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A Continuous Surjectionfrom tite
Unit Interval onto tite Unit Square

JARI TASKINEN

ABSTRACT. Wc show that diere exists a continuous surjection 9:1 ~ P which adznits
averaging operator in dic sense of Petczyñski anO whicb has dic addirional propcrty that dic
map <p0:f —* fo p is an isoniorphism frore L~Q2) orno a subspace of L~(O, where 1 =p <oc.

1. INTRODUCTION

In [TI the author proved that for a wide class of pairs of compact
metric spaces (K,K

1) there exists a continuous surjection ~irK—* M
admitting an averaging operator in dic sense of Pelczyúski, [PI. The
results of [TI contain the irnportant special case that there exists a
continuous surjection 9:! .....> ¡2 where ¡ = [0,1] a R, having a regular
averaging operator (for the terminology, see below). The aim ofthis paper
is to show that the detinition of 9 can be modified such that 90:1 —4 fop
in addition becomes an isomorphisrn from L41

2) onto a subspace ofL~(I),
where 1 =p < (Corollary 7 and Theorem 8). So, we get an operator

9~:C(P) —> Co) which has good properties simultaneously with respect
to dic sup- and L~-norms. This result, while being of interest in itself, is
connected with the study of sorne Fréchet function spaces, see Section 4.
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We introduce the notations and definitions i¡sed in this paper. IbK is
a compact metric space. we denote by C(K) the Banach space of
continuous, real or complex valued mappings, endowed with the sup-
nonn. Ib K1 and 14 are compact metric spaces and ~: 14 —*14 is a
continuous surjection, we denote by 90 the linear isometry from C(K2)
into C(K1) given by qff=f o p. If (p

0(C(K
2)) is 1-complemented in C(K1),

i.e., if diere exists a contractive projection brom C(K1) onto qV(C(K2)), we
say that 9 admits a regular averaging operator. For more detajís we
recommend the reference [LT], Sections II.4.h.i; see also [Pl.

Let A a 1 be the “middle thirds’-Cantor set; see for example [Rl, p.
179. Using the homeomorphism

(E);I~4>3
2rm3m,

m=I

where Em = O or 1 bor aH ni e N,we identiby the topological product

fl{o,í} (1)
111=1

with A. By y: A —> [0,1] we denote the continuous surjection

E2m. (2)
nrI

Each dyádic pohitof the bonn
II

>3 E,,~2 m
61

,n0

where ~¼= 1, a > 1 has two invetse images, (E ...~ ,,O,0,0,...) and
1,...,r,~,0,1,1,1,...). The other points ob! have only one inverse image.

Wc define the discontinópus right inverse ~: 1 —> A of y by

Q(x) =min{ye Al ‘i’(y) =x}, (3)

where “mm” is taken with respect to the usual order of 1 n A. The
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mapping Q0 is an isometry from C(A) onto
(4)

which is the subspace ob Ijí) (the Banach space of bounded scalar valued
functions on ¡ endowed with the sup-norm) spanned by continuous
functions and the characteristic funétions ob intervais with dyadic
endpoints. It is easy to check that such characteristic functions are
contained in ~0(C(A)),and that the orher detalis of this statement also
hoid.

The elements of A4 are considered as 4 x co-matrices consisting ob
numbers O or 1 (see (1.2)). We denote 4 x 1-matrices, i.e., the columns
ob e¡ements of A4, by (E

1,E2,E3,E4)
T. By Ó (resp. 1) we denote a matrix

which consists ob numbers O (resp. 1) only; the dimension of such a
matrix wiIl be clear brom context. Ib A = (e) is a matrix with e = O or
1 bor ah ¡ and j, we denote by ¡U the matrix (ci), where

The space of 4 x m-matrices, consisting ob numbers O and 1, is
denoted by A.

We denote by m~ the a-dimensional Lebesgue measure. We define
the a-algebra Xof subsets ob A by

914= {M1’(Z) 1 Á a 1 is Lebesgue measurable>,

and we define ¡te measure Pi on (A431) by p~(Z) = m
1(Mi(i4)), where ie SIL

Note that p~ is additive and even a-additive in spite ob the bact that w is
not an injection: ib J4 a A and ‘5 a A are disjoint, then wO~) fl Mi&

3) is
contained in the subset ob the dyadic points of 1; this set has Lebesgue
measure O. We denote by p~ the n-bold product ob the measure p~.

