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Abstract. The entropy density of spin lattice systems is known to be a weak* upper
semi-continuous functional on the set of the lattice invariant states. (It is even weak*
discontinuous.) However we prove here that it is continuous with respect to the norm
topology on those states.

I. Preliminaries

We consider a lattice Έd of N spin states per lattice site. By A c %d we
will always mean a non-empty finite volume and by V(Λ) the number of
points in it.

To A c Έd we associate the local algebra si A of observables:

s4A = ®{#eA) where J ^ = (X) J ^ and each ^
ieΛ

is an isomorphic copy of the N-dimensional Hubert space (CN. For
A! C A 2 we trivially get an isometric embedding oϊs/Aί in srfA2 which maps
A into A®\ΛlXΛχ. This allows us to construct the C*-algebra stf of
quasilocal observables:

The natural translation mappings τx'.£#A-^£#A+x, xeΈd extend to a
group {τx I x e Έd} of automorphisms of s/. A state ω on j / is called
lattice invariant if ω ° τ x = ω for all xeΈd. Let <ί denote the set of all
lattice invariant states on s/.

For each state ω on s/ and for each ΛcΈd there exists a unique
density matrix ρΛ e 8&(βtfA) such that V A e s4A ω(A) = Tr ρΛA.

The local entropy density of the state ω is given by

c U Λ - Trρ^logρ^.
V{A)
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The existence of s(ω) = lim sΛ(ω) has been proved for ω e $ in the sense

of growing cubes [1].
The continuity properties of the map ω->s(ω) are important with

respect to the variational formulation of statistical mechanics [1] and
explicit calculations of the entropy density [2]. It has been proved that
the map is upper semi-continuous for the weak* topology on $ [1];
however it can easily be proved that it is not weak* continuous [2]. Here
we prove the norm continuity.

II. A Continuity Property of the Entropy Density

Lemma 1 (Lidskii [3]). Let A, B be selfadjoint operators on the
n-dimensional Hubert space H. Denote by ak, βk and yk, fc=l, . . . , n the
repeated eigenvalues of A,B and A — B in ascending order. Then there
exist numbers σkj, k,j = 1, ...,n such that:

1 ] (7k : ̂  vJ.

k J j

j

Lemma 2. The function / : [0, 1] —• [0,1/e] : x—>/(x)= — x logx satis-
fies the inequality:

\f(x)-f(y)\S2\y-x\

Proof. For O^x^y^l we have:

\f(χ)-f(y)\

= I - x(logx - 1) + .y (logy - 1) 4- y - x\

^ I - x(logx - 1) + y(\ogy- 1)| + y - x

\dt logί Λ-y-x

+ {y-χ)

j dtlogt + y-x

Ό

Theorem. The function s : S -^[0, logΛΓ] :ω^s(ω) is continuous with
respect to the norm topology on $.

Proof. Let ωί,ω2eS' and ρι

Λ,ρ
2

Λ,AcΈd the corresponding density
matrices.
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Denote by λ\,λ\,μk, k = 1, ...,NV(Λ) the repeated eigenvalues of

ρι

Λ, ρ\ and ρ\ — ρ2

Λ in ascending order. By Lemma 1

k j k j

μj\ = Tr\ρ1

Λ-ρ2

Λ\= sup \Tr(ρΛ - ρ2

Λ) A\

sup
\ \ A \ \ 1

^ sup
\\A\\£l

-ωΊ

Using Lemma 2

1

V(Λ)

1

(i)

V(Λ)

Let εk = |/l̂  — /l||, then

and by (1)
V(Λ)

The case a = 0 implies εk = 0 for all k and hence

If a > 0 then by the convexity of the logarithm

1 2α α

la
log > —

'M) h

 Ph« a
2a — a logα

KM)
-hαlogiV.

Hence

\s(ωι) — s(ω2)\= limls^ω^ — ί

-log-

2a a

V(Λ) V(A)
log



294 M. Fannes: Entropy Density

References

1. Lanford,O., Robinson,D.W.: J. Math. Phys. 9, 1120 (1968).
2. Fannes, M.: The entropy density of quasi free states, Preprint July 1972 KUL Leuven

Belgium.
3. Kato,T.: Perturbation theory for linear operators. Theorem III.6.10. Berlin-Heidel-

berg-New York: Springer 1966.

M. Fannes
Instituut voor theoretische fysica
Dept. Nat. Celestijnenlaan 200D
B-3030 Heverlee, Belgium


