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A DAMPED HYPERBOLIC EQUATION ON THIN DOMAINS

JACK K. HALE AND GENEVIEVE RAUGEL

ABSTRACT. For a damped hyperbolic equation in a thin domain in R3 over a
bounded smooth domain in R2, it is proved that the global attractors are upper
semicontinuous. It is shown also that a global attractor exists in the case of the
critical Sobolev exponent.

1. INTRODUCTION

Let Q Cc R" for n < 2, be a bounded domain; let Q, C R**! | with ¢ > 0, be
a bounded domain which converges in some sense to £ as ¢ — 0 and consider
a damped hyperbolic equation on @, with some boundary conditions. If Q.
is to be regarded as a thin domain in R"*! then the dynamics on Q, should
be determined from the dynamics of some appropriate hyperbolic equation on
the n-dimensional domain €.

One objective in this paper is to extend our previous work [12] on thin do-
mains for a reaction-diffusion equation to a damped hyperbolic equation; in
particular, we consider the upper semicontinuity of the attractors for n =1, 2.
In addition, for thin domains in R3, we prove the existence of attractors in the
critical case where the growth rate of the nonlinearity is cubic. Existence in the
general case in R? remains an open problem.

To describe the results, we first define carefully the domains Q, . We assume
always that Q is at least a C2-polygonal domain; that is, a bounded open set in
R" with 8Q a curvilinear polygon of class C! [9, Definition 1.4.5.1]. Suppose
that &g is a positive number and g: Q x [0, &] — R is a function of class C?
satisfying

g(X,0)=0, go(X) = ‘g—i’(x, 0)>0 forXeQ,

g(X,e)>0 forXeQ, ec (0, g].
For 0 <e<egp, let Q. be the domain
(1.2) Q:={(X,Y)eR"™; 0<Y<g(X,¢), X eQ}

(1.1)

and denote by v, the outward normal to Q,. Choose ¢ > 0 so that é =
Q x (0, d) contains Q, for 0 <& < ¢g.
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186 J. K. HALE AND GENEVIEVE RAUGEL

For a a positive constant and G a function belonging to W!=(Q), we
consider the equation in variational form

(1.3);  (Uy + Bus+au, v)+(Vu, Vo) = (—f(u) - G,v) VYve HY(Q,)

where (-, -) is the inner product in L?(Q,). The initial values for a solution
(u, u;) of (1.3), are in H'(Q,) x L?(Q;). The function f: R — R isa C!-
function satisfying

(1.4) limsup —L %) <0

Ix|—=+o00 X -
(1.5) If/(x) <e(l+|x]") forxeR

where 0<jp<+oo if n=1,0<9<2if n=2.
If the initial values are sufficiently regular, then equation (1.3), is equivalent
to

(16), Uy + Pu; —Au+au= — f(u)— G in Q,,

ufdv, =0 indQ;.

To describe the results and, at the same time, to provide motivation for the
equation on €2, we make the change of variables

(1.7) X=x, Y =g(x,¢)y

which takes Q, into the fixed domain Q = Q x (0, 1).
For 0 < ¢ < ¢, let X, be the space L?(Q) endowed with the norm | - |x,
induced by the inner product

(v, w)x, =/ ngdxdy.
QE

This is an equivalent norm in L?(Q) since (1.1) implies that there are positive
constants ¢;, C; such that cje < g(x, &) < Cie for x € Q, 0<e<yg.

To rewrite equation (1.3)., we need the bilinear form a,(-, -) on (H'(Q))?
(which is derived from the form: (u;, u;) — an(VmVuz +au ur)dXdY by
the change of variables (1.7)):

a:(v, w) = (L' v, Z'Pw)x, +alv, w)y,

where ,‘Z:l/ 2 is the gradient operator on H'(Q),
1/2 8. 8. 1
L = (wx. - —;—‘ywy, Wy, — ?ywy, g%) :

If we use this notation and let

(1.8) Ge(x,y) =G(x, g(x, e)y),

then equation (1.3), is equivalent to

(1.9), (g + Buy, v)x, + a(u, v) = (—f(w) - G, v)x, Yve& H(Q).
If the initial data are sufficiently regular, then (1.9), is equivalent to

(1.10), g+ pur+ Lyu+aoau=—-f(u)— G, in Q
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A DAMPED HYPERBOLIC EQUATION 187

with the boundary conditions

(1.11), Ou/dvg, =Bu-v=0 ondQ
where v 1is the unit outward normal to 9@ and L. is the operator:
(1.12) L6=—édingu
where
gUx, — 8x YUy
(1.13) Bou= | 8Ux, — Ex, YUy

— 8x Vlx, — 8 Vlhx, + (1 + (84, 0)* + (80,0) )ty
We also need to write equation (1.9), as an abstract evolutionary equation.
For notation, we let || |00, - lli,0 and | - |l2,o denote respectively the
classical norms in L*(Q), H'(Q) and H?*(Q). Relation (1.1) implies that
there are constants ¢; and ¢, 0 < & < &, such that, for 0 <e<e¢g, x€Q,

we have
(1) %-F%Scz, ClS%SCZ,
(1.14) 2 2
(ii) 18| (&S 1
g g g1 T 2fe?’

According to [12], a.(-, +) defines an unbounded linear operator 4, on H'(Q)
which is selfadjoint, positive, 4, = L.+l with Neumann boundary conditions,
and Z(4)/%) =~ HY(Q). By the definition of A./?, we have, for all u € H'(Q),
the following relation: [as(u, u)]'/? = ||4Yul|x, . Furthermore,

(1.15)(i)

! 12 1/2 1 172
e (Nulf o+ lluyld o) <l ullx, < ca (Il o+ luli3 o
€ €

For s = 1,2, let X be the space H'(Q) endowed with the norm |[u||x;
= |4%%ullx, and let Y$ = D (4%) x Z (A V%) endowed with the norm
e, Wliy; = (lel}s + lwl2.-)'72. Clearly, ¥;! is isomorphic to H'(Q) x

L?(Q) . Let us point out that, if the following hypothesis

(H) Q is a bounded domain which is a curvilinear polygon of
class C? whose angles are all convex [9, Definition 1.3.4.1]

holds, then the regularity results of [4, 6, 9] (see also [12, Appendix A]) imply
that

D(A,) = {u e H*(Q): du/dvp, = 0 in 8 Q}
and Y2 is isomorphic to {u € H*(Q): du/dvp, =0 in 9Q} x H'(Q) . Further-
more, by Theorem A.2 of the Appendix, we have the more precise inequalities

(1.15)(ii)

12
N 1 1l « 2 1 2
C3 ”“”%,Q + _2||uy”(2J,Q + = E luxypllo, o + =l llo. 0 < [ 4eullx. »
£ P £

i=1
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188 J. K. HALE AND GENEVIEVE RAUGEL

1/2
N 1 1 & 1
et < & (inun%,g Sl o+ 5 D syl o+ 8—4“uyy“(2),Q) :
i=1
With this notation, equation (1.9),, with initial data (¢, y) € ¥} is equivalent
to the abstract evolutionary equation

(116)g ut,+ﬂu,+Aeu=—f(u)—G8.

To describe the results more precisely, we need more notation. For any
Banach space Z and any subsets C, D of Z, let

0z(C,Dy=supinf |c—4d]|z.
cecdeD

We say that a semigroup 7(¢) on Z has a global attractor & in Z if &
is a compact, invariant set (7(f).&/ = for ¢t > 0) and (T (t)B, &) — 0
as t — oo for each bounded set B in Z . By definition, %/ is unique in Z .
We say that T(t) is bounded dissipative in Z if there is a bounded set %, in
Z such that, for any bounded set B in Z, thereisa ¢y = to(B, %) such that
T(tH)B C B, for t > ty.

We introduce the operator T,(f): (1o, u1) — (ué(t), us(t)) € Y.}, where u?(t)
is the solution of (1.16), with initial data (¥*(0), u¢(0)) = (up, ¥;). Under
the hypotheses (1.4), (1.5), T,(¢) is a CC-group on Y,! and the positive orbits
of bounded sets are bounded (see, for example, [18, 20, 2, 3 or 22]). Moreover,
the semigroup T.(t) is bounded dissipative in Y, and has a global attractor
&, in Y if n=1o0or n=2 and 5 <2 (see [10]).

Let us now turn to the limit equation that should correspond to (1.9), at
¢ = 0. After some careful consideration, one begins to suspect that the solutions
of (1.9); or, equivalently, for regular initial data, of (1.10),, (1.11), for ¢
small, should depend very little upon y. To obtain the variational form of the
limit equation, let X, be the space L?*(Q) endowed with the inner product

(v, w)x, = /ngvwdx.
If we introduce the bilinear form
ay(v, w) = (Vyv, Vyw)y, + alv, w)y,,
then the variational form for the limit equation is
(1.17)  (wge + Buy, v)x, + aou, v) = (—f(u) — G(x, 0), v)x, Yve H(Q).

If the initial values are sufficiently regular and if we let Go(x) = G(x, 0), then
equation (1.17) is equivalent to the following equation on €,

1 :
(1.18) utt+,8u,—gz(gouxi)xi%—au:—f(u)—Go in Q
i=1

with the boundary conditions
(1.19) du/dn=0 onoQ,

where » is the unit outward normal to 9Q.
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A DAMPED HYPERBOLIC EQUATION 189

We also need to write (1.17) as an abstract evolutionary equation. The bi-
linear form ay defines a unique unbounded operator 49 on H'(Q) which is
selfadjoint, positive, Ag = Ly + of with Neumann boundary conditions, with

1
LOu = _'éa Z(goux,-)x,

i=1

and Z(4)%) = H'(Q).

As above, we can define the space Y§ = Z(4)%) x D(4§™ V") with the
norm (¢, w)lly; = (14501, + 145" wl1%,)"/? . Clearly, Y| is isomorphic
to H'(Q) x L*(Q). If, in addition, hypothesis (H) holds, then

D(Ag) = {u € H}(Q): du/dn =0 on 8Q},

and YZ is isomorphic to {u € H*(Q): 0u/8n =0 in 8Q} x H(Q). Equation
(1.17) is equivalent to the abstract evolutionary equation

(1.20) U + By + Aou = — f(u) - Go.