We define the homeomorphism fl: A —* A4,
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(6)

By

cr:IxI—+1 (7)

we mean the continuous surjection which assigns to (x,y) ~ ¡2 the unique
number t E 1 such that (x,y) belongs to the une segment joining (Oj) with
(1 ,F). mis map is used in ¡te proof of ¡te so called Milutin’s lemma, see
[LTI, 11.4.21.

2. CONSTRUCTION OF THE MAP ~

We first define the continuous surjection y A4 —4 A4 as follows.

Let A e A4; we write A = (A
1,A2,A ) where each Am = (Bm,Cm) ~

a 4 x 2-matrix consisting ob (2m-1):th and 2m:th columns Bm and Cm ob
A. We first define for ah ni e N the 4 x 1-matrices Dm inductively as
bo¡¡ows. Let D1 = C1. Let me N, ni> 1, and asgume that Dk is defined bor

k < ni. Wc first define 17:jO,1 1 —4 ~4by

= { 2::: ~~t:=0

!=6,

= { 2;:: !~:: ‘
!=¡

To define Dm we distinguish between several cases.

XQ Ib Bm !=Cm and B0, !=Q, we set Dm = Cm.

2~. Assume that Am = O or 1. If Am = Am,i, we set Dm = Dmt, and ib
Am !=Amio we set Dm = D~1. Remark. Ib Am = O, we have Dm = rn(O), and
ifA,,, = 1, we have D~ =
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32.a)AssumethatB»,=Cm, Am !=OandA»,!=i.IfI?(O)=Cm,weset
Dm = (

0000)T If u(O) !=C»,, we set D», = Cm.
1) Assume 8», = C~, C», !=(0000)T and C», !=(1111)T Ib r’(1) =

Cm, we set Dm = (1111)T azul fl~(1) !=C»,, we define Dm = Cm.

4Q~ Consider the case B», = C,, and Cm = (0000)T or Cm = (11117

a) Ib I~(O) = (1111)T and I~(í) !=(0000)T we set Dm =
b) II ~A”(>) = (0000)T and P,(0) !=(1,1,1,1¡, we define £4,

c) In the other cases we set D», = C»,.

We define the element D e M by D = (D1,D2,D ). We define also
for alt ni the mapping y»,: Al», -4 ¿4, by

Ym((A A»,)) = (D

and we set

y(A)=D.

In the following we denote ifr=(~v,w,w,w): A
4 -4 t and a:=(u,a):

Lemma 1. TIte map r A4 —* A4 is a continuous surjecrion which
adtnits a conúnuous ng/u ¡a verse and fon which (he map

9=00w070102 J~>¡2 (8)

is a continuous surjection.

Proof. The continuity of y. the existence of a continuous right inverse
of y and tite surjectivity of 9 can be proved exactly as in Lemma 3.2 of
[TI. Also the idea for the proob of tite continuity of 9 is tite same as in
[TI,but because of tite detalis it 18 necessary to give tite proof itere. In
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view ob Lernrna 3.1 ob [TIit is enough to show that

J: =ijioyoii :A—04 (9)

maps the elements, a4 e A of tite bonn

a=(b,1,O,0,0,...)
(10)

a = (b,0,1,1,1,.:);

witere b is a finite sequence consisting of numbers O or 1, to the same
element of¡4•

Wedenote 9(a) = A (A
142,.:.) e A

4 and ~(á) = (A
1,A2,...) e A

4,
where A», (respectively, A»,) consists ob tite 2ni-1:th aix! 2ni:th columns B»,
and Cm of A (resp. Bm,CmI). In view of (10) and the definition ob t~, (6),
titere exists a unique number ni such tbat A~ ~4k for k < ni (ib m > 1),
Am:tA», and A~ Ó, ,4k = 1 for k > ni.

