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Abstract. In this paper, a new alternating direction implicit Galerkin-Legendre spectral method
for the two-dimensional Riesz space fractional nonlinear reaction-diffusion equation is developed. The
temporal component is discretized by the Crank—Nicolson method. The detailed implementation of
the method is presented. The stability and convergence analysis is strictly proven, which shows that
the derived method is stable and convergent of order 2 in time. An optimal error estimate in space
is also obtained by introducing a new orthogonal projector. The present method is extended to solve
the fractional FitzHugh-Nagumo model. Numerical results are provided to verify the theoretical
analysis.
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1. Introduction. In the past decades, fractional calculus has been used to model
particle transport in porous media. Recently, there has been increasing interest in the
study of fractional calculus for its wide application in many fields of science and
engineering, such as the physical and chemical processes, materials, control theory,
biology, finance, and so on (see [3, 9, 25, 23, 33, 35]). In physics, fractional derivatives
are used to model anomalous diffusion, where particles spread differently than the
classical Brownian motion model [23]. Kinetic equations of the diffusion, diffusion-
advection, and Fokker—Planck equations with partial fractional derivatives were rec-
ognized as a useful approach for the description of transport dynamics in complex
systems. Reaction-diffusion models have been used for numerous applications in pat-
ten formation in biology, chemistry, physics, and engineering. These systems show
that diffusion can produce the spontaneous formation of spatial-temporal patterns.
The idea is to use a fractional-order density gradient to recover, at least at a phe-
nomenological level, the nonhomogeneities of the porous media. Given the structural
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analogy between Newton’s law of viscosity and Fick’s law of particles transport, the
usage of a fractional Newton’s law for descripting momentum transport in nonho-
mogeneous porous media could be considered. By using spatial averaging meth-
ods, Ochoa-Tapia, Valdes-Parada, and Alvarez-Ramirez [32] derived a Darcy-type
law from a fractional Newton’s law of viscosity, which is intended to describe shear
stress phenomena in nonhomogeneous porous media. Valdes-Parada, Ochoa-Tapia,
and Alvarez-Ramirez [39] studied reaction-diffusion phenomena in disordered porous
media with non-Fickian diffusion effects. They obtained an effective medium equation
of the concentration dynamics, which has a fractional Fick’s law for the particles flux.
They showed that the macroscale diffusion parameter is affected by the scaling from
mesoscale to macroscale, and by the disordered structure of the porous medium.

In this paper, we consider the following two-dimensional Riesz space fractional
nonlinear reaction-diffusion equation [3, 19]:

(1.1)
8tU,

a2a1u 82a2u
=K, K

Ofaper e
U(iC,y,O) :¢0($7y)7 (xay)EQa
u=0, (z,y,t)€dN x (0,T],

+F(U)+f($,y,t), (mayvt)GQX(OaT]vT>Oa

in which 3 < aj,as <1, K;, Ky > 0, Q = (a,b) x (¢,d), 9, = %. F(u) is nonlinear,
which satisfies the requirement that |0, F'(u)| is bounded when w is bounded or F'(u)

82041
8|5E|2°‘1

satisfies the local Lipschitz condition, and
operators [9, 33, 36] defined by

2a . .
and B?y\2i2 are the Riesz fractional

82a1u 2c1 2a1
W = —Cl(RLDa,z U +RL Dw7b u),
22y

e = e D D),

where ¢; = For n—1 < 8 < n,n €N, the operators rp D} ,,

1 Co = 1
2cos(arm)’ 2 — 2cos(agm) "

RLDf,bv RLD?,ya and RLDg)d are defined as

o 1 o [
B = — —(n—8) - -  Z _ \n—B-1
RLDa@u 8xn |:Da,r U:| ]_'\(n _ ﬁ) 8!En A (ZII S) U(Sa yvt) dS,
O T (ne (=) o [P e
B — (—=1\" ( B) — o n—pB—1
RLDI;bu - ( 1) Oxn [Dw,b u} F(TL _ B) O A (S {E) U(S, yat) ds,

reDP u = or {D_("_ﬁ)u} = L o y(y— s) " P y(z, s,t) ds
c,y ayn c,y ].—‘(n _ ﬁ) ayn . 3 3 )

O T ne (=) o [ 4
B _(_1\n (n—p) —_ - _ . \n—p-1
m Dy u = (" g2 (DR8] = 1= ayn/ (@ =) ulm 0, ) da,

where D_* and D;‘b‘ are the left and right Riemann-Liouville integral operators

a,r

defined by
1 T
D bu= prD u= —/ x—s)" tu(s,y,t)ds, p>0,
* S J, et

1 b
D;Z’u = RLD;ZU’ = m / (8 - x)uflu(&y’ t) ds, p>0.
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The left and right Riemann-Liouville integral operators D}/ and D, ! can be defined
similarly.

There are several analytical techniques to solve fractional differential equations
(FDEs), such as the Fourier transform method, the Laplace transform method, the
Mellin transform method, and the Green function method [23, 33]. Anh and Leo-
nenko [1] presented a spectral representation of the mean-square solution of the frac-
tional kinetic equation with random initial condition. The explicit strong solutions
for fractional Pearson diffusions are developed by using spectral methods involving
the Mittag—Leffler function in [10]. In most situations, analytical methods do not
work well on most FDEs, so the reasonable option is to resort to numerical methods.
Up to now, there has been some work on numerical methods for FDEs, such as finite
difference methods [12, 20, 26, 47], finite element methods [5, 6, 11, 14, 42], spectral
methods [13, 15, 16], and so on [28, 29, 30]. Numerical methods for FDEs mainly
focus on the linear equations; relatively few works have been developed for the non-
linear FDEs. Until now, there have existed limited studies for nonlinear FDEs; see,
for instance, [3, 6, 14, 17, 21, 48]. Very recently, Liu et al. [19] proposed an alternating
direction implicit finite difference method to solve (1.1) with first-order in space.

In this paper, a Crank—Nicolson type alternating direction implicit Galerkin—
Legendre spectral (CNADIGLS) method is developed to solve the two-dimensional
Riesz space fractional nonlinear reaction-diffusion equation, in which the temporal
component is discretized by the Crank-Nicolson method. The stability and conver-
gence are strictly proven, which shows that the CNADIGLS method is conditionally
stable and convergent with second-order accuracy in time, and the optimal error es-
timate in space is derived by introducing a new orthogonal projector. In the stability
analysis, the nonlinear function F'(u) satisfies the local Lipschitz condition or |0, F'(u)|
is bounded in a suitable domain, which is a weaker condition compared with some
existing work [17, 21, 48]. The CNADIGLS method is extended to solve the frac-
tional FitzHugh-Nagumo monodomain model. Numerical experiments are provided
to verify the theoretical results, which are in good agreement with the theoretical
analysis.

The remainder of this paper is organized as follows. Section 2 gives some notation
and lemmas. In section 3, the CNADIGLS method is provided, and the implementa-
tion of the CNADIGLS method is also presented in detail. The stability and conver-
gence analysis is proven in section 4. In section 5, the derived method is extended to
solve the two-dimensional fractional FitzHugh—Nagumo model. The numerical results
are presented in section 6, and the conclusion is given in the last section.

2. Preliminaries. In this section, we introduce some notation and lemmas that
are needed in the following sections.

Let  be a finite domain satisfying Q = I, x I,, = (a,b) X (¢, d), and denote by (-, )
the inner product on the space L?(Q2) with the L? norm || - || 2(q) and the maximum
norm || - [z (). We also define (-,-) as the inner product on the interval I, or I, if
it does not cause confusion. Let p be a nonnegative real number. We use H*({2) and
H{(Q) as the usual Sobolev spaces with the norm || - || gu (o) and seminorm | - | gu (o)
(see [31, 35]). Denote by Py (O) the space of polynomials defined on the domain ©
with the degree no greater than N € Z*. The approximation space Vy is defined as

Vy = (Py(L:)®Pn (1)) N Hg ().

We introduce the Legendre-Gauss—Lobatto (LGL) interpolation operator Iy :
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C(Q)—Vy as
INu(xkvyl):u(xkayl)v kvlzovla"'aNa

where x;, and y; are LGL points on the intervals I, and I, respectively.
Next, we introduce some spaces that are used in the formulation of the numerical
algorithms. We first introduce the spaces J/'(2), J5(Q), and JE(2) in R? (see [7]).
DEFINITION 2.1. Let > 0. Define the seminorm
1
lulsgie) = (laz Dt s, )220 + L DEyule,y) 320

and the norm

1/2
gy = (lullZacoy + luBy o) s

and denote J7() (or Jp ;(Q)) as the closure of C*(Q) (or C§°(Q)) with respect to
[ 172y, where C§°(R2) is the space of smooth functions with compact support in €2
DEFINITION 2.2. Let > 0. Define the seminorm

1/2
[ul gy = (Ilre Dl yule, ) e + lre Dl gul. ) 2

and the norm

1/2
lull ey = (ull3aqey + lulne)

and denote Jp() (or Jp4()) as the closure of C(Q) (or C§°(Q)) with respect to

(RN AT
DEFINITION 2.3. Let u#n —1/2,n eN. Define the seminorm

1/2
ful ey = (1(re Dl u(w, ), me Dy, )| + (e D2 u(, ), Dl g, )

and the norm

1/2
gz = (lullfacay + lulsge) s

and let J§ () (or Jg’o(ﬂ)) denote the closure of C°(2) (or C§°(2)) with respect to
12 -

The fractional Soboley space H*(Q) can be defined via the Fourier transform
approach.

DEFINITION 2.4 (see [31, 35]). Let u > 0. Define the seminorm

[ul () = || |w|"F (u)(w) [| L2 (®2)
and the norm
1/2
lullzncey = (lulF2qey + [l ) -

where F(u)(w) is the Fourier transformation of function u(x,y). And let H*() (or
H{(Q)) be the closure of C™(2) (or C§°(2)) with respect to || - || gu(q)-
LEMMA 2.5 (see [35]). Let u >0, Q= (a,b) x (¢,d), u€ Jp ((Q)NJg o(Q). Then

(rL DY yu, e DY yu) = cos(um)||rp DY o 4|72 g2y = cos(um)|| Rr DY o il|72g2),

(re D u, R DY ju) = cos(um)||re DY o, @l|72 g2y = cos(pm) || re Dl |72z
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where U is the extension of u by zero outside Q. Furthermore, if u#n—1/2,neN, and
u € JﬂO(Q), then there exists a positive constant C independent of u such that

4] s 2y < Clul yu(q)-
LEMMA 2.6. Let iy, iz > 0, Q@ = (a,b)x (c,d), we Jp g b (@)ngpistenre) ).
Then

(re DY rE DY u, e DYy rp DY) = cos(pnm) cos(pam) || re D2 R D22 ]| 72 r2),

(RLDg,lzRLDZ?duv RLD;L}bRLDé?yU) = COS(,LLNT) COS(,LLQ?T) ||RLD'LiloO)mRLD'LiiO)yﬁniz(Rz),
where U is the extension of u by zero outside €.

Proof. The proof is similar to Lemma 3.1.4 in [35], we omit the details here. The
proof is completed. O

LEMMA 2.7 (see [7]). LetQ = (a,b)x(c,d), p#n—1 neN, andue J1 o(Q)NJ R 4(Q)
NH} (). Then there exist positive constants C1 and Co independent of u such that

(2.1) Crlulgro) < maX{|U|J‘g(Q)7 |U|J;(Q)} < Calulpn()-

Remark 2.1. In fact, the spaces Jf ;(Q), J; ((Q), J5 (), and Hg () are equiv-
alent, with equivalent seminorms and norms if p#n — 1/2,n €N; see [7] for more
details.

LEMMA 2.8 (see [7]). Let 1 < 8 < 2. Then for any ue H} () and vEHg/z(Q),
we have

(reDE Ju,v) = (RLD%QU, RLDf,/bZU), (RLD§7bu7 v) = (RLD%U, RLD,%ZU)-

3. The scheme and implementation. In this section, we first present the
Crank—Nicolson type ADI Legendre spectral method for (1.1). Then, we give the
detailed implementation of the proposed method.

Let 7 be the time step size and np be a positive integer with 7 = T'/np and
tp =n1 forn =0,1,...,np. Denote t, /3 = (tn +tpy1)/2 for n=0,1,...,np — L.
For the function u(x,y,t) € C(Qx [0,T]), denote u™ = u"(-) = u(-,t,). For simplicity,
we introduce the following notation:

n+1

n n+1 n
U —u u7l+1/2:u +u

5 n+1/2 _ ,
t T 2

3.1. The fully discrete scheme. In this subsection, we present the fully dis-
crete scheme for (1.1). We first give a simple description of the time discretization of

(1.1). Let Lyu = K,-23% and Lyu = K,2-2%  Then (1.1) can be rewritten as

T P[z[?1 Byl
(3.1) Owu = (Ly + Ly)u+ F(u) + f(z,y,t).

Suppose that u(z,y, t) is sufficiently smooth with respect to time. At each time level
n, the temporal derivative of (3.1) is discretized by the Crank-Nicolson method, i.e.,
Ou(tyi1/2) = 6u Y2+ O(r%) and (Ly + Ly)u(tyy1/2) = (Ls + Ly)u"V/2 + O(12),
which yields

(32) 5V = (Lo + L™V 4 S(EQ) 4 F) + fltui o) + Or).
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Adding the perturbation term %LmLydtu”“/z = O(7?) to the left side of (3.2) gives

5 TL+1/2+ L L 5tun+1/2 (L +L ) TL+1/2
(3.3)

+ 5 (B + F(u™) + f(tni1/2) + O(r).

[\J|F—‘y,;

One can also rewrite (3.3) into the following equivalent form:

(=55 (= 51) 0 = (1 502) (5]

(3.4)
+ (F( Y 4 F(u™) 4+ 7f (tngay2) + O(70).

T
2

From (3.4), we can obtain the fully discrete CNADIGLS method for (1.1) as
follows: Find uy"™' € V§ for n = 0,1,...,np — 1 such that

((1- %Lw) (1= g80) i) = (14 322) (14 500) o)
(3:5) (INF< WY £ INF(uf),0) + T(In f(tniaja),v) Yo eV,
u?\, = HN ¢07

1,0 . . . . .
where II;” is an appropriate projection operator; see also Lemma 4.3 in section 4.

3.2. Implementation of the CNADIGLS method. In this subsection, we
give a detailed description of the implementation of the CNADIGLS method (3.5).
As in [38], the function spaces Vﬁ,’o and Vf\é’o can be expressed as

Vi =span {gi(x) : 1 =0,1,...,N -2},
Vi =span {pi(y) : 1 =0,1,..., N = 2},

in which ¢;(x) and ¢;(y) are defined as in [38]:

bi@) = @) ~ Lia(@), 2e[-11], 2= CUEEE ey
(3.6) (d—c)j+c+d
aly) = L) ~ (@), gel-1), y= 2B EE e g,

where L;(2) (2 € [-1,1],1 € Z*) is the Legendre polynomial defined by the following
recurrence relation [37]:

. o s o 241, l
(3.7) Lo(2)=1, Li(3) =2, Li;+1(3)= l—|——1ZLl(Z) -—

The Jacobi polynomials P**(2) (a,b > —1,%2 € [=1,1],] € Z*) are orthogonal
with respect to the weight function w®?(2) = (1 — 2)%(1 + 2)®; these polynomials are
used in the numerical computation. The explicit formula of the Jacobi polynomial is
stated as follows [37]:

(3.8) Pob(s) =2 li (”“) (”b)( S 1)

Jj= l_]

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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The Jacobi polynomials can also be generated by the three-term recurrence formula;
see [4, 37] for more details.