Equation (1.20) has a global attractor %% in YO‘ if n=1orn=2and y<2.
The attractor is naturally embedded in Y.

If we assume that the domain Q satisfies the hypothesis (H), then the oper-
ators T,(t), t > 0, are C%-semigroups on Y? (see [2, 3, 7, 14]), are bounded
dissipative in Y and the global attractor % in Y, described above is also
the global attractor in Y (see [14, 7, 11, 23] for instance). In the case n = 2,
5 =2 for ¢ > 0, the semigroup 7T;() has a global attractor % in Y2 [13]if
f: R — R is moreover a C2-function. If there is an attractor % in Y, and if
the equilibrium points are hyperbolic, then 4 = %2 because of the gradient
structure (see Remark 4.3).

One of our results is

Theorem 1.1. Suppose Q satisfies hypothesis (H).
WIfn=1o0or n=2 and ¥ <2, the attractors S/, are upper SemicoOntinUOUs
at ¢ = 0; that is,
6)151(%,(%) -0 ase—0.

(i) If n=2and =2, and if f: R — R is a C*>-function the attractors
Mgz are upper semicontinuous at ¢ = 0; that is,

Oy (4, %) —»0 ase—0.

In a subsequent paper, we analyze the lower semicontinuity of the attractors
as well as the equivalence of the flows.

Under the general hypotheses (1.4), (1.5) in the case n =2, 7 = 2, it is not
known if a global attractor exists for (1.3), on a general domain in R3. If
the nonlinear function f satisfies some additional conditions (see Remark 1.6
below), we can use the arguments in Babin and Vishik [24, Chapter 11, §6] to
show that the global attractor does exist on a general smooth domain. For the
thin domains Q. , we prove that the additional restrictions on f of Babin and
Vishik are unnecessary to obtain the existence of a global attractor provided
that ¢ is sufficiently small. When the domain Q, is Q x (0, &), we can say
even more. Precise statements are contained in the following theorems.
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190 J. K. HALE AND GENEVIEVE RAUGEL

Theorem 1.2. If n =2, § = 2, then, for any By > 0, there is an &; = &, (o),
such that, for 0 < ¢ < &, B > Bo, there is a global attractor 2, in Y} for
Te(1).

Let us point out that, if Q satisfies the hypothesis (H), then & = &2 (see
Remark 4.3), and, by Theorem 1.1, the attractors . are upper semicontinuous
at e=0.

Theorem 1.3. I[f n=1 or n=2, y <2 and g(x, €) = ¢, then the attractors
&, are upper semicontinuous at € = 0; moreover, if G(X,Y) = Go(X), then,
for any By > 0, there exists a positive constant ¢, = &(fo) such that, for
0<e<eg, B> Py, wehave S, = % .

In the case where g(x, ¢) =¢ and G(X, Y) is independent of Y, Theorem
1.3 asserts that, on the cylindrical domain Qx (0, &), the flow defined by (1.3),
is equivalent to the flow defined by the same equation on the n-dimensional
domain Q.

It is possible to consider other boundary conditions. The extension of the
above results to periodic boundary conditions is made in an obvious way. We
also can study mixed boundary conditions or Dirichlet ones. Let us denote
by I'; . (respectively I';), j = 0, 1, 2, the portions of the boundary of Q,
(respectively Q) given by

I'p. =Qx {0} (resp. I'o =Qx {0}),
IMN.={X,Y)eR"; XecQ,Y=g(X,e)} (resp.T} =Qx{1}),
Ne={X,Y)eR"; Xe€0Q,0<Y <g(X,e)}
(resp.I, =0Q x (0, 1)).
We may define the corresponding unit outward normals v; . on I'; , (resp. v;
on I';).

The mixed problem that we consider is homogeneous Neumann conditions on

I'j ¢, j=0,1 and Dirichlet conditions on I'; .. To avoid excessive notation,

we do not formulate the variational form of the equation. If the initial data are
sufficiently regular, the equation is

Uy + Buy—Au+ou=— f(u)— G in Q;,

(1.6bis), u =0 inl, .,
oufov; , =0 inl; ., j=0,1.
In the new variables (x, y) of the fixed domain Q, this boundary value prob-
lem is
(1.10); Uy +pu,+ Leu+ou=—f(u)— G, in Q

with the boundary conditions
u=0 inl,,
ou/ov; p =Bu-v;=0 inI;, j=0,1,
where L, and B; are defined, respectively, by (1.12) and (1.13). For ¢ small,

the solutions of (1.10),, (1.11bis), can be compared with those of the equation
(1.18) on Q with the boundary conditions

(1.19bis) u=0 indQ.

(1.11bis),
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A DAMPED HYPERBOLIC EQUATION 191

Let V; be the subspace {v € H!(Q); v =0 in I';} and let 4, be the unique
selfadjoint unbounded linear operator on }; defined by the form a.(-, <) and
the space X, . We remark that Y,' = D(A;/z) x X, is isomorphicto ¥, x L%(Q).
We denote by 7.(7) the C%group on Y, generated by the abstract equation
associated with (1.10)., (1.11bis),. Likewise, we denote by Ay the operator
Ly+al with Dirichlet boundary conditions on dQ and by Ty(t) the CO-group
generated on Y{ = D(4)%) x X (Y is isomorphic to H}(Q) x L2(Q)) by the
abstract equation associated with (1.18) and (1.19bis). We still denote by %%,
0 < e < &, and by .o the global attractors of T,(z) and Tg(¢) in Y,! and YO1 s
respectively. Then Theorems 1.2, 1.3, as well as Theorem 3.1 and Corollary 3.2
below, hold for the case of mixed boundary conditions. Let us now assume that
the domains Q and Q. satisfy the stronger hypothesis (H):

Hypothesis (fI) :

Q) is a bounded domain which is a curvilinear polygon of class
C? whose maximal angle  satisfies w < n/2. If © is the
maximum of the dihedral angles determined by I'; , and I’y ,
we suppose that © < /2.

Then T,(t) and To(r) are CO-groupson Y2 = D(A,)xD(4,'*) andon Y@ =
D(Ay) x D(A(l)/ 2 ), respectively. Moreover, Theorems 1.1 as well as Theorem 3.4
and Corollary 3.5 below are true for mixed boundary conditions. We remark
that Y? and Y} are isomorphic to {u € H*(Q): u =0 in I'», du/dv; 5, =0
in I, j=0,1}x ¥ and to (H*(Q) N H}(Q)) x H}(Q), respectively.

Let us now turn to homogeneous Dirichlet conditions; that is, after hav-
ing made the change of variables (1.7), we consider the equation (1.10), with
boundary conditions

(1.11ter), u=0 indoQ.

Let A4, be the unique selfadjoint unbounded linear operator on H}(Q) de-
fined by the form a.(-, ) and the space X,. We remark that Y! = D(Aé/z) x X,
is isomorphic to H}(Q) x L*(Q). We still denote by T,(f) the C%group on
Y! generated by the abstract equation associated with (1.10),, (l.11ter),. It
is well known that the attractors & existin Y} if n=1o0or n=2, <2
(see [10]). In the case n =2, $ = 2, there is a partial answer to the question
of the existence of the attractor due to Babin and Vishik (see [24] and Remark
1.6). Here, we prove

Theorem 1.4, If n = 2, p = 2, then, for any Py > 0, there exists a positive
number e, = &1(fo) > O such that, for § > Py, 0 < e < ¢, the semigroup T,(t)
has a global attractor &4, in Y.

For the Dirichlet case, the attractors are very small if ¢ is small as stated in
the following result.

Theorem 1.5. (i) The attractors &, of T.(t) are upper semicontinuous at ¢ =0;
that is,

Oy (#,0)—>0 ase—0.
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192 J. K. HALE AND GENEVIEVE RAUGEL

(il) Moreover, if G.+ f(0) =0 for a positive number ¢ with 0 < e < ¢&(fa),
B> Bo, then 4, =0.

In §7, we indicate some generalizations of the above results to systems of
Sine-Gordon equations which, with Dirichlet boundary conditions, have been
used as models for Josephson Junctions. Also, we remark that our proofs do
not rely on the gradient structure and can be applied to equations considered
by [7].

It is possible to replace the Laplacian operator by a more general selfadjoint
operator. Also, the theory can be adapted to other types of thin domains; for
example, the domain could be a cylinder with a thin wall. These topics will be
discussed in a subsequent paper.

In the sequel, the proofs of the results will be given mainly in the case n =2,
since the case n = 1 is simpler.

Remark 1.6. After this paper had been written, we became aware of the recently
published book of Babin and Vishik [24, Chapter II, §6] in which they have
proved the following result.

Let & be a smooth three-dimensional domain. Assume that the nonlinear
function f can be written as f = fy + f, were fy, fi are C!-functions with
f1 satisfying the growth condition (1.5) with ¥ <2 and fy satisfying

f(0)=0, f(0)=0, fj(u)>0 forueR,
olur) — fo(u2)| < clur — ua|(1 + ur] + [ua)) .
Under these assumptions and for any G in L?(¢), the equation
Uy + pu—Au+au=—-f(u)—-G in,
u=0 in 84
has a global attractor in H} (&) x L*(&) which is compact in (H}(@)NH?*(&@))x
H}(@). Although this result is interesting, not every function satisfying the
general hypotheses (1.4), (1.5) with § = 2 can be written in the above form,
For example, we can choose a C!-function f(u) satisfying
f(u) = u*(1 + cos(log(u/3k))) for |u| large

which does not have the above decomposition if & > 2. Therefore, in the
general case, the question of the existence of a global attractor in H} (&) x L*(@)
remains open.

2. BACKGROUND MATERIAL
Let A, be the operator in (1.16),, suppose that 4 € C([0, oc); L2(Q)) and
consider the nonhomogeneous linear equation
(2.1); Uy + Pu, + Aqu = h(t).
In this section, we derive some inequalities which will yield estimates for the
solutions of (2.1),. Let ¢ > 0 and let 4, , > 0 be the first eigenvalue of A4,.

