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§1. Introduction

This paper deals with the problem of variable selection in discriminant
analysis with g+1 populations and a multivariate linear model. The variable
selection is important since there are situations where the deletion of some variables
from the original variables may be preferable for the practical aim of statistical
analysis. A number of stepwise procedures have been proposed for reducing the
number of variables required to discriminate among the g+ 1 populations (e.g.,
see McCabe [7], Farmer and Freund [2]). McKay [8] has proposed a procedure
for determining all subsets of variables that provide essentially as much separation
among the g+ 1 populations as the original set of variables, based on a simul-
taneous test procedure in Gabriel’s [6] sense.

In this paper we propose a criterion for determining the “‘best’’ subset of
variables in the discriminant analysis whose aim is to interpret the differences
among the g+ 1 populations in terms of only a few canonical discriminant
variables. We obtain a creterion, based on a model fitting approach. We regard
the problem of finding the “best’” subset of variables as one of finding the “best’’
model, by introducing a family of parametric models. The parametric models
are based on ‘“no additional information hypotheses’> due to Rao [10]. Our
criterion is obtained by applying Akaike’s information criterion (Akaike [1])
to choice of the models. The problem of finding the “best> subset of variables
in a multivariate linear model is also discussed. This is a generalization of the
problem of variable selection in the discriminant analysis. Asymptotic distri-
butions of the criterion for variable selection in the multivariate linear model
are obtained, resulting in generalizations of Fujikoshi [5] in the case of two-group
discriminant analysis. The asymptotic distribution in the case when the original
variables are ordered a priori can be reduced to a simple form.

§2. Multiple discriminant analysis

Consider g+ 1 p-variate normal population I1, (x=1,..., g+ 1) with means
#, and the same covariance matrix . Let x=(xy,..., x,)’ be the column vector
of the p variables. Assume that N, samples from II, are available. We will



204 Yasunori FujikosHI

identify a subset of the variables x;,..., x, by the corresponding subset of the set
of subscripts 1, 2,..., p. If j={jj, js,..., ¢} is such a subset of subscripts,
x(j) will denote the vector variable whose components are specified by the
elements of j. We can express x(j) as

2.1) x(j) = G(j)x

where G(j) is a k(j) x p matrix whose (a, j,) elements are all one for a=1,..., k(j)
and other elements are zero. Let J be the family of all possible subsets of the
set of subscripts {1, 2,..., p}. Then the problem of variable selection may be
regarded as how to select the ““best’” subset j from J.

It is important to consider the criterion for variable selection such that the
criterion relates as closely as possible to the practical aim of discriminant analysis.
We consider variable selection in the case when we are interested in interpreting
the differences among the g+ 1 populations in terms of only a few canonical
discriminant variates. The discriminant analysis with this aim is called descriptive
discriminant analysis. We shall first introduce a family of parametric models
M(}j), j € J such that M(j) means that x(j)is the “best’’ subset of variables for the
descriptive discriminant analysis. Let Q be the population between-groups
covariance matrix defined by

(2.2) Q =311 (N N) (o2 — ) (2, — 1)

where zz=(1/N) ¥t} Ny, and N=N,;+---+N,,;. Then the coefficient vector
a, of the a-th canonical variate y,=a/x is defined as the solution of

(2.3) Qa, =4, 2a, a,Xa; =20,

where A; > --- > 1,>0 are the characteristic roots of Z~!'Qand J,, is the Kronecker
delta. Let m be the number of non-zero characteristic roots of X~1Q. Then
m=rank (2)<Min (p, q) and the differences among the g+ 1 populations can
be summarized in terms of the first m canonical variates y,,..., y,. It is natural
to say that a variable x, is irrelevant for the description of the differences among
the g + 1 populations if the y-th components of a,, a=1,..., m are all zero. This
implies the following definition of M(}).