Therefore, the function space Vi = Va® @ VZ° can be given by
VY = span{¢k(gc)gol(y), k,l=0,1,...,N — 2}.

Next, we give the matrix representation of the CNADIGLS method (3.5). The
unknown function u"! € Vy has the following form:

N—-2N-2

(3.9) uptt =30 it en(@)eu(y)-

k=0 [=0

Set the matrices M,, My, Sy, S, € RIN=DX(N=1) that satisfy

(Ma)ka = (9, 81),  (S2)ki = (e Dy ¢k, rEDg 1),
(My)ka = (- 21)s  (Syug = (RLDy %0k, REDC01)-

Inserting u’ﬁrl into the CNADIGLS method (3.5) and letting v = ¢r; (k,{ =0,1,...,
N — 2), we obtain the matrix representation of the CNADIGLS method as follows:

T
(3.10) (Mw - gcle(Sw + 87 ))c"+1 (My - gCZKy(sy + SyT)) — RHS™ + N"+L,

where O+, RHS™ N"t1 e RIN-Dx(N=1) "gatisfying
(C™" Dy =it ki1=0,1,...,N =2,
n T n T T n
RHS™ — (Mm + et Ka(Se + s;.f))c (My + o2k, (S, + syT)) +rGn,

1
(G™)iy = (INf"T2, brpr) + §(INF(U7J</)a¢k<Pl), k,1=0,1,...,N =2,
GnER(Nfl)X(Nfl)

)

.
(N" g = 5 (UNF(ui™), érer). ki 1=0,1,..., N ~2.

Let My = M, — Zc1 Ko (S, + ST), My = My, + Zca Ky (S, + S;). Then (3.10) can
be rewritten into the following form:

(3.11) M,C" M M} = RHS™ + N™.

Noticing that N"*1 = N"+1(y}+1) we can solve system (3.11) by the following

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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iteration algorithm:

N—-2N-2

Set C7L+1 0 Cm u}’(f-ﬁ-l 0 Z Z C?’H—l ,0 901 (y)
k=0 =0

form=0:K—1
Solve Mlc* _ RHSn+Nn+l(u?J’</+l,m) to obtain 0*7
Solve Ma(C™ 11T = (C*)T to obtain C" 1

N—-2N-2
Compute un+1 m4+1 Z Z n+1 m+1 )‘Pl (y)
k=0 1=0
If Hu;’zv+1,m+1 _ un+1 mHLOO Q) <e
break;
end if

end for

Set Cn+1 Cn+1 m+1

Here K is a suitable positive integer and € is a suitably small positive constant.

Obviously, we just need to solve an array of the algebraic systems of the form
Ax = b (A = My, Ms) to get the numerical solutions, which can be done in parallel.
The coefficient matrices (i.e., M7 and Ms) of the algebraic system derived from the
CNADIGLS method have the same size as those of the coefficient matrix derived from
the corresponding one-dimensional FPDE [19].

Computation of the matrices S, and S,. We give an illustration of cal-
culating the matrices S, and S,. We mainly focus on the computation of S,; the
computation of S, is almost the same as that of S,. The matrices M, and M, can
be easily derived from the orthogonality of the Legendre polynomials [37], so we omit
the details.

LEMMA 3.1 (see [37]). Suppose that

n

PP (& ZcLP (&), a,b,a, B> —1,

k=0
where PP (2) is a Jacobi polynomial. Then

'n+a+1) (k+a+b+1)I(k+a+b+1)
F'n+a+pB+1) I'k+a+1)

X”i" (—)™T(n+k+m+a+f+1)T(m+k+a+t1)
—~ (n—k—m)!ml'(k+m+a+1)0(m+2k+a+b+1)

i = (a, B) =

LEMMA 3.2 (see [8]). For pu> 0, then

RiD" L) :%(1—#&)“&““(@), iel-1,1],
D L) =D gy npona) e o1,

Tn—p+1)

where Ly, (%) is a Legendre polynomial and PS? (%) (a, B > —1) is a Jacobi polynomial.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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Since (re Dy 0k: RLDG L d1) = (RLDy (L (&) —Li2(2)), re DGl (Li(2)—Liga(2))),
we just need to calculate (r D}y Li(2), e DghLi(2)). 1t is easy to obtain

1 d [* b—a\
DY Lp(f) = =———— P —8) TV Lg(8 = DY Li(%
WD) = e [ @m0 ds= ((50) w0 L)

b—a

—ay
RLD?}bLk(j;) = ( ) RLDg,llLk(j;)v

%;ra(:b E)A[jl—, lJ)r]band 5= w € la,b].
2

where we have used the transforms x =

Hence, using Lemma 3.1 and the transform @ = € [a, b] once more, we have

b
(ne D3 La(8), e D) = [ e D2 L(&)ni D i) da

b—a 1720(1 1
:( - ) / reD™ L Li(#)re DEY Li(#) dé

-1

C(b—a\"* T(k+1) r(+1)
_( 2 ) MNk—ar+1)T(l—a1+1)

1
« / (14 3)"%1 (1 — &) PO~ (3) P19 (3) i
—1

We calculate the integral
1
I(k, 1, n) = / (148)7 (1 — &)~ PE = (#) P2 () di
-1

in two ways. We first give the exact expression of the above integral I(k,l, 7). By
Lemma 3.1,

n

041 al E C alaalv P_al e ('T)v

3

P () = Zé:s(al, —a1 )P (@),
k=0

By the orthogonality of Jacobi polynomials, one has

min{l,k}
Ik, on) = Y &(—an,a1)éf(ar, —on )y, 07,
r=0
where
—a1,—a1 _ 217200 (D (r — g + 1))?

T (2r —2a1 + D)r!il(r — 2a1 + 1)

Next, we use the Gauss quadrature to calculate the integral I(k,l, o), which reads
as

(3.12) I(k,1,01) ijp O (3 ) PV T (),

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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where {Z;} are the Jacobi-Gauss-Lobatto points with respect to the weight function
w™ () = (1+2) " (1—2)"*. If M > N, then the numerical integration (3.12)
is exact for all 0 <k,l<N. Of course, we can also choose Jacobi-Gauss or Jacobi—
Guass—Radau quadrature to approximate the integral I(k,l, a1); see [37] for more
details. In the numerical experiments, we use Jacobi-Gauss—Lobatto quadrature to
calculate the integral I(k,l, o) for convenience.

4. Stability and convergence. In this section, we study the stability and con-
vergence of the CNADIGLS scheme (3.5). We first introduce some notation and
lemmas.

Denote

a=(o1,02), Omax =max{o,as}, amin = min{ai, as},
and

x x

A(u,v) =K1 {(RLDg‘}zu, RLDa}b’U) + (RLDa)lbu, RLDg’lr’U)}
(4.1)
+ Kyco [(RLDZZU, RLDgde) + (RLDg,zdu7 RLD?)Z’U)} .

Then the orthogonal projection operator HO](;O t HS'NHG? (Q) — Vi is defined as

(4.2) A(u —T% u,0) =0,  we HP'NHS? () YoeVy.
For simplicity, we denote | - [0 = || - || = || - [|z2(0) and || - oo = || - || (). For
a = (a1, az), we define a new seminorm | - |, and norm || - ||, as

o o 1/2 1/2
lula = (Kallre Dbull® + Ky re DEu)l®) " lulla = (lll® + [ul2)

x

From (4.1), we can easily obtain |u|, <Cv/A(u, u).

The seminorm |-|, and norm ||- ||, are equivalent if u € Hi*NH{™? (0 < aq, ap < 1),
which is given in the following lemma.

