subtracting (A6)” from the result we get
(A29) b: — b* = 3abs .

Subtracting (A9)” from (A7)" we get

(A30) 81> +9(b2 — b*) = —3a(n — 3v6).

Combining (A29) and (A30), we get (for a # 0)

(A31) 974+ 9b; = —(u — 3v/6).
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Combining (A4)” and (A31) we find

(A32) 450 — 9by = /6.

Substituting (A29) into the constraint ¢; = 2(2b> + 53) + 124> = 1 we get
(A33) 6b; — 12abs + 124> = 1.

We now introduce the notation s = a — b3 and rewrite (A32) and (A33) as

(A32) 36a 4 9s = V6 ,
(A33) 6(s°+d°)=1.

Applying (A29) we can write I as

1= (4(20" + b2) + 364°)v/6 — 2164° — 726%b; — 72a(b3 — b°)
= 12v/6(62 — 2abs + 3a%) — 72(3d° + b3 — 3a*bs + 3ab?)

2 2
=79 [ﬂ — (4d® — 53)] .
V6

It remains to check numerically that a solution (a,s) with @ > 0 of equations
(A32) and (A33) is given by ¢ = 0.1617 ..., s = —0.3746..., and I = 72(0.079 ...
—0.069...) > 0.

We have thus finished the proof of Step 4 and completed the proof of Proposi-
tion A.
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