Arguing as in §4.1 of [12], there is a positive constant & > 0 such that, for
0<e<egy, we have

(2.2) 0< %/11,0 <hie< 30,

where 4, ¢ is the first eigenvalue of the operator Ay given in (1.20). Through-
out the remainder of the paper, ¢ will be chosen so that (2.2) is satisfied.
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A DAMPED HYPERBOLIC EQUATION 193

Lemma 2.1. If B > 0 and b is a nonnegative real number satisfying

(2.3) bgmin(ﬂ a: V’“’E),

§ ap 4

then the following inequalities hold for (¢, w) € Y},
(2.4) il(o, wll < 3llvlz, +26(e, wix, + 3llelz < 30, WIS
and

(2.5) (B=2b)lwl%, +2bB(p, v)x, + 2bllol%, = Sllwlx, +bliol; -

If we observe that 4; .||l¢|l%, < ll¢ll3, , the proof of this lemma is obvious.
Our estimates for the solutions of (2.1), will be obtained from the following

energy functional on Y, ,

(2.6) Ve(o, ) = %“(/’“fg +2b(g, w)x, + 3wk
with b satisfying (2.3). From (2.4), (V.(¢, w))!/? is equivalent to the norm in
Y.

< &, B > 0, b satisfies (2.5), and let

Lemma 2.2. Suppose that 0 £
1);. Then, for t >0,

(u(t), u,t)) be a solution of (
an a0, we) < - Sl - ol
+ 12D lx, 2bllu()llx, + luD)llx,) -
Proof. Let us recall that, if u is a function such that (u, u;) belongs to
L*((0, T); Y,}) and u,+A4.u belongsto L?((0, T); X,), where T is a positive
constant, then
10

(2.8) 57

(see [7 or 23, Chapter II, Lemma 4.1]). Arguing as in [23, Chapter II, Lemma
4.1] (see also [11, §4.8]), and using the identity (2.8) and a density argument,
one shows that, if the initial data (#(0), u,(0)) belongs to Y., then, for ¢ >0,
we have

<
2.

(e, + 1142 ul%) = (uee + Agut, u))x,

L), w(0) < = (8~ 26) ), - 20l - 2080, w),

+ 1D x. 2ollu)lx, + llu(Dllx.) -
This inequality together with (2.5) implies (2.7) and the proof is complete.

It is worthwhile to remark that, if # = 0, then (2.7), (2.3) and (2.4) yield an
estimate for the solutions of the linear damped wave equation. In fact, in this
case, they imply that dV,(u(z), u,(t))/dt < —3bV (u(t), u,(t)). Integrating this
relation and using (2.4) again, we obtain, for > 0,

ey, w(®))llyy < V3e™22||((0), ui(0)lly, -

3. UNIFORM BOUNDED DISSIPATIVENESS

The results of this section are concerned with bounded dissipativeness of
(1.16), uniform with respect to f and ¢. The first result is concerned with
Y,!. We give the proofs in the case n=2.
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Theorem 3.1. Fix ¢g > 0, By > 0. For 0 < ¢ < &, B > Bo, the system
(1.16) is uniformly bounded dissipative in Y. ; that is, there is a constant Ky =
Ko(eg, Bo) such that, for any B > Bo and any ry > 0, there is a constant
to = to(ro, Bo) such that, for 0 < € < gy, any solution U(t) = (u(t), u,(t)) of
(1.16); with |[U(0)|ly; < ro, the following estimate holds

(3.1) U@y < Ko fort>to.
From Theorem 3.1 and the invariance of the global attractor &% (if it exists),
we deduce at once the following result.

Corollary 3.2. For fixed ¢9 > 0, By > 0, there is a constant K; > O such that,
for 0<e<ey, B> Po, if the global attractor &7, exists, then

(@, Wiy, <Ki forall (9, y) €.

Proof of Theorem 3.1. The proof follows closely the one of Theorem 2.2 of [13]
for a corresponding result on singularly perturbed hyperbolic equations. We
introduce the following energy functional on Y,

Vg, w)= 2”‘//||Xe+2b(¢ Y)x, +2H¢||X1+(Ge,co)xe+(F(¢), Dx,

where F(u) = fo s)ds, 1 is the constant function one, and
(3.2) 0<b<min(f/8, 541,0/168, 1/541.,0/8).

To simplify the notation, ¢ with or without any subscripts will denote a
positive constant independent of b, e, f, with 0 <& < gy, B > By. Arguing
as in [23] and in the proof of Lemma 2.2, by using the identity (2.8) and a
density argument, one shows that, if U(0) = (u(0), u,(0)) belongs to Y.},
then, for t > 0,

—V”(U(z)) = (8 = 2b)lludllx, = 2bljulzy — 2bB(u, w)x,
(3.3) = 2b(f(), )x, = 2b(G:., u)x,

<~ DB, — bllullyy ~ 260, w)x, +201(Ge, wx,],
by (2.5).
From hypothesis (1.4), for any 5 > 0, there is a constant ¢, > 0 such that,
for v € R,
(3.4) { (Q flvjv < m; + s
(i) —F)<nv°+cy,

(see [15], for example). Using the inequalities (3.4)(1), (2.3) and (3.3) and
letting n = 34; /32, we obtain

%vb( Un) < - bIlvI; 1+b( Hullxn+2cnlllllxe>

21
+ (2Ll + 1612, 11
or,
d

(3.5) EV”(U(z)) < —5’2-||U(z)||2Y€[ +cb fort>0,
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from the definition of n and (2.2). From the inequalities (2.4) and (3.4), the
definition of 5 and by the property (2.2), we see that

(3.6) Vi) > IO - .
On the other hand, if condition (1.5) is satisfied, then
(3.7) |F(s)] < cs(js|*+1) forseR.

Thanks to the fact that H'(Q) is continuously embedded in L?(Q) for 1 <
D < 6, it follows from (3.7) that

(3.8) I(F(p), Dx| < calllpllfy +1) for g € X,
Using (3.8) and (2.4), we have
V2U®) < 10015 + callu@dlgs + ca

2n o2 Ly 2
# (Ll + 516111
< NUOIR, + el +cs.

If we use (3.6) and let 17((p, w) = Vt(p, w)+ca, then the last inequality implies

that
(3.9) 1@ > ea(V(U@N2 = e
Using (3.5) and (3.9), we obtain

L5 0(0) < ~bey( (U0 + bey

A simple exercise in differential inequalities (see, for example, [13]) shows that
there is a constant K, independent of ¢, 8, b such that for any ry > O,
there is a ty = fo(ro, b) such that I7(U(t)) < Ky for t > ty(rp, b). Since
V(U(0) = HIU@®)II3, , Theorem 3.1 is proved.
We also need the Efollowing result.

Lemma 3.3. Fix ¢ > 0, Bo > 0. For any ry > 0, there is a constant co(rp)
such that, for 0 < e <eg, B > o, the solution U(t) = (u(t), u:(t)) of (1.16),,
with |U(O)lly) < ro, satisfies

(3.10) /0 ), ds < coro).
(3.11) Uy < colro) fort 0.

Proof. Using the classical Liapunov function V2(¢, w) and arguing in the same
way as in the proof of Theorem 3.2, one shows that

VO(U) < VU(0) fort>0,
> 2
/0 sV, ds < 5 V2U(0),
and, for any (¢, y) € Y},
V2o, ») < @, W, + ol + 1),
e, w)2§le, v —c.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



196 J. K. HALE AND GENEVIEVE RAUGEL

These inequalities prove the lemma.

If we assume that Q satisfies hypothesis (H), then we know that the global
attractor % belongs to the space Y2 if n =1 or n =2 with § <2 (see [14
and 7]). Using a proof following the lines of Theorem 2.5 in [13], we prove
that .o is uniformly bounded with respect to ¢ in the space Y?.

Theorem 3.4. Assume that Q satisfies the hypothesis (H) and fix &y > 0. Then
there exist a constant K > 0 and, for any ry > 0, r, > 0, two positive constants
K}(r1), K5(r1, ra) such that, for 0 < & < &, any solution U(t) = (u(t), u.t))
of (1.16), with \{UQO)lly; < ri, i = 1,2, satisfies the following estimate for
t>0,

(3.12) luald, + NUIF < Ki(r) + K3 (1, r2)e™ "
In particular, the system (1.16), is bounded dissipative in Y? uniformly in ¢,

in the sense that there is a constant Kz > 0 such that, for any bounded set B in
Y2, there is a constant § = to(B, €) such that

”TE(t)UOHYEZ <K; fort> 18, Uye B.

Using the invariance property of the attractors % (or .%,2), we deduce from
Theorem 3.4 the following result

Corollary 3.5. Fix gg > 0. For 0 < ¢ < gy, the following estimates hold,
(3.13) o, Wil <K3 for(p,y)e ifn=1orn=2andy <2,

(3.14) o, Wil <Ks for(p, ) e’ ifn=2, j=2.

Proof of Theorem 3.4. By hypotheses (1.4) and (1.5), the mapping f: w € X! —
f(w) € X, isa C!-mapping. Moreover, we show below that, for w € XZ‘ ,

(3.15) 1 @)z, xS e(1+ lwliF ]

In fact, ||f"(w)llzx, x,) < c(l+ |Iw||?Loo(Q)). Using the Gagliardo-Nirenberg
inequality and (1.15), we have

1/2
HY(Q)

1/2
H2(Q)

1/2
X

1/2

lwllL= @) < cllwl| X2

which gives (3.15).

If Up = (uo, 1), |Usllyy < ri, i =1,2, then the solution (u(?), (1))
= T,(t)Uy belongs to C%[0, o0); Y?), the function f'(u)u, belongs to
CO([0, ) ; X;) and one may consider the following linear hyperbolic equation
(3.16) Zu+ Bz + Az = —f (W),
with z(0) = uy, z;,(0) = —f(ug) — G¢ — u; — Agup. There is a unique so-
lution Z(1) = (z(t), z,(¢)) of (3.16) which belongs to C°([0, c0), ¥,!) (see,
for example, [19, Chapter 3, §8.4 or 23, Chapter 3]). It is easily seen that
Z(t) = (z(1), z(0)) = (ur, Un) .