We now consider y(A) = D = (D
1,D2,...) and y(A) = LI = (D1»

It is clear from the definition ob y titat £4 = £4 for k < ni. Moreover,
tite matrix Am contains an elernent equal to 1 and, similarly, Ám contains
an e¡ement 0. Hence, we have Am !=A,,,~ and Am !=Am.¡. By Z~ we get
Dm+i = LI; and Dm+i = LI;, and, moreover, Dk= Dm.i and Dk=Dm+ifor
k>m+ 1. So, we itave

‘y o 1(a) D = (Di,Dz,...,Dm~i,Dm,D;,D%Q,...),

y o Ti(a) =D = (D1,D2,...,D Dm,D,D;,Drnr..).

Let us consider the i:th (1 =¡ =4) rows (d~’
9,d~t...) e A and (dr,d~t>,...)

e A ob LI and D, respectively. We itave ¿‘) = ¿‘9 bor 1 <j < ni• Moreover,
d~) = d~0 aix! d~ = c4ft for al> k> ni. Titis sitows that

= ‘y ((d7>,d~’>,...»

and, hence, J(a) = i¡i(D) = iji(D) = J(á).
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Tbeorem 2. TIte nzap 9: ¡ ~ Y (see (8)) has a regular averagiag
operator.

Tite proof is tite same as that of Theorem 3.3 ob [TI.

3. MAIN RESULT

We now sitow that 9 also itas tite additional property that 90 defines
an isomorphism from L,,(12) into L,/1) bor 1 =p < oo.

Lemma 3. ter ni > ¡ and A e 4m.2 and LI e ¿4. There exist exacdy
16 d¡fferenr matrices Am C 4 such tItar

Proof. Tite proof of ibis ¡emma consists of a straightforward hin
ehaborate verification of tite dibferent cases in tite definition of y»,. The
numbers 1 Q~4Q refer titere.

1) We first assume that LI !=(
0000)T and D !=(1,1,11/. There exist

I4vectorsBe4suchthatB!=DandB!=D1By1~weseethatA»,—
(843) satisfies (11) bor ahí sucit B.

Next we citeck if tite cases Am = 0,1, (D$) or (DD) could satisfy
(11). First, if r’~(O) = D, titen, by 2~ and 3Q a), Am = O satisfies (11) and
Am = (D,D) does noÉ (use tite rernark in Y). Ib I7Á’(O) !=LI, titen Am = (D,D)
satisbies (11) and A», = O does not. Hence, in every case exacthy one oftite
matrices O and (D,D) satisfies (11). In the same way we see that exactly
one tite matrices 1 and (LY,D) satisfies (11).

Since E> !=(0000)T(1111)T we see that 4~ cannot produce otiter
matrices satisbying (h 1). Finahly, by 1Q~4Q, a matrix A», of tite bonn Am —

(B,C), witere C !=LI and, moreover, eltiter B or C is dibferent from
(0000)T and (1,1,1,17, cannot sat¡sfy (11).
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Summing np. we see tbat (11) holds for exacthy 16 different matrices
A e A~.

u) We assume LI = (0,0,0,0)’. Again there exist 14 vectors B e ¿4,
B !=0aix! B !=LI. By 1~, (II) holds bor A», = (B,D).

It follows immediately brom 12~42 that a matrix Am = (B»,,C»), where
C»,!=D,cansatisfy(11)onlyifC»,=JiXandR»,=DorLI¾oribB»,=C»,

~~(0) (see 30 a)). Hence, we need only to consider such cases and tite
cases A», = O and A», = (D;D). We should find exacthy two matrices ob
titese types satisfying (11).

a) We assume 17~(0) = (0,0,0,0)’. Then Am = O satisfies (11).
Moreover, ib 17(1) = (0,0,0,0)’, titen also A», = 1 works, by 22, and, by
40b), tite cases A», = (LIBO), A», = (D,D9 do not work. Ib f’(1) *
(0,0,0,0)’, then A», = 1 (see 22) and A», = (D,D9 (see 42 e)) do not work
but A», = (LIBO) does, by 4’~ c). So we get altogether two positive cases.

