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ABSTRACT

A continuous, low-frequency, small-signal
averaged model for the tapped-inductor boost
converter with input filter is developed and
experimentally verified, from which the dc
transfer function and the small-signal line
input and duty ratio input describing functions
can easily be derived. A new effect due to
storage-time modulation in the transistor switch
is shown to explain observed excess filter damp-
ing resistance without associated loss in
conversion efficiency. The presence of an
input filter can cause a severe disturbance,
even a null, in the control duty ratio describing
function, with consequent potential performance
difficulties in a converter regulator.

1. INTRODUCTION

A method of modeling switching converter
transfer functions has been described by Wester
and Middlebrook [1], and applied to the basic
buck, boost, and buck-boost converters in the
continuous conduction mode. The principle is to
replace the several different, lumped, linear
models that apply in successive phases of the
switching cycle by a single Tumped, linear model
whose element values are appropriate averages
over a complete cycle of their successive values
within the cycle. The resulting "averaged" model
permits both the input-to-output ("1ine") and
duty ratio-to-output ("control") transfer func-
tions to be easily obtained for both dc (steady
state) and superimposed ac (describing function)
inputs. The nature of the model derivation
inherently restricts the validity to fre-
quencies below the switching frequency, and
model linearity is ensured by independent
restriction of the superimposed ac signal to
small amplitudes. The result is therefore a
small-signal, low-frequency, averaged model.

The models obtained in [1] show that the
line and control describing functions contain
the anticipated low-pass LC filter response
characterized by a pair of left half-plane poles
and, if there is nonzero resistance in series
with the capacitor, by a left half-plane real

zero. The pole-pair positions are conveniently
identified in terms of the filter corner fre-
quency and peaking factor, or Q-factor. Two
results of particular significance for the boost
and buck-boost converters are that the filter
corner frequency and Q-factor both vary with
steady-state duty ratio D and, even more impor-
tant, that the control describing function
acquires a right half-plane real zero.

Several extensions and developments of the
results of [1] are presented in this paper.

1. A small-signal, low-frequency,
averaged model is derived for the tapped-
inductor converter, of which the original
("simple") boost converter is a special case.

At the same time, the circuit being modeled
is extended to include the line input filter that
is almost invariably present in a practical
system, and the modeling process is refined to
include a more accurate representation of the
circuit losses that affect the Q-factor. The
motivation for the modeling refinement was to
explain measured Q-factors that were signifi-
cantly lower than predicted by the original model
even when the most genercus values for the
physical loss-resistances were allowed. However,
although the refined model did indeed predict
Tower Q-factors, the quantitative effect was
still insufficient to explain the observed dis-
crepancies.

It turned out that a quite different effect
was responsible for the lower Q-factor, namely,
modulation of the storage time of the transistor
switch. The physical cause-and-effect sequence
is as follows: an applied small-signal ac
modulation of the switch duty ratio causes a
corresponding modulation of the current carried
by the switch at the instant of turn-off, and a
consequent modulation of the storage time.

The result is that the actual switch output

duty ratio modulation amplitude is different

from the switch drive modulation amplitude. It
may seem surprising at first sight that this
effect would cause only a lowering of the Q-
factor, without affecting any of the other
qualitative or gquantitative features of the model;
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nevertheless, this is indeed confirmed by the
other principal extension presented in this paper:

2. A storage-time modulation effect in the
switch is shown to result in an effective series
resistance in the small-signal, low-frequency,
averaged model of the tapped-inductor boost
converter, whose presence lowers the apparent
Q-factor of the low-pass filter characteristic
contained in both the line and control describing
functions.

Experimental results are presented for
various conditions chosen specifically to expose
the functional dependence of the model element
values upon the several parameters, in order to
maximize the degree of model verification there-
by obtained. In addition to such quantitative
verification, the following general conclusions
are of particular interest:

1. The effective series resistance Ry in
the model due to transistor switch storage-time
modulation lowers the filter Q-factor, but it
does not Tower the conversion efficiency; in
other words it is only an apparent resistance and
not an actual Toss resistance.

2. The presence of an LC input filter can
cause a serious modification of the control
describing function. A dip in the magnitude
of the control describing function can occur in
the neighborhood of the resonant frequency of
the input LC filter. This dip is characterized
by a complex pair of zeros in the control describ-
ing function. As the steady-state duty ratio is
increased, as happens in normal regulation adjust-
ment of a closed-loop converter system, the complex
pair of zeros can.not only reach the imaginary
axis of the complex frequency plane, causing
the dip in the magnitude response to become a null,
but can move into the right half-plane causing a
large amount of additional phase lag. A possible
null in the control describing function magnitude
response of course could severely degrade the
performance, and the excessive phase lag could
seriously affect the stability, of a closed-loop
regulator system. The model presented here is
useful in both the qualitative and quantitative
design of such a system to guard against such
disastrous eventualities.

2. DEVELOPMENT OF THE CONTINUOUS MODEL

The elements of a tapped-inductor boost
converter are shown in Fig. 1. An input filter,
which would invariably be used in a practical
system, is included between the supply voltage Vg
and the input of the converter itself. As far
as the operation of the converter is concerned,
only the filter elements Ly, Rg, and Cg need be
explicitly represented; the box around the L. is
to imply that additional input filter elemenis may
be present without affecting the nature of the
converter operation. The resistances Rg and R¢
in Fig. 1 are always present in a practical
circuit even if they represent only capacitance
esr.
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Some waveforms in the circuit of Fig. 1
under steady state operation are shown in Fig. 2.
The transistor switch is closed for a fraction

N turns
_____ iq s ————~——— v
|V
T Vs
Cs /
T 8
[
Fig. 1. Circuit of the tapped-inductor boost

converter with input filter.
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Fig. 2. Some waveforms in the circuit of
Fig. 1: vg, iy, and v_ are continuous; v

is quasi-continuous; i¢ is discontinuous.



T.D of its period Tg = 1/fg5, where fg is the
switching frequency, and is open for the
remaining fraction TgD' = Tg(1-D). While the
switch is closed, the current ig in the fraction
N/ny of the total inductor turns N ramps up as
energy is stored in the inductor; part of i is
supplied from the input by i4, and the balance
comes from discharge of Cg cgusing a fall in
the capacitance voltage vg. At the same time,
the diode is open and the capacitance C dis-
charges into the load R causing a fall in the
voltage vc. While the switch is open, the
diode is closed and the current ig in the total
inductor turns N ramps down as the stored
inductor energy discharges into the load and
recharges C, causing a rise in v.. Since ig
drops below i,, Cg is recharged causing a rise
in the voltagg Vs.

Boundary conditions linking the wave-
forms in the two intervals depend upon the
requirements that capacitance voltages and
inductor ampere-turns cannot change instanta-
neously at the switching instants. Consequently,
the voltages v. and V. are continuous at the
switching instants, whereas the output voltage
v has steps at the switching instants because
of the drop in R.. Similarly, the inductor
ampere-turns is continuous at the switching
instants, and it is convenient to illustrate
this in terms of a quantity i, defined as
"ampere-turns per turn," also shown in Fig. 2.
Thus, i, is continuous but the actual inductor
current ig has steps of ratio ny at the switch-
ing instants. Identification of i, is an
important step in the derivation o% the
continuous model.

Waveforms shown in Fig. 2 are for the
"continuous conduction" mode of operation in
which the instantaneous inductor current does
not fall to zero at any point in the cycle, and
the entire discussion and results of this paper
apply only to this mode. Average, or dc,
values of the waveforms are also shown in Fig.
2. The dc output voltage V is of course equal
to the dc voltage V. on capacitance C.