Our next objective is to obtain a bound on || f'(u)u,||x, using (3.15) applied
to w = u(f). To estimate |[u(f)||x2 , we use the fact that A.u = —f(u) — G; —
Bu; — u, to obtain

(3.17) lu(®)llx2 < cf @G, + 1GelE, + Bllz(OII, + Iz(DIF,)" 2.

llwl < cllwll gy llwl
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Using (1.5) and the continuous imbedding of H!(Q) into L%(Q), we have, for
t>0,

(3.18) If @I, < e+ lu®d)%,) -

If we recall that z(¢) = u,(?), then property (3.15) with w = u(¢) together with
the properties (3.11), (3.17) and (3.18) imply, for >0,

(3.19) ILf @)z, < K5 (rlzONF, (1 + 2011, + Ilz(0I%,)

where K3(r;) is a constant depending only on 7, .

Let V.(¢, w) be the energy functional on Y,! defined by (2.6) with b sat-
isfying (3.2). Since (z(0), z,(0)) belongs to Y,!, the Lemma 2.2 implies that,

for t>0,
a Vi(z, z;) < Bizik - blz )2 f 2b|\z z
7; 72> z) = = Fllzdlx, = bllzlly, + 1 (W) zllx (20lzllx, +lizllx.)

< - 501205, +12iy) + (5 + 57 ) 121,

where all functions are evaluated at ¢. This inequality together with (3.19) and
(2.4) gives

d 2b . .
vz 20 < (“F+Ki00IzIR, ) Kl 20+ KiollR,.

where Kj(r;) is a positive constant depending only on r; and f,. Integrating
this differential inequality, we obtain, for 1 > 0,

Vo(z(8), z,(1)) < e—2bt/3€f0 K (m)llz(s)lI, dSVE(Z(O)', 2,(0))
O o0
+Ki(ryel” KOOI [Tz d.

Since f;° Hz(s)]]fn ds < oo by (3.10), the above inequality together with Lemma
2.1 implies that

IZDNly; < K3(r)UIZ(0)]ly e + 1],

where K:(r) is a positive constant depending only on r; and fy. Using this
inequality as well as (3.17) and (3.18) and the definition of Z(0), we infer that,
for t >0,

(3.20)

ek, + 1UONF: < Kg(ri)
+ K5 (r)e P PlluF + 1Gellg, + Nz, + I 4euoly, + 11/ (013,15

where K;(r;) and K7 (r;) are positive constants depending only on r; and fj.
Now inequality (3.12) is a direct consequence of (3.20). The bounded dissipa-

tiveness in Y? is a consequence of (3.12) and Theorem 3.1. This completes
the proof of Theorem 3.4.

4. THE ATTRACTOR FOR CRITICAL EXPONENTS

In this section, we prove Theorem 1.2 about the existence and properties of
the attractor in the critical case n =2, 7 =2. Forany u € L?(Q), let

1
(4.1) Mu=/0 u(x,y)dy.
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Lemma 4.1 [12, Lemma 3.1]). If u belongs to H/(Q), j >0, then Mu belongs
to H(Q) and
(4.2) (1M ullgiq) < llullmig) -

Moreover, there is a positive constant C such that, for each ¢ > 0, we have
(i) for any u e H'(Q),

(4.3) lu — Mul|x, < Cellul|x,
(ii) for any u € H*(Q) with du(x,0)/0y =0,
(4.4) |l — Mul|x, + ellu — Mul|xy < Ce?|luly: .

We will need the following interesting result showing that the embedding
constant for the space {w € X}!: Mw = 0} into LS(Q) approaches zero as
e—0.

Proposition 4.2. If n = 2, there is a constant ¢ > 0, independent of ¢ such that,
Jorany w e X! with Mw =0, we have

(4.5) lwllzsg) < ce'Pllwlly; -

Proof. We follow the proof of the Sobolev embedding theorem given in [1,
Chapter V]. We denote by x = (x;, x», x3) the points of Q (instead of x =
(x1, X2, y) as before). Since £ has the cone property, by Theorem 4.8 of [1],
Q may be expressed as a union of finitely many subdomains each of which
has the strong local Lipschitz property (and therefore the segment property)
and each of which is itself a union of parallel translates of a corresponding
parallelepiped. As we want, at first, to show that, for any u € H'(Q),

1/3
2/3
[l

LZ(Q)) ©

it is sufficient to assume that £ is one of these subdomains. By Theorem 3.35
of [1] and a suitable nonsingular linear transformation, we may assume that the
parallelepiped involved is, in fact, a square .S having edge length 1 unit and
having edges parallel to the coordinates axes e;, ¢;. Accordingly, we assume
hereafter that Q ={J,, ., ep((x1, x2)+S) where B is a subset of Q and that
Q has the segment property. Therefore, we have

0= |J x+85x(0,1).

x€Bx(0,1)

au
(4.6) ||u||L6(Q) <c (Hu||L2(Q) + ““‘—

3X3

We point out that we have not made any change of variables in the x; direction.
Of course, it is sufficient to establish (4.6) for u in C*(Q). For x € Q, let
w;{x) denote the intersection of @ with the straight line through x parallel
to the x; coordinate axis. Clearly, w;(x) contains a segment of length % with
one endpoint at x, say the segment x +1t¢;,0 < t < %, where e; is a unit

vector along the x;-axis. Integration by parts gives, for u € C=(Q),
1/2 1 4
/ u(x+ (——t)e,-) dt
0 2
1 . /2 1 > d 1
ot [Pl (ee (L)) 4 (u(rs (2-0)a))
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If we let X = (x2, x3), X2 = (X1, X3), X3 =(x1, X2) and set

Fi(%:)= sup |u(z)?,
z€w;(x)

then we obtain from the last inequality:
FP<2 [ queofdnea [ uePIDunldx;.
wi(x) wi(x)

Integrating over (;, the projection of @ onto the plane x; = 0, now leads to
[ iE@rds <2 [ et dx+ 4 [ ueopiDuoldx.
07 e Q

An application of Holder’s inequality gives
12

LC )|2dx<4UQ \u(x)| + | Dii(x )|)2dx]l/2x [/Q|u(x)|6dx]

By Lemma 5.9 of [1], we can write

3 3
lullfeg) = / ju()®dx < / [[ i) dx < [T1Fl)
i=1 i=1

1/4
<8 x 23/41‘[ (/ (lu(x)? + |Diu(x )|2)dx> lull et
Q

which becomes

1/2x
@) Il <8 (1Ml + 10u/0xsIRg) Il

which gives the estimate (4.6).
Let now consider an element w € X such that Mw = 0. By Lemma 4.1,
we have

(4.8) lwll 2y + 10w /0 X320y < Cf:”wnxg .
The proposition is a direct consequence of (4.6) and (4.8).

Proof of Theorem 1.2. To simplify notation, we let ¢ denote a generic constant
independent of ¢, B, 0 <& < ¢, B > fo where g, Py are given positive
constants. Let V0 be the energy function used in the proof of Lemma 3.3. Let
Ky be as in Theorem 3.1 and choose R; so large that the set

?/l = {<¢’7 W) € Yel: V;:O((ps ‘//) < Rl} = (V;O)-I(Rl)

contains the ball Bx, = {(¢, ¥): (¢, ¥)lly; < Ko}. The set Z; is positively
invariant and is contained in a ball Bg, C Y,!.

We show that the global attractor .24 exists by showing that 7.(¢) is an a-
contraction on %, and then &7 is the w-limit set of 7] (see [11]). We use the
method of [21] (see also [11]) to show that T;(¢) is an a-contraction.

We first estimate the norm of f(u + du) — f(u) in X, for |lu + dully <
Ry, |lully) S Ry. If u=v+w, du=0Jv+dow,with v,dv € MX!, w,
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ow € (I-M)X]}, then using a Taylor formula, hypothesis (1.5) with 7 = 2 and
Holder inequalities, we obtain

2

1/ (e + du) = fW)%, =

i
'/ S (u+sdéu)duds
0

Xe

< c/ (14 |u+ou* + |u*)(du) dxdy
g

< C[llau”%}(g) + (lw + 5w!|4Lé(Q) + llwll“La(Q))IIMIIis(Q)
+ (0 + 60l + 10z 8l 0 1l 200 )-

Using the continuous embedding of H'!(Q) into L%(Q) and H'(Q) into L'*(Q)
together with Proposition 4.2 and the fact that ||u+ du|y; < R» and |ul|y <
R, , we prove the existence of constants ¢ and C*(R;) such that

£ (u+ du) — f()llx,

< cllullx, + C*(Ra){e3|Sullxy + ISl Y 5ully].

(4.9)

Let V.(¢, ) be defined by (2.6) and choose b as in the proof of Theorem
3.1 satisfying (3.2). Let U(¢)+dU(¢) and U(¢) be solutions of (1.16), in Z;,
with initial data Uy + 0U, and Uy, respectively. The function du(¢) satisfies
the equation (2.1), with # = —(f(u+ du) — f(u)). To apply Lemma 2.2, we
use (4.9) to obtain the following estimate
(4.10)

I/ (u + Su) — f(u)llx,(2b]|0ul x, + | (6u)elx,)

* 2,4/3
< (2 3SR s, 4 L s,

2 * 2
n (2bc+ 3¢ Ry (8bs4/3 4166 | 36C*(R;) )) loull%, -

B V3410 B*b

We now choose &; so that

4/3 bB

(4.11) £ 324C*(R2)2

We note that we can always choose b so that bf > c(fy) forall g > iy, where
¢(Bo) is a positive constant depending only on Sy and A; . Therefore, (4.11)
can be satisfied by ¢, = &,(fo). Likewise, we can show that the coefficient of
”‘5””%\3 in (4.10) can be bounded, for 8 > S, by a constant ¢;(fy) depending
only on fy. If we now apply Lemma 2.2, taking into account the estimate
(4.10), we have, for 0 < & < &(fo), for 8 > By, and for ¢ > 0, the following

inequality
iV ou, (0 _B du)llyk — é Sul, +b dul)
TVSu, (610) < ~ZN@Willk, — 510ullky + ber (Bo)loul,
Using (2.3) and the inequality (2.4) of Lemma 2.1, this implies that

Dvou, 0w < ~22vi0u, Gu)) + by (Boloull,
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Integrating this inequality and using (2.4) of Lemma 2.1 again, we infer that,
for t >0, for f > fo, and for 0 < e < ¢(Bo),

ISUMI5: < e~ 2P| Us|3, + p'(U +6U, U)

where

pP(U+6U, V)= (6c1(Bo)llou(s)Iz,) -

sup
0<s<t
We now show that p‘(-, -) is a compact pseudo-metric on Y,'. It is obviously
a pseudo-metric. To show that it is compact, suppose that U, is a bounded
sequence in Y,! and let U,(t) = T,(¢)U,p. Since positive orbits of bounded
sets are bounded, the sequence U, () is bounded in Y,! uniformly in ¢. This
implies that |J,cg+ U,>o #n(f) is precompact in X, and the family of mappings
u,(-) € CO%(R*; X;), n > 0, is equicontinuous from R* into X,. This is
enough to imply by the Arzela-Ascoli theorem that p' is precompact.