b) We assume I7,~(0) = (1,1,1,1)’ so titat A», = O does not work. Ib
17’(1) = (0,0,0,0)’, titen by 2~, A», = ¡ satisbies (11). Moreover, by 40 e),
(LIBO) satisfies (11) and (DXX) does not. If 17~(1) !=(0,0,0,0)’, titen A», =
¡ does not satisfy (11), but by 4~ a), (¡1,0) and (D,LI9 do.

e) Assume 17,(0) !=LI and F2(0) !=LI. The case A», = O does not
work. By 32 a), A», (17~(O),g(0)) satisfies (II). If 17~(1) =

titen A», = 1 works, and by 42 b), A», = (DJY) and A», = (LIBO) do not. If
17~(1) !=(0,0,0,0)’, titen A», = 1 does not work, and by 42 e), A», (LI;LI)
satisfies (11) and A», = (0,09 does not.

iii) Tite case)) = (1,1,1,1)’ is analogous to ji). But since tite point in
titis kind of proobs is a carebul verification ob ah tite detajis, we want to
give tite proob ahso in titis case.

By 1~, titere exist 14 vectors B e At B !=LI, 8 !=0-such that (11)
ito¡ds for A», = (B,.LI). From now on we need onhy to consider tite cases
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a) We assurne 17(I) = E>. Now A», = ¡ works. If ~A”(
0) = LI, titen alsoo works but (LY,LI) and (D,LI9 do not. Ib ~(0) !=LI, titen O and (Dft) do

not work but (LI-))) does.

b) Assume f~(1) = LI~. If ~(0) = LI, titen O and (LI») satisby (11)
but 1 and (LI,LIj do not. If I7,~(0) !=LI, titen tite cases A», O and A», = 1
are negative and tite cases (LI-,LI) and oDLY) are positive.

e) Assume ~~(í) !=LI,))-. Hy 32 b), Am = (f~(1)¾I7~(1))satisfies (11).
If ~(0) = LI, titen also O works but 1, (LIBO) and (E>»» do not. Ib F~(0)
!=0,titen 0,1 and (LI,))» do not work but (LIBO) does.

We itave now gone througit alh tite cases

Coroiiary 4. Given ni e 1? izad LI e 4~ there exis! exactly ~
dufferent niarrices A e ¿4», such tItar ‘y»,(A) = LI.

Proof. Let A = (A 4»,) E AL, where A», E ¿4, and IcÉ A’ =

(A A»,-~). Since tite matrix formed by tite birst m-1 colurnns of y»,(A) is
equal Lo y»,

1(A’), we can prove Corollary 4 using Lemrna 3 and induction
witit respect to tite number of the columns ob LI. Note that by debinition,
tite 16 matrices (B,C), witere B e ¿4, are tite preirnages ofC witb respect
to y~.

Leinma 5. La K(i) e Nfor al! ¡ = 1,2,3,4 and ter 4» E [0,1]for dI
andfor alt ni =¡<(1). Ler us denote by A c A

4 tIte set

A~ for m=K(í)I. (12)

Wc have
4

g/y (A)) J7J2K (13)
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Proof. LeÉ K = max I1«i) .11=1=4).Let us introduce~tite set

&<= 1(4’>) ~ A ¡ x$>=a$>for ni=KQ)1.
=i~4

It is a direct consequence ob tite definition ob y and y~ titat A e y’04) ib
and onhy ib A = (A1,B), witere A, e ¿4,<, 8 e A

4 and A, satisfies

y¿A,)e 4 (14)

For a fixed A~ e y~’(.t4) a

p
4(I(A1,B)e A

4IBeAt=2~sK. (15)
We titus need only to calcuhate #(y~’(i4«)). (We denote by #(C) tite

cardinahity of tite set C). Rut by Corollary 4,

(16)

Qn tite other hand it is elementary to see titat

Since tite sets f(A,B) IB e M> and {(A
1,B) IB e

A1,we get by (15) and (16)
Ml are disjoint borA

4

p4Y¡(34))2
8K#(YK¡(X)) 2 Kfl

2K K fl 2-KQ)

1=I

Proposition 6. There exisr positive constanrs C, and C2 sucl¡ that

C,ni1 (<(Z))=m (34)=CrnQf’(.a))

holds for att rectangles M a ¡2
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Proof. F. We first find positive constants d~ and d2 sucit titat

d,p4(Y’04))=p4(i4)=d2p4(V’04)) (17)

ho]ds for aH recrangies .~ c
4

34=fl[atñ<’i (18)
jo

where a<
04’9 e A bor ahh i. (Intervahs [a~’td’~lin A are defined with respect

to tite natural order of A.)