LEMMA 4.1. For ue HY(Q) and 0 < s < p, we have

(4.3)  |ull <Cillre Dy pull < Collre Dh pulls  lull < Cs|lreDg yull < Cal|re D) qull,

where Cy,Cs, C3, and Cy are positive constants independent of u.
Proof. See Theorem 3.1.9 and Corollary 3.1.10 in [35]. The proof is completed. 0O
LEMMA 4.2. Suppose that Q = (a,b)x (¢, d), ue HF'' (Q)NHG?(2), 0 < a1, as <1.
Then there exists positive constants Cy < 1 and Cy independent of u, such that

(4.4) Chllulla < [t < [[ulla < Colt] romes ) -

Proof. The inequality |u|o <||u|/q is obvious. By the definitions of |- |, and || - ||,
we need only prove that the inequality ||lu]|* < (gz — 1)|u|2 holds. From Lemma 4.1,
1

we have

ul?, = K| re Dgtull® + Kyl re D22 ull® < C(| re Dynul|® + || e Degy™>ul?)

2
= C|u|J21ax(Q) .

Using the above inequality, Lemma 2.7, and the inequality ||u||, < ci1|u|a yields

1 _
flullo < a|u|a <VC(Cy) ™ ul gomax () < Calul ramas (@)
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The proof is thus completed. d

Next, we introduce the properties of the projectors H}\}O and H%’O.

LEMMA 4.3 (see [2]). Let s and r be real numbers satisfying 0 <s<r. Then there
exist a projector 11 and a positive constant C depending only on r such that, for
any function v € HF(Q)NH" (), the following estimate holds:

' — TN ul| e () < CN*"{[u]| e (-

LEMMA 4.4. Let oy,i = 1,2 and r be arbitrary real numbers satisfying 0 < a; <
1,a; < ryay # 1/2. Then there exists a positive constant C' independent of N such
that, for any function u € H"(Q) N HF* () N HF? (), the following estimate holds:

,0 —
lu— Ty ula <CN* 7" ||ul| gr (o).

Proof. One can easily derive that A(u,v) defined by (4.1) has the following
property:

A(u, v) < Clu|a|v]a-
By the definition of the projector TI%",
Alu - I3 u,v) =0 YveVy.
Therefore, for uy € VJQ,,

lu — 1% )2 = A(u — 1% %u, u — T ) = A(u — T %u, u — uy)

< Clu — H%Ou|a|u —UN |-
Letting uy = H}\}Ou and using Lemmas 4.2 and 4.3 leads to
a,0 1,0 1,0 Qmax—T
lu — Iy ulo <Clu =y ule < Clu — Iy ul gomax @) < CN |l 5 (2)-

The proof is completed. O
LEMMA 4.5 (see [4]). For any ¢ € Pn(Q), the following inverse inequality holds:

[6lloc <CN 9],

where C' is a positive constant independent of N and ¢.
LEMMA 4.6 (see [34]). Assume that k,, is a nonnegative sequence, go > 0, and
the nonnegative sequence {¢,} satisfies

n—1
bn<go+ Y kjd;, n>1.
=0
Then
n—1
(bnSgOeXp kj ) n>1.

j=
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Next, we consider the stability and convergence for the CNADIGLS scheme (3.5).
Let us first consider the stability. Rewrite the scheme (3.5) into the following equiv-
alent form:

2
(45) Gy, 0) = (L Ly Y2 0) 4 T (Lo Ly 2, 0)

(InF(upth) + InF(ufy), v) + (In f(tny1/2), ).

N)I»—A

Suppose that u’fv and f(t,11/2) have perturbations &’fv €V and f k+1/2  respectively.
Then, we obtain the perturbation equation of (4.5) as follows:

("%, v) — (Lo + Ly)ay "% 0)
(4.6) 72

4 (L L 5t~n+1/25 ) (INFTH_l/Qv’U) + (Ian+l/23 U)a
where F™ = F(u%, + %) — F(u%) and v € VY.

Let Cy be a suitable positive constant and © be an appropriate domain. We
suppose that F’(z) is bounded in the suitable domain ©. Let

4.7 max — N 00 FN max = F' .
(47) Un e = | Xl P mae = max|[F'(2)
Suppose

(4.8) |laf o <Co, 0<n<k<m, kmeZt,

We also suppose that
(4.9) lay ™o <C1if fak e < Co,

where C; > 0 is independent of 7, N, and n. We will find that ||@%""||o < Cp under
the condition (4.8) and some other assumptions.

In the following, C' denotes a generic positive constant independent of 7, N, and
n, and the constant C' will not be the same in the different equations or inequalities.

Letting v = 5@?,“/2 in (4.6) yields
(4.10)

Gy, 003 ) = (Lo + L)y, 0™ )

72

T (La LSty 0,2 4 (I E 2 602+ (I 2 sy ).

Using the Cauchy—Schwartz inequality, we find

4
1 mn n
+ 5N F +1/2H2+||I FrevepR).
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Using Lemma 2.5 and the property ¢; cos(ray) = 1/2 yields

(4.12)
~N ~N c Kw « n n ~Nn
—(LIUNH/Z 5ii +1/2): 127 [( LD (it +1+u) R D ( +1 —am)
+ (R DEY (AR + 0, e D (a5 — )]
c Kw @y ~ @1 ~n @1 ~n @1 ~n
= 2 (e Dy re D3R = (R DEL R ri DR
ClK

=— v (COS(ﬂ'Oél)HRLDgIOO w~n+ ||L2(]R2)

— cos(man)||re DL, LU 3 R2))
K,

2 (Ilre D sy — e Db i e ).

where @% is the extension of @% by zero outside Q. We can similarly obtain
(4.13)

(L 82 = T2 (e Do, i ey — e D5 i ey )
For v € V3, we have
(LoLyv,v) = K, K 10 ((RLD?;’; +re D25 (e D22 + rLD¥%)o, v)
= 2K, Kcico [(RLD;;RLD;’ZU, RLD, R D2 0)
+(reDgh rRLD Y, RLDg,leLD;?dU)}
= K. Ky||rL D, rLD?

Y

0l L2(r2) 20,

where we have used Lemma 2.6, and v is the extension of v by zero outside 2. Hence,
(4.14) (L. L 5t~n+1/2 5, ~n+1/2) >0.

Summing n in (4.11) from 0 to k and using (4.12)—(4.14) give

|uk+1|2 <K, ”RLDou AkJrl||L2(]Rz —I—K ”RLDaz Ak+1”L2(]R2)

—00,x -0y
(4.15) kAl
<ClaR|% +Cr Yy lagl +CTZ £ 212,
n=0 n=0

where we have used the properties K, Kycico > 0, ||aly]| < Claly|a (it can be obtained
from Lemma 4.1), and

I F?|| < CIF| = C|F(uly + @y) = Flu)|| = C||F'(uy + 0ay )iyl

(4.16) .
<Cllan|l, 0<b<1l, j=nn+1,

with (4.7) and (4.8) used.
For sufficiently small 7, it follows from (4.15) and (4.16) that

k k k
(417) Jai 2 <Clayls + O ) lakla + O Y IR = pF + O Y laklas

n=0 n=0 n=1
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in which

k
PP = (@, f) = Clajla + O Y 1212,

n=0

Next, we give the stability analysis for the CNADIGLS method (3.5).

THEOREM 4.7. Suppose that ulf\,ﬂ (k=0,1,2,....,np — 1) are solutions of the
CNADIGLS scheme (3.5), F(z) € C1(©) or F(z) satisfies the local Lipschitz condi-
tion, and C,Cy, Cy, and C, are suitable positive constants independent of k, T, and N .
Assume ||u% oo < C1 under the condition ||@%||ee < Co (0<n<k). If p* < ()2

C«N
exp(—CT), then

(4.18) ip 2 < p exp(C(k +1)7).

Proof. We adopt the mathematical induction method as in [22] to prove the
inequality (4.18). We consider only the case that F(z) € C1(©); it is almost the
same when F'(z) satisfies the local Lipschitz condition. One can easily verify that the
inequality (4.18) holds for & = 0. Next, we prove that the inequality (4.18) holds for
any 0<k<np—1.

Assume that [|4%]|cc < Co (0<n<m). From (4.7)—(4.17), we have

k
(4.19) a2 <ph O JaklZ, 0<k<m.

n=0

Using Gronwall’s inequality (see Lemma 4.6) yields

(4.20) [k 2 < pFexp(C(k +1)7), 0<k<m.

Next, we prove that (4.20) holds for k = m + 1. By Lemma 4.5, we have
(4.21) 5 oo < ONJ3 | < CuV g+ o

Using the assumption (4.20) and inequality (4.21), we have

a2 < (C.N a2 < (C.N)2™ exp(Clm + 1)7)

2
(1.22) < (€N (%) expl-CT)exp(Clm + 1)

< (Co)*exp (=C(T' = (m + 1)7)) <(Co)*.

Hence, one obtains ||} |lcc < Cp for 0 <n <m + 1. Repeating (4.7)—(4.17) yields

m+1 m+1
@R <ot 4 Or 3 (A <o+ O S p exp(Cnr)
(4.23) " "

m—+1
<pmtt <1 +C7 Z exp(Crw)) <p"exp(C(m +2)7).

n=1

Hence, the inequality (4.18) holds for k = m + 1. The proof is completed. O
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Next, we consider the convergence analysis of the CNADIGLS scheme (3.5). De-
note u, = H%Ou, e = uy, —uy, and 7 = u — u,. Using the property of the projector
11%° defined by (4.2), we can obtain the error equation

(4.24)
(6.2 v) — ((Ly + Ly)e"+1/2, v) + 7;(LILy(Ste”’Ll/Z,v)
— SO (F ) = FG™),0) + S (Iv(FQ) — F@i),o) + (B0) VoeVy,
where
(4.25)

2
R = — 5™ 2 4+ 0yu(tyg1)2) — Spu™ /% — %LmLyfstufH/z

+ % (INFulth) = F(u"™™) + INF(u}) = F(u")) + In f(tni12) = f(tns2)-

Next, we give the following convergence theorem.

THEOREM 4.8. Suppose that m>2, u, and u’ﬁrl (0<n<np—1) are the solutions
of (1.1) and the CNADIGLS method (3.5), respectively. If m < N+1, ue C3(0,T; H™
(), FeL*(0,T; H™()), F(z) € CY(O), or F(z) satisfies the local Lipschitz condi-
tion, f€C(0,T; H™(Q)) and ¢o€ H™(R), then there exists a positive constant C
independent of n, T, and N such that

(4.26) U™ = ultnir)|a < C(r% + NOmex—™),
Proof. According to Theorem 4.7, we need only estimate
Oa +IR™M?, n=1,2,...,n1

to get the error bound for the scheme (3.5). By (4.24) and Lemma 4.4, we can directly
derive the following error bounds:

N f(tnyrs2) = f(tngry2) [ SCNTT, [ | < Clng'la < CNOmex=m,
1Orultusnje) — wll SCT2 7Ll (ua)] | < P21 La Ly | + | EaLyuf ) < C72.
For InF(uf) — F(u¥), k =n,n + 1, we have
1IN F(uf) = F(u®)|| < | In (F (W) = F(ul))|| + | InF(u*) — F(u")]
< Clln*[l + [N F(u*) = F(u")]
< O NOmax—m

Therefore, ||R"|| < C(7? + N®max=™)_ For the initial error ", we have
el = ITT%°¢o — Ty ol < T3 60 — dolla + | do — T Gollo < CN s
Hence, we find
(4.27) et o SC(7% + NOmax—™),
By using Lemma 4.4 again, we have
Ju™t = ultne)la = Juitt = I 0™ + 05 u(tng1) = ulter)la

< |€n+1|a + ||H%Ou(tn+l) - u(tn—i—l)HH"maX(Q)
< C(T2 4 chmax—m).
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The proof is completed. O

Remark 4.1. If ue C3(0,T; H™(Q)), m > 1+ 1r/2, 0<r <1, and the operator
H}\}O in (3.5) is replaced by the interpolation projector I, then we still have the error
estimate (4.26) because of the following estimate [2]:

HINU — UHHT(Q) S CNT_mHUHHm(Q).

. . . 1,0 .
In the numerical simulation, we use I to replace I} for convenience.

5. Application to fractional FitzHugh—Nagumo model. Mathematical
models of electrical activity in cardiac tissue are becoming increasingly powerful tools
in the study of cardiac arrhythmias. In this context, the fractional model presented
here represents a new approach to dealing with the propagation of the electrical
potential in heterogeneous cardiac tissue. Bueno-Orovio, Kay, and Burrage [3] pro-
posed a fundamental rethinking of the homogenization approach via the use of a frac-
tional Fick’s law (see [24, 27]) and, in particular, we introduce a fractional FitzHugh—
Nagumo monodomain model in which we capture the spatial heterogeneities and spa-
tial connectivities in the extracellular domain through the use of fractional derivatives.
The fractional FitzHugh—Nagumo monodomain model consists of a coupled fractional
Riesz space nonlinear reaction-diffusion model and a system of ordinary differential
equations, describing the ionic fluxes as a function of the membrane potential.

The two-dimensional fractional FitzHugh-Nagumo model is given as [3, 19]

aZOtlu 82a2u
0 K
(5.1) v = R e T K e

81511) :€(U—O3w_urest)a (xvyat)EQX(O7T]

_Iio77,(u7w)7 (,fl},y,t)EQX(O,T],

with zero Dirichlet boundary conditions and initial conditions

u(xvyao) = U()(fl?,y), w(xvyao) = wO(xay)v

where v is a normalized transmembrane potential and w is a dimensionless time-
dependent recovery variable; K, and K, are the diffusion coefficients; and ;o (u, w)
is the ionic current with a cubic nonlinear reaction term. It is known that this model
has traveling wave solutions with an appropriate choice of parameters and stimulus.
In order to develop our numerical method for the coupled differential equations (5.1),
it is solved by operator splitting whereby we first solve a two-dimensional fractional
Riesz space nonlinear reaction-diffusion model for given w for u, then solve the ODE
with new u for w at each time step.

The two equations of (5.1) are discretized as the CNADIGLS method (3.5); the
fully numerical approximation for (5.1) is given as follows: Find uy", wit € Vi for
n=1,2,...,np — 1 such that

((1—%%) (1 ) e) = (1 58e) (14 30) )

(5.2) (I (Lo (e, w3)),0) + 2 (I Uion (u wii ™)), v) - VoV,
n 6037' n n 5037' n

(wNHaU) + T(wNH,v) = (wy,v) — T(wNaU)

(53) + 52 ( ntl + UN — 2u7‘65t7 U) \V/U S V]Q/'v

(5.4)  ul = Inuo, wd = Inwy.
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6. Numerical examples. In this section, we present numerical examples to
verify our theoretical analysis. We also use the scheme (5.2)—(5.4) to simulate the
fractional FitzHugh-Nagumo model [3].

Example 6.1. Consider the following two-dimensional fractional diffusion equa-
tion:

%1y, 0222y
=K K - F Y, t), ,y, 1) € Qx(0,1],
a|$|2a1 + a|y|2a2 (U)—Ff(ﬂ? Y ) (ZII Y ) X( ]
u(w,y,0) =21 —2)*y* (1 —y)?,  (z,y)€Q,
u(z,y,t) =0, (z,y,t) €0 x (0,1],

8151,&
(6.1)

where Q = (0,1) x (0,1), F(u) = u?, and

fla,y,t) = —exp (—t)2* (1 — 2)*y* (1 — y)* + exp (—2t)a* (1 — 2)'y* (1 — »)*

+ Kepexp(—t)y*(1 —y)? _ﬁ(ﬁcg’zal T (1— )2 20)
R LR RS T LR S ]
+ Kegexp(=t)a’(1 - )° :ﬁ(y%z” +(1—y)* )
- ﬁ(zﬁ_z” + (1 -y’ ) + ﬁ@l%w F(1— y)4_2°‘2)}

The exact solution of (6.1) is
u(@,y,t) = exp (~t)a*(1 - 2)*y*(1 - y)*.

We use the CNADIGLS method to solve the equation (6.1). The convergence
orders in time and space in the L?-norm sense are defined as

log(lle(r1, N, tn)[l/lle(72, N, tn) 1)

Tog(r /) in time,
T1/T2
(6.2) order =
log(le(r. Ny, to) /e No.tu) )
log(N1/N2) ’

where e(7, N, t,) = u(z, y,t,) — u}; is the error equation, 7 # 72, and N1#N,. The
convergence orders in the L°°-norm and L®-norm can be defined similarly, where the
L%*-norm is defined as

(e Dgul® + e DZwIP) .

We choose K = 1/2; Tables 1-3 display the maximum errors at the Legendre—
Gauss-Lobatto points, the L? errors and L* errors at ¢t = 1 for different values of
aq,as (g = as = 0.75 in Table 1, a3 = a3 = 0.9 in Table 2, and ay = 0.6, a2 = 0.8
in Table 3). One can find that the second-order accuracy in time is observed, and the
spectral accuracy in space is also shown. The numerical results are well in line with
the theoretical analysis.

For convenience, we set F'(u) = u, choose the suitable right-hand side function
f(z,y,t), and give the initial condition and the boundary conditions such that (6.1)

has the exact solution u(z,y,t) = exp (—t)z%(1 — x)?y*(1 — y)?>. We compare the
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TABLE 1
The L errors on the LGL points, L? errors, and L* errors for Example 6.1, t = 1,01 = ag =
0.75.

T N L*°-error Order L2-error Order L*-error Order

le—4 | 16 | 1.0518e-07 3.6524e-08 6.7232e-07
le—4 | 32 | 6.7761e-09 | N—39562 | 15809e-09 | N—45300 | 59458¢-08 | N—3:4992
le—4 | 64 | 4.3243e-10 | N—39699 | 6.6281e-11 | N~45760 | 53002e-09 | N—3-4877
le—4 | 128 | 2.7403e-11 | N—3980L | 59077e-12 | N—3:6699 | 47253e-10 | N—3-4876
le—1 | 512 | 1.6400e-05 5.6880e-06 3.0634e-05
le—2 | 512 | 1.6080e-07 | 720085 | 55723¢-08 | 72:0089 | 2.9441e-07 | 720172
le—3 | 512 | 1.6077e-09 | 720001 | 5571210 | 72:0001 | 2.9430e-09 | 72-0002
le—4 | 512 | 1.6078e-11 | 72:0000 | 55701e-12 | 72:0001 | 2.967le-11 | 71:9965

TABLE 2
The L™ errors on the LGL points, L? errors, and L™ errors for Example 6.1, t =1, a1 = ap =
0.9.
T N L®°-error Order L2-error Order L%-error Order
le —4 16 5.3959e-08 2.2974e-08 7.9744e-07

le—4 | 32 | 3.5203e-09 | N—3938L | 1.2153e-09 | N—42407 | 87989e-08 | N—3-1800
le—4 | 64 | 2.2588¢-10 | N—39621 | 6.0616e-11 | N—43254 | 9.7123e-09 | N—3-1794
le—4 | 128 | 2.5935e-11 | N—31226 | 8373212 | N—2:8559 | 1.0695e-09 | N—3-1829
le—1 | 512 | 2.8691e-05 1.0063e-05 8.2009e-05
le—2 | 512 | 2.7827e-07 | 720133 | 9.7559e-08 | 72:0135 | 7.5975e-07 | 72:0332
le—3 | 512 | 2.7819e-09 | 72:0001 | 9.7530e-10 | 72:0001 | 7.5917e-09 | 72-0003
le—4 | 512 | 2.7814e-11 | 720001 | 97486e-12 | 72:0002 | 76914e-11 | 719943

present method (3.5) with the finite difference method in [19]; the results are shown
in Table 4. Obviously, the present method (3.5) gives better numerical solutions in
this example.

Ezample 6.2. Consider the fractional FitzHugh-Nagumo model [3]

9?1y, %2y
Flafer Ry
(z,y,t) €(0,2.5) x (0,2.5)x(0,T7,

Ow =e(fu—~yw—196), (x,y,t)€(0,2.5) x (0,2.5)x(0,T],

Oru = K, +u(l —u)(u—p) —w,

(6.3)

where p = 0.1, = 0.01,8 = 0.5,7 = 1,0 = 0, which is known to generate stable
patterns in the system in the form of spiral waves. The initial conditions are taken as

1, (x,y) € (0,1.25] x (0,1.25),

u(z,y,0) =
0 elsewhere,

0, (z,y) €(0,2.5) x (0,1.25),

w(z,y,0) =

0.1, (x,y)€(0,2.5) x [1.25,2.5),

with homogenous Dirichlet boundary conditions being used in the simulation.

The trivial state (u,w) = (0,0) was perturbed by setting the lower-left quarter
of the domain to v = 1 and the upper half part to w = 0.1, which allows the initial
condition to curve and rotate clockwise, generating the spiral pattern. The model
parameters have been taken from [3].

In the simulation, we choose parameters 7 = 0.1, N = 200. The domain is taken
as (0,2.5) x (0,2.5) and the final time 7 is set to be T' = 1000.
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TABLE 3
The L errors on the LGL points, L? errors, and L errors for Example 6.1, t = 1,01 =
0.6, a2 = 0.8.

T N L*°-error Order L2-error Order L%-error Order
le—4 | 16 | 1.1572e-07 3.5293e-08 5.9085e-07
le—4 | 32 | 7.4243e-09 | N—39622 | 1.4846e-09 | N~45712 | 54947e-08 | N—3:4267
le—4 | 64 | 4.7221e-10 | N—39748 | 6.1695e-11 | N~45888 | 51960e-09 | N —3-4026
le—4 | 128 | 2.9956e-11 | N—39785 | 41339e-12 | N—38996 | 49294e-10 | N—3-3979
le—1 | 512 | 1.2869e-05 4.4792e-06 2.0659¢-05
le—2 | 512 | 1.2660e-07 | 72:0071 4.4002e-08 72.0077 2.0024e-07 | 720136
le—3 | 512 | 1.2659e-09 | 72:0001 | 43995¢-10 | ~2:0001 | 2.0018e-09 | 72:0001
le—4 | 512 | 1.2658e-11 | 72:0000 | 43980e-12 | 72:0001 | 2.0491e-11 | 71-9899

TABLE 4
Comparison of the L errors of the present method (3.5) and the finite difference method in
[19] for Ezample 6.1 with F'(u) =u, t = 1,01 = ag = 0.75.

1/t | N L*-error | L%-error [19]
40 40 8.6778e-07 5.6949e-05
80 80 2.1647e-07 2.9406e-05
160 | 160 | 5.4080e-08 1.4925e-05
320 | 320 | 1.3516e-08 7.5139e-06

The spiral wave of the stable rotating solutions of the FitzHugh-Nagumo model
(6.3) (ie., a1 = ag = 1) with K, = K, = le—4 and K, = K, = le — 5 are
shown in Figures 1 and 2, respectively. Figures 3 and 4 display the behaviors for the
fractional FitzHugh—Nagumo model (6.3) with ay = a3 = 0.75 and ay = as = 0.85,
respectively, with K, = K, = le—4. We find that as expected, the wave travels more
slowly as fractional orders ai; and oo decrease. The width of the excitation wavefront
is markedly reduced when decreasing the fractional power (i.e., 2a; and 2as), as is the
wavelength, with the domain being able to accommodate a large number of wavefronts
for smaller fractional powers.

It is important to emphasize that the role of reducing the fractional power is not
equivalent to the influence of a decreased diffusion coefficient in the pure diffusion
case. This can be observed by comparing Figures 3 and 4 with Figure 2.

For anisotropic diffusion ratios K, = le— 4 =025 <land K, = le—4, &=
0.25 < 1, wave propagation at ¢ = 1000 is shown 1n Figures 5 and 6. It is found that
the spiral wave proceeds to follow an elliptical pattern. For anisotropic fractional
ratios ag = 1, g—f =0.825 < 1 and as =1, g—; = 0.825 < 1 with K, = K, = le — 4,
a contrasting effect on the curvature of the solutions is shown in Figures 7 and 8,
reflecting a distinct superdiffusion scale in each of spatial dimensions of the system.
These results were first reported in [3].

7. Conclusions. In this paper, a new Crank—Nicolson alternating direction im-
plicit Galerkin—Legendre spectral method to solve two-dimensional Riesz space frac-
tional nonlinear reaction-diffusion equations was described and demonstrated. We dis-
cussed the stability and convergence of the method, which shows that the CNADIGLS
method is stable and convergent of order 2 in time, and the optimal error estimate
in space is also derived by introducing a new orthogonal projector. The CNADIGLS
method is also extended to solve the fractional FitzHugh—-Nagumo model. We present
numerical experiments to verify the theoretical analysis, which is in good agreement
with the theoretical analysis. These methods and supporting theoretical results can
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=100, (at,01,) = (1,1)

Fic. 1. Spiral waves in the the FitzHugh-Nagumo model (6.3) with K, = K, = le — 4,1 =
az = 1.

121000, fa b= (10 1=1000, (o, ) = (1,1)

Fia. 2. Spiral waves in the the FitzHugh—-Nagumo model (6.3) with K, = K, = le — 5,1 =
ag =

121000, fm ) = (3 F5 TS =100, (o,.t,) = (0.75.0.75)
25 — —

] 05 1 15 2 25

Fic. 3. Spiral waves in the the FitzHugh-Nagumo model (6.3) with K, = K, = le — 4,1 =
az = 0.75.

E=A000, L b =10 25,085 t=1000, (0t,.,) = (0.85,0.85)

Fic. 4. Spiral waves in the the FitzHugh-Nagumo model (6.3) with K, = K, = le — 4,1 =
ag = 0.85.

be applied to solve other fractional nonlinear partial differential equations and higher-
dimensional problems.
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121000, (1= 1.9) 1=1000, (@,0,) = (11)

Fic. 5. Spiral waves in the the FitzHugh—Nagumo model (6.3) with K, = le —4, K, = 0.25e —
4 a1 =as=1.

D0, (o 1) = 1.2} 121000, (0t 1) = (1,1)

Fia. 6. Spiral waves in the the FitzHugh—-Nagumo model (6.3) with K; = 0.25¢ — 4, K, =
le—4,a1 = az = 1.

=000 (20, = (1 0625} =100, (o, .t,) = (1,0.825)

Fia. 7. Spiral waves in the the FitzHugh—-Nagumo model (6.3) with K, = K, = le — 4,1 =
1, a2 = 0.825.

P 000 [0 = 40 8258} =100, (o, .t,) = (0.825,1)

Fia. 8. Spiral waves in the the FitzHugh—-Nagumo model (6.3) with Ky, = K, = le — 4,1 =
0.825, a0 = 1.

We find that the coefficient matrix derived from CNADIGLS method (3.5) is a
dense matrix, which is different from the Galerkin spectral methods for the classi-
cal differential equation (see [46], where the coefficient matrix derived is sparse by
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choosing suitable base functions). Some fast solution techniques were developed in
[43, 44, 45, 40, 41] to solve the space fractional differential equations, in which the
fractional derivative operators are discretized by the finite difference methods that
yield a coefficient matrix with special structures. For the present method, the ma-
trices (see Sy and Sy below (3.9)) derived from the scheme (3.5) do not have special
structures as do those in [43, 44, 45, 40, 41]. Fast solution techniques for Galerkin
spectral methods of the fractional differential equations are still under investigation.
Recently, Wang and Yang [42] pointed out that fast solution techniques developed in
[43, 44, 45, 40, 41] cannot be applied to the nonconventional Petrov—Galerkin finite
element method. Fortunately, the present method can be implemented in parallel;
therefore, the computational cost can be reduced.

The present method can be extended to solve the three-dimensional problem;
all the theoretical results still hold true. However, the Galerkin spectral method
in the present paper cannot be extended to the fractional diffusion equations with
variable diffusivity coefficients, since the Galerkin weak formulation loses coercivity;
see Lemma 3.2 in [42]. Maybe the Petrov—Galerkin spectral method can be developed
to solve the fractional diffusion equations with variable coefficients (see [42], where the
Petrov—Galerkin finite element method was proved to be well posed). If we drop the
term %42(L96Ly(1t’LJrl —u™),v) in (3.5), we obtain the non-ADI method; the theoretical
results still hold true for such a case. They also hold true for one-dimensional and
three-dimensional fractional diffusion equations.
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REFERENCES

[1] V. V. ANz AND N. N. LEONENKO, Spectral analysis of fractional kinetic equations with random
data, J. Statist. Phys., 104 (2001), pp. 1349-1387.

[2] C. BERNARDI AND Y. MADAY, Spectral methods, Handb. Numer. Anal. Vol. V, North-Holland,
Amsterdam, 1997, pp. 209-485.

[3] A. Bueno-Orovio, D. Kay, AND K. BURRAGE, Fourier spectral methods for fractional-
in-space reaction-diffusion equations, BIT, to appear 2014. Available online at
http://eprints.maths.ox.ac.uk/1551/.

[4] C. CanuTO, M. Y. HUSSAINI, A. QUARTERONI, AND T. A. ZANG, Spectral Methods, Fundamen-
tals in Single domains, Springer-Verlag, Berlin, 2006.

[5] W. H. DENG, Finite element method for the space and time fractional Fokker—Planck equation,
SIAM J. Numer. Anal., 47 (2008), pp. 204-226.

[6] V. J. ErvIN, N. HEUER, AND J. P. Roor, Numerical approxzimation of a time dependent,
nonlinear, space-fractional diffusion equation, STAM J. Numer. Anal., 45 (2007) , pp. 572—
591.

(7] V. J. ErVIN AND J. P. Roop, Variational solution of fractional advection dispersion equations
on bounded domains in R?, Numer. Methods Partial Differential Equations, 23 (2007), pp.
256—281.

[8] J. F. HuaNG, N. N. Nig, AND Y. F. TANG, A second order finite difference-spectral method
for space fractional diffusion equation, SCIENCE CHINA Mathematics, 136 (2013), pp.
521-537.

9] A. A. KiLBas, H. M. SRIVASTAVA, AND J. J. TRUJILLO, Theory and Applications of Fractional
Differential Equations, Elsevier, Netherlands, 2006.

[10] N. N. LEONENKO, M. M. MEERSCHAERT, AND A. SIKORSKII, Fractional Pearson diffusions, J.
Math. Anal. Appl., 403 (2013), pp. 532-546.

[11] J. C. L1, Y. Q. HuanG, AND Y. P. LIN, Developing finite element methods for Mazwell’s
equations in a Cole—Cole dispersive medium, STAM J. Sci. Comput., 33 (2011), pp. 3153~
3174.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.


http://eprints.maths.ox.ac.uk/1551/

Downloaded 03/22/15 to 131.181.251.130. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

CNADIGLS FOR TWO-DIMENSIONAL RSFDE 2621

C. P. L1 AND F. H. ZENG, Finite difference methods for fractional differential equations, In-
ternat. J. Bifur. Chaos Appl. Sci. Engrg., 22 (2012), 1230014.