A suitable equivalent of the circuit of
Fig. 1 from which to begin derivation of the
averaged model is shown inFig. 3, and includes

nwm!%=%+h Ry —_—~ Ry Ra  Loves

closed for:

Rs Reg  1.4"= T, (D-4)

R
n

o
vs=Vst Vs closed for:

P
QT Ted = To(D+d) { 1@

Fig. 3. Switched model equivalent to the
circuit of Fig. 1; starting point for deriva-
tion of the continuous model of Fig. 10.

several parasitic resistances of obvious
physical origin which are important in deter-
mining the effective Q of the implicit filter
response characteristic. There are two
independent "driving" signals: the line voltage
vg and the duty ratio d. Each is taken to have
a“dc part and small-signal ac part, so that

v Vgt vgand d =D+ d. Since the
”gomplgmentgr " duty ratio 1-d frequently
occurs in the equations, it_is given the symbol
d' = 1-d, so that d' = 1-D-d = D'-d. As a
consequence of the dc and ac components of the
two driving signals, all other voltages and
currents in the circuit also have dc and ac
components, in particular the output voltage

v =V + v, The analysis objective is to find a
continuous model (unlike the switched model of

Fig. 3) from which the dc_and ac components of

the output voltage V and v can be found from
the dc and ac components of the two driving
signals Vg, Vg and D, d.

The approach taken is an extension of that
in [1], in which the small-signal ac components
Vg, d, etc. are taken to be slow compared with
tﬁe switching frequency f. This restriction
permits the nonlinear model of Fig. 3, which
consists of two switched linear models, to be
approximated by a linear model whose element
values are appropriate averages of their values
in the two intervals T¢d and T.d'. Furthermore,
this approach permits most of %he analysis to
be performed through successive transformations
and reductions of circuit models; physical
insight is thus better retained, and under-
standing made easier, than if analysis is
performed entirely by algebraic manipulation.
The result of this approach is an "averaged"
model from which the two transmission charac-
teristics can be obtained for dc and for ac at
frequencies below the switching frequency.

The objective is to combine the two
separate linear models of the piecewise-linear
model of Fig. 3 into a single Tinear model.

The procedure consists of a number of steps in
manipulation of the model, which will be
presented here for a slightly simplified version
of Fig. 3 in which Rg, Ry, Ry, Ry,and R. are

set equal to zero. ?his is done so tha% the
method may be illustrated without the burden

of extra elements and terms which merely
complicate the diagrams and equations. The
effects due to these temporarily discarded
elements will, however, be restored into the
final results. Also, a number of comments
concerned with the significance and interpreta-
tion of certain steps will be deferred until the
end of the derivation.

Step 1. Draw separately the linear models
of Fig. 3 that apply during each of the
intervals Tqd, T.d' as shown in Figs. 4(a) and
4(b) respectively. Identify the voltages and
currents that are continuous across the switch-
ing instants, namely the capacitance voltages
Vgs V¢, and the ampere-turns per turn of both
the switched inductor, iy, and the input
filter inductor, ig.
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Fig. 4. Step 1-in the model derivation

(parasitic resistances in model of Fig. 3
omitted): separate linear models that apply
during the two intervals Tsd and Tsd'.

Step 2. Manipulate the models of Fig. 4
to have both the same topology and the same
values of the continuous voltages and currents
at corresponding poirits, as shown in Fig. 5.
the present case, this requires scaling of the
current nyi, in Fig. 4(a) to match the current
i, in Fig. ﬂ(b), which is done by introduction
of an ideal transformer of ratio 1:ny in Fig.
5(a); since the voltage vg is already the same
in both models, the transformer is introduced
to the right of Cg. To produce the same
topology, a 1:1 transformer is introduced in
the same place in Fig. 5(b). Also, since the
current i, flows into C during interval Tgd'
but does not during interval Tgd, introduction
of another ideal transformer to the left of C
allows this condition to be realized with the

In

same topology if the ratio is 0:1 in Fig. 5(a)
and 1:1 in Fig. 5(b).

Step 3. Replace the ideal transformers
in Fig. 5 by ideal dependent generators whose
controlling signals are voltages or currents
that are continuous across the switching
instants. This is done in Fig. 6. (Notation:
squares are used to represent dependent
generators, circles represent independent
generators. )

®'s neie[4] fx] OVCE_‘J [Hoi. .

(@) interval Ted

C) ig v i [&] Ei’:] Vg Ve I:t] D:] i v R
T cT
(b} interval T,d’
Fig. 6. Step 3: replacement of ideal trans-

formgr by dependent generators controlled by
continuous variables.

Step 4. Coalesce the two topologically
identical models of Figs. 6(a) and 6(b) into a
single model in which the various signals have
the average of their values throughout the
entire period Tg, as shown in Fig., 7. For

{dn2+d)R, L
AA—Y Y

VA—— Y YL -
r\)(ZR’u L 3 le
R
tg R biq v [ ij EI %
Vs E % § g v q Vs (dn,+ d’)iE] E:(ldnxm/)vs d’\E E d'i, ve
c:( [ 61_ EI_
Iy (o]
() interval Tyd Fig. 7. Step 4: coalesced models for the
A, two intervals into a single averaged model;
Ry Lo implies imposition of the low-frequency
restriction.
®is g R example, the dependent current generator which
% LY has a value nyi, for an interval Tqd and a value
T T iy for an interval Tqd' has an average value
: (dny+d')i, over the entire period Tg, and
similarly for the other dependent generators.
I ) e The pair on the right, of course, constitutes a
(b} intervat Ty special case in which the signal is zero for one
Fig. 5. Step 2: introduction of ideal of the intervals. The coalescing process takes

transformers to establish the same topo]ogy
and to expose the same continuous variables
for the two intervals.
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a slightly different form for an element whose
value is not the same in the two intervals: the
resistance (an2+d')Ru in Fig. 7 is the value



having a voltage drop across it equal to the
average of the voltage drops in the two
intervals T.d and Tsd'.

Step 5. Substitute dc and ac components
for the variables in Fig. 7. For example, the
left-hand dependent current generator is expressed
as:

(dnx+d')i£

[(D+dn (D' -d) (1 +1,)

(DnX+D‘)(I£+il)+(nx-1)1£d+(nx-1)ild

~

(Dn +D')i +(n -1) 2
The approximation of the final line is neglect

of the ac product term, which is valid for small
ac signals superimposed on the dc. This
generator, therefore, may be decomposed into a
dependent generator proportional to iy, and an
independent generator proportional to the driving
signal d, as shown in Fig. 8. This figure shows

C’giq N C%nx—m,agg glﬁc

R DD’ {n |) Ry (n,( R, d

u

— W *“N—GD{D“*“*>J
(ny— I)Vd Ved

o
YL

Y'Y YL
|15
ol

i
£
ol

n-DR,Ld | vd
~ (Dn2+D) R, R
*(nx NId (ne-NV,4 qDI‘d
) R
®i | e jEIn )
C:s ’:s Dy, D,vs D'v D, C:‘:c
Dy = Dn+ D
Fig. 8. Step 5: substitution of dc and ac

components; implies imposition of the small-
signal restriction.

corresponding manipulations of the other three
dependent generators of Fig. 7. The substitution
process for the averaged resistance is as follows.
The voltage across (dny2+d')R, is

(dnx2+d' )RU19, = [(D+a)nx2+(D|_a)]Ru(IQ‘.*_%K)

2. . 2 q
% (an +D )Ru1z+(nx -1)R Ikd
where again the product term in 12d is omitted.
This voltage can be represented as that across a
resistance plus an independent generator propor-
tional to d, as shown in Fig. 8

. For conciseness, vy Cs
the factor an+D' is replaced by Dy

Step 6. Replace the dependent generators
by corresponding ideal transformers, and add a
resistance R, to the left of the Dy transformer,
as shown in E1 To compensate for this
addition, the ref]ected value Dy2R, must be
subtracted from the right-hand side of the Dy
transformer so that the net res1stance in this
branch is then [{(Dn,?2 - Dy ]R » which
reduces to DD' (n -1§ R as shown 1n Fig. 9.
One other change has been made in Fig. 9, namely
the independent generator I,d has been reflected
from the right to the left Side of the D' trans-
former.

biDy D

Fig. 9. Step 6: Restoration of ideal trans-
formers in place of the dependent generators
and adjustment of certain element positions.