If we choose f; so that 2e=%1/3 < 1, then T,(#)|% is an a-contraction for
t >t (see[21]or[11, p. 16]). This completes the proof of Theorem 1.2.

Remark 4.3. As we have remarked in the introduction, if Q satisfies hypothesis
(H) and if f is a C2-function, then, in the case n = 2, 7 = 2, there is a global
attractor &% in Y? for T,(¢). Obviously, 2% C & . Since T,(¢) is a gradient
system, if all of the equilibrium points are hyperbolic, then they are finite in
number, say Np, and bounded in Y2 (since (H) holds). Moreover,

‘f% = U VVsu(¢i3 0)

1<i<N,

where W}(p;, 0) is the unstable manifold of the equilibrium point (¢;, 0).
Using Lemma 6.7 of [2], one easily shows that W*(p;, 0) C Y? and hence %,
is bounded in Y?. Therefore %, C & = &,°.

Proof of Theorem 1.3. Assume that g(x,¢) =¢. If u =v+w in (1.16),,
v=Mu,w=(I—-Mu,then v, w satisfy the equations
(1) v + o + Agv = —f(v) = M[f(v +w) — f(v)] - MG,
(ii) wy + Bw + A,w = —(I = M)[f (v + w) — f(v)] - (I - M)G,,
with initial data given, respectively, by (vg, v) = (Mug, Mu;) and (wy, wy) =
(I = Muy, (I - M)uy).

We recall that A4,v = Agv . There is positive constant k3 such that the first
eigenvalue v; . of A,|(I — M) satisfies

(4.12) {

(4.13) vy e > k)€t

We use the same notation as in the proof of Theorem 1.2, restricting the
solution U(Z) to %, and selecting the ball Bg, in Y.! so that %, C Bg,. Let
Ve(p, w) be defined by (2.6) and choose b as in the proof of Theorem 3.1. If
(ug, uy) € %y, then (u(t), u/t)) € %, C B, and (w(t), w,(t)) belongs to Bg,
and is a solution of (4.12)(ii). To apply Lemma 2.2 to equation (4.12)(ii), we
must estimate the quantity

P(0) =11 = MO (v +w) = f()]llx, + I — M)Gellx,12bllwllx, + llwellx,) -
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If we use (4.9), (4.11), (4.13) and considerations as in the proof of Theorem
1.2 (see (4.10)), we obtain the following estimate

3b  3C*(R,)%e*3
Py < (S + EEEED ) i, + f

3¢2 166 36C*(R,)?
2bc + 7 + C*(Ry)* | 8be** + + ;
+ ( ¢+ ,B ( 2) ( € \/m sz ”w”Xe

b B 2 16be?
+ gl + Gllwdl, + (5 + 25 ) I - MG,

In the proof of Theorem 1.2, we have already remarked that we can choose b
satisfying (3.2) such that b8 > c(fy) > 0. Taking into account this remark, we
infer from the above inequality that, for 0 < ¢ < &;(fo),

(4.14)
Py < Dl + 2L i,
. g 16 36C"(Ry)? )
+b(2€+ (ﬂ0)+C(R2) (88 + ’—3/11,0_}_ (Bo)? lwllk,

Z 4
B k3
From (4.13), it follows that |lw|}, < (¢?/ks)|w|%, . From this inequality and

(4.14), we deduce that there exists a positive constant &;(fy) < £(fp) such
that, for f > fy, for 0 < e <e&3(foy), and for ¢ > 0, we have,

2
@1s) P < Phwl, + Phod,+ LG - 06,

2 16b¢?
; ( : )||<1—M>Gsu%(,

If we now apply Lemma 2.2, making use of (4.15) and Lemma 2.1, we deduce
that, for 1 > 0,

2
SV, w) < kv, w) + L - a6,

Since (I - MG, = (I - M)(G, — Gy) and

(4.16)

oG
Ge(x,y) - Golx, y)=yg(x, 8)/0 a—Y(x, sg(x, e)y)ds,
we conclude that
(4.17) (I — M)Ge|lx, < ce.

Integrating the inequality (4.16) from O to ¢ and using (4.17) together with
(2.4) of Lemma 2.1, we obtain, for 0 <& < &(fy), for t >0,

(4.18) W OI, < 3e™ W (03 + ca(Bo)e?

where W () = (w(e), w(t)).
From (4.18) and the invariance of the attractor ., it follows that

(4.19) I = M), W3 < c2(Bo)e? if (9, w) € 5.
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Let us now suppose that U(¢) = T(t)Up = V(t) + W(t) belongs to %; and
that [|[W(1)||3, < c2(Bo)e? for all z. Then, by (4.18),

(4.20) (I = M)U (8|13, < 4ea(Bo)e?
Let T be a positive constant. We now want to estimate the term
| Te(6) Uy — To(t)MUo||Y81 for0<t<T.

If To()MUp = Vo(1) = (vo(2), vou(2)) and Z(1) = (2(2), z:(2)) = V(1) — Wo(1),
then z(¢) is a solution of the equation

(4.21) Zy+ Bzi+ Aoz = —M(f(u) — f(vo)) — M(G; — Go)
Taking the inner product of (4.21) by z,, using the equality (2.8) and arguing
as in {23, Chapter IV, §1], we prove that, for ¢ > 0,

1d l1d
ZdZHZtHLZ +ﬂ||Zt||iz 2dt”Z”Hl(Q)

—(M(f(u) = f(v0)) + M(G, — Go), z1)x, -
Using (4.9) and (4.20), together with the fact that |G, — Gyl x, < ce, we deduce
that, for 7> 0,

d 2
” ||L2(Q)+dt”Z“H1(Q) (B )[” ”1-11 +c3(/§0) 2]+ (/;0)8 .

Integratmg this inequality from O to 7 and using (4.20) again, we see that there
is a constant K(R,, T, By) that depends only on R,, T and fSy, such that,
for 0<t<T,

K(RZT’T)SZ +4c2(Bo)e?

Using the same type of argument as in [12] (see also the proof of Theorem 1.1),
the upper semicontinuity of %/ at ¢ = 0 follows from the attractivity property
of %% and the estimate (4.22).

Now suppose that G(X,Y) = Go(X). Then (I — M)G, = 0 and the in-
equality (4.16) implies that || W(t)”Yel approaches zero exponentially as ¢ — oc.
Thus, (I — M)(¢, v) =0 forall (¢, v) € & . Thus, & C &% . Since & is
contained in % , we have % = .%% and Theorem 1.3 is proved.

(4.22) ITe(0) U = To(t) M Up|l3, <

5. UPPER SEMICONTINUITY OF THE ATTRACTORS
In this section, we prove Theorem 1.1. We need the following result.

Proposition 5.1. Let 0 < e <&y, B >0 and assume that Q satisfies hypothesis
(H). For any r > 0, there is a constant k(r) > O such that, for any solution
Us(t) = (ub(2), ui (1)) of (1.16),, U*(0) = Up, with |[Uslly> < r, we have, for
t>0,

(5.1) IUS(0) = U°(0)]I5, < ek(r)ek

where U°(t) = To(t)M Uy .
Proof. Let U°(t) = (u%(¢), ud(¢)). The function u°(¢) satisfies, for all v, €
HY(Q),

(U, vi)xy + BUY, v1)x, + a0(u®, v1) = (—f(u°) = Go, v1)x, -
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If v, = gv/ego with v in H'(Q), then

/-—u,,’udx+ﬂ/—utvdx+/ EquO-vadqua/gu%dx
Q¢ Q¢ Q¢

_ g 8x; ng, 0
_/Qs( f(u®) = Go)vdx — /982( )uxivdx.

Since Mz belongs to H!(Q) if z isin H'(Q), and u° is independent of y,
this equality becomes, for any z € H!(Q),

WS, 2)x, + B, 2)x, + a;(u°, z) = (- f(U°) — Go, z)x,

5.2 .
(o)) 5 (S s)
0 X,

i=1 X

If we let z(¢) = u®(t) — u®(¢), then z, belongs to H'(Q) and (5.2) implies, for
t>0,

(Ztt’ Zt)Xg + (ﬂz, s Zt)Xg + ag(Z, Zt)
= —(fz+u%) = f(°, 2)x, = (G: = Go, z0)x,

n
(- 5)wn), B (s,
i=1 X, X,

If we use inequalities (4.17), (1.14) and the facts that G € wl.>(Q) and g ¢
C3(Q x [0, &]; R), we obtain, for ¢ >0,
d 2 2 d,
sy adlel o+ Bzl + el
<clif(z+u®) - fWONF, +&* + 82|lu°||§(01 + 1) 114511 20 -

From Lemma 4.1, we have | M UOHYOZ < ¢||Uolly; - By Theorem 3.4, this implies
that there is a constant k;(r) such that, for t >0, i=1,2,

(5.4) U @lly; + 1|U°(t)||y0f < ky(r).
The inequality (5.4) also implies that, for ¢ > 0,

(5.5) lu (Ol L2y < ceki(r).