C. P. L1, F. H. ZENG, AND F. Liu, Spectral approximations to the fractional integral and
derivative, Fract. Calc. Appl. Anal., 15 (2012), pp. 383-406.

C. P. L1, Z. G. Zuao, AND Y. Q. CHEN, Numerical approximation of nonlinear fractional dif-
ferential equations with subdiffusion and superdiffusion, Comput. Math. Appl., 62 (2011),
pp. 855-875.

X. J. Lranp C. J. Xu, A space-time spectral method for the time fractional diffusion equation,
SIAM J. Numer. Anal., 47 (2009), pp. 2108-2131.

Y. M. Lin anD C. J. Xu, Finite difference/spectral approzimations for the time-fractional
diffusion equation, J. Comput. Phys., 225 (2007), pp. 1533-1552.

R. LN, F. Liu, V. ANH, AND 1. TURNER, Stability and convergence of a new explicit finite-
difference approximation for the wvariable-order nonlinear fractional diffusion equation,
Appl. Math. Comput., 212 (2009), pp. 435-445.

F. Liu, V. ANH, AND I. TURNER, Numerical solution of the space fractional Fokker—Planck
equation, J. Comput. Appl. Math., 166 (2004), pp. 209-219.

F. Liu, S. CHEN, I. TURNER, K. BURRAGE, AND V. ANH Numerical simulation for two-
dimensional Riesz space fractional diffusion equations with a nonlinear reaction term,
Cent. Eur. J. Phys., 11 (2013), pp. 1221-1232.

F. Liu, P. ZHUANG, V. ANH, I. TURNER, AND K. BURRAGE, Stability and convergence of
the difference methods for the space-time fractional advection-diffusion equation, J. Appl.
Math. Comput., 91 (2007), pp. 12-20.

F. Liu, C. YANG, AND K. BURRAGE, Numerical method and analytical technique of the modified
anomalous subdiffusion equation with a nonlinear source term, J. Comput. Appl. Math.,
231 (2009), pp. 160-176.

H. P. MA AND W. W. SUN, Optimal error estimates of the Legendre—Petrov—Galerkin method
for the Korteweg-de Vries equation, STAM J. Numer. Anal., 39 (2001), pp. 1380-1394.

R. METZLER AND J. KLAFTER, The random walk’s guide to anomalous diffusion: A fractional
dynamics approach, Phys. Rep., 339 (2000), pp. 1-77.

R. MAGIN, O. ABDULLAH, D. BALEANU, AND X. ZHOU, Anomalous diffusion expressed through
fractional order differential operators in the Bloch-Torrey equation, J. Magn. Reson., 190
(2008), pp. 255-270.

M. M. MEERSCHAERT AND A. SIKORSKII, Stochastic Models for Fractional Calculus, De Gruyter
Stud. Math. 43, Walter de Gruyter, Berlin, 2012.

M. M. MEERSCHAERT AND C. TADJERAN, Finite difference approximations for fractional
advection-dispersion, J. Comput. Appl. Math., 172 (2004), pp. 65-77.

M. M. MEERSCHAERT, J. MORTENSENB, AND S. W. WHEATCRAFT, Fractional vector calculus
for fractional advection-dispersion, Phys. A, 367 (2006), pp. 181-190.

K. MusTtaPHA AND W. MCLEAN, Piecewise-linear, discontinuous Galerkin method for a frac-
tional diffusion equation, Numer. Algorithms, 56 (2011), pp. 159-184.

K. MustAPHA AND W. MCcCLEAN, Uniform convergence for a discontinuous Galerkin, time
stepping method applied to a fractional diffusion equation, IMA J. Numer. Anal., 32 (2012),
pp- 906-925.

K. MustapHA AND W. MCLEAN, Superconvergence of a discontinuous Galerkin method for
fractional diffusion and wave equations, STAM J. Numer. Anal., 51 (2013), pp. 491-515.

E. D. NEzza, G. PaLAatucct, AND E. VALDINOCI, Hitchhiker’s guide to the fractional Sobolev
spaces, Bull. Sci. Math., 136 (2012), pp. 521-573.

J. A. OCHOA-TAPIA, F. J. VALDES-PARADA, AND J. ALVAREZ-RAMIREZ, A fractional-order
Darcy’s law, Phys. A, 374 (2007), pp. 1-14.

I. PODLUBNY, Fractional Differential Equations, Acdemic Press, San Diego, 1999.

A. QUARTERONI AND A. VALLI, Numerical Approzimation of Partial Differential Equations,
Springer Ser. Comput. Math., 23, Springer-Verlag, Berlin, 1994.

J. P. Roop, Variational Solution of the Fractional Advection Dispersion Equation, Ph.D.
thesis, Clemson University, Clemson, SC, 2004.

S. G. SAMKO, A. A. KiLBAS, AND O. I. MARICHEV, Fractional Integrals and Derivatives: Theory
and Applications, Gordon and Breach Science Publishers, Yverdon-les-Bains, Switzerland,
1993.

J. SHEN, T. TaNG, AND L. L. WANG, Spectral Methods: Algorithms, Analysis and Applications,
Springer Ser. Comput. Math. 41, Springer, Heidelberg, 2011.

J. SHEN, Efficient spectral-Galerkin method 1. Direct solvers for second- and fourth-order equa-
tions using Legendre polynomials, STAM J. Sci. Comput., 15 (1994), pp. 1489-1505.

F. J. VALDES-PARADA, J. A. OCHOA-TAPIA, AND J. ALVAREZ-RAMIREZ, Effective medium equa-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/22/15 to 131.181.251.130. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

[45]

[46]

[47]

ZENG, LIU, LI, BURRAGE, TURNER, AND ANH

tions for fractional Fick’s law in porous media, Phys. A, 373 (2007), pp. 339-353.

. WANG AND N. Du, A fast finite difference method for three-dimensional time-dependent

space-fractional diffusion equations and its efficient implementation, J. Comput. Phys.,
253 (2013), pp. 50-63.

. WANG AND N. Du, Fast alternating-direction finite difference methods for three-dimensional

space-fractional diffusion equations, J. Comput. Phys., 258 (2014), pp. 305-318.

. WANG. AND D. P. YANG Wellposedness of variable-coefficient conservative fractional elliptic

differential equations, STAM J. Numer. Anal., 51 (2013), pp. 1088-1107.
WaNG, K. X. WANG, AND T. SIRCAR, A direct O(N log? N) finite difference method for
fractional diffusion equations, J. Comput. Phys., 229 (2010), pp. 8095-8104.

. Wana anD K. X. WaNG, An O(N log? N) alternating-direction finite difference method for

two-dimensional fractional diffusion equations, J. Comput. Phys., 230 (2011), pp. 7830—
7839.

. WaNG AND T. S. Basu, A fast finite difference method for two-dimensional space-fractional

diffusion equations, SIAM J. Sci. Comput., 34 (2012), pp. A2444-A2458.

. Wu, H. P. Ma, aAND H. Y. L1, Optimal error estimates of the Chebyshev—Legendre spectral

method for solving the generalized Burgers equation, SIAM J. Numer. Anal., 41 (2003),
pp. 659-672.

. ZENG, C. L1, F. Liu, AND I. TURNER The use of finite difference/element approaches for

solving the time-fractional subdiffusion equation, STAM J. Sci. Comput., 35 (2013), pp.
A2976—-A3000.

. ZHUANG, F. Liu, V. ANH, AND 1. TURNER, Numerical methods for the variable-order frac-

tional advection-diffusion equation with a nonlinear source term, SIAM J. Numer. Anal.,
47 (2009), pp. 1760-1781.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