As mentioned at the beginning of the
derivation, the resistances Rg, Ry, R, Ry>and
Rc were omitted., If these elements are
1nc1uded the model of Fig. 9 becomes extended
to that shown in Fig. 10, in which

ey = (nX-1)VSa (1)
e, = vC& (2)

eg = [(0-0)(n-D%RG - (nZ-1)R,

- (0, 2R - D'RIRIA (3)
iy = (n=1)1,d (4)
i = pr 1, (5)

Ry = DD'(nx-])[(nx-l)(RS+Ru)]+anw-Rv] (6)

=
11

» = DD'(Ry*R | R) (7)
DnR,*+D'R,
Dn,+D

10, D1
Fig. 10. Continuous, dc and Tow-frequency
small-signal ac,averaged model for the tapped-
inductor boost converter of Fig. 3 -
(parasitic resistances restored); D and d
refer to duty ratio at the transistor col-
lector.

The circuit of Fig. 10 is the complete
continuous model of the tapped-inductor boost
converter, including input filter, from which
the dc and ac line and control transfer functions
can easily be obtained.
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The ideal transformers operate down to
dc, and the dc output voltage V is obtained as
a function of V, and D by solution with the ac
generators set 8qua1 to zero. Actually, to
allow for an unspecified input filter, it is
more convenient to solve for the dc output voltage
V as a function of D and of the dc voltage at
the input filter output, which is the same as
the input filter capacitance voltage V.. The
dc component I, of the inductor ampere-turns per
turn current is

DV
1, =g (0

D'"R + RT

where

-n2 ' 12
= DX [Ru+(DnXRw+D Rv)/Dx]+R1+R2+D Ry (9)

is the total effective resistance referred to
the middle loop in Fig. 10. The dc output
voltage is then

D 1
V=D'IR=F o ¥ (10)
£ 1+RT/D'2R s

This equation represents the basic boost
property of the converter; for a high-efficiency
system, the effective dc loss resistance RT is
small compared with the reflected load resis-
tance D'2R, so V % (D,/D')V¢. For reduct1on to
the simple boost converter, ny = 1 so Dy

Dny+D' = 1, and then V& (1/D")Vg.

The line describing function is
obtained from the model of Fig. 10 by solution
for V/Vg, and the control describing function
is obtained as v/d through use of the generators
€1» e2, €,, j1, and j2. each of which is pro-
portional™to Before consideration of such
applications of the model, however, some
comments will be made concerning its form and
derivation.

The essence of the procedure of the model
derivation is contained in step 4, in which the
two models of Fig. 6 for the intervals T.d and
T,d' are coalesced into a single model. The
exact average of the two current generators,
nyi, from F1g 6(a) and iy from Fig. 6(b), is
{dnyi, + d'i;). An essential approximation is
then made in the replacement of the average of
the product of two variables by the product of
their averages, so that (dnyig + d' i) =
<dnx12> + (d' 12) m<d>n (i) + <d><1 =

({dyn, '+ (d"} ){ 1§ 'is this f1na% form that
is shown aga1nst the left-hand dependent current
generator in Fig. 7, except that for simplicity
in notation the averaging signs () have been
omitted. As described in [1], the above
approximation is valid if at least one of the
variables is continuous; in this case, d is
not continuous (it changes from 1 to 0), but
iy is continuous. As also discussed in [1],
the averaging process imposes an upper fre-
quency limit on the validity of the result, and
it is for this reason that the model of Fig. 10
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is a low-frequency averaged model, valid for ac
signal frequencies much lower than the
switching frequency.

The steps leading up to step 4 have the
purpose not only of molding the separate linear
models for the two switching intervals into
similar topological forms, but also of setting
up the quantities that are to be averaged in
such a way that the current or voltage factor
in the product is one that is continuous across
the switching instants. Thus, in Figs. 6 and
7, the quantities to be averaged all contain
i 2 Or V¢ (actually, the state variables of
the system) as one of the factors, and the
inductor ampere-turns per turn i, was specifi-
cally identified for this purposé. In
contrast, the actual inductor current iy and the
output voltage v, for example, are not continuous
across the switching instants, as seen in Fig.
2, and their use is therefore suppressed in the
manipulations leading up to step 4, although
the details were not explicit because of
omission of the various parasitic resistances.

In the final result of Fig. 10, all the
parasitic resistances Rgs R, R, R4s R¢, and
also Ry which was retained throughout the deriva-
tion, appear in the same physical positions as in
the original circuit of Fig. 3. (Although
since Ry, and Ry each appears in the original model
for only one of the two switching intervals, they
appear in Fig. 10 in an appropriately averaged
form with an obvious physical interpretation.

It is for this reason that these averaged forms
are purposely inserted in the shown position

in Fig. 10, just as Ry in the adjacent

position was purposely added in step 6.)

In addition to the appearance of the
parasitic resistances in the expected places,
the model of Fig. 10 shows the presence of
two additional resistances Ry and Ry defined
by Eqs. (6) and (7), which are related to
the parasitic resistances. It is interesting
to note that Ry and Ry are zero at both zero
and unity dc duty ratio (D = 0 and D' = 0),
and have maximum values at D = D' = 0.5.

The additional resistances Ry and Rp appear

in the averaged model of Fig. 10 because of
strict adherence in the derivation to the
requirement that one of the two gquantities in
an averaged product must be continuous across
the switching instant. However, as seen in
the waveforms of Fig. 2, the output voltage

v, for example, while not continuous may be
considered quasi-continuous in that the steps
are small compared to the total value. If
quasi-continuity is accepted instead of strict
continuity in step 4 of the derivation, then
the resistances R] and Ro do not appear in the
result. This simplified procedure was followed
in [1] in the derivation of an averaged model
for the simple boost converter.

To see the significance of the "extra"
resistances Ry and Ry, consider the model of
Fig. 10 reduced for determination of the line
describing function 0/09. For this case of



constant duty ratio, the é's and j's are all
zero, and for further simplicity let the input
filter be omitted. Then, with the two trans-
formers eliminated by appropriate reflection
of the elements in the outer loops into the
center loop, the resulting reduced model is as
shown in Fig. 11. The line describing
function \7/vg is simply that of a lossy LC

Ry

L [l

AA AA VWA A Y'Yy

DZR, DdDnRu+D'Ry) Ry Rz 0%Ry

0?RS

C—) O

Fig. 11. Reduced version of averaged model
of Fig. 10 for determination of the 1ine
describing function v/vg, without input
filter; Ry is the total effective series
resistance.

filter whose Q-factor is determined (in part)
by the total effective series resistance Ry,
defined in Eq. (9) and in Fig. 11 as the sum
of the various parasitic resistance elements
shown. Clearly, Ry and R, increase the
effective loss and lower %he Q.

The original motivation for the model
derivation including strict continuity of one
of the variables in an averaged product, which
leads to the appearance of Ry and R,, was
to explain measured Q factors in bo%h the line
and control describing functions that were
significantly smaller than those predicted
in the absence of Ry and R,. However, although
the improved model provide% a qualitative
change in the right direction, the
quantitative lewering of the Q caused by the
addition Ry and Ry was insufficient to explain
the observed results. An entirely different
effect, discussed in the next section, was
found to be the cause of the observed low Q.