Arguing as in the proof of (4.9) and using (5.4), one shows that there is a
constant k(r) such that, for t > 0,

(5.6) £ (z() + u(2)) = FWOOIE, < ka2 -

Integrating (5.3) from O to ¢, and taking into account (5.4) to (5.6), we
deduce that there is a constant k3(r) such that, for 1 >0,

(5.7) Iz, + 12015 < k() U 12() s ds + 1T = M)Usll3, + e

Remarking that, by (4.3), ||(I — M)Upllyy < ce and applying Gronwall’s in-
equality to (5.7), we obtain (5.1).
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Proof of Theorem 1.1. Assume that n =1 or n =2 and ¥ < 2. From Corollary
3.5 and the equivalence of norms (1.15), we deduce that there is a constant R
such that, for 0 < ¢ < ¢ and any (¢, v) € &,

1 1 ¢ 1
||¢||H2(Q) + E”(”y”LZ(Q) + z Z ||¢xr}’”L2(Q) + 8—2||(/’yy“L2(Q)
(5.8) i=1

1
+ ¥l + E“'I/yuLZ(Q) <R.

Let B = {(p, v) € Y}: (9, y) satisfies (5.8)}. If (¢, w) € %, then, by
Lemma 4.1, (Mo, My) belongs to %, . Since % is the attractor of Ty(¢) and
the norms ||-|[Y01 and ||-||y; are equivalent on Y} with constants of equivalence
independent of ¢, for any n > 0, there is a 7, > 0 such that Ty(7,)% C
Ay (%, n/2), the n/2 neighborhood of 4. If (¢., ¥:) = Te(19)(90, ¥o)
belongs to %% , then, due to Proposition 5.1, we obtain

ITe(ty) (90, Wo) — To(Tn) (Moo, Myo)lly: < ek(r)e™ < 5/2

if 0 <e < ¢, with & small enough. Thus, for 0 < ¢ < ¢;, we have (¢;, W) €
/Ifyel (%, ) and upper semicontinuity is proved.
The proof is the same in the case n =2, p=2.

6. OTHER BOUNDARY CONDITIONS

We do not prove the results stated in the Introduction concerning the problem
(1.10),, (l.11bis), for mixed boundary conditions since they are so similar to
the Neumann case. We do point out that by [12, §4] the property (2.2) of the
first eigenvalue of A, is still true. Likewise, the first eigenvalue v, , of the
operator A4.|(I — M) (&) satisfies the inequality (4.13).

For the Dirichlet boundary conditions (1.11ter),, Theorem 3.1 and Corollary
3.2 hold and, if Q satisfies (H), then Theorem 3.4 and Corollary 3.5 hold. The
proofs are the same as the ones for the Neumann case with minor modifications
if one observes (see [12]) that there is a positive constant k£ such that

(6.1) A e>kje* > ke for0<e<e
and then replace the condition for b in (2.3) by

(B Kk VK
(6.2) b < 1nf(8 , _—_4/}80 el

To prove Theorems 1.4 and 1.5, we need the following Sobolev inequality.

Lemma 6.1. Fix ¢y > 0. There exists a positive constant C such that, for
0<e<eg and any u € X}, we have

(6.3) el ooy < Cﬁm”””xg .
Proof. Let us denote by QF the open set
Qr={(x,Y)eR";xcQ,0<Y <¢}.

If u belongs to X!, then %(x, Y) =u(x, Y/e) = u(x, y) belongs to the space
H}(Q;) and we have

(6.4) ay = lu,, Uy = Uy .
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Since QF has a Lipschitzian boundary, we can extend the function # by 0 to
the open set Qf = Q= {(x,Y) e R"*!; x € Q,0< Y < 1}. We denote by i
this extension of #. On @}, we have the Sobolev inequality
@l zsgr)y < cllllmory
which becomes, by restriction to Qj,
(6.5) %l zsc0x) < cll@llanor) -
Now notice that, by (6.4) and the definition of the norm in X!, we have
Il Lsgr) = €/°lulloigy and [l gry < ce'/Plully -
These relations and (6.5) imply (6.3).

Proof of Theorem 1.4. As in the proof of Theorem 1.2, we confine our attention
to the set
“i={p.v) el : (v, ) <R}

and choose R; so that %] C Bg,, the ball in Y,! of center zero and radius
R; . As in the proof of Theorem 1.2, we only need to show that T,(#)|%; is an
a-contraction by using the method of [21] (see also [11]).

We first estimate || f(u1) — f(u2)|lx, when |jullyr < R;, i=1,2. Arguing
as in the proof of inequality (4.9) and using a Holder inequality, we have

12
lf(ur) = f(ua)llx, < ¢ (/Q(l + |y |* + Jua|*) () — up)? dx dy)

< ellluy = wallx, + (sl Zog) + lu2llps)llr = #2llLsg)]-
Thanks to Lemma 6.1 and (6.1), we have
(6.6) 1/ (1) = f(2)llx, < c(1+ K™ (Ry))ellur — uz|x; -

Let V.(¢, w) be defined by (2.6) and let b be a positive number satisfying
(6.2). Let U(t)+d8U(t), U(¥) be two solutions of (1.10),, (1.11ter), which
belong to 7%, with initial data Uy + Uy and Uy, respectively. The function
du satisfies the equation (2.1), with A= —(f(u+du)—f(u)). To apply Lemma
2.2, we use (6.6) to obtain the following estimate

1/ (u+6u) — f(w)llx, (2bl|0ullx, + [|(Gu)lx.)
2b

< Nf(u+6u) - f(W)lix, (\/—Tllwllx; + ll(éu)zllxg>

(1+ K*(Ro))[6ull2,

(6.7) e

< 7—k—8
+ se(1+ K (R) (10ully, + 10w,

For B > pfo, there is a positive number & = & (fy) < &, such that, for
0<e<eg, we have

o 3\%_%%1 +K*(Ry) + 561+ K*(Ry)) <

>

FNECNENTESS

Se(l+K*(R2)) <
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If we now apply Lemma 2.2, take into account (6.7), (6.8), integrate the
resulting inequality and use (2.4) of Lemma 2.1, we obtain, for t >0, 0 <e <
&1,

I6U )| < V3Rye™b/3,
Thus, T.(¢) is an a-contraction for ¢ large enough. The remainder of the
argument is the same as the one in the proof of Theorem 1.2.

Proof of Theorem 1.5. As in the proof of Theorem 1.3 and Theorem 1.4, we
consider T;(¢)|%; . Fix By > 0 and choose 0 < ¢ < ¢ with ¢ as in Theorem
1.4. Let b satisfy (6.2) and introduce the functional on %

Vo, w) = 5l + llelik) +26(e, wix, + (G: + £(0), 9)x, -

Let U(¢) = (u(t), u(t)) be a solution of (1.10),, (1.11ter), with initial con-
dition Uy = (ug, u1) € %, . Arguing as in the proof of Theorems 3.1. and 1.4,
we prove that, for t >0,

(69) Ly, ) < Bl - vl + B,

where

. 2b
P() =|1f(u) — f(O)llx, ellullxy + lluellx,
o0 (et i)

2b
+ ﬁb‘llGe + S(O)x. llullx; -

Therefore, for 0 < ¢ < &(fy), we deduce from (6.7), (6.8), (6.9), (6.10) and
(6.2) that, for t > 0,
d . b
(6.11) 7; Ve (U u) < ——(Iluzllxe +llull3) £32 2llGe+f( I, -
If we integrate (6.11) from 0 to ¢ and use (2.4) of Lemma 2.1, we easily
deduce the following inequality

(6.12) IU@)ly; < V3R + cel| G + f(O)y; -

Inequality (6.12) and the invariance of the attractor implies the first statement
in Theorem 1.5. If there is an & such that G, + f(0) = 0, then the same
reasoning implies that &4 = 0.

7. FURTHER GENERALIZATIONS

The equation (1.3), was a model equation. It can be replaced by more
general equations or even systems. For instance, (1.6). can be replaced by a
system of Sine-Gordon equations on Q. , where k > 0,

{ 50 —|~/36—“L Auy = —sinuy — k(uy — up) — Gy,
at2 +ﬂ9—“?- Aupy = —sinuy — k(up —uy) — Gy,
with Neumann or Dirichlet boundary conditions. In the case of Dirichlet bound-

ary conditions, we have the above results. In the case of Neumann boundary
conditions, the above results still hold, the limit equation on Q being

. { o+ % - L (T, & (203%)) = —sin v1 — k(v —v2) - Guo,

Cu o+ gz - L (L0, & (2032)) = = sin v — k(v — 1) = G,

(7.1)
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with Neumann boundary conditions, where
Gio(x) = Gi(x, 0), Gro(x) = Ga(x, 0).

In the case of Dirichlet boundary conditions, this is a system occurring in
Josephson junctions. Other examples are given in [7] or [23, Chapter IV].

In the proofs of Theorems 3.1 and 3.4, we used the fact that the equation
was a gradient system (that is (F(u«))’ = f(u)). However, this property is not
essential, and at least in the case $ < 2, we can generalize the above results to
the case where the more general hypotheses of [7, §2.2] hold (see also Example
5.4 of [7]).

The results above in the case of Neumann boundary conditions are general-
ized to the case of periodic boundary conditions in an obvious way.

APPENDIX

We recall that, for 0 < ¢ <¢gp, Q. denotes the domain
Q£={(éla e :én-}—l) eRn+1;0<én+l <g(él) LR a€n58)’ (él; LR 7én)€Q}

where Q is a C2-polygonal domain in R", n = 1 or 2, and the function
g:Qx[0, ] — R is a function of class C? satisfying the conditions (1.1).
The boundary 8Q, of Q. can be written as

aQe ZI:O,B Url,s UT2,£

where
Iy, = Q x {0},
Cie={¢,....5)eR" &, ..., 80 €eQ, Ei =81, ..., &ns 8)},
Dye={C,.... &) €R™ (&L, ..., &) €0Q,

0<én+1 <g(éls~"aén9£)}'

Given H € L*(Q,), we are interested in the following problems:

(Dn Find U € H'(Q,) such that, for any W € HY(Q,),
/(VUVW+aUW)dé= HW dé,
£ Qé'
(Dp Find U € H}(Q.) such that, for any W € H}(Q,),
(VUVW +aUW)dE= | HW dé,
[0 0.
(1) Find Ue Vi ={W e H'(Q:); W =0 in T, ;} such that,
for any W e I,
/ (VYUYW +aUW)dé = | HW de.
e O

In the case n = 2, the following regularity result is proved in [6]. In the case
n =1, one can prove this regularity result, by arguing as in [9, Chapter V] and
using the regularity results contained in [9, Chapter IV].
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Theorem Al. (i) If Q satisfies the condition (H), then there exists a real number
Do > 2, such that, for any function H € L?(Q;), 2 < p < py, the unique solution
U of the problem (1)x (resp. (1)p) belongs to W2-P(Q,).