(2.4) M(j): G(j¥a,=0,a=1,...,m and
(X%-1 G())a,a,G(j)),, >0, forany yej

where j* is the complement of j with respect to {1, 2,..., p}. Itis known (Fujikoshi
[4]) that

G(j*a,=0, a=1,.,m

(2.5) =
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H(j): 6" Ley — 26(GY{G(HZG() I G()ee4]
== GU*) [#g+1 — ZGU){G(NZCU)}TIG()) g +1] -

The latter statement in (2.5) is equivalent to “no additional information hypo-
thesis’’ due to Rao [10]. Since H(j)<tr {G())ZG(j)'} 'G(jH)QRG(j) =tr Z~1Q
(McKay [8]), we can write M(j) as

(2.6) M()): tr {G()ZG(j)}'G()QG(j) = trZ-'Q  and
tr {G()ZG(i) }"'G()QG(i) < tr£-'Q  for any

proper subset i of j.

Since tr {G(j)ZG(j)'} 1G(jH)RG(j)' and trZ~'Q are the distances among the
g+ 1 populations based on x(j) and x respectively, we can say that if M(j) is
true, x(j) is a parsimoneous subset of variables that provides essentially the same
information as x for the descriptive discriminant analysis.

Next we shall derive Akaike’s information criterion (Akaike [1]), for choice
of the models {M(j); jeJ}. The criterion is to choose the model for which

27 AIC (j) = —21log L(3(j)) + 2p(j)

is minimized, where L(6) is the likelihood function of observations, 8(j) is the
maximum likelihood estimate of 60 ={g;,..., g2, (, 2} under M(j) and p(j) is the
dimensionality of 6 under M(j). This criterion was constructed to choose a
model such that the model yields the best predictions for future observations with
the same structure as the original observations. Let B and W be the matrices of
sums of squares and products due to between groups and within groups, re-
spectively, based on random samples of size N, from IT, (x=1,..., g+1). Con-
sidering the conditional distribution of x(j*) given x(j) and using (2.5), it is shown
that

(2.8) —2logMaxy,;, L(0) = Np{l + log(2n/N)} + N log |G(j)WG(j)'|
+N1og |G(j*) [T — TG(j){G(H)TG(j)'} ' G())TIG(j*)'|

where T=B+ W. Since the correspondence between 0 and ge,,=G(j)tt,, 5, =

GU*) [1,—ZG(){G(NZ())'} ' G())] par and Z*=(G(j)', G(j*)') Z(G(j), G(j*))is
is one-to-one, we have

(2.9) 2p(j) =2{(q+Dk(j) + p — k(j) + %p(p+ D}
= p(p+1) + 2p(q+1) — 29(p—k())).

Therefore the criterion based on (2.7) is equivalent to choosing the model M( )
to minimize
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(2.10)
A(j)

AIC(j) — AIC({1, 2,..., p})

— NloglCUDIW=WG()H{GNWG() I G(HWIG(*) |
IGGHIT-TG(H {G(HTG()}T'G(HTIGG*)

~2q(p—k(j))

~ W iog (L JIGWGUTY sk
Vios {7t [ [GCh To )~ 47—+

where A({1, 2,..., p})=0.
For the case of two populations, i.e., g=1 we obtain

(2.11) A(j) = Nlog[1 + (D*—D(j)?)/{N(N —2)/(N{N,) + D(j)*}]
— 2(p—k(j))

where D and D(j) are the sample Mahalanobis distance between IT, and II,
based on x and x(j), respectively. The criterion in the special case was derived
by Fujikoshi [5].

It may be noted that the first term of A(j) in (2.10) is the likelihood ratio
statistic for testing the no aditional information hypothesis H(j) in (2.5). This
test statistic was introduced by Rao [9].

§3. Extension to a multivariate linear model

In this section we deal with the problem of variable selection in a multivariate
linear model which is a generalization of the case described in the previous section.
Consider a matrix X whose rows are independent N observations of the p vector
variate x=(xy,..., x,)’ being normally distributed with common covariance
matrix 2 and expectation

3.1) E(X) = ZE
where Z is a known N x b matrix of rank b and £ is a b x p matrix of unknown
parameters. Let

