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We propose a definition of the asymptotic phase for quantum nonlinear oscillators from the
viewpoint of the Koopman operator theory. The asymptotic phase is a fundamental quantity
for the analysis of classical limit-cycle oscillators, but it has not been defined explicitly for
quantum nonlinear oscillators. In this study, we define the asymptotic phase for quantum
oscillatory systems by using the eigenoperator of the backward Liouville operator associated
with the fundamental oscillation frequency. By using the quantum van der Pol oscillator with
Kerr effect as an example, we illustrate that the proposed asymptotic phase appropriately

yields isochronous phase values in both semiclassical and strong quantum regimes.

Spontaneous rhythmic oscillations and synchronization are observed in a wide vari-
ety of classical rhythmic systems, and recent progress in nanotechnology is facilitating
the analysis of quantum rhythmic systems. The asymptotic phase plays a fundamental
role in the analysis of classical limit-cycle oscillators, but a fully quantum-mechanical
definition for quantum limit-cycle oscillators has been lacking. In this study, we pro-
pose a definition of the asymptotic phase for quantum nonlinear oscillators, which
naturally extends the definition of the asymptotic phase for classical stochastic os-
cillatory systems [1] from the Koopman-operator viewpoint [2] and provides us with

appropriate phase values for characterizing quantum synchronization.
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I. INTRODUCTION

Synchronization of spontaneous rhythmic oscillations are widely observed in nature [3Hg]. It
has been extensively studied in a variety of classical systems in physics, chemistry, and biology.
Recently, much progress has been made in the experimental realization of synchronization in micro-
and nanoscale systems, such as nanoelectromechanical oscillators [9], micro lasers [10], spin torque
oscillators [11], and optomechanical oscillators [12]. Stimulated by the experimental developments,
quantum synchronization has attracted much attention recently [I3H41] and theoretical investiga-
tions of quantum signatures in synchronization, such as quantum fluctuations [13HI6, 31], quan-
tum entanglement [I8-20], discrete nature of the energy spectrum [21H23], and effects of quantum
measurement [24H28], have been carried out. Experimental realizations of quantum phase synchro-
nization in spin-1 atoms [29] and on the IBM Q system [30] have also been reported recently.

In classical deterministic systems, spontaneous rhythmic oscillations are typically modeled as
stable limit cycles of nonlinear dynamical systems. The asymptotic phase [3H7], defined by the
oscillator’s vector field and increases with a constant frequency in the basin of the limit cycle,
plays a central role in analyzing synchronization properties of limit-cycle oscillators. It is the basis
for phase reduction [3H8], which gives low-dimensional phase equations approximately describing
the oscillators under weak perturbations. Recently, it has been clarified that the asymptotic phase,
which was originally introduced from a geometrical viewpoint [3], has a natural relationship with
the Koopman eigenfunction associated with the fundamental frequency of the oscillator [2] [42H45].

For classical stochastic oscillatory systems, Thomas and Lindner [I] proposed a definition of
the asymptotic phase in terms of the slowest decaying eigenfunction of the backward Fokker-
Planck (Kolmogorov) operator describing the mean first passage time, which appropriately yields
isochronous phase values that increase with a constant frequency on average even for strongly
stochastic oscillations, in a similar way to the ordinary asymptotic phase for deterministic oscil-
lators. We recently pointed out that their definition can be considered a natural extension of the
deterministic definition from the Koopman operator viewpoint [2] (see [46H48] for the details of
the stochastic Koopman operator).

The classical definitions of the asymptotic phase are applicable to quantum nonlinear oscillators
in the semiclassical regime, where the system is described by a stochastic differential equation for
the phase-space state along a deterministic classical trajectory under the effect of small quantum
noise [2] [16, B1]. However, in the stronger quantum regime, we cannot rely on the semiclassical

approximation and how to define the asymptotic phase in a fully quantum-mechanical manner is



an open question. In this study, we propose a definition of the asymptotic phase for quantum
nonlinear oscillatory systems by using the eigenoperator of the adjoint Liouville operator, which is
a counterpart of the backward Fokker-Planck operator in classical stochastic systems. We illustrate
the validity of our definition by using a quantum van der Pol oscillator with quantum Kerr effect

in both semiclassical and strong quantum regimes.

II. ASYMPTOTIC PHASE FOR CLASSICAL OSCILLATORY SYSTEMS

In this section, we briefly review the definitions of the asymptotic phase for deterministic [3l-

7, 43H45] and stochastic [I), 2] classical oscillatory systems.

A. Deterministic oscillatory systems

Consider a deterministic dynamical system
X(t) = A(X (1)), (1)

where X (t) € RY is the system state at time ¢, A(X) € R is a vector field representing the system
dynamics, and () represents time derivative. We assume that this system has an exponentially
stable limit-cycle solution X(¢) with a natural period T and frequency . = 27 /T, satisfying
Xo(t+T) = Xo(t), and denote its basin of attraction as B C RY. The asymptotic phase ®.(X) :
B — [0,27) is defined such that A(X) - V®.(X) = Q. is satisfied for VX € B, where V = 0/0X
represents the gradient with respect to X [3H7]. The asymptotic phase ¢(t) = ®.(X(t)) of the

system state X (¢) then obeys

<
—~
~
~—
I
A
o
>
—
~
~—
~—
I

A(X (1) - VO(X (1)) = Qe, (2)

i.e., ¢ always increases with a constant frequency 2. as X evolves in B. Thus, the asymptotic
phase ®. gives a nonlinear transformation of the system state X to a phase value ¢ such that
the dynamics of ¢ takes a simple linear form, ¢(t) = Q.t + const. The simplicity of the phase
equation has facilitated detailed studies of synchronization and collective dynamics in coupled-
oscillator systems [3H7]. The level sets of ®.(X) are called isochrons.

The linear operator A = A(X) - V in the definition of the asymptotic phase ®.(X) is the
infinitesimal generator of the Koopman operator describing the evolution of observables for the
system described by Eq. (see Refs. [42H45] for details). The complex exponential V.(X) =

¢i®e(X) of ®.(X) is an eigenfunction of A with the eigenvalue i€2., namely, it satisfies the eigenvalue



equation AV.(X) = iQ.V.(X). Therefore, the asymptotic phase ®.(X) has a natural operator-
theoretic interpretation as the argument of the Koopman eigenfunction W.(X) associated with the
eigenvalue i€, characterized by the fundamental frequency . of the oscillator [42H45]. We can

thus define the asymptotic phase by using the Koopman eigenfunction ¥.(X) of A as

P (X) = arg Ue(X). (3)

B. Stochastic oscillatory systems

For stochastic oscillatory systems, we cannot use the deterministic limit-cycle solution in defin-
ing the asymptotic phase unless the noise is sufficiently weak. Thomas and Lindner [I] defined the
asymptotic phase for classical stochastic oscillators without relying on the deterministic limit cycle
by using the eigenfunction with the slowest decay rate of the backward Fokker-Planