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Sum m ary.

The various possible m echanism s fo r th e  p ro d u c tio n  of am m onia  in  a n itrogen  

hydrogen  m ix tu re  by  m eans of the rm ions have  been investig a ted  in  de ta il. 

I t  is show n th a t  syn thesis  can  occur due to  th e  follow ing reactions—

N 2 +  H  a t  th e  surface  of p la tin u m  or nickel.

N 2 +  H ' in  th e  b u lk  a t  13 volts.

The following m olecular species are  show n to  be chem ically  reac tiv e—

N 2+ in  th e  b u lk  a t  17 volts,

N + in  th e  b u lk  a t  23 volts,

and possible m odes of m echan ism  invo lv in g  N 2'  an d  H ' are  e laborated .

O ur th an k s  are  due to  P rof. T. M. Low ry, F .R .S ., who com m unicated  

th is  paper, an d  to  M essrs. B ru n n er M ond an d  Co., for prov id ing  a g ra n t to  

defray  p a r t of th e  cost of th e  a p p a ra tu s  em ployed.

A  C ontribution to the M a th em a tica l Theory o f  E pidem ics.

B y W . 0 .  Ke r ma c k  a n d  A. G. Mc Ke n d r ic k .

(Communicated by Sir G ilbert W alker, F .R .S .— Received May 13, 1927.)

(F rom  th e  L a b o ra to ry  of th e  R o y a l College of P hysic ians, E d in b u rg h .)

Introduction.

(1) One of th e  m ost s trik ing  fea tu res  in  th e  s tu d y  of epidem ics is th e  difficulty 

of finding a causal fac to r w hich ap p ears  to  be ad eq u a te  to  accoun t for th e  

m agn itude  of th e  freq u en t epidem ics of disease w hich v is it a lm ost every  p opu la 

tion . I t  w as w ith  a  view  to  o b ta in ing  m ore insigh t regard ing  th e  effects of th e  

various facto rs w hich govern  th e  sp read  of contag ious epidem ics th a t  th e  p resen t 

investigation  w as u n d ertak en . R eference m ay  here  be m ade to  th e  w ork of Ross 

and  H udson  (1915-17) in  w hich th e  sam e problem  is a ttack ed . The problem  is 

here carried  to  a  fu r th e r stage, an d  i t  is considered  from  a po in t of view w hich 

is in  one sense m ore general. The problem  m ay  be sum m arised as follows : 

One (or more) in fected  person is in tro d u ced  in to  a  com m unity  of individuals, 

m ore or less suscep tib le  to  th e  disease in question . The disease spreads from
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M athem atica l Theory o f  Epidem ics.  7 0 1

th e  affected to  th e  unaffected  by  co n tac t infection. E ach  infected person runs 

th rough  th e  course of his sickness, an d  finally is rem oved from th e  num ber of 

those  who are sick, by  recovery  or by  death . The chances of recovery or death  

v a ry  from  d ay  to  d ay  during  th e  course of his illness. The chances th a t  th e  

affected m ay  convey  infection  to  th e  unaffected  are  likewise dependent upon 

th e  stage of th e  sickness. As th e  epidem ic spreads, th e  num ber of unaffected 

m em bers of th e  com m unity  becom es reduced. Since th e  course of an  epidemic 

is sh o rt com pared w ith  th e  life of an  ind iv idual, th e  popu lation  m ay  be con

sidered  as rem ain ing  co n stan t, except in  as far as i t  is m odified by  d eaths due 

to  th e  epidem ic disease itself. I n  th e  course of tim e th e  epidem ic m ay  come to  

an  end. One of th e  m ost im p o rtan t probem s in  epidem iology is to  ascerta in  

w hether th is  te rm in a tio n  occurs only w hen no susceptib le indiv iduals are 

left, or w hether th e  in te rp lay  of th e  various facto rs of in fectiv ity , recovery  and  

m o rta lity , m ay  resu lt in  te rm in a tio n , w hilst m any  susceptible indiv iduals are 

still p resen t in  th e  unaffected  popu la tion .

I t  is difficult to  t r e a t  th is  problem  in  its  m ost general aspect. In  th e  presen t 

com m unication discussion will be lim ited  to  th e  case in  w hich all m em bers of 

th e  com m unity  are  in itia lly  equally  susceptib le to  th e  disease, and  i t  will be 

fu rth e r assum ed th a t  com plete im m u n ity  is conferred by  a single infection.

I t  will be show n in  th e  sequel th a t  w ith  these reservations, th e  course of an  

epidem ic is n o t necessarily te rm in a ted  by  th e  exhaustion  of th e  susceptible 

m em bers of th e  com m unity . I t  will appear th a t  for each  p articu la r set of 

in fectiv ity , recovery  and  d ea th  ra tes, th e re  exists a critical or th reshold  density  

of popula tion . I f  th e  ac tu a l popu la tion  density  be equal to  (or below) th is  

th resho ld  value th e  in troduction  of one (or more) in fected person does n o t give 

give rise to  an  epidem ic, w hereas if th e  popu la tion  be only slightly  m ore dense 

a  sm all epidem ic occurs. I t  will appear also th a t  th e  size of th e  epidemic 

increases rap id ly  as th e  thresho ld  density  is exceeded, an d  in  such a m anner th a t  

th e  g rea ter th e  popu la tion  density  a t  th e  beginning of th e  epidemic, th e  sm aller 

will i t  be a t  th e  end  of th e  epidem ic. In  such a case th e  epidem ic continues 

to  increase so long as th e  density  of th e  unaffected  popu la tion  is g re a te r  th a n  

th e  threshold  density , b u t \tfhen th is  critical po in t is ap p ro x im ate ly  reached 

th e  epidem ic begins to  w ane, and  u ltim ate ly  to  die out. This po in t m ay be 

reached w hen only a sm all p ro portion  of th e  susceptible m em bers of th e  com

m u n ity  have been affected.

Two of th e  reasons com m only p u t forw ard  as accounting for th e  te r mi nation 

of an  epidem ic, are  (1) th a t  th e  susceptib le indiv iduals  have all been rem oved, 

a n d  (2) th a t  during th e  course of th e  epidem ic th e  virulence of th e  causative
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7 0 2 W . O . K e r m a c k  a n d  A . G . M c K e n d r ic k .

organism  has g rad u a lly  decreased. I t  w ould  ap p ea r from  th e  above resu lts  

th a t  n e ither of these  inferences can  be d raw n, b u t  th a t  th e  te rm in a tio n  of an  

epidem ic m ay  resu lt from  a  p a rtic u la r  re la tio n  betw een  th e  p o p u la tio n  density , 

and  th e  in fec tiv ity , recovery , an d  d e a th  ra tes.

F u rth e r , if one considers tw o popu la tio n s id en tica l in  respect of th e ir  densities, 

th e ir  recovery  and  d ea th  ra tes , b u t  differing in  respec t of th e ir  in fec tiv ity  ra te s , 

i t  will ap p ear th a t  epidem ics in  th e  p o p u la tio n  w ith  th e  h igher in fec tiv ity  ra te  

m ay  be g rea t as com pared  w ith  those  in  th e  p o p u la tio n  w ith  th e  low er infec

t iv ity  ra te , especially  if th e  d en sity  of th e  fo rm er p o p u la tio n  is in  th e  ne ighbour

hood of th e  th resh o ld  value. If , th e n , th e  d en sity  of a p a rtic u la r  p o p u la tio n  

is norm ally  v e ry  close to  i ts  th re sh o ld  d en sity  i t  w ill be co m p ara tiv e ly  free from  

epidem ic, b u t  if th is  s ta te  is u p se t, e ith e r b y  a sligh t in crease  in  p o p u la tio n  

density , or b y  a sligh t increase in  th e  in fec tiv ity  ra te , a large epidem ic m ay  

b reak  ou t. Such g rea t sensitiveness of th e  m ag n itu d e  of th e  epidem ic w ith  

respect to  these  tw o  fac to rs, m ay  help  to  acco u n t fo r th e  a p p a ren tly  sporadic 

occurrence of large epidem ics, from  v ery  lit t le  a p p a re n t cause. F u rth e r , it  

will ap p ear th a t  a sim ilar s ta te  of affairs holds w ith  respec t to  diseases w hich 

are  tra n sm itte d  th ro u g h  an  in te rm ed ia te  h o st. I n  th is  case th e  p ro d u c t of th e  

tw o popu la tio n  densities is th e  de term in in g  fac to r, an d  no epidem ic can  occur 

w hen th e  p ro d u c t falls below  a ce rta in  th resh o ld  value.

General Theory.

(2) W e shall first consider th e  eq u atio n s w hich arise  w hen th e  tim e  is d iv id ed  

in to  a nu m b er of sep a ra te  in te rv a ls , an d  in fections are  supposed  to  ta k e  place 

only  a t  th e  in s ta n t of passing  from  one in te rv a l to  th e  n ex t, and n o t during  th e  

in te rv a l itself. W e shall ta k e  th e  size of th is  in te rv a l, w hich a t  p resen t m ay  be 

considered co n stan t, as th e  u n it of tim e , an d  we shall deno te  th e  num ber of 

ind iv iduals in  u n it  a rea  a t  th e  tim e  t w ho h ave  been in fected  for 0 in te rv a ls  by
t

vt q. The to ta l  num ber w ho are  ill a t  th is  in te rv a l t is E  vt e, w hich we shall
# = o

call y t.It should  be n o ted  th a t  v t Q denotes th e  n u m b er of in d iv iduals a t  th e

tim e t who are  a t  th e  beginning of th e ir  in fection . Also we shall use th e  sym bol 

Vt to  denote  th e  num ber who ac tu a lly  undergo  th e  process of in fection  during  

th e  tran s itio n  from  th e  in te rv a l t —  1, to  th e  in te rv a l t. In  general 0 =  vt 

excep t a t  th e  origin, w here we assum e th a t  a  ce rta in  num ber y 0 of th e  p o p u la 

tio n  have  ju s t been infected , a lth o u g h  th is  in fection  is n a tu ra lly  d ependen t on 

some process outside th a t  defined by  th e  equations w hich we shall develop. 

T hus

Vo,o — v-f- y0. (1)
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M athem atica l Theory o f  E pidem ics.  7 0 3

T he whole process is ind ica ted  in  th e  following schem a :—

F resh

infections.

N um bers a t  each stage 

of illness.

N um ber

ill.

v3 Vs, 0 V'S'i t'3 2 Vz 3

/  /  /  '

Vi

v% V‘2,0 V2  1 2 Vi

Vi ^1.0 Vi.1 

/
y i

v0 Vo, 0 yo

The arrow s ind ica te  th e  course followed by  each ind iv idual u n til he recovers 

o r  dies.

I f  tye denotes th e  ra te  of rem oval, th a t  is to  say  i t  is th e  sum  of th e  recovery  

an d  d ea th  ra tes , th e n  th e  num ber who are  rem oved from  each 0 group a t  th e  end 

of th e  in te rv a l t is 'beVt, e, and  th is  is clearly  equal to  vtj  — v <+i>e+i .

Thus

Vt.e —  'ty _ ii 0 _ i ( l  —  —  I ) )

=  ^<—2,9—2(1 ~  ^  (0 -  1) (1 -  4  (0 -  2))

=  Vt-e,o^d, (2)

w here B 0 is th e  p ro d u c t (1 — ^  (0 — 1)) (1 — ^  (0 — 2) ) . . .  (1 — (0)).

Now v t denotes th e  num ber of persons in u n it area  who became in fected a t
t

th e  in te rv a l t, and  th is  m u st be equal to  H(f>evt, e where x t denotes th e  num ber
i

of indiv iduals  still unaffected , an d  cf>d is th e  ra te  of in fec tiv ity  a t  age 0. ( I t  is 

indifferen t w hether we include th e  te rm  <j>Q t y 0 or no t, since in  th is  paper we 

assum e th a t  (f>0 is zero, th a t  is th a t  an  ind iv idual is no t infective a t  th e  m om ent 

o f infection.) This follows since th e  chance of an  infection is p ro portional to  

th e  num ber of in fected  on  th e  one hand , and  to  th e  num ber n o t y e t in fected 

o n  th e  o ther.

I t  is clear th a t
t

x t =  N  — S  v t ' 0

r o

=  N - b ( - j , ,  (3)
0

w here N  is th e  in itia l popu lation  density .

I f  z t denotes th e  num ber who have been rem oved by  recovery and  death , 

th e n

x t +  yt +  zt =  N. (4)
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7 0 4 W . O . K e r m a c k  a n d  A . G . M c K e n d r ic k .

T hus we have
t t

v t =  x t 5  <f>eVt,6 —  x t 2  ^ B ev t_ 0tO (b y  2)
i i

x t ( 2  A « v ,_ 9 +  A # 0) (b y  1 ),

w here A e is w ritten  for </>oBe. 

Also

=

B y defin ition

< <
2  Vt,d —  2  BeVf_6i +  B<y0. 
0 0

( 6>

(7>—  V t =  X t + 1 —

hence eq u atio n  (5) m ay  be w ritten

— x t+i  =  x t ( 2  +  A ty 0) . (8>
i

Also z(+1 — z{ is th e  nu m b er of persons w ho are  rem oved a t  th e  end of th e
t t

in te rv a l of tim e  t, an d  th is  is equal to  vt> e> ne-> to  2<J/o vt_ e - f  (LfB t
l  l  ‘

hence w riting  C# for B# we have
t

?t+i %t =  2  +  Ct̂ o-
i

Also b y  (4)
« <

Vt+i yt — Xt [2  A êt-e4~ A/y0] Qei't-e +
1 x

(3) I f  now  we allow  th e  subdiv isions of tim e  to  increase in  num ber so th a t  

each in te rv a l becom es very  sm all, th e n  in  th e  lim it th e  above equations. 