(3.2) 82 =tr2-1Q

where NQ=(CE)'{C(Z'Z)"'C'}"1CE and C is a known ¢ x b matrix of rank q.
The quantity 62 can be regarded as a measure of deparatures from the nullity of
the hypothesis “CE=0"". If we put
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1 00 -1
C:gx(g+1)= 0 1.-0-1

in multiple discriminant analysis, then Q is equal to the population between-
groups covariance matrix in (2.2). We consider the variable selection in the case
when we want to have a large 62. The quantity 62 for a subvector variate x(j)=
G(j)x may be defined by

(3.3) 02(j) = tr {G(HZG()'} ' G())RG())'.
In general, it holds that
34 0%(i) < 6%(j) < 62

for any i, j such that i<j. Our problem is to find a parsimonious subset of vari-
ables that provides the same value as 62. For this purpose we consider the same
model as in (2.6), i.e.,

(3.5) M(j): 6*%(j) = 6% and 6%(i) < 62 for any proper subset i of j,

which means that x(j) is the “best’’ subset of variables. The other expressions
for M(j) are obtained by using the equivalence of the following three statements
(3.6), and (3.7) and (3.8):

(3.6) 0%(j) = 62,
(3.7 H(j): C[E — EG(N{G(NZG()}'G(HXIG(*)' = O,
(3.8) G(j¥a, =0, a=1,..,m,

where m=rank (Q) and a, are the characteristic vectors of Q with respect to X
as in (2.3). McKay [8] has proved the equivalence of (3.6) and (3.7). The
equivalence of (3.7) and (3.8) is obtained by the same argument as in multiple
discriminant analysis due to Fujikoshi [4]. The hypothesis (3.7) can be inter-
preted as the hypothesis that x(j*) supplies no additional information about
deparatures from nullity of the hypothesis “CZ=0"’, independently of x(j). It
is known (Rao [9]) that likelihood ratio statistic for testing H(j) is

(3.9 —Nlog [{IWI/TI}{IGHWG)'|[|G(HTG(j)'1}]
where T= W+ B,

(3.10) B = (CEY{C(Z'2)"'C"}"'CE, W= X'(Iy— Z(Z'2)"'Z)X,
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and £=(Z'Z)"'Z'X. This result is obtained by considering the conditional
distribution of x(j*) given x(j). The matrices W and B are the matrices of sums
of sequares and products due to error and departure from the hypothesis in the
problem of testing “CE=0"’ against “CEZ#0’’. Using (3.9) it is easily seen that
the selection criterion based on (2.7) is equivalent to choosing the model M(})
to minimize

(3.11) A(j)=AIC(j)—-AIC({L,2,..., p})

- WL NGOG o o ors
= ~ Nlog {{ 17} [ (ST~ 29(p — k(7))

where A({1, 2,..., p})=0.

§4. Asymptotic distributions
We denote the subset j to minimize the A(j) in (3.11) by j(J), i.e.,

4.1 Min;e; A(j) = A(J(J)).

In the following we assume that the model M(j,) in (3.5) is true, where j,={1,...,
k}. Then we have that

Al: tr {G())ZG(j)'}"'G()HQG(j) = 62 forjelJ,
and
A2: tr {G())ZG(j)'}"1G()HQG(j) < 62 for jelJ,

where 62=tr2'Q, J,={j; j2jo} nJ and J,=JnJ. This is easily seen by
using the equivalence of (3.6) and (3.8). In general, we are interested in knowing
how large is the probability of Pr(j(J)=j,). Apart from it, to derive the distribu-
tion of j(J) may be fundamental in studying the statistical properties of the
selection method j(J). In the following we shall derive the asymptotic distribu-
tion when M(j,) is true.

The matrices W and B in (3.10) are independently distributed as a central
Wishart distribution W (N —b, X) and a noncentral Wishart distribution W,(q,
2; NQ), respectively. The matrix Q depends on N. It is natural to assume that
Q=0(1) with respect to N. For simplicity we make the following assumption
for Q:

A3: Qs a fixed matrix.

Let 2 and Q be partitioned as

le Z112 Qll QIZ
42 X= , 2yt kxk and Q = , Q10 k x k.
Z21 222 921 922
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The following Lemma is useful in reducing our distribution problem.
LEMMA 1. Assume that tr X7} Q, =trZ-1Q. Then there exists a lower
triangular matrix

4,, O

(4.3) A= , Ak x k
A21 A22

such that A,, is a lower triangular matrix,

4.9 AQA'= A and AZA' =1,

where A=diag(4y,...,4,0,...,0) and A >--->=X are the possible non-zero
roots of 271Q.

PROOF. Let 2,, (=2,, — X,; 271 X¥,,. Then there exists a lower triangular
matrix A,, such that A4;,%,,.,45,=1,_,. We define 4,, and 4,, by H X7{/2
and —A,,X,, 27}, respectively, where H is an orthogonal matrix. Then AXA’
=I,. We use that

(4.5) tr X7l Q= tr 210
— (22 1,.)2=0
S ;La = Cha(zrll 'Qll)s a = 19'--; k,

where ch, (M) is th a-th largest characteristic root of M. The equivalences follows
from

tr271Q=tr 271 Qy +tr (=2, 278, Lo ) Q(— 251 27, 1) 2254
and
Ay =¢ch, (271Q,)), a=1,.,k (e.g., see Gabriel [6]).
Using the above properties we have
H'X12Q,,2712H (0
Y. ( )
(0]
and hence we can choose H satisfying 4QA'= A.
LEMMA 2. Assume that A1 ~A3 hold. Then

(4.6) limy., , N7*A(i) = 0 < limy,, , N7*A(j).
for any i, j such that ieJ, and jeJ,.

Proor. Since N~'W and N~!B converge to X and £, respectively, we have
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limy_,, N7TA()) = —log(IZ]/1Z + QD)
+1og (IG(HZU)'1/1GG) (2 +DG())
=log|l, + 27'Q|
—log Iy + (G(NZG()) 1 G(HQG()) .
Using (4.5) it is seen that for ie J,
ch, (271Q) = ch, {G()ZG()'}1G(H)QGGH)) for any o,
and for jeJ,
ch, (271Q) > ¢ch, {G(NZG()'}'G(HA)H)  forany a,
and the inequality holds strictly for some «. This implies (4.6).

Using the same argument as in Shibata [11] or Fujikoshi [5] from Lemma 2
we have the following reduction for the asymptotic distribution of j(J):

4.7 limy., , Pr(§(J) = j) = r(jl Jo, J)
[ limN-*oo Pr (A(]) < A(m)a m EJI), je‘]b
- 0, jed,.
Now we study asymptotic behaviour of A(j), jeJ,. For jeJ,;, we can
write G(j) as

(4.8) G(J) =< ) L(j): (k(j) — k) x (p — k).

o L(j)
Then we have
Wiy Wi, L(j)
L)Wy L)Wy L(j)
(4.9) — Nlog(IW/IT]) — 2q(p — k()
= A(jo) + Nlog {|L()) W31 L(J) I/IL(J) T32.:L(7) |}
= 2q(k — k(J))

where W,y =Wy, — Wy WilWia, Toaoy=Toa— T, T1{Ti;, and W,z and T
are the submatrices of Wand T, respectively, partitioned as in (4.2). Let

/

Tll T12L(j)' l]
L(j)Ty: L(J)T2,L(j)

A(j) = Nlog[

(4.10) W* = AWA’ and B* = ABA’

which are independently distributed as a central Wishart distribution W,(N—b,
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I,) and a noncentral Wishart distribution W,(q, I,; NA), respectively. We can
write B* as B*=U*'U*, where

4.11) U*=Z+<

JNA2 0 )

o o

Z=(z,5): qx p and z,4’s are independent identically random variables with the
standard normal distribution. Let

U*=(UL, UD, Ut:q x k, Z=(2,Z5), Z,: q X k,
U=UXA"") =(U,, Uy, Uy: q x k.

Since Typ.1— Wz =(U, = U WiiW,) (I, + U WTlUD)Y(U,— U, WiiW,,)
(Fujikoshi [3]), it holds that

(4.12) Typ.q — Wy = A53(US-UTWITIWEHY U+ UTWEIUD™!
(U3 -UtWIT' W) (433),

and

(4.13) Wiz = A3 W3,.1(433)

where Wi =W5—WH Wi WY, and W}, are the submatrices of W* par-
tioned as in (4.2). Let

(4.14) A/NYW* = I, + (1/\/N)V.