Let us denote for x = (x~),, y = (y,,), e A, x t y,

n(x,y) =min{mn jx»,!=yQ (19)

and let ni(a,i) (resp. m(cti)) stand for tite smallest number ni sucit titat ni

> n(a<~,ñ<~>) and aV = O (resp. <2V = 1). Then (*) x e [a~0,ñt’iib eithier x»,
~40 for ni <m(a,i) and x»,(»,~= 1, or x», <2$> for ni <m(d,í) and X»,(¿,>

0. Moreover, (**) if x e [at’~,á<0]titen eititer x», — aÁ’~ for ni <ni(a,O, nr
— 4~,’> bor ni < ni(á,i). Denoting M(i):=min {m(a,O,niQti)} for MI I=i=4

we titus get

so titat,
4 4

LI 2~M(O=p
4Cs4)=2Rfl2-MO) (20)

Let us denote, bor alt i, bV = ~ and bM(Ú 1, ifM(i) = m(a,i), or
= ñ$> and = 0, ib M(i) = ni(ñ,i). Frorn (*) we see titat z contains

tite set

1 (x~>)e A
4 xV=bÁ’> far ni=MQ)1. (21)
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By Lemrna 5,
4

1J4(704))=P4(Y(rs)) LI 2

Moreover, by (~) A is contained in tite union ob tite 16 sets

«E ,E2,E3,E4)—¡(x$jc A
4 x$)c,¶,,~> for ni<MQ) 1

E~E (0,11 fori= 1,...,4andc<O=a<¡>form<M(itibE~
á$~ for ni .cM(O, ib E

1 = 1. Hence, by Lemma 5
4

>‘~(y~’ U ~ («~ ¡,E2,E30E4)))=2811
2-M(i>

y elOil 14

Coznbining (20), (22) and (24) we see thai (17) holds with d, =

“2 = 2~.

2~. Wc find constants c1,c2 > O sucit that

c1p,0V’04))=1i4(A)=c2p1(i<(A)) (25)

holds bor ahí 4-rectangles A a A
4. We define tite elements d’> and á(> and

tite numbers ni(a,i), m(á,i), b$> and MQ) asin 12. LetM=max {M(OI
¡ 1 4>. Note titat by (20) we again itave

(26)LI 2-M<>)=JJ
4(A)<2fi 2

1=t

Let us define tite set rs a A as in 1~, (21). Frorn tite definition of ~
(6), we see that

w’(rs)={(xm)=íeA4MIx4(mI>.¡=b~
0 bar ahí 1=1=4azul tn=MQ)j. (27)

where
4) =

(22)

(23)

—0,

(24)

Let us denote
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C={(x»,)Z,EA4MIX«»,.,)+Í=b$> bor ah 1=i=4and m=M(ifl. (28)

Now x = (x»,) e iyYB) ib and only ib x = (y,z), witere y E C and z e A.
Foraf¡xedye Cweitave

p,(((y,z) ¡ze A>) =24M. (29)

We calculate #(c). In view of (28), tite elements of Cre vectors witit 4M
componenís out ofwhich I~1 MU) are fixed ami thus 4M - Z~, M(i) may
be citosen arbitrarily brorn tite set fO, i>. So,

4M-Et..M(t)

(30)

Combining titis witit (29) we get

2 MO) (31)

To get an upper estimate bor p(fl~lQ4)) we define tite 16 sets
«E1,t2,E3,E4), witere E< e {0,1J, as in 1~, (23). Since titese sets are ob tite
same form as £ aboye, we get by (31)

p,(Tf~(rs(t I,E20E30E4)))=LI 2—M(O.l (32)

Since tite union of ah tite sets «E1,E2,t3,E4) contains j4, we get from (32)

(¶V
1Ú54))=28fl2 MO) (33)

Combining (26), (31) and (33) yields (25) witb c
1 = 2.8, c2 = 2~.

32• Wc consider tite rnap a. Ib [a,b]a 1, tite definition ob a implies
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+b 2) —(a ~a2»/2 =(b -a)( 1 -i-b +a)12.

Hence, nij[a,b])/2 =ni}a’Ua,bl) =2m1([a,b]), and so

in4(& (34))/4=m434)=4ni4(a’04)) (34)

for ahí rectangles 3~ c it

4Q Our statenient now follows by combining (17), (25) aix! (34); tite
maps g and i are measure preserving. Note that ib 34 a lis a rectangle,
titen «‘(t4)is not a 4-rectangle but titere is no difficulty to approximate
it as weII as we wisit by finite unions ob 4-rectangles. Moreover, ib .,4cA

4
is a rectangle, titen t’(~) need not be. However, the lower and upper
estimates bor g¿’§’(34)) are done using 4-rectangles in A4, see (21) and
(23), respectively. Hence, we need also tite result of 2~ only for
rectangles.

Corollary 7. There exisr positive canstants C
1 and C2 such rhar far

alt fe QE)
c,Jlfo9(x5¡dx=fftx)kU=C2JVO9(x)dv. (35)

¡2 ¡

Proof. Ib (A1)71 is a sequence ob disjoint rectangles in ¡2, we itave bor
ah sequences (a1)7~1 ob scalars

fiÉ
¡2 001 1=1

>2 0O

ax.o«x)IcU=>3jo’ Iajni(qV’(A)),

witere x~ is tite citaracteristic function ob A,. So, for simple functions ob
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titis borm (35) bollows from Proposition 6, and bor continuous functions
we get tite statement by approximation.

We immediatehy get tite bohlowing

Theorem 8. TIte operaror 90 can be extended ro an isaniorpItisni
franz L~(12) into L~<’fl, where 1 =p < co.

4. ON THE SPACES C(Q) n

Ib Q ci 1», n =1, is an open set, we denote by C(fl) n
l$<oo, tite Frécitet space of continuous, L~-integrable functions brom (2
into K. Tite topology ob titis space is determined by tite seminorms

¡‘
0(t)

o

p/f)suplftx)I. kefl (36)
xeO,

witere (~~Y1 is an increasing sequence of compact subsets ob (2, whose
union is (2. For more detaj.Is on titese spaces we refer to [BTI.

Tite isomorpitic classification ob sucit spaces is an open problem.
Probabhy tite most interesting question lii titis area is, witetiter tite spaces
C(R) n L~flR) and CflR

2) n L~(R2) are isomorpitic to eacit otiter. It is not
dibficult to see, using a natural imbedding, that C(R) n L~(R) is
isomorpitic to a complemented subspace ob C(R2) n L~(R2). (First, select
a continuous cut-obb bunction witit compact support 9 e C(R) sucit titat
0=9=1 on R and 9 = 1 bor every xc [0,11.Put E:=C(R2) n L~(R2) and
F:= C(R) n L~(R) and define 1’: F —4 E by Tftx,y) =fiIx)~(y) for ahhfeF,
x,y E R, and 5: E —* F by Sg(x):=f¿g(x,y)dy for alí g E E, x e R. It is a
direct rnatter to citeck titat T and 5 are continuous linear rnaps such titat
5 o T is tite identity ob F. So, P:=T o 5 is a continuous projection on E
witose image is isomorphic to F.) So, in view ob tite decomposition
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metitod ob Pelczyúski, tite crucial problem is, whetiter CfI2) n L~(R2) is
isomorphic to a complemented subspace ob CfI) n L~(R). Using tite
results in earlier sections we can prove titat tite space defined on 12 is
isornorphiic to a subspace ob CfI) n LIB), but to prove tite
complementedness we would still need a “measure preserving continuous
surjecUon 9: 1 —4 Y aix! a projection P which is simultaneuously bounded

available.