(4, 7, 8, 9) becom e

x t +  yt +  zt =

d x t

dt ’
vt

(1 1 )

( 1 2 >

d x t

n = - x '
| A ev t_ ed$  +  A tyo 
Jo

and  from  (6) 

w here

* ' =  f c ^ i e  +  Ctfo,
at In

yt =  J l&ort-ed% -f- B̂ o?
Jo

(13).

( 1 1 )

(15)

f0
t » - I  'Ha) da
B e =  e Jo , A e (f>eBe, and  Co =  ^oB*.

I t  can, how ever, be show n th a t  these five re la tions are n o t independen t an d  

in fac t th a t  (11) is a necessary consequence of (13), (14) and  (15). The fo u r
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M a th e m a tic a l  T h e o ry  o f  . 7 0 5

independen t re la tions (12), (13), (14) and  (15) determ ine th e  four functions y, 

z and  v.

By equation  (13), d ropping  th e  suffix t except w hen necessary in th e  analysis,

dx
—  =  — x  
dt

=  — x

—  X

I A eVt-edO -j- A (y0 
Jo

f t

A t—$v$dQ -J- 
Jo

f ~  k 'ya

w here xin  th e  in teg ra l is now a function  of 0. 

Therefore

—  A t_-  
o Jo

4 d A

d0
d0 — A

w here

— A()Xt — A tx 0-f- f XqA ' d0 — A ty {) 
Jo

A'i_a —
dAt - 0

d (£ —• 0) dO

B u t A 0 — <f>o B 0 =  <j)Q —  0, since we assum e th a t  an  ind iv idual a t  th e  m om ent of 

becom ing in fected canno t tra n sm it infection.

H ence

d =  ~  A, (x0 +  y 0) +  f x eA 't_ e d0,
JO

A tN  -f- f A 'ex t_ e dQ. 
Jo

(16)

W e have n o t been able to  solve th is  equation  in such a w ay as to  give x  in 

te rm s of t as an  explicit function. I t  m ay, how ever, be po in ted  ou t th a t  th is  is 

an  in tegral equation  sim ilar to  V o lterra’s equation

/ ( O r  * « )  +  P n (<, 0) ( 0 )do,
Jo

except th a t  in  place o f /  we have ^
dt

(4) If  we consider an  equation  of th e  form

=  A t +  X f  N (/, 0) (0) d0,
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7 0 6  . W .  O . K e r m a c k  a n d  A . G . M c K e n d r ic k .

of w hich th e  above eq u a tio n  is a  p a rtic u la r  exam ple, i t  w ould  ap p ear th a t  a 

so lu tion  can  be a rriv ed  a t  b y  a  series of successive ap p ro x im atio n s  in  a w ay 

sim ilar to  th e  m e th o d  used  in  resolv ing V o lte rra ’s eq u a tio n .

W e m ay  w rite

x  — /o  (0  +  (t) -f- 72/ 2 (t) +  et c *

I t  is easily  seen th a t  a fte r su b s titu tin g  th is  expression  in  th e  equation

= x
rt

a {+  x n  (*, e ) z ( e ) d e  
Jo

an d  equating  th e  coefficients of th e  pow ers of X, we o b ta in

■ J J t ) = f n ( t ) A t + f n. 1 (t) f  N  (t, 6) / o  (6) d6 + / „ - 2  w  
Jo  Jo

N (<, © )/„_! (6) rfe

d

dz

+  • • •  f . / 0  

=  L n_ i (<) say .

This is a  d ifferen tia l eq u a tio n  fo r f n (t) of w hich th e  so lu tion  is 

fn  (0 e =  j* L n_ i (0 e”^ ° A<cWd£ +  c o n stan t,

w here L „_ i (Z) is a  fu n c tio n  of t h e / ’s.

Also / w (0) is zero ( n > 0 ) ,  since th e  in itia l conditions are  p resum ab ly  inde

p en d en t of X . H ence th e  co n stan ts  of in te g ra tio n  are all zero except / o ( 0 ) .  

In  th e  case of th is  fu n c tio n  we h av e

dfo (Z)

dt

w hence

— Jo (J) A<,

fo i l )  = / o ( 0 ) J » A"“ ,

so th a t /o  (0) =  x 0.

W e th u s  have  for th e  so lu tion  of th e  in teg ra l equation ,

x =  xoEt +  S  XnE ( f  dt,
» = i Jo E(

Xo +  S  Xw [
i Ji

=  E
;o

w here E ( is w ritten  for exp. f A an d  w hen X =  1
Jo

00 ft

£1 Jo
x  =  E , x 0 +  £  f  L "~i ^ (1 7 )

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



M a th e m a tic a l  T h e o ry  o f  E p id e m ic s . 707

(5) R etu rn in g  to  eq u a tio n  (16) le t us consider i t  in  th e  ra th e r m ore general 

form
~t

Q t-eXedQ.* , + (
J o

M ultip lying b o th  sides by  e zt w here th e  real p a r t of z is positive, and  

in teg ra tin g  w ith  respect to  t betw een  th e  lim its zero and  in fin ity , we have

therefo re

jo  6 =  J o « “ ! ‘ A f it  +  j  e~“

— log x„ +  ( ze~*’ log a; eft =  F  (z) +  f « -» Q , dd  I e~llx t dt,
Jo Jo Jo

=  F  - f  F i  (?) j  dt,

w here F  (2 ) is w ritten  for J e~zik t dt,an d  F j (2 ) for J e~z

e~'d log x  te n d s  to  zero as t ten d s  to  in fin ity , w hilst x  never exceeds th e  

in itia l value N  — y 0.

Thus
_oo

j e~zt (2  log x  — F i (2) x) dt —  F  (2 ) +  log x 0.
Jo

I t  will be seen th a t  th is  is an  equation  of th e  form

f  <f>(x,z) y
' A

(18)

(19)

w here th e  functions (f>, 6  an d  7 are  know n, and  a: is a  function  of 2 m ay  have 

any  value provided  th a t  its  real p a r t  is positive. I t  follows th a t  th e  fo rm al 

solution o b ta ined  in  th e  previous p a rag raph , equation  (17), m u st sa tisfy  th is  

equation  (19). I f  </> (x, 2) h ad  n o t con tained  2 explicitly  equation  (19) w ould be 

of F red h o lm ’s first ty pe . F ro m  th is  po in t of view th e  above equation  m ay  be 

regarded  as a generalisa tion  of F red h o lm ’s equation  of th e  first ty p e .

(6) L e t us now in teg ra te  equation  (13) w ith  respect to  t, betw een th e  lim its 

zero and  in finity .

W e have

-  f  i t  =  f  f  A  +  f  A
Jo dt J 0 J 0  Jo

-00 -00 -00 

log —  =  I  Ae d0 | +  j A

hence

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



7 0 8 W . O . K e r m a c k  a n d  A . G . M c K e n d r ic k .

r°° • r  r
I f  we p u t  A for A td t,and use th e  re la tio n  =  — —  —

Jo  J o  Jo dt

we have

log ^  =  A ( x 0 -  * . )  +  A =  A (N  —

L et us in tro d u ce  th e  va lue  p  = — ^7— so V  ^

p o p u la tio n  w ho becom e in fec ted  du rin g  th e  epidem ic.

Then x ^  =  N  (1 — p) 

a n d

1 — Vlog A----  L  A N

i — Va
N

( 20 )

This eq u a tio n  determ ines th e  size of th e  epidem ic in  te rm s  of A, N, and  y 0, 

a n d  we shall m ake use of i t  la te r.

I f  we t r e a t  eq u atio n  (15) in  a s im ilar m an n er, we o b ta in  th e  re la tio n

I N  j* B e dO.
'o J o

T hus 1 B 0d6 is th e  average case d u ra tio n .

(7) F in a lly  th e  o b servational d a ta  are  g iven  in  te rm s  of y  an d  th o u g h  

in  p a rticu la r instances th e  in fo rm ation  m ay  be incom ple te . The problem  m ay  

arise of o b ta in ing  A 0 an d  B 0 as fu n c tio n s of 0, an d  th u s  of acqu iring  know ledge 

regard ing  6 e an d  th e  in fec tiv ity  and  rem oval ra tes.

In  equation  (13) v t an d  d log xjdtare know n functions of t 

is of th e  ty p e  discussed b y  Fock  (1924). W e shall ap p ly  his m ethod  to  ob ta in  

th e  solu tion  of th is  and  sim ilar equations.

B y eq uation  (13)

: d  log X rx ft r°°
e~z t \ A e ^ t - e d ^ d t y Q \e~ztA t dt,

Jo Jo Jo

therefore

f e~z% d t  
J n

yo  +  f e ztVi dt 
Jo

( 21)
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M a th e m a tic a l T h e o ry  E p id e m ic s . 7 0 9

■and we shall denote  th is  la s t expression by  th e  sym bol F 2 (z) 

w hence
-j Ca + iv>

A e =  f -| {z)
2rci •J o r— i  oo

B y equation  (15)

j o e~zty tdl =  I e_2< | B evt^e - f

w hence

fJ 0 e 2*B,df
I e zty t
Jo_________

pOO

+  e~
' n

we shall deno te  th is  la s t expression by  F 3 (z), and  so

| p'l + iao
B , =  - M  <?‘F s (z)d t.

Zm  J a - i  X)

(21a )

( 2 2 )

(22a )

E q u atio n s (21a ) and  (22a ) give A e and  B 0 in  te rm s of t

If  F 2 (z) and  F 3 (z) can  be expressed as ra tio n a l functions of th en  in  place 

of L ap lace’s tran sfo rm atio n  we can use th e  sim pler so lution given in the  nex t 

section.

Spe c ia l  Ca s e s .

A .— The earlier stages o f an epidemic in  a large population.

(8) D uring  th e  early  stages of an  epidem ic in  a  large popula tion , th e  num ber 

of unaffected  persons m ay  be considered to  be constan t, since any  a lte ra tio n  is 

sm all in com parison w ith  th e  to ta l  num ber. E q u a tio n  (13) becomes

A eVt-e d0 +  A

w here N  is th is  co n stan t popu lation  per u n it area. 

U sing F ock’s m eth od

N y0 |

f e ‘uvL

1 — N j 
J o

an d  we shall denote th is  by  F 4 (z). 

Thus

=  A  <fF t (*)<&.
Am  Ja-iao

(2 3 )

(23a )
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7 1 0 W . O . K e r m a c k  a n d  A . G . M c K e n d r ic k .

M aking use of eq u a tio n  (15) we h av e  sim ilarly

f e~zty tdt —  f e~ztf +  I
Jo Jo Jo  J o

f  e-*\(
J o  J

N y o  f
J O

e~z0B i dd  ~h 2/o [ e dt,

e ztA ,d t  e ztB t dt

1 —  N
' o

+  2/oj e

y 0 ( e z%  dt
J 0

1 - N
Jo

w hich we shall call F 5 

T hus
i ra+i»

Vt =  t - t  eztFo  (2 ) 
AlZZ J a — ix)

F u rth e r we m ay  find th e  in teg ra l eq u a tio n  for y t as follows :—

Vt —  [  B t - e V # d d  +  Btyo,
Jo

— N  j* B t - e A g _ xvxdz  +  A#?/o^ dd -f-

=  N  I B t_ 0 j* A e_ zvz d zd d  +  % 0 J  
—  N  f At_o f  Bg_zvz dz -(- f  A ;_ e B ^ d 6  -j- B

Jo Jo Jo

— N j" A t-e  {ye — B ^ q -j- Beyo) dd  +  B ^o,

=  N  ( A t-eye dd  +  B {yo- 
J 0

( 2 4 )

(24a )

(2 5 )

I t  is easy  to  show th a t  b y  solving th is  d irec tly  we o b ta in  th e  so lu tion  (24).

I n  a  p revious com m unication , M cK endrick  (1925-26), th ese  so lu tions w ere g iven  in  a  

som ew hat d ifferen t fo rm . T he e q u a tio n  for vt0 w as g iven  as

vt,0 =  j Aev.-^o 
Jo
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M athem atica l Theory o f  Epidem ics.
t

an d  th e  so lu tion  ob ta in ed  w as

7 11

\  Ca +too

"‘•0 =  2 S
get . dz

e~ 20A e

I t  w as rem ark ed  th a t  vt,o had  a singu larity  a t  th e  p o in t 0. I n  th e  p re

cussion we reg ard  th e  original infections as occurring a t  th e  very  beginning of th e  epidem ic 

b u t in  such  a  w ay  as to  be independen t of th e  equations w hich define th e  epidem ic proper. 

T hus Vi, o — vt excep t in  th e  sh o rt in te rv a l of tim e 0 to  e, an d  during  th is  in terva l th e

in teg ra l eq u a tio n  does n o t hold, b u t in stead  j" vt, o dt is equal to  

T hus

Vt, 0 =  Vt,0 —  Vt, 0 +  Vt, 0 ,

— | A j_ 0 i>0,o d 6 - \ - A t - eve, 0

=  1 A t-e V e d d  +  A t - e' | w here 0 <  <  e
Jo Jo

A j—000 dd AtyQ.
I

T hus th e  in teg ra l eq u a tio n  previously  given for i% o im plies th e  eq u a tio n  now given for vt. 

T he so lu tion  previously  g iven  m ay  be w ritten  in  th e  form

vt, o =  - L f
2 ni |,

a d-i oo 

ci — % '
e ^ F  (z) dz ,

w here

F ( 2 )

I n  th e  new  form

( V
10

le t us deno te  th is  by

Z&A$ dd

F 4 (z ) =  +
Al/n

1 — A  1 — A ’

w hich is th e  sam e as in  eq u a tio n  (23) w hen one no tes th a t  in  th e  fo rm er discussion th e  

function  A w as ta k e n  as including  N . N ow if vt has no singularities, th e  L ap lacian  solu tion

of F 4 (z ) is a  fun c tio n  w ith  no singularities an d  so th e  L ap lacian  of ;y0 corresponds to  th e
[ C a + i oo

singu larity . I t  is easy  to  see th a t  th e  L ap lacian  solution |  ̂  ̂ y 0) dz corresponds

to  a function  <j> (t)such th a t  j ” (0  d t = - y aN ow

becom es in fin ite  a t  th e  origin in  such a  w ay th a t  |  ̂ dt tends to  y 0 as e ten d s to  zero,

T a + i co
th e n  i t  is clear th a t  th e  above equa tion  will be tru e . A nd so th e  expression I ( yo)dz

J Cl — l  oo

m ay be ta k e n  as represen ting  a  function  w ith  exactly  th e  sam e properties as vt - v t,o.

T h a t is to  say i t  is zero from  e to  oo an d  (w* -  vly0)dt =  -  w hen £ becomes very 

sm all.

3 B
V O L .  C X V . — A .
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7 1 2 W . O . K e r m a c k  a n d  A . G . M c K e n d r ic k .

These values of v tand  y tco n stitu te  th e  general so lu tion  of th e

case w here N  is considered as rem ain ing  c o n s ta n t, if A# an d  B e, or <f>9 an d

are  given.

W e can  as before read ily  o b ta in  th e  values A 0 an d  B 0 from  observed  values 

of vtand  y t, and  we find

10 " 2 ro  J
ra + i co dv, dt

a—i x>
%0 +  n J

dz,
ry—Zt

Vtdt

(26)

F o r th e  a rith m etica l so lu tion  of th e  in teg ra l equations th e  read er is referred  

to  W h ittak e r (‘R oy. Soc. P ro c .,’ A, vol. 94, p. 367, 1918).

(9) I t  will be observed  th a t  so lu tions (21, 22, 23, 24, 26, 27) d epend  upon a n

f  »

equ atio n  of th e  ty p e  e~ztcj) ( t)dt =  F  (z) w hose so lu tion
J o

th e  use of L ap lace ’s tran sfo rm a tio n .

I f  F  (z) can  be expressed  as a  ra tio n a l fu n c tio n  of th e  fo rm  v 2— r w here
< M » )

and  are  po lynom ia ls  of degree n  an d  m  respectively , an d  n  is less th a n  m,

th e n  i t  is a lw ays possible to  express F(z) in  th e  fo rm  S E  ^ r, s— w here r an d  s
(z a r)

v a ry  from  u n ity  to  a an d  b respective ly , find a an d  b have  fin ite v

B u t

hence a so lu tion  of

. 0 ®r)
is given b y

<f> {t) =  E E  - Ar>* P ~ V r t: see Fock  ( . (28
(s — 1)1

B . Constant .

(10) M uch insigh t can be o b ta in ed  as to  th e  process by  w hich epidem ics in  

lim ited  popu lations ru n  th e ir  pecu liar courses, an d  end in  final ex tinction ,
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Mathematical Theory of Epidemics. 7 1 3

from  th e  considera tion  of th e  special case in  which <f> an d  y  are  constan ts  k  

an d  l respectively .

In  th is  case th e  equations are

dx
=  — k x v

dy
dt

Kxy — ly

dz 7

n  =  l*

(2 9 )

an d  as before x-f- +  z —  N . 

T hus

|  =  I ( N - * - * ) ,

i d x  K. I i &n
an d  —  =  — -  x, w hence log ~  

dz l x
— z, since we assum e th a t  z0 is zero.

f = l ( N - x 0e *r

T hus

Since i t  is im possible from  th is  equation  to  o b ta in  z as an  explicit function  of

t, we m ay  expand  th e  exponen tial te rm  in  powers of -  z , and  we shall assum e
L

th a t  -  zis sm all com pared  w ith  un ity .

T hus

B u t N  — x Q =  y 0,w here y 0 is small. I t  is for th is  reason th a t  we

tak e  in to  considera tion  th e  th ird  te rm  in  z2, as a lthough j  is sm all com pared

w ith  u n ity , its  square  m ay  n o t be sm all as com pared  w ith  ( -  x 0 — 1 | z.

The solution of th is  equation  is ___

z — \ j x ° —  ̂

w here

j  Xq  1

<f> =  ta n h -1

V “

and
k 2U

f

3 b 2

 D
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7 1 4 W . O . R e r m a c k  a n d  A . G . M c K e n d r i c k .

Also fo r th e  ra te  a t  w hich cases are  rem oved  b y  d e a th  or recovery  w hich is th e  

form  in  w hich m an y  s ta tis tic s  a re  g iven

dz

dt 2xok2
a/ — q sech2 ( — 2 (31)

3 0

w eeks

T he accom panying  c h a r t  is based  upo n  figures of d ea th s  from  plague in  th e  island  of 

B om bay  over th e  period  D ecem ber 17, 1905, to  J u ly  21, 1906. T he o rd in a te  represen ts 

th e  n u m b er of d ea th s  per w eek, a n d  th e  abscissa deno tes th e  tim e in  weeks. As a t  least 

80 to  90 per ce n t, of th e  cases re p o rted  te rm in a te  fa ta lly , th e  o rd in a te  m ay  be ta k e n  as 

ap p ro x im ate ly  rep resen ting  dz/dt  as a  fu n c tio n  of t. T he ca lcu lated  cu

th e  fo rm ula

— =  890 sech2 (0 • — 3 • 4).
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M a th e m a tic a l  T h e o ry  o f  E p id e m ic s . 7 15

W e are, in  fa c t, assum ing th a t  p lague in  m an  is a reflection of plague in  ra ts , and  th a t  

w ith  respect to  th e  r a t  (1)/ th e  un infec ted  popu lation  w as unifo rm ly  susceptib le ; (2) th a t  

all susceptib le ra ts  in  th e  island  h ad  a n  equal chance of being in fected  ; (3) th a t  th e  infec- 

t iv ity , recovery, an d  d ea th  ra te s  were of co n stan t value th ro u g h o u t th e  course of sickness 

of each  r a t ; (4) th a t  all cases ended  fa ta lly  or becam e im m une ; an d  (5) th a t  th e  flea 

p o p u la tio n  w as so large th a t  th e  condition  approx im ated  to  one of co n tac t infection. 