3. MODEL EXTENSION FOR STORAGE TIME
MODULATION EFFECT

When a measurement of the ac line
describing function is made in the tapped-
inductor boost converter shown in Fig. 1, an
ac variation v, is superimposed on the line
voltage V4, and”the transistor switch is
driven frgm a modulator in such a way that the
base drive is turned on and off with constant
(dc) duty ratio, without any control signal ac
modulation. As described above, such measure-
ments showed a Q-factor significantly lower than
could be accounted for by reasonable values of
known parasitic loss resistance.

However, in the course of such measure-
ments, it was noted that the transistor switch
duty ratio at the collector was in fact being
modulated by the injected 1ine ac signal, in

spite of the constant duty ratio base drive.
Since the transistor collector turn-off is
delayed after the base turn-off drive by the
storage time, a possible explanation of the
effect is that the storage time is being
modulated by the 1ine ac signal. This could
occur because the 1ine ac signal modulates the
current carried by the transistor during the on-
time, and the storage time is dependent upon the
collector current to be turned off.

In an attempt to establish a quantitative
model of this effect, an obvious starting point
is an expression for storage time tg as a func-
tion of the collector current Ic to be turned
off, and of the base drive conditions. From
well-known charge-control considerations, such
an expression is [2]

t_ = cn Ts2 * a1 (11)
s s LT, Y178

in which t_ is the base carrier lifetime in the
saturated "on" condition, Ipy is the forward
base current just before turn-off, Ig, is the
turn-off (reverse) base drive, and g is the
active current gain for the collector current
Ic at the end of the storage time. For typical
turn-off overdrive such that Ip, >> I¢/g, the
log may be expanded to give

T

t Rt - =1 (12)
S so BIBZ C

where
tso = rsnn(l + IB]/IBZ) (13)
Hence, for constant base turn-on and turn-off

drive currents, the storage time decreases
linearly with increasing Ic to be turned off.

The next step is to incorporate this
result into the duty ratio relationship. If the
base is driven with duty ratio dg so that the
on-drive is present for an interval Tgdg of
the switching period T, then the collector will
remain “on" for an interval T.d given by

Tsd = TsdB + tS (14)
so that t I
d =dy+2- (15)
S M
where
1 (16)
M - T

is a "modulation parameter" that describes how
the collector duty ratio d in Eq. (15) is
affected by the collector current IC‘

In the context of the tapped-inductor
boost converter of Fig. 1, the collector
current to be turned off is the inductor
current in the interval Tgd, namely
ig = n,i, (Fig. 2). In general, the base
drive éuty ratio dg has dc and small-signal ac
components dg = Bg + dg that contribute to the
corresponding componen%s ig = I, + ?g, so that,
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from Eq. (15),

t n, I . n, .
d=D+——S—°-—X-—l->+<d ___X_1'> (17)
< B Ts IM B IM [}

The dc and small-signal ac terms in the
above equation represent respectively the dc
and small-signal ac collector duty ratios D and
d that were employed in the development of the
continuous model of Fig. 10. A1l that is
necessary, therefore, to account for the
collector storage time modulation effect is to
substitute the above expressions wherever D and

occur in the model of Fig. 10 and the
associated equations (1) through (7). The dc
substitution represents merely a small offset
in the dc duty ratio, and is of no qualitative
concern. In the ac substitution, the term of
jmportance is that in iy, so that the five e and
J generators of Fig. 10 and Egs. (1) through
(5) each gains an additional generator as shown
explicitly in Fig. 12, in which

RM.I = nx(nx—])VS/IM (18)
Ryp = NV /1y (19)
Ryz = n,[(D-D*)(n ~1)2R -(n 2-1)R

- (nZRR,) - DURIIRIL/T,  (20)
Ky = hx(nx-])lz/lM (21)
K (22)

I: Dx

Fig. 12. Extension of model of Fig. 10
to include generators that represent
the transistor storage-time modulation
effect.

In Fig. 12, the e and j generators are still
given by Egs. (1) through (5), with dp substi-
tuted for d. However, now that the collector
storage modulation effect has been explicitly
accounted for in the model, it is more con-
venient merely to drop the sub B and to
redefine D and d to refer to the base drive duty
ratio rather than to the coliector duty ratio,
so that the small difference between D and D
is implicitly ignored and Egs. (1) through (g)
remain applicable as they stand.

Some further manipulation of Fig. 12

leads to a simpler and more useful model.
First, it is noted from Eq. (17) that n,I,/Iy
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represents the difference between the
collector and base dc duty ratios due to the
influence of the collector dc current nyl

upon the storage time. For normal designs this
difference will be sufficiently small that
nylo/Iy << 1. It then follows from Egs. (21)
and (22) that Ky << 1 and Kp << 1, except
perhaps for extreme conditions where n, >> 1
(very Tow inductor tap ratio), or D' << 1
(approaching unity duty ratio D). In Fig. 12,
the ac current Ky7, is summed with the ac
current Dy1, at point Ay, and the current

Koty is summed with 1y at point Ay; therefore,
to the extent that Ky, Kp << 1 both the K; and
the K2 generators in Fig. 12 have negligible
effect and can be omitted from the mode%.

Second, it is seen that each of the R
dependent generators in Fig. 12 is proportional
to the ac current flowing through it, and can
therefore be directly replaced by the corres-
ponding resistance.

The resulting model is shown in Fig. 13,
in which the Ky and Ky generators are dropped
and the e generators and Ry resistances are
condensed to

é=e]+82+é3 (23)

R + R (24)

M M3

Some reduction and simplification in these
expressions can be achieved by comparison of

the contributing terms. From Eq. (10), V¢ =

V = D'I4R and it can then be seen from Eqs. (2),
(3) and (19), (20) that the ratios es/ep and
RM3/RM2 are. onthe order of the ratio between

Rm=
DnyRy+D’'R, Rmi+Rumz2+Ruz
Vs \Dn‘+D
-'V\N—‘VV\q
Ru RI ~ _t
A €=
Vg Rs 8+8,+8,
Pt
[% W‘s Dy = Dny+D’
I: Dx
Fig. 13. Complete continuous, dc and Tow-

frequency small-signal ac, averaged model
for the tapped=inductor boost converter
of Fig. 3, including the "modulation
resistance" Ry which is present only

in the ac model; D and 4 refer to duty
ratic at the transistor base.

some combination of the parasitic resistances
and the load resistance R; consequently, the
contributions e; and Rys can be dropped in
Egs. (23) and (54). Then, from Eq. (10) with
a similar degree of approximation, V =
(Dy/D')Vs and the remaining terms in Egs. (23)
and (24) can be combined to give



~ N, R
e = ﬁi vd (25) - '
X 2 ~ Dv+{)
2 s A
n<¢\V n TV VWA ~
R = -5—'1"'= o IS T (26) DR, DOnR+DR) B L¥ie| Re  p2gy
m D Iy Dy BlgpTg - DR,
The final model is a continuous, averaged VRN RO 2
mode1 for the tapped-inductor boost converter DV, = DLV, R'DD(W:”B?'H&+RJ+nJh RJ DV,=D'V DR
with input filter, including the transistor Rp=DD (Rg+RCIIR) 1
switch storage-time modulation effect accounted Rye o V0 T 7
for by the resistance R¥. It is valid for D, In D, BlgeT,
ac

both dc and small-signa with the proviso

that the resistance Ry is to be included only Fig. 14. Partially reduced version of
in the ac model and not in the dc model. This averaged mode] of Fig. 13 for determination
is necessary because of the step by which the of ﬁhe control describing function v/d,
model of Fig. 13 was obtained from that of without input filter.
Fig. 12: the total current through the R D, and D' ideal transformers have been
generators of Fig. 12 is I +i , but the efiminated by reflection of the elements of
generators are functions only of the ac the left and right Toops into the center
component T . In the final model of Fig. 13, loop. The circuit of Fig.14 contains both the
the resistarice Ry is enclosed in an oval as a dc and ac models, and certain resistance
reminder that it is to be included only in the combinations of interest are identified in the
ac model. figure: Ry, is the ac resistance to the left
of j2, Rr s the total effective dc series loss
It is seen from Fig. 13 that inclusion resistance, and Ry is the total effective ac
of the storage-time modulation effect leads series damping resistance. The distinction
to a modification in the model that is at least between Rt and Ry occurs because the storage-
potentially capable of explaining the observed time modulation resistance Ry contributes to ac
properties: the appearance of the ac damping, but does not contribute to loss
resistance Ry lowers the Q of the implicit because it is absent in the dc model.
filter characteristic, and the fact that the
effect is represented only by a resistance A final reduction of the model is made in
confirms that no other property of the model Fig. 15, in which the two remaining independent
is affected. DY+ 3)
G “
The storage-time modulation effect is L Ry Ry Letie |
manifested through two parameters: first, the o . Ry DR,
parameter Iy defined in Eq. (16) is determined Dz e-(ResL), = g (145;) VA .
by transistor internal properties 1g and B, and ~ n, DR DR
by the switch input circuit drive conditions “eET5, L D'V, =D’V
described by the period Tg and the turn-off T\, = DLV C
base current Igp; second, the parameter Ry e Dy =Dn. + 07 _I%k
which, by Egs. %]8) through (20) and (23), is T

inversely proportional to Iy and is a function
also of the switch output circuit, namely the
boost converter element values and operating

Fig. 15. Fully reduced version of model of
Fig. 14, showing appearance of right half-
plane zero wa; RT is the total effective

conditions. dc series loss resistance, and Ry is the
total effective ac series damping resistance.
generators are combined into a single generator
4. MODEL REDUCTION AND EXPERIMENTAL VERIFICATION given by
Although the qualitative nature of the dc Va1 7 € - (Rl * SL)JZ (27)
characteristic V as a function of Vg and D and . . . - 2
of the ac line describing function 3/0 are With substitution fgrhe and J f{om.Eqs. (25)
obvious from the model of Fig. 13, the nature 3“9 (?),Rtggethgr W}$0 thg dc(£$ a§1on
of the ac control describing function v/d is = D'I,R from Eq. ), Eq. ) becomes
not so obvious because the driving signal enters R n 1 .
through the three separate generators e, jy, and V41 = X (Rn + sL) — | Vd (28)
Jo. Understanding and interpretation of this D D'“R
cﬁaracteristic is therefore facilitated by X
some further manipulation and reduction of the Again with neglect of the ratio of parasitic
circuit of Fig. 13 for some special cases. resistances to the reflected load resistance,

. . . . “ the term in Ry, may be dropped so that
If the input filter is omitted, the j

generator becomes mmaterial, and one step in

>

n S
reduction of the model of Fig. 13 for calcula- A X e ) (29)
tion of the control describing function may vd D ®
be accomplished as in Fig. 14, in which the X a
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which is also shown in Fig. 15, where
D'2R
- X (30)
- IT'_T'
The response of the ac output vo1tage v
to the effective driving voltage V47 in
Fig. 15 is simply that of the lossy low-pass
filter. In terms of suitably normalized
quantities, the result for the overall control
describing function v/d i

v 1+ 1+s/w.)
X:_= "y ( S/w.)( s/uy . (31)
vd D 1 /s s
X“Q—-(;g)+($g>
where
wc')_ . wz_ wa_ nx 2
5;'- D' (32) ;; = QC (33) ;g-- - ﬁ; D QL(34)
2
1 111 1 D'
Te ol te t o (35)
Q D Qt QL QC
and in which ‘
1 woL :
= —(36) Q, =5— (37)
) T t Rt
Q. = 2 (39) R (39)
= 38 Q =— (3
c RC L wOL

are normalized parameters related to the original
elements in Fig. 3, In the above results, terms
in the ratio Rt/D'éR have been neglected com-
pared to unity.

Equation (31), referring to the model
of Fig. 15, shows that, for the tapped-inductor
boost converter of Fig. 1 without input filter,
the control transmission frequency response is
qualitatively the same as previously obtained
for the simple boost converter in [1]. That
is, the response is characterized by a Tow-pass
filter whose corner frequency wgy' and peaking
factor Q' both change with dc duty ratio D, a
zero w, due to R which is constant, and a
negative zero w, wh1ch results from the switch-

s-plane
/x
ws increasing D Wy
—o -—0— ——

\

x

\

Fig. 16. Pole-zero pattern in the s-plane
for the control describing function v/
obtained from the model of Fig. 15.
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ing action and which also changes with D. The
pole-zero pattern in the s-plane is therefore
as shown in Fig. 16, in which the pole pair and
the zero w, are in the left half-plane and the
zero wy is in the right ha]f-p]ane The
arrows indicate motion with increasing D. It
is interesting to note that w, is in the righ
half plane because of the subgract1on of the
contribution of the generator j from that of
;he gigerator e in the single generator vd] in
19.

Experimental verification of various
aspects of the continuous model of Fig. 13 have
been made. The first objective was to confirm
aspects of the model related to the storage-
time modulation resistance Ry. The circuit of
Fig. 17 was constructed, which corresponds to
that of Fig. 1 with the input filter omijtted.

Ve Rq=0.140 L=6.0mh __~Rp= 33;29 Vb
"¢l
=2  Nny=l esr =
remote. 0.280
sense
modulator E a a / R3S

power _ - z_‘ Cg=1.2nf
supply | Cs=|I00uf | 7400\ oea
Vl -
{7 Rg=374 imi

T vedvelsv

Clasut

Fig. 17. Experimental tapped-inductor boost
converter without input filter. Base
drive duty ratio ac modulation is imposed
by v1, and the resulting collector duty
ratio ac modulation is monitored at V2.

In the circuit of Fig. 17, the inductor
consisted of 100 turns of #20 wire of
resistance Ry = 0.14Q to the ny = 2 tap, plus 100
turns of #24 wire of resistance Ry = 0.320
wound on an Arnold A930157-2 MPP y = 125 toroid.
Independent measurements showed that the
inductance at typical dc current levels was

= 6.0mh. The capacitor C was a combination
of solid tantalums which independent measure-
ments showed to have a capacitance C = 45uf
and esr = 0.28a. The 2N2880 power transistor
was switched through a base resistance Rg =
374q between voltages +Vgy) = +5.7v and -Vg
-5.7v by a modulator that provided f1xed-
frequency, trailing-edge modulation controlled
by d¢ and small-signal ac input voltages Vq
and v]

A preliminary experiment was done to
measure the modulation parameter Iy determined
by the switch transistor and its input circuit.
Combination of Eqs. {12) and (16) shows that
the "normalized" storage time is a linear
function of IC;

S._so__C (40)

From the waveforms of Fig. 2, it is easily seen
that I, which is the current in the transistor
just before turn-off, is given by



V-VS D'Ts
IC =n, Il A e (41)

From Fig. 15, V & (Dy/D')Vg and Iy &
(DX/D'ZR)VS, so the above equation reduces to

2

. nXDsz/l . n DD'“T (42)

c 7\
D R ZDXL

Measurements of storage time tg, taken directly
from an oscilloscope, were made for various
combinations of V¢, R and D in the circuit of
Fig. 17 (without the speedup capacitor Cg)

with switching frequency fg = 1/T, = 10kHz

and ny = 1 (simple boost converter configuration)
Resulting data points of tg/Tg vs. I from

Eq. (42) are shown in Fig. 18, from which the
measured slope gives Iy = 40 amps.

T I T T T T

0.020

without Cg

0.015

[

Ts 4
0.010 -

L fo=1/Tg = 10 kHz
0.005F

i I¢, amps

1 { 1 1 I\ 1

0 Q.1 0.2 0.3 0.4 0.5 0.6 0.7

Fig. 18. Determination of the "modulation

parameter” Iy by oscilloscope observation
of the collector storage time tg in the
circuit of Fig. 17 (ny, = 1).

As a matter of interest, the transistor
parameters tg and 8 may also be deduced from
these results. From Fig. 18, the vertical
axis intercept is tgo/Ts = 0.0215, so tgq =
2.15usec. From Eq. (13}, ts= tso/in(1+151/15)
in which Igy = (Vgy - Vgg)/Rg = 13ma and
Igz = (Vg2 1 Vg )9&3 = ?sma, where Vgg & 0.7v
is the forward base-emitter threshold voltage
of the transistor, which leads to 15 = 3.8usec.
Then, from Eq. (16), 8 = tsIy/IgpTs = 90.

Also as a matter of interest, data are also
shown in Fig. 18 for base drive including the

speedup capacitor Cg = 0.0012uf. As expected,
this reduces the storage time but does not
alter its rate of change with Ig, so that the
modulation parameter Iy remains the same.

A group of measurements was then made
for the purpose of exposing the effect of
the storage-time modulation resistance Ry upon
the effective damping of the filter character-
istic in the control describing function. The
circuit of Fig. 17 was used, reduced to the
simple boost converter configuration with
ny =1, so that Dy = Dn, + D' = 1 for all D.
A Hewlett-Packard 302A aave Analyzer in the
BFO mode was used as an oscillator and
automatically tracking narrow-band voltmeter.
The oscillator output provides the ac control
signal Vs and the voltmeter reads the ac
output voltage v. There is no signal frequency
dependence in the modulator, so that the ac
duty ratio d at the modulator output is
proportional to vy, independent of frequency.
The measurements of the control describing
function V/V7 should therefore have a
frequency response predicted by v/d from the
model of Fig. 15.

As will be seen, the larger part of the
effective damping resistance R_ is the modula-
tion resistance Ry; the effectfve loss
resistance RT is therefore inaccurately deter-
mined from Rt, and is also inaccurately
determined by calculation from the various
parasitic resistances since they themselves
are not accurately known.

It happens that the effective loss
resistance can be determined directly by a dif-
ferent measurement in the circuit of Fig. 17.
As indicated, the transistor collector wave-
form, in the presence of vy, is modulated both
in amplitude and duty ratio. If this wave-
form is put through a limiter, the output has
constant amplitude and the same duty ratio
modulation, If the limiter output is applied
to the analyzer input, the analyzer narrow-band
voltmeter gives a reading vp proportional to
the duty ratio modulation. Hence, v2 is
proportional to the actual collector duty ratio
modulation, which is different from the base
drive duty ratio modulation becuase of the
storage-time modulation effect, and so a mea-
surement of v/vp in the circuit of Fig. 17 gives
the control describing function that would
exist if there were no storage-time modulation.
The frequency response of this characteristic
would therefore be predicted by the model of
Fig. 15 with Ry absent, so that a direct
measurement of Ry can be obtained.

. A measurement of the characteristic

|v/vp| made in this way on the circuit of Fig.
17 with n, = 1 is shown as curve (a) in Fig.

19. The measurement conditions were f¢ = 20kHz,
D=0.25, V= 50v, and R = 240p. From Eq. (36),
the normalizing frequency is fg = wy/2n = 310HZ,
and from Eq. (32) the effective filter corner
frequency is f,' = D'fy = 0.75 x 310 = 230Hz.

As seen from curve (a) in Fig. 19, the measured
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simple boost: n, =1

(Ry absent) .z 20kHz, V=50v

10 db

(b)

fg=20kHz, V=50v:
Rm=2.50

1f

I
¥
h(RM present) fg=20kHz, V=25v:
Ry=1.258

fo= I0kHz, V=50v:
Rp=1.250

1 L L L L1 L L

! 1 o
10Hz 20 40 60 80100 I kHz

Fig. 19. Exposure of effect of modulation
resistance Ry on the control describing
function peaking factor Q' in the circuit
of Fig. 17 with ny = 1 and D = 0.25;

(a) determination of R 1 29 from
observed Q' = 13db; ; ) predicted
lower Q' when var1ous ca]cu]ated values

of Ry are included, and observed data
points.

corner frequency is essentially equal to this
predicted value. Curve (a) also indicates that
the peaking factor is Q' = 13db -~ 4.47. From
Eq. (35), the total effective damping is due to
Qt, Qs and Q.; for the present case, from Egs.
(38) and (39), Q¢ = wol/Re = 11.4/0.28 = 41

in which R. = 0.28a is the capacitance esr, and
QL = R/wgl = 240/11.4 = 21. Then, with use of
the measured Q' = 4.47, Eq. (35) may be solved
to give Q¢ = 9.39. Finally, from Eq. (37) with
R rep]aced by Rr because Ry is absent under
the conditions of this measurement, Ry =

wol/Q¢ = 1.2a. This is a reasonable value,
since for ny = 1 Ry is the total inductor
resistance ﬁ RatR. = 0.46q, which Teaves

1.2 - 0.46 % Yo.7¢0 foP the remaining parasitic
res1stances

With RT thus directly determined from the
response v/v » attention can be returned to the
actual contro] describing function V/vy in
which the modulation resistance Ry is present
in the model of Fig. 15. Curve (b) in Fig. 19
shows |V/Vy| for the circuit of Fig. 17 under
the same conditions as for curve (a), namely
fs = 20kHz, D = 0.25, R = 240q. For ny = 1,
the expression given by Eq. (26) is Ry = V/Iy =
TSV/BIBET As prev1ous]y determ1ned by
independent measurement, = 40 amps for
fs = 10kHz; therefore, since Iy is proportional
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to the switching period Tg, Iy = 20 amps under

the condition fg = 20kHz for curve (b) in Fig.

19, and then Ry = V/IM 50/20 = 2.5q. With

use of the value RT = 1.2q already found, the

total effective series damping resistance in

the model of Fig. 15 is Ry = Ry + R

2 5 + 1.2 = 3.7q, which from Eq ;) gives
L/Ry = 11.4/3.7 = 3.08. Then, from

278 N q = 21, Q. = 41, and D = 0.25,

the tota] effective peaking factor is

Q' = 1.94 > 6 db. The direct measurement of

curve (b) shows a Q' of about 5db, so that

the presence of the modulation resistance

Ry = 2.50 in the model of Fig. 15 accounts

both qualitatively and quantitatively for the

considerable lowering of the peaking factor

by about 8db.

Another result due to Ry is a change in
effective filter peaking factor Q' with change
of voltage operating level or of switching
frequency, which would not occur in the absence
of the storage-time modulation effect In the
simple boost converter with n, =1,

V/I =1 V/BI and is therefore proport1ona1
Eoth ¥ and = 1/Tg. Curve (c) in Fig.

19 shows the contro] transm1ss1on characteristic

under the same conditions as for curve (b)

except that Vg is halved, which similarly scales

all the dc values, including the output voltage

V. Hence, for Iy = 20 amps, Ry is halved to

1.25q and Ry stays the same at 1.2q, so that

Rt = 2.45q0. With all other quantities the

same, Q' = 2.90 - 9db which agrees well with

the measured value of 8db in curve (c).

Alternatively, if V is restored to 50v but

the switching frequency is halved to fg = 10kHz,

IM doubles to 40 amps and Ry = 1.25@a again,

so that Q' remains at 9db, which is the value

measured in curve (d) in Fig. 19.

Attention is now turned to measurements
under conditions that expose the right half-
plane zero w., in the model of Fig. 15. Still
for the simp?e boost converter configuration

= 1, measurements of the control describing
funct1on v/v were taken on the circuit of
F1g 17 under the condition fg = 20kHz, D = 0.6,

25v, and R = 162q. Data points of both
magn1tude and phase of v/v are shown in Fig.
20. The phase measurements were also taken
with the Hewlett-Packard 302A Wave Analyzer,
by techniques that have been described else-
where [3]. The control describing function
predicted by the model of Fig. 15 is obtained
as follows.

The normalizing frequency is f, = 310Hz,
and from Eq. (32) the effect1ve filter corner
frequency is fy' = = 0.4 x 310 = 130Hz
From Eqs. (38) and ( 39? Qc = 41 and Q
At f_ = 20kHz, Iy = 20 amps and the cofrespond—
ing fodulation resistance is Ry = V/Iy =
25/20 =1.250. With the parasitic loss
resistance still Ry = 1.2q, the total
effective series damping resistance is Ry =
Ry + Rr = 2.45q, so from Eq. (37) Q¢ = 4.61.
Then, from Eq. (35), the effective peaking
factor is Q' = 1.37 » 3db. Next, from Eq.



T T 7 T T T T T T L
Q'=3db _
magnitude:
— predicted
® megsured \\
F-90°
- -180°
L o700 phase:
- — predicted 1
© measured fo f5=20kHz\*
=13 kHz
simple boost: n =1
| L] L I [ . ) Lo
100 Hz | kHz 10 kHz
Fig. 20. Exposure of effect of right half-

plane zero wy on the control describing
function in the circuit of Fig. 17 with

=1 and D = 0.6: the maximum phase lag
exceeds 180°.

(33), f = 41 x 310 = 13kHz, and from
kq. 345 (w1%h ny=1and Dy = 1) fz =
-D'2Q; f, = -0.42"x 14 x 310"= -720Hz. Thus,

all tke parameters in the control frequency
response of Eq. (31) are known, and the
corresponding predicted magnitude and phase
asymptotes are shown in Fig. 20 for comparison
wnhtMrmamedduapmnu It is seen
that agreement is quite good; in particular, it
may be noted that the phase exceeds 180° lag
as is expected from the right half-plane zero
f.; the phase fails to reach 270° lag because
of the left half-plane zero wz; due to the
capacitance esr.

Further series of measurements were made
on the circuit of Fig. 17 in the tapped-inductor
condition with ny = 2. A first set of data
points for the control describing function v/v,
was taken under the conditions fg = 20kHz,

= 0.25, V = 25v, and R = 240q, and the results
are shown in curve (a) in Fig. 21. As in the
previous example with ny, = 1, the v/v
characteristic does not 1nc1ude the effect of
RMs so that a direct measurement of the parasi-
tic loss resistance may be obtained. From curve
(a) in Fig. 21, the measured effect1ve peak1ng

factor is Q' = 9db » 2.82, and Qc = 41 and Q
21 as in the examp]e with n, = ] Therefore,
from Eq. (35), = 4.9 and hence R 2.3q.
Since the norma]¥z1ng frequency is ¥ 310Kz,

the effective filter corner frequency is fo' =
D'fo = 230Hz.

. a The actual control describing function
v/vy was then measured under the same conditions,
S0 that the effect of Ry was included, and the
results are shown in curve (b) in Fig. 21. The
predlcted value of Ry 1s obtained from Eq. (26),
RM = ng2V/DyIy: for fg = 20kHz, Iy = 20 amps as
before; for ny, = 2 and’D = 0. 25, Dy = Dny + D' =
(0.25 x 2) + 0.75 = 1.25, so for V = 25v,

= (22x25)/(1.25x20) 4.00. The predicted
value of the total effective series damping

T T —— T T — T T —
Q'=9db
. .
L]
i .(O) ° . 1
% Vo254 : fs= 20 kHz —=
| (Ryabsent) {
|
(b} L e .o][
M )
V=25y: | B
= |
Ru=4.002 | 10db
i
(c) ' —
/‘ V=50v:
N Rpy=8.040 |
i
7, fy =230 Hz
| (Rm present)
d
=-5.8kHz
tapped boost: n, =2 . ‘
*
° _
...
L L T . I Lo L ) P

100 Hz | kHz 10

Fig. 21. Exposure of effect of Ry and the
right half-plane zero w, on the control
describing function in he circuit of
Fig. 17 with ny = 2 and D = 0.25:

(a) determination of Ry = 2.3a from observed
Q' = 9db; (b), (c) predicted lower Q'

when various calculated values of Ry are
included, and observed data points.

resistance is then Ry = R
6.3, which leads to Q¢ = 1 and a total
effect1ve peaking factor Q = 1.22 -~ 2db,

in good agreement with the observed value in
curve (b) of Fig. 21. From Eq (34), the right
ha]f—p]ane zero is f (nyD' 2q /Dx)

-{2 x 0.752 x 21/1. 2g 3]0 -5 8kHz, a?so in
good agreement with curve (b) of Fig. 21.

+Rp=4.0+23=

As a further check on the model, the
previous set of measurements was repeated with
all dc levels doubled, so that V = 50v. The
results are shown in curve (c) in Fig. 21;
the only pred1cted change is that Ry is doubled
because V is doubled, so Ry = 8.0a. Then,

= 8.0+ 2.3 =10.302 s0 Q¢ = 1.1 which leads
to Q' = 0.77 » -2db, in good agreement with
curve (c) of Fig. 21.

Finally, some sets of measurements of
the control describing function were made for
the generalized tapped-inductor boost converter
with an input filter. The experimental circuit
with inductor tap at ny = 2 is shown in Fig. 22,
and the transistor drive conditions and the
converter inductor and capacitor were the same
as in Fig. 17. Independent measurements led
to the input filter element values Lg = 3.2mh,
Cs = 12uf, Rg = 3.5a including the capacitor
esr. The sw1tch1ng frequency was 20kHz.

Prediction of results from the circuit
of Fig. 22 can be made from the general con-
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Ls=3.2mh L=6.0mh v
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power 2400
supply N
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Fig. 22. Experimental tapped-inductor boost
converter with input filter.

tinuous model of Fig. 13. The dc and line
transmission characteristics are straightforward
and will not be discussed further. The nature
of the control describing function is not quite
so obvious, and understanding of its salient
qualitative form is facilitated by some further
steps in reduction of the model in order to find
a simple equivalent driving generator propor-
tional to the ac duty ratio d.

Figures 23 and 24 show reduced forms of
the general ac model of Fig. 13 that are analogous
to those of Figs. 14 and 15, but with retention
of the input filter whose effect is represented
by its source impedance Z. Tooking back into

D2Z, -

DyVs

Fig. 23. Partially reduced version of
averaged model of Fig. 13 for determination
of the control describing function v/d, with
input filter.
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Fig. 24.
Fig. 23, showing appearance of a minimum
or possibly a null in the effective driving
signal vy, in the neighborhood of the input
filter resonant frequency wg where Zg
reaches a maximum.

Fully reduced version of model of

the power supply as indicated in Fig. 22. As
seen from Fig. 24, the total effective driving
generator vg4 consists of the generator Var»
previously identified in Fig. 15 as
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Vg =e- (R + sL)fZ (43)

n, s .
1+ —)vé (44)
X W3

and an additional generator de resulting from
the presence of Z; given by

S néy (1% i
Vaz = Dy Zs(DX iy + ) (45)

From Eqs. (4) and (5), this generator can be
expressed as
- 2 nX v N
Vi, =D°2 ——5—d (46)
d2 X s.DX D'2R
in which the dc relation I% = V/D'R has been
e

used. Hence, the total effective driving
generator in Fig. 24 is

2
- S D Z.| .
= X — X)) _s
V4= D [:1 * = <D‘> R]Vd (47)

X a

=]

With substitution for the frequency dependence
of the source impedance Zs, Eq. (47) becomes

PRNIPCLY LA i)

- ?
vd D W \D' 1(s\ . (S
X a 1+ Qs(ws) * (ws>
(48)
where
w L
ws = 1 (a9) q == (50)
LC s Ry

The salient features of the control
describing function in the presence of the input
filter can now be seen by inspection of the
reduced model of Fig. 24, and Eq. (48).