(ii) If Q. satisfies the hypothesis (ﬁ) , then there exists a real number p, > 2,
such that, for any function H € LP(Q.), 2 < p < p,, the unique solution U of
the problem (1), belongs to W2-P(Q,).

The change of variables
(2) éi:xiy lslsn’ §n+l=g(-x1;-~->xn,8)xn+l

takes Q. into the fixed domain Q = Q x (0, 1). The boundary 8Q of Q can
be written as
80 =Tulhul,

where i =Qx {0}, I =Qx {1}, I, =0Qx (0, 1).
If we define A(xy, ..., xur1)=H(x1, ..., Xn, X1, ..., Xn, €)Xny1), then
the problems (1)y, (1)p and (1)) become: given k€ L%(Q),

(3)n find u € H'(Q) such that, for any w € H'(Q),

ae(u’ w) - (h’ u))/\’E 5

(3)p find u € H}(Q) such that, for any w € H3(Q),

ae(u’ ‘lU) = (h: w)Xa s

(3)ar find ue Vy={we H(Q); w=0 in Iy} such that, for any w € Vg,
a(u, w)=(h, wy,.

According to [12, §2], the solution u of (3)y, (3)p or (3)s satisfies the
inequalities (1.15)(i), i.e.,

1 1/2
@) cs (Wilf. g+ 5 lenlB0) <kl

Moreover, by Theorem A.1, if the hypothesis (H) (resp. (ﬁ)) holds, the so-
lution u of (3)y or (3)p (resp. (3)i) belongs to H?(Q) and the problems
3)v, (3)p (resp. (3)a) are equivalent to

Liu+au=nh in Q,
(S)n ou =B y.y=0 indQ
BVBE - e - *
Lu+ou=h inQ,
(S)p .
u=0 in 0Q.
resp.
Liu+au=nh in Q,
BBV';C =0 mnyuly,
where

Lou= —é div B,u
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and
gux; - gX1x3,u.X3
Bgu = gu)Q - g)C2x3uX3
— 8 X3lx, — 8 Xalhx, + £ (1 4 (86, X3)” + (8x,%3) Y,

if n =2, for instance.
In this appendix, we want to prove the following result.

Theorem A.2. [f the hypothesis (H) (resp. (ﬁ)) holds, then there exist three pos-
itive constants €y, ¢y, ¢4 such that, for 0 < & < ¢, for any h € L*(Q), the
solution u of (3)n, (3)p (resp. (3)u) satisfies

« 1
1A, 2 & (1t 0 + 5t .0

(©)(0) L 1
+ > M B0+ el )
i=1
and
N 1
I, < &Nl + S5 s 1B, 0
(6)(ii)

l ¢ 2 1 2
+ Y] Z lxix,i I, @ + s_“Hux"“x"*‘ 15,0 -

i=1

Due to the equivalence of the problems (3) and (5), the estimate (6)(ii) is a
straightforward consequence of the properties (1.1) of g. We shall prove the
estimate (6)(i) in the case of Neumann or Dirichlet boundary conditions. The
proof in the case of mixed boundary conditions is very similar and is left to
the reader. Also, in order to simplify the notation, we shall consider the case
n = 2. The proof in the case n =1 is the same and can even be simplified.

Before proving the estimate (6)(i), we need to recall some properties related
with the curvature of the boundary of a domain (see [9, Chapter 3, §3.1]). We
consider a bounded domain O of R™, m =2, 3 witha C? boundary I'=980
and denote by v the unit outward normal to 80. We denote by % the second
fundamental quadratic form of 0. An elementary definition of % is recalled
in [9, Chapter 3, p. 133]; if P is a point of I", then we have, for any tangent
vectors £ and n to I' at P,

(7 Bp(G,m) =—0v/0E -1

where 8/0¢ denotes differentiation in the direction of ¢. Following [9], an-
other possible local definition is the following. If P is a point of I', we consider

related new orthogonal coordinates {y;, ..., y»} with origin at P as follows:
there exist a hypercube V = {(y1,...,Vm); —a; < yj < aj,1 < j < m}
and a function ¢ of class C? in V' where V' = {(y1, ..., Ym-1); —a; <

y;j < a;,1 < j < m—1} such that |p(y')] < am/2 for every y' € V',
onV ={y=0"Vm) €Vivm <o)}, IV ={y =0, ym €V;
ym = ¢(¥')} . We can even choose the new coordinates so that the hyperplane
Ym = 0 is tangent to I' at P, which implies that Vp(0) = 0. Then, if &
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and 7 are tangent vectors to I' at P with components (&;,...,&,_;) and
(M5 ..., fm—1) in the direction of {y;, ..., ym-1}, we have
m—1
%p
8 FBp(E, n) = 0 i
(8) P(E5 1) j};zl Syeay; D%

Hereafter, we shall drop the subscript P. We remark that, when O is convex,
the function ¢ is convex and the form % is nonpositive. Also, if the domain
O has a C? boundary, the form & is uniformly bounded on T, i.e., there
exists a positive constant K such that

9) |Bp(C, M < K[Sl|n|, forall PeT,

for any tangent vectors ¢ and # to I' at P. We need the following notation.
Let v be any vector field on I'; we denote by v, = v-v the component of v
in the direction of v and by vy = v —v,v the projection of v on the tangent
hyperplane to I' and we set: divyv=divu—3Jv/dv-v. We also introduce the
notation
Vru=Vu-0u/dv - v.

Finally we denote by tr % the trace of the form % .

Let us now consider less regular domains O of R™. We say that the domain
O of R™ with a Lipschitz boundary I' has a piecewise C? boundary if T =
ru Uﬂ.:l I/, where

(i) T has zero measure (for the surface measure do).

(ii) TV is open in T and each point P of IV has the property described
above with a function ¢ of class C?.

Arguing as in [9, Chapter 3, Theorem 3.1.1.2], we prove the following result.

Theorem A.3. Let O be a bounded domain of R™ with a Lipschitz boundary
I'. Assume, in addition, that T is piecewise C* and that each T/ in the above
decomposition has a Lipschitz boundary 01 . Then, forall ve HS(O)", s > 1,
or forall ve WHLr(OY™, p > 2, we have:

) dv; 81)]
Jraivviaz - Z L5 3e
!
(10) = Z / .{diVT('UVVT) - 2VT * VT’UV} do
j=17"

I
_Z/r,,{(tr‘@)")3+<%’(vT;VT)}dG.
— Jr,

Remark Al. One proves Theorem A.3 by showing at first that the identity (10)
holds for v € C%(0)™ and then by extending it to v € H*(0)™ or W!-2(O)".
Since, in both cases, the bracket vz - Vrv, has a meaning on IV, this gives a
sense to frj divr(v,vr)do by density. Note that, in general, one cannot extend
the equality (10) to v € H!(0)™ since vr. Vv, hasno meaningon I'V. Letus
just show that, if p > 2, vy - Vv, has a sense on IV. Indeed, if p > 2, then
g < 2 where ¢ = p/(p — 1) and vy|TV belongs to the space W!'~l/r.p(T/)m
and thus to the space W1/2:9(I/)™ which coincides with Wbl/ 2:4(Tym . On
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the other hand, V7v,|IV belongs to the space W~1/2:2(IV)” which is the dual
space of Wbl/ 2’q(Ff )™ . Therefore vr - Vv, has a meaning on I7V.

From Theorem A.3, we at once deduce the following result.
Corollary A.4. Assume that the hypotheses of Theorem A.3 hold. Let v be an
element of HS(OY", s > 1, or of WH-2(O)™, p> 2.

W Ifv,|IV=0, 1 <j<I, we have

!
(ay [ divePde- Z gg‘g'éfdf:—zj/rg(w;w)da;
1 j:l J

(i) If vp|IV =0, 1 <j <1, we have

!
(12) /Oldivvlzdé Z gg ?)? dé = ZL_(trL@)vf do.
i e i m1Jr

We now come back to our problem. As € has piecewise C? boundary, we
can write 9Q as 9Q = |J'_,(8Q), UGQ where dQ has zero surface measure
and (0Q); is of class C2, 1 < i < /. Thus, the domain Q. has a piecewise
C? boundary and

i}
0Q: =F0,surl,s url;u <Ur£,s)

i=1

where I, has zero surface measure and I ¢ s the face “generated by (9Q2),”.
Thanks to the regularity Theorem A.1, we can deduce the following result
from the Corollary A.4, by using a den51ty argument.

Proposition A.5. Assume that the hypothesis (H) holds.
(1) if U is the solution of the problem (1)x, then

[, e~ z 1, 20| e

=—Z B(VU,VU)do - B(VU,VU)da
rl,:
(2)If U is the solutzon of the problem (1)p, then
82U 2
AU d
[, avrde= 3 [ l5ese

=—Z/ (tr@)(vu-ye)Zda—/ (trB)VU - v,) do .

i= I-l2 £ rl’f

Proof. (1) We recall that the problem (1)x is equivalent to
~AU+aU=H inQ,,

15 . .

(13)x 20 =0 inTo, UL U (UL T} ,) -

For any function H in L?(Q,), there exists a sequence of functions H, €
LP(Q,) such that H, converges to H as n goes to infinity, where py > 2 is
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given in Theorem A.1. Hence, by Theorem A.1 and the open mapping theorem,
there exists a sequence of functions U, in W2:70(Q,) such that U, converges
to U in H?(Q.) as n goes to infinity and U, is the solution of (1)y (or
(15)n) with H replaced by H,

Let us set v, = VU,. Since v,-1, =0 in I ,UT; U (Uf=1 FQ’E), we can
apply the formula (11) of Corollary A.4 to v,. Using the local definition (8)
of %p, we at once see that % vanishes identically on Iy .. Therefore, the
equality (11) becomes

/ AU, |2 dé - Z / 165,65,

=—Z $VUn,VU)da— B(VU,, VU, do
Iﬂl,e

(16)

Now, passing to the hmlt in (16), we obtain the equality (13).
(2) The proof is similar in the case of the problem (1)p. We only remark
that the problem (1)p is equivalent to

{——AU+aU=H in Q,,

15 i :
(15)p U=0 IHFO,EUFI,EU(Uézlrlz,E)'

Again there exists a sequence of functions U, in W?2:7(Q,) such that U,
converges to U in H?(Q,) as n tends to infinity and U, is the solution of (1)p
{or (15)p) with H replaced by H,. Let us set v, = VU,. Now v,, = VU,
vanishes in I'y ,UT U (Ué=1 Fé, .) and one can apply the formula (12) of
Corollary A.4 to v, . One then finishes the proof as above.