N one of these  assum ptions are  s tric tly  fulfilled an d  consequently  th e  num erical equation  

can  only be a  v ery  rough approx im ation . A close fit is n o t to  be expected , an d  deductions 

as to  th e  ac tu a l values of th e  various co n stan ts  should  n o t be draw n. I t  m ay  be said , 

how ever, th a t  th e  ca lcu lated  curve, w hich im plies th a t  th e  ra tes  d id  no t v a ry  during  th e  

period  of th e  epidem ic, conform s roughly  to  th e  observed figures.

F u r th e r  a t  th e  end of th e  epidem ic

21 (
=  —  ®o

KXo \

l
(32)

where y 0 has been  neglected. This is obviously no lim ita tio n  as y 0, th e  in itia l 

num ber of in fec ted  cases is usually  sm all as com pared  w ith  I t  is clear th a t  

w hen x 0, w hich is iden tical w ith N  if y 0 be neglected, is equal to  1/k , no epidem ic 

can  ta k e  place. If , how ever, N  sligh tly  exceeds th is  value th e n  a sm all epidem ic

will occur, an d  if we w rite  N  =  -
K

-j- n, its  m agn itude  will be

9,L?L or

In  th is  sense th e  popu la tion  density  No — -  m ay be considered as th e  thresho ld

density  of th e  p opu la tion  for an  epidem ic w ith  th ese  characte ris tics. No epi

dem ic can occur unless th e  popu la tion  density  exceeds th is  value, and  if i t  does 

exceed th e  th resho ld  value th e n  th e  size of th e  epidem ic will be, to  a first app rox i

m ation , equal to  2 n, th a t  is to  tw ice th e  excess (if n  is sm all as com pared w ith  N)

A nd so a t  th e  end of th e  epidem ic th e  popu la tion  density  will be ju s t as far below 

th e  th resho ld  density , as in itia lly  i t  was above it.

A t first s igh t i t  appears peculiar th a t  in  such a hom ogeneous popula tion  

th e  epidem ic should a t  first increase and  th en  dim inish. The reason foi th is  

behaviour is read ily  ap p recia ted  w hen a tte n tio n  is focussed on th e  conditions 

ob ta in in g  w hen th e  epidem ic is a t  its  m axim um . B y equation  (29) th is  occurs

w hen ^  =  0 th a t  is w hen x  —  - ,  or w hen th e  unaffected  popula
dt ’ k

reduced  to  its  th resho ld  value. Once th e  popu lation  is below th is  value, any 

particu la r in fected  ind iv idual has m ore chance of being rem oved by  recovery 

or by  d ea th  th a n  of becom ing a  source of fu rth er infection, and  so th e  epidemic
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7 1 6 W . O . K e r m a c k  a n d  A . G . M c K e n d r ie k .

com m ences to  decrease. I n  fac t, as rem ark ed  above, in  sm all epidem ics th e  

curve fo r y  is sy m m etrica l a b o u t th e  m ax im u m . This sy m m etry  ex ists  for

as a  fu n c tio n  of t, a n d  conseq u en tly  also  fo r dz/d t, t h a t  is to  say  th e  curve of 

rem oval by  recovery  or b y  d ea th . O n th e  o th e r h a n d  no such  sy m m etry  is

doc
ob ta in ed  in  th e  curve  of case incidence, th a t  is of — — =  Kxy. This is clear 

since y  is sym m etrica l an d  x  — e *

C. M agnitude o f sm all epidem ics in  general case.

(11) W e have  seen th a t  in th e  case la s t discussed, th a t  is w here th e  popu la tio n  

is lim ited , an d  th e  ch arac te ris tic  ra te s  a re  co n stan ts , a  th resh o ld  va lue  ex ists, 

such th a t  no epidem ic can  arise  if th e  d e n sity  is below  th is  value, w hereas if 

th e  d en sity  be above it ,  th e  size of th e  epidem ic  is eq u al to  tw ice th e  excess, 

p rov ided  th a t  th e  excess be a  sm all frac tio n  of th e  th resh o ld  density . I t  is 

of im p o rtan ce  to  enqu ire  how  fa r a  sim ilar re su lt is tru e  in  th e  general case 

w here th e  ch arac te ris tic  ra te s  v a ry  d u rin g  th e  course of th e  disease.

W e found  th a t

log  J.---- 2. =  A p N ,

1 - ^ 2

N

( 20 )

w here p  is th e  p ro p o rtio n  of th e  p o p u la tio n  in fec ted  d u rin g  th e  epidem ic, an d

W e shall assum e t h a t y 0/N  is sm all as com pared  w ith  u n ity , and  can  be 

neglected.

I t  is clear th a t  w hen p  is g rea te r th a n  zero, — log (1— hence A p N > p

an d  consequently  A N > 1 .

T h a t is to  say  for an  epidem ic to  occur ( th a t  is fo r p  to  be g rea te r th a n  zero ), 

N  m u st be g rea te r th a n  1 /A. W ritin g  N 0 — 1 /A  an d  N  — N 0 -j- we have

hence

P  +  2 -  +  £ + • • •  =  A ? N
A fj

v~ + £ +  
2 3

n

N o’
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M athem atica l Theory o f  Epidem ics. 

or neglecting pow ers of p  h igher th a n  th e  first

717

? N  =  2 n ^  =  2 „ ( l  +  ^ )  =  2 „ , (33)

ap p ro x im ate ly , as w/N0 m ay  be neglected as com pared w ith un ity .

A difficulty occurs due to  th e  fa c t th a t  y 0 can  have no value less th a n  u n ity , an d  so ?/„ /X  

can n o t be m ade indefin itely  sm all. I t  appears, in  fact, th a t  u n d er certa in  conditions qu ite  

a num ber of cases m igh t occur a t  th e  th resho ld  value, b u t  these w ould be sporadic cases an d  

w ould  n o t c o n s titu te  an  epidem ic in  th e  tru e  sense. T he difficulty  m ay  be go t over if we 

allow th e  u n it  of a rea  to  increase. I f  we increase i t  k tim es th en  N 0 increases to  kN0 an d  A  

becomes A/k, so  th a t  A N 0 does n o t change. On th e  o th er hand  ?/0/ N 0 becomes yn , 

an d  a lthough  y 0 can  never be less th a n  u n ity , k can  be m ade indefin itely  large, an d  so 

2/0/kN0 m ay u ltim a te ly  be neglec ted as com pared  w ith  u n ity .