So, let us prove what we can do.

Lemina 9. There exists an enumerarían (Q) of rIte famity of
closed squares (Q,,,j»mez’ where Q,,», = {<x,y) e Pln =x =n+1, ni =
y =ni+1], such tItar Q» and Q,,~, have a cominon sidefor att n e Z.

Thiere is no difficulty to rnake sucit an enumeration for example
according to tite foflowing picture:

-17 -16 15 16 17 18

-13 -14 -15 14 13 12 19

-12 -3 -2 1 2 11 20

-11 -4 -l 0 3 10 21

-10 -5 -6 5 4 9 22

-9 -8 -7 6 7 8 23

27 26 25 24

28 29

Figure 1.

Proposition 10. Par alt p,
isoniarphic ro a subspace of CfI) n L~(R).

1 =p < co, rIte space C(12) n L~(l2) is

116



A Canrinuous Surjecrion franz rIte Unir... 117

Proof. Let p be tite map constructed in Section 2. It can be verified
from tite definition that 9(0) = (0,0) and «1) = (1,1). Let Mi”> be a
itomeomorphism broml2 onto itselb sucit titat N/’kO,0) —(0,0) and ~~1’>(1,1)
= (1,0). It is titen clear titat also tite operator Mi0~ witere Mi:—W<’> 0 9, ¡5 an
isometry from C(Y) onto a subspace of C(1) and an isomorpitism from
L~(12) onto a subspace of L~(l). Let (Qff~, be tite sequence ob closed
squares as in Lernma 9. We claim that it is possible to choose a sequence
of continuous surjections 9<”>:[n,a+1] —* Q» sucit that

(1)) each 9<»> is of the bonn t~2> o r» 0 9 0 ~» or o r,, ‘y O

witere t» is tite transíation from [n,n+1]onto 1, r» is an isornetry brom fi
onto itselb, and t2> is tite transiation brom ¡2 onto Q,,, and

(u)) 9<”-’>(fl) — ~<»>(n)for ah n e Z.

Note titat ji) means in particular titat

9<>”’>(fl)E Q,,. (37)

To prove titis we first citoose 9<0> ob tite bonn i) sucit that
9<O>(0) E

Q.~ and 9<~>(1) e Q1. Assume titat n =1 and titat 9(k) is constructed bor
-n+1 =k =n-1 sucit titat i) itolds bor titese 9<k> and sucit titat <p<k

1>(k) =
9<>0(k) bor -n+1 < k =n-l and 9<»’>(n) E Qn and 9<n+¡>(~n+1) e Q». By
Lemnia 9 Éhe squares Q» aix! Q»+

1 have one conimon side S». So, it is
possibhe to join one of tite endpoints, say s», ob 5» and 9<»’>(n) by one side
ob Qn or one diagonal ob Qn. Wc Úws can find a map 9<»> which is ob tite
borm i) and satisfies ,p<n~~) — 9(n-l)(~) and p<»\n+1) = 5» E Q».~. (lbs» and

are tite endpoints ob a side ob Q», we can take a map ob tite bonn
o ‘y o ~,,,and ib s,, and ip<»

1>(n) are in tite opposite corners ob Q»,
i.e. titey are tite endpoints of a diagonal of Q,,, we can take a rnap ob tite
form ~2>o r» o o ;~ Li cadi case ti» is tite combination of sorne
rotation and reflection.) The rnap cp<-”> is defined analogoushy.