We are now able to prove Theorem A.2.

Proof of Theorem A.2 in the case of Neumann boundary conditions. The proof of
the estimate (6)(i) will be done in three steps. By Proposition A.5, the solution
U of (1)y satisfies

U |

(17 , | 08i0&;

)
dég/ |AU|2dé+Z/A B(VU, VU)do
Qe i=1 7T,

+ F(VU,VU)do
rl,s

(1) Our next objective is to estimate the integrals Eﬁ: | frg‘, F(VU,vU)do
and frlveu@(VU,VU)da. ’

Let (5? , :(,_’) be a point of (8Q);. Since (AQ); is of class C?, we define new
orthogonal coordinates {z;, z} with origin at (&, £9) as follows. There exist
arectangle V; o = {(z1, z2): —a; < z; <a;,j=1,2} and a function y; o
of class C? in V’O,where V’ ={z;: —a, < zy < a;} such that |y, o(z;)| <
a/2, forall z; € V, l 0> Qn V 0= {(z1,z2) € V; 0- 22 < Wi, olz1)}, (OQ); N
Vie=08QnVio={(z1,2) € Vio: 22 = Wi 0 (z1)} and Vi, 0(0) = 0. Let
now P = (&), &2, &9) be a point of T ,. Thanks to the above property, we
may consider the new coordinates {z;, zy, z3 =& — ég’}; indeed, there exists
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a positive number a; (which depends on &) such that, if V; = {(z,, z2, 23):
—-aj<zj<a;j,1<j<3}and V) ={(z1,22): —aj<z;<a;,j=1,2},
then Q. NV; = {(z1, 22, z3) € Vit z2 < y;0(21)}, T, = {(21, 22, 23) €
Vi z3 = y; 0(z1)} . Therefore, by (8), we have, for any tangent vectors vy and
Vr to rg,g at P,

. 0%y .
(18) Bp(vr, 1) = Sp2 (O - iy
2

where 7, fi; are respectively the first components of vy and ¥ in the new
coordinates system (z,, z3) and are independent of ¢. From this property as
well as from property (18), we deduce that there exists a positive constant K;,
independent of ¢, such that

(19) B(VU,VU)dao| < K; [VU|’do.
ré,s rlZ,s

Likewise, we derive from (18) that

(20) |tr#Bp| < K;, for anyPeFé,g.

Let now Py = (&9, &9, &) = g(&9, &9, ¢)) be a point of T’y ,. By the change of
variables {; =& —£9, the new origin is at Py and we have

(21) C3 - g(CI ) (2, 8) = g(Cl +é?’ €2+620> 8) _g(é(l)a 5(2)7 8)'

We introduce the following notation

6g£_6g 0 x0 d%g! _ 9% 0 o
aéi _55(51>52’8)5 aélaéj_aézaéj(él’éz’g)

Now we replace the usual orthonormal basis (e;, e;, e3), where

A R

by the orthonormal basis (7,, 73, v,) where

gg:g( ?’63’8)’

2
ag ag°
T = — _9glag’ , Ty = — 1 , v3=—|_2ag
' g 3¢ 98 Bo | 2g Yo | ~9&
og) 9% 1

and
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If we denote by (z, z;, z3) the coordinates in this new basis, then the equation
(21) becomes F(z;, z, z3, &) = 0, where

lag 1 0g0 1
F(z1,2z2,27,8)= —=%z; + — 8z+
(z1, 22, 22, €) a0 98, 5 Y B g, 2
1 g 1 8g9
22 s — 1+( 8) 7y - =98,
(22) g(ao( 08, N T
16g° ng 1 10g° )
ZiF oz — —=Sfzs g
ap 0¢1 98 Bot ma&H "

Since 8F(0, 0,0, )/dz3 > 1, the implicit function theorem implies that there
exist a neighbourhood V = {(zy, z2, z3): —a;<z;<a;,1<j<3} of 0 in
R3 and a function g* such that
{ F(Zl, Zy, g*(zl9 Z2, 8)’8) =07

g*(0,0,¢)=0,
and g*: V' x [0, 1] = R is of class C3 where V' = {(zy, z2): —a; < zj <
aj, j=1,2}. We have

(23)

dg* _9og
(24) 52(0:0.6) =3
Moreover, an easy calculation gives
(25)
82
5y 2 (0,0,¢)

2

_ | 1+<«9g?)2 0%g]
a2 yo 0& o&?

0808 1+(6g.?)2 a%gp +(8g£8g3)232g3
8¢ 9&; 0¢, 0£10¢> 06, 06 ) 0& |°

2

2 00.0- | (14 (2£)) 2 oo

0zy0zy " apBovo o0&, 08,08 9& 96 0& |
02g* 1 9%g)

—(0,0, ¢
523 (02028 = g e

Since, for any tangent vectors vy, V7 to I'y . at P,

2

. org*
(26) B (V7. V) = %:‘1 95,07, 0 Ol
where (1, 12), (71, i») are the components of vz and V7 in the basis (1, 72),
and since the above change of coordinates is orthonormal, we at once deduce
from (25), (26) as well as from the properties (1.1) of the function g that there
exists a positive constant .Z; (independent of ¢) such that

(27) B(VU,VU)do

l—‘l,t:

< %s/ IVUPdo.
Y

l.e
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Likewise, we show that
(28) |trBp| < Ze, forany Pel ;.
From (17), (19) and (27), we finally infer that
> s
R AT
(29) ,
< / AU dé +KZ/ VUPdo + Ks/ IVUP do
Q. i—1 0% . Iy,

2

where K is a positive constant independent of ¢.
(2) We now make the change of variables (2) in the formula (29) and denote
by u(xy, x», x3) the function U(x;, x2, g(x1, X2, €)x3). We have

5 (sea) = 22, (o (3 o5%)
52, \9gag; ax; \0x; g ox;

gx‘ a ou gx} 8u) 2
(30) g 36x3 (6xj 5 8x3

1 (8% g ou\\’
e () 2 (o (5 - —Xsa))

Thanks to the properties (1.1) of the function g, we at once infer from (30)
that there exist two positive constants & and f; such that, for 0 <& < ¢,

o B R EE) )

i, j=1
1 [ ou
pll o

3 2
orU )
< —
- Z (351‘35]‘
Thanks to the estimate (31), we deduce from (29) that, for 0 < e < ¢,

+

i,j=1

2

/(2 (8x,8x,> SZZ(ax,axg,) = (%)2) 8 dx
e Ly
+/ ((;—;) + (58}%)2%%(5_):)2) dx, dx;
2 (G () () gaeas].

where K is a positive constant independent of ¢ (and u) and T b= (0Q); x
(0, 1).

(32)
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(3) By [9, Theorem 1, 5.1.10], there exists a positive constant K* depending
only on the domain @ such that

[ ((a_u)2+ (Y k (ﬂ)2> dxidx;
r, \\9x dx2 &2 \9x3
() () b () o
,71/2/Q (i,jil (aii’)ux) &2 Z (ax,8x3)2
L (gié)z) ix
e (G ()~ (38))

for any 7 € (0, 1). Since ¢; < g/e < ¢, (see (1.14)), we at once deduce from
the inequality (32), by applying the estimate (33) with 5 = ¢7/4(KK*¢;)?, that

(33) <K’

2 2

(34) /Q(Z (%Y zz(axzax,) *o (%>2) “

i,j=1
2 2 ou .,
<co || Leully, + llully o + —2”—||0,Q .
&2 0x3

The estimate (6)(1) is now a direct consequence of (34) and (4).

Proof of Theorem A.2 in the case of Dirichlet boundary conditions. By Proposi-
tion A.5, the solution U of (1)p satisfies

ljzl/ (%)2 dé < _/;8 IAU|2dé+§/r;‘z(trﬁ)(vU.Us)zda

+ (trB)VU - v,)*do .
rl,s

Arguing as in the case of Neumann boundary conditions and using the estimates
(20) and (28), one proves that the inequality (29) still holds. The steps 2 and 3
are the same as in the case of Neumann boundary conditions.

We end this Appendix by an estimate of second derivatives in the case of
convex C? domains. Let O be a domain of R?® with a C? boundary. In [9,
Chapter 3, Theorem 3.1.1.1], it is shown that we have, for any ve H!(O)?,

3
ov; 8v;
divv?dx - / - dx ——2/ vp - Vr(v-v)do
| 1aivy 3 [oeox [ v Vrrw)

- / {(B(vr;vr) + (rB)[v-v]}do.
00

(36)
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We now consider the following problems: given 4 € L?(0),

(37w Find u € H'(O) such that
Lau+au=~h in O,
{Bgu-u=0 on 80,
where v is the outward normal to O, and

(37N)p Find u € H}(O) such that
{L£u+au=h in O,
u=90 on 90.

The problems (37)y (resp. (37)p) have a unique solution # and since O has
a C? boundary, u belongs to H?(0). We now assume that O is, in addition,
a convex domain. Let us set v = B,u in the equality (36). If u is the solution
of (37)x (resp. (37)p,then v-v =0 on A0 (resp. vy = 0 on 90). Using the
equality (36) with v = B,u and remarking that %p is nonpositive, one easily
shows the following results.

Theorem A.6. Assume that O is a convex domain with a C* boundary. Then
there exist three positive constants &y, C3, ¢4 such that, for 0 < & < &, for any
h € L*(0), the solution u of (37)n (resp. (37)p) satisfies

2 1

Z ”ux,-x;“%,O + 8_4||uX3X31

i=1

1
&2

1
. 2 2 2 2
(38) & <I|ullz,o+ 2 luxlio, o+ 0,0) < MI2lg,0-

The inequality (38) has been used in [12, Remark 2.6].
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