I t  th u s  appears th a t  precisely  th e  sam e resu lt is a rrived  a t  in  th is  case, as in 

th e  sim pler case in  w hich th e  ra te s  w ere constan ts. There exists  a th resho ld  

p o p u la tio n  whose den sity  is equal to  1 /A, and  w hen an  epidem ic occurs in  a 

popu la tio n  of sligh tly  h igher density , its  size is equal approx im ate ly  to  tw ice 

th e  excess.

I t  will be seen th a t  th e  m ore com plex expression A now replaces th e  sim pler 

frac tio n  k /1. In  fac t, w hen th e  ra te s  are  co n stan t

R ev ertin g  to  equ atio n  (20) i t  is clear th a t  p  can  never be equal to  u n ity , as 

long as N  is finite, so th a t  an  epidem ic can never affect all th e  susceptible 

m em bers of a  lim ited  popu lation . Of course i t  has to  be recognised th a t  w hen 

th e  p o p u la tio n  has been reduced  to  sm all num bers th e  equations here given do 

n o t s tr ic tly  hold .

I t  m ay  also be po in ted  o u t th a t  th e  popu la tion  density  N 0 =  1 /A is only a 

th resho ld  density  w ith  respect to  in itia l im porta tions of cases w hich have ju s t 

been infected . T h a t is to  say  th e  cases p resen t a t  th e  com m encem ent of th e  

epidem ic are  assum ed to  be of th e  ty p e  v0 0, and  none are  of th e  types 

v0ii, iyQ>2 ... v0 r. I t  is th is  lim ita tion  w hich renders it  im possible in th e  general 

case to  iden tify  th e  th resho ld  popu la tion  w ith  th e  num ber who are  still u n 

affected a t  th e  in s ta n t w hen th e  epidem ic reaches its  m axim um , since a t  th a t  

in s ta n t m any  cases will certa in ly  be no t ju s t comm encing b u t will be of th e  ty p e  

v0 r, an d  so th e y  can n o t be tre a te d  as equ ivalen t to  those w hich we have assum ed 

to  have  been originally in troduced . N evertheless th e re  seems little  d oub t 

th a t  by  analogy  w ith  th e  sim pler case in  which the  ra te s  were constan ts , th e
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7 1 8 W . O . K e r m a c k  a n d  A . G . M c K e n d r ic k .

p o in t a t  w hich th e  epidem ic reaches its  m ax im u m  will, in  general, correspond 

ap p ro x im ate ly  w ith  th e  p o in t a t  w hich  th e  rem ain in g  unaffected  p o p u la tio n  

has been reduced  to  th e  th re sh o ld  va lue.

A no ther p o in t of in te re s t arising  from  eq u a tio n  (20) is in  re la tio n  to  v a ria tio n s  

in  th e  in fec tiv ity  ra te . I t  w ill be seen t h a t  th e  effect of inc reasing  th e  

in fec tiv ity  from  (f>0 to  a  (j>eis to  increase  A to  a  A, an d  

th resh o ld  va lue  N 0 is reduced  to  N 0/a .

L e t a  =  1 - f  p, w here  [3 is v e ry  sm all, so t h a t  (3 is th e  frac tio n a l increase in  

th e  in fec tiv ity .

The new  th resh o ld  is now  •
1 +  P

N 0 — (3N0. C onsequently  th e  excess being

now  (3N0, an  epidem ic of th e  size 2(3N0 is to  be expected . T hus a sm all increase 

in  th e  in fec tiv ity  ra te  m a y  cause a  v e ry  m a rk e d  epidem ic  in  a  p o p u la tio n  w hich 

w ould o therw ise be free from  epidem ic, p ro v id ed  t h a t  th e  p o p u la tio n  w as 

p rev iously  a t  i ts  th re sh o ld  va lue. O n th e  o th e r  h a n d , if th e  a c tu a l d en sity  w as 

below  th e  th resh o ld , no epidem ic  cou ld  occur u n til  th e  in fe c tiv ity  h a d  been 

in creased  to  such  a  degree as to  m ak e  th e  th re sh o ld  va lue  less th a n  th e  a c tu a l 

density .

(12) I t  is n o t d ifficult to  ex ten d  th ese  re su lts  to  such  diseases as m a la ria  or 

plague, in  w hich tran sm issio n  is th ro u g h  a n  in te rm e d ia te  h o st. I n  th is  case 

using dashed  le tte rs  fo r sym bols re ferring  to  th e  in te rm ed ia te  h o st we have

d  log x _ rt= f A>',_«<ze + AVo 1
Jo

an d

w hence

dg ^  = f + A,y0

-  log 1 ~  P-  A 'p 'W  1 

N

i '
j

(34)

an d 1

-  log 1 ~  v ', -  A nN  
l  Vo

N' J

(35)

N eglecting  y 0jN  an d  y d  [W  as before  we h av e  to  a  first ap p ro x im atio n

3>(l +  f j p '  ( l  +  J| )  =  A A 'f p O T ,  _

th u s

§ + £ = AAW-l.
z z

(36)
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M a th e m a tic a l  T h e o ry  o f  E p id e m ic s . 7 1 9

As p  an d  p ' a re  alw ays pos itive w here th e re  is an  epidem ic, A A 'N N ' m u st b

g rea te r th a n  1, or a  tru e  epidem ic can  occur only  w hen A A 'N N ' is g reater th a n  

u n ity . W e th u s  see th a t  th e re  is no th resh o ld  in  th e  sense used  in  th e  previous 

p a rag rap h  fo r e ith e r m an  or th e  in te rm ed ia te  ho st separate ly , b u t th a t  there  

ex ists w h a t m ay  be called a  th resh o ld  p ro d u c t 1 /A A ', and  th is  m u st be exceeded 

b y  th e  p ro d u c t N N ' in  order th a t  an  epidem ic m ay  occur.

W e shall now suppose th a t  th e  value of N ' =  N 0', and  th a t  N  =  — +
A A. Hq

w here n is n o t very  g rea t com pared  w ith  1 /A A 'N 0', th u s  N  =  N 0 -j-

W e observe th a t  if th e  va lue  N  h ad  been N 0, th e  s itu a tio n  w ould be such th a t  

no epidem ic could  arise. I n  fac t, th e  p ro d u c t N N ' w ould  have been  a t  its  

th resh o ld  value. If, how ever, N  exceeds th is  va lue  N 0 b y  an  am oun t n, and  if 

we reg a rd  N 0 as rem ain ing  fixed, th e n  un d er th is  condition  N 0 corresponds to  a 

th resh o ld  va lue  in  th e  fo rm er sense, an d  we are  considering th e  case in  w hich 

th is  th resh o ld  value is exceeded b y  n.