The source impedance Z; goes through a maximum
value of about Qg¢/Rg at approximately its
resonant frequency wg, so that vq goes through a
corresponding minimum value. In fact, the
minimum could actually be a null if conditions
are such that

2
.\ R
1- <ﬁ¥> §§.QSZ % 0 (51)

This condition is a function of dc duty ratio
D. For the numerical values in the experimental
circuit of Fig. 22, Qg = 4.66 and Eq. (51)
predicts that a null Should occur at D % 0.28.
Computer solution of the model of Fig. 24 with
Vq given by Eq. {48) showed that a null in

the control describing function ¥/d actually
occurred at D = 0.29. Further insight into
the results was obtained by computer solution
for the pole-zero Tocations of the control
describing function for this value of D and
for another on either side of this value,

namely D = 0.20, 0.29, and 0.5. Numerical
values used were Vo = 14v for D = 0.20, 0.29
and Vg = 9.9y for D = 0.5; Ry = V/Iy with



Iy = 20 amps; and the value RT = 2.3 pre-
viously determined for the ny = 2 converter

was used for all three values of D, even

though its value actually varies siightly with D.
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Fig. 25. Computer-calculated pole-zero pattern

in the s-plane for the control describing
function v/d obtained from the model of
Fig. 24 for the circuit of Fig. 22. A
null occurs at D = 0.29 when the complex
zero pair crosses the imaginary axis.

—T T T T —— T

--180°

phose/

/.mognitude

10 dbl

D=0.20, V, = 14v

f, =20 KkHz~]

L )

Ll | L i
100 Hz I kHz 10 I'(HZ
Fig. 26. Computer-calculated magnitude and
phase of the control describing function
for pole-zero pattern (a) in Fig. 25,
showing the minimum in the magnitude response.

The results for the pole-zero positions
are shown in Fig. 25. The left half-plane zero,
lower-frequency complex pole pair, and the right
half-plane zero represent the basic response of
the converter effective low-pass filter, with
the expected position-dependence upon D. The
higher-frequency complex pole pair and complex
zero pair represent the response due to the
input filter, whose positions also depend upon
D. In particular, it is noted that the complex
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Fig. 27. Computer-calculated magnitude and
phase of the control describing function for
pole-zero pattern {(b) in Fig. 25, and data
points obtained from the experimental cir-
cuit of Fig. 22, showing the null in the
magnitude response.
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Fig. 28. Computer-calculated magnitude and

phase of the control describing function
for pole-zero pattern (c) in Fig. 25, and
data points obtained from the experimental
circuit of Fig. 22, showing the large phase
lag at high frequencies.
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zero pair crosses from the left half-plane to
the right half-plane as D increases, with the
expected null at D = 0.29.

The magnitude and phase plots correspond-
ing to the three sets of computed pole-zero posi-
tions are shown in Figs. 26 through 28. Data
points directly measured in the circuit of Fig.
22 are also shown for two of the sets of condi-
tions.

It is seen that good agreement is obtained
between the measured results and the prediction
of the model of Fig. 24. From a practical point
of view, the chief significance is that a
minimum in the control describing function can
exist as a consequence of the presence of an
input filter, and for a certain dc duty ratio
the minimum could become a null. It is note-
worthy that a null can occur in spite of finite
Qg (nonzero R.) in the input filter. Thus, if
such a conver%er were part of a regulator,
normal internal adjustment of the dc duty ratio
could cause a null in the loop gain. Even
more serious, values of dc duty ratio D greater
than that for which the null occurs lead to a
very large phase lag at high frequencies, much
larger than for smaller values of D. This is
a consequence of the movement of the complex
zero pair from the left half-plane to the right
half-plane. Therefore, very severe regulator
stability problems could be experienced unless
great care is exercised in the design.

5. CONCLUSIONS

A small-signal, low-frequency, averaged
model for the tapped-inductor boost converter
with input filter has been developed and
experimentally verified. The general model is
shown in Fig. 13, and from it the dc transfer
function and the ac line and control describing
functions can be obtained.

The model of Fig. 13 is obtained
principally by manipulations of the circgit
diagrams rather than by algebraic analysis, so
that physical insight into the significance of
the steps is retained throughout the derivation.
In the absence of an input filter, the ac line
and control describing functions are
characterized by an effective low-pass filter
described by a pair of left half-plane poles and
a left half-plane zero; the .control describing
function has in addition a right half-plane zero.
The positions of the poles and of the right
half-plane zero change with dc duty ratio D.

The method of derivation of the averaged
model is a refinement of that described for the
simple boost converter in [1]; the refinement
leads to a more accurate representation of the
parasitic loss resistances in the model, and
was an attempt to explain experimentally
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measured values of the effective filter Q-factor
that were substantially lower than those
predicted by the original model. However, it
was found that this refinement provided insuf-
ficient quantitative correction, and that
instead an entirely different effect was
responsible for these lower Q-factors.

This new effect is shown to be due to
storage-time modulation in the transistor power
switch, in which the effective duty ratio
modulation at the collector is different from
the driving duty ratio modulation at the base.
The model of Fig. 13 incorporates this effect in
a modulation resistance Ry, which is shown
enclosed in an oval as a reminder that it is
to be included in the ac model only. The
significance of this result is that the
modulation resistance Ry contributes to the
effective filter ac damping resistance but does
not contribute to the effective dc loss resis-
tance; consequently, the filter Q-factor is
lowered, but the converter efficiency is un-
affected, by the presence of the modulation
resistance Ry. This result may be considered
a rare exception to Murphy's law, since the
storage-time modulation effect produces a
desirable damping effect without an associated
undesirable loss of efficiency.

Experimental measurements of both magnitude
and phase of the control describing function are
presented to verify the averaged model both
qualitatively and quantitatively. Experimental
conditions were chosen specifically to expose
certain features of the model for individual
verification: for the simple boost converter
of Fig. 17 with ny = 1, Fig. 19 shows the
damping effect due to the modulation resistance
Ry and Fig. 20 exposes the right half-plane
zero and associated excess phase lag; Fig. 21
shows the effect of Ry in the tapped-inductor
converter with n, = 2.

Experimental results are also presented
for the control describing function of the
system of Fig. 22, a tapped-inductor boost
converter with ny = 2 and with an input filter.
The corresponding averaged model is shown in
Fig. 24, and the important feature is that the
control describing function acquires a complex
pair of zeros that can move from the left half-
plane to the right half-plane as the dc duty
ratio D is increased, as would happen during
normal adjustment in a practical closed-loop
regulator. The significance of this is
illustrated in the magnitude and phase results
of Figs. 26 through 28, in which the magnitude
plot has a minimum, in the neighborhood of the
input filter resonant frequency, which actually
becomes a null when the complex pair of zeros
lies on the imaginary axis. Furthermore, as
the pair of zeros moves into the right half-
plane, the magnitude null retreats to a minimum
but the phase lag becomes exceedingly large.
Unless recognized and properly accounted for,
this effect could have disastrous effects upon
the stability of a closed-Toop regulator.



The physical insight into the nature of
the properties of a tapped-inductor boost
converter makes the averaged model a useful and
easily applied design tool. The method of
model derivation can be applied in a similar
manner to numerous other circuit configurations.

Thanks are due to Howard Ho and Alan
Cassel, graduate students of the California
Institute of Technology, for their assistance
in constructing the experimental converters
and for the computer plots shown in Figs. 26
through 28.
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