Substituting (4.11) and (4.14) into (4.12) and (4.13), we obtain the following ex-
pressions:

(4.15) Ty3.1 — Waay = A33Y'Y(A433) + O,(N71/2),
(4.16) (1/NYWpy.y = Z25.1 + O,(N"1/2),
where 25,.1 =25, —25; 27{ 2125
IL+4, O \12 Al/2
(4.17) Y= (2, - Vi),
0 Iy (0]

Ay =diag(4,,..., 4) and V,, are the submatrices of V partitioned as in (4.2).
When N tends to infinity, the elements of Y: g x (p—k) are independently distri-
buted as N(0, 1). Using (4.15) and (4.16) we obtain
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4.18)  N10g{IL() Wiz L) IL() Ta2r LG 1}
= — Nlog Lk + L) R Wa2a L(7) } !

L(])(TZZI - W22-1)L(j)'l
—tr K())Y'Y + O,(N~12)

where
(4.19) K(j) = (423) LY {L()DZ 2.1 L)} L) A3
Therefore it holds that for any j, me J,
(4.20) A(j) — A(m)

= tr {K(m) — K(j)} Y'Y — 2{k(m) — k(j)} + O,(N~'/).
From (4.7) and (4.20) we have the following Theorems 1 and 2:

THEOREM 1. Suppose that the model M(j,) in (3.5) is true and the assump-
tion A3 is satisfied, where jo={1, 2,..., k}. Then

@.21) limy,o, Pr(J(J) =j)=r(jljo J)
Pr (tr {K(m) — K()}Y'Y < 2q{k(m) — k(j)}, meJy), jeJ;,
0, Jj€eJ,,

where J,={j; j2jo} N J, J,=J§nNJ, K(j) is defined by (4.19), k(j) is the number
of the elements of j, Y=(y,); 4 x(p—k) and y,s’s are independent identically
random variables with the standard normal distribution.

THEOREM 2. Let J be a subfamily of J, and j(J) the selection method defined
by Min;; A(j)=A(j( J)). Then under the same assumptions as in Theorem 1
and the assumption of J, #@ it holds that

(4.22)  limy., Pr(3(D) =) = r(jljo, J)
Pr (tr {K(m) — k(j)}Y'Y < 2q{k(m) — k(j)}, meJ,), jeJ,,
0, jeJ,,
where J,=J,nJ and J,=J,nJ.

We note that similar results are also obtained if we replace the assumption
A3 in Theorems 1 and 2 by a weak assumption

A3’: There exists a positive semi-define matrix €, such that limy_, , 2=Q,
and tr {G(H)ZG(j)'}1G(j)ReG(j)<tr 2-1Q, for jeJ,.
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In this case we need only to change the matrix 4 used in the definition of K(j)
by A,, where A, is the matrix 4 in Lemma 1 with Q=Q,,. _

We can obtain a further reduction of (4.22) when an ordering of variables is
given a priori. As such a subfamily, consider the family of p models, M(j), j € Jo,
where

(4.23) Jo = {1}, {1, 2},..., {1, 2,..., p}} .

We denote the subset {1,..., j} by j. Then, since A4,, is a lower triangular matrix,
we have

I,., O
(4.24) K(j)=< ), k<j<p.
(0 ()
This implies
(4.25) limy., , Pr(j(Jo) = j) = r(jljo, Jo)
B j s(J—kK)ty(p—Jj), k<j<p,
o, j<k—1,
where
(4.26) sf(k) = Pr(Nk_; (U, > 0)), t(k) = Pr(Nk., (U, <0)),

5,0)=t(0)=1, U,=(W;—-2q)+---+(W,—2q) and {W,} is a sequence of in-
dependent 2 random variables. For a reduction of s,(k) and t,(k), see Spitzer
[12] and Shibata [11]. We note that the asymptotic distribution of j(J,)
depends only on ¢, p and k, but not on the values of £ and X.
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