E lim in a tin g  p ' from  th e  above equations we have  to  a first approx im ation

2 nA'N 0'
V = N o l +  A 'N o '’

(37)

T hree cases m ay  be considered :

(1) W hen  N 0' is v e ry  sm all, p  —  0, an d  a  tru e  epidem ic will n

(2) W hen  N 0' =  1 /A ', p N 0 =  n.

The size of th e  epidem ic is here  ex ac tly  equal to  th e  excess and th e  resu lt of 

th e  epidem ic is to  reduce th e  p o p u la tio n  to  its  th resho ld  value.

(3) W hen  N 0' is very  g rea t, p N 0 —  2 nor to  double th e

In  th is  case th e  size of th e  epidem ic is th e  sam e as in  th e  sim ple case previously

considered . T h a t th is  should  be so is ap p aren t, w hen we consider th a t  th e  

assum ption  th a t  N 0' is ve ry  g rea t, is equ ivalen t to  th e  assum ption  th a t  the  

in te rm ed ia te  h o s t is so p len tifu l th a t  we are  dealing w ith  a condition  w hich is 

p rac tica lly  iden tica l w ith  co n tac t infection.

F u r th e r  rev ertin g  to  eq u atio n  (36) and  m u ltip ly ing  b o th  sides by  N 0N 0' we 

have
N 0'j>No +  N ^ 'N 0' =  2N 0N 0' (A A 'N N ' -  1).

W e choose
N 0N 0' =  1/A A ' =  7t0,

w here 7t0 is w h a t we have  called above th e  th resho ld  p roduct. T h a t is to  say, 

w hen th e  popu la tions are  sim ultaneously  N 0 and  N 0' th e re  will be no epidem ic. 

T hen
N 0> N 0 +  N 0p 'N 0' =  2 (N N ' -  N 0N 0')

=  2(7T — 7T0),
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7 2 0 W . O . K e r m a c k  a n d  A . G . M c K e n d r ic k .

w here t z is equal N N ', an d  we suppose th a t  n  is g rea te r th a n  t t 0. N o w  le t N  and

N ' be th e  popu la tio n s a fte r  th e  epidem ic  h as  te rm in a te d , and  le t tt =  NN'.

T hen

tc — 7r =  N N ' — (N  — AN) (N ' -  A N '),

=  N A N ' -j- N 'A N  -  A N  A N ',

=  N p 'N ' +  N 'p N  -  p N p 'N ',

=  N N ' (P +  V'~ PP'),

=N0N 0' ( p  +  

If  th e  excess of p opu la tion  is sm all so t h a t  N N ' — N 0N 0' is sm all as com pared  

w ith  N 0N 0', we can  neg lec t th e  second te rm . F u r th e r , p p ' can  be neglected  

as com pared  w ith  p  o r p ',  a n d  th e re fo re

n  — n  =  N 0N 0' (p  -j- — 2 (7r — 7r0). (38)

T h a t is to  say , th e  difference b e tw een  th e  va lues of th e  p ro d u c t of p opu la tions 

before and  a fte r  th e  epidem ic  is tw ice  th e  excess of th e  p ro d u c t before  th e  

epidem ic over th e  th re sh o ld  p ro d u c t. T his eq u a tio n  is ex ac tly  analogous to  

eq u a tio n  (33). S om ew hat s im ilar re su lts  h av e  been p rev iously  o b ta in ed  by  

one of us (M cK endrick , 1912) in  an  analogous b u t  s lig h tly  d ifferen t problem .

(13) These re su lts  acco u n t in  som e m easu re  fo r th e  frequency  of occurrence 

of epidem ics in  p o p u la tio n s  w hose d en sity  h as been  increased  b y  th e  im p o rta tio n  

of unaffected  ind iv iduals . T hey  also em phasise  th e  ro le  p layed  b y  contag ious 

epidem ics-in  th e  reg u la tio n  of p o p u la tio n  densities. I t  is q u ite  possible th a t  in  

m an y  regions of th e  w orld  th e  a c tu a l d en sity  of a  p o p u la tio n  m ay  n o t be w idely 

d ifferen t from  th e  th re sh o ld  d en sity  w ith  reg a rd  to  som e d o m in an t contag ious 

disease. A ny increase  above  th is  th re sh o ld  va lue  w ould lead  to  a  s ta te  of 

risk , and  of in s ta b ility . T he longer th e  epidem ic  is w ith h e ld  th e  g rea te r will 

be th e  ca ta s tro p h e , p rov ided  th a t  th e  p o p u la tio n  con tinues to  increase, an d  th e  

th resh o ld  den sity  rem ains unchanged . Such a  pro longed  delay  m ay  lead  to  

a lm o st com ple te  ex tin c tio n  of th e  p o p u la tio n . S im ilar resu lts , th o u g h  of a 

som ew hat m ore com plicated  form , hold fo r epidem ics tra n sm itte d  th ro u g h  an  

in te rm ed ia te  host. I n  th is  case, in  p lace of th e  th resh o ld  den sity  we have  to  

consider th e  th resh o ld  p ro d u c t.

Sum m ary .

1. A m ath em atica l in v estig a tio n  h as  been m ade of th e  progress of an  epidem ic 

in  a  hom ogeneous p o pu la tion . I t  has been  assum ed th a t  com plete im m u n ity  is 

conferred  by  a single a t ta c k , and  th a t  an  ind iv id u a l is n o t in fective a t  th e
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M a th e m a tic a l  T h eo ry  o f  E p id e m ic s . 721

m om en t a t  w hich he receives infection . W ith  th ese  reservations th e  problem  

has been investig a ted  in  its  m ost general aspects, and  th e  following conclusions 

have  been  arriv ed  a t.

2. In  general a  th resho ld  density  of popu la tion  is found to  exist, which 

depends upon  th e  in fec tiv ity , recovery  and  d ea th  ra te s  peculiar to  th e  epidemic. 

N o epidem ic can occur if th e  p o p u la tio n  den sity  is below th is  th resho ld  value.

3. Sm all increases of th e  in fec tiv ity  ra te  m ay  lead  to  large epidemics ; also, 

if th e  p opu la tion  d en sity  sligh tly  exceeds its  th resho ld  value th e  effect of an  

epidem ic will be to  reduce th e  den sity  as fa r below  th e  th resho ld  value as in itia lly  

i t  w as above it.

4. A n epidem ic, in  general, comes to  an  end, before th e  susceptible popula tion  

has been exhausted .

5. S im ilar resu lts  are  in d ica ted  for th e  case in  w hich transm ission  is th rough  

an  in te rm ed ia te  host.
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