Defining

•(r)=9<”>(r) for re [n,n+l], neZ, (38)

we get a continuous surjection brom 1 onto R~. We claim diaL 4>0:f—4fo4
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is tite desired isomorpitism from C(R2) n L/R2) onto a subspace ob C(R)
n L~(R). Since$ is a continuous surjection and since 41’(K) is cornpact for
ah compact K ci ~2, 4>0 is an isomorphism from CfI2) onto a subspace ob
CfI). It is titus enougit to prove tite corresponding staternent between L~-
spaces. Forahlf e CfI2) n L~(R2)

fifo4> IP=>3 >2] Lf<~4>lP=>3 fLfnTOr»otIP (39)
,oez ,, neZ o

witere, bor ahí n, (p» equahs 9 or ‘y. According to tite definition ob ~Vwe
can find positive constants e, and e

2 sucit titat

e fLút<~>Cr iP=fkOt<~>or oQ i~2fVn~r» ¡1’ (40)
¡2 () 12

bor ahí f and n. Since r» is an isometry, we can burtiter write

>3 fLfn<~r ¡1’=>3 fifot?>IP=>3 ftf¡~=fvi~. (41)
ncZ,~ neZ,2 neZ0 R’

Combining (39), (40) and (41) we see that 4>” is also an isomorphiism
brom L~(R

2) onto a subspace ob L~(1t).

NOTEADDED IN PROOF

Abter tite paper “A continuous surjection brom tite unit interval onto
tite unit square and tite reference [TIin it, ‘Averaging operators on
spaces ob continuous functions” were submitted, 1 realized titat sorne ob
tite resu!ts ob [T] were already proved by B. Hofbmann in “An injective
citaracterization ob Peano spaces’, Topol. and Apph. 11 (1980), 37-46.
Titis is why [TI does not appear anywitere. In titis note we give tite
missing detajis ob tite proobs ob Lemma 1 and Theorem 2 ob “A
continuous surjectian brom tite unit interval onto tite unit square”.

Proof of Lemma 1: Tite map y A4 —4 A4 is continuous. since tite
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first ni colurnns of y(A), A e A4 depend onhy on tite first 2m columns ob
A. Wc sitow titat y is a surjection itaving a continuous rigitt inverse. Let
LI=(LI,,LI

2,...) e M, witere each LI», e ¿4. We define tite element A e A
4,

using tite sanie notation as iii tite definition ob ‘y, as bollows. Let 8, =

=D,. For ni> 1 we set C», = LI», and for B», we citoose a rnatrix witicit is
not equal to anyone of tite matrices LI»,, LI;, O or ¡. Wc set A =
where A», = (B»,,C,,,) for al] ni. It follows now directly from 1 in the
definition of y titat y(A) = LI. Moreover, tite ehement A depends
continuously on LI, since tite first 2ni cohumns ob A depend only on tite
fzrst m columns of LI.

We denote by y’ tite continuous right inverse ob y constructed aboye.

Finalhy, we show titat 9 is a surjection. Since 6 and Nf! are
surjections, it is enougit to prove titat ‘y ~ o Q is surjective. Let LI e A4
be arbitrary and letA = (A,,A

2,...) = <(LI). Eacit A,», ni> 1, contains botit
numbers O and 1. Hence, iy

4(A) is of tite bonn (E»,);,, wbere botit
numbers O and 1 occur as Em bor arbitrarily harge ni. But bor such
sequences we have

Q(>3 E2¶”(E)

1

m=I

so that y “fl Q is surjective.

Proof of Tbeorem 2. The original proob of Mihutin’s Iemma, witicit
is also presented in [LT], Proposition 2.4.21, sitows titat tite continuous
rnap a o (‘y,’y): A

2 —* 1 admits a reguhar averaging operator. Hence, tite
same is also true bor

o Nf’: A4 —4 ¡2

Let P, uPu = 1, be a projection brom (7(A4) orno (6 o Nf,) ‘((7(JZ))•

Lar A4 —* A4 be as aboye. Tite operatorf >— <¡Nf’) ~is a
contractiye projection brom (7(A4) onto (6 o “y) o ((7(J2)) Hence, also
(O “W O y o Ti) ((7(¡2) is a 1 -complemented subspace of e(A).
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Let ~: 1 —* A be tite discontinuous rnap defined iii (3). By (4), q” is
an isometry brom C(A) onto D(¡) so titat titere exists a contractive
projection R brom LIQ) onto <PNC(12)), witere

a IJI “y “Ti “2

By Lemma 1, 9 is continuous so titat cp’XC(12)) is a subspace of
C(f>cDQ). Tite restriction ob R to C(¡) gives tite desired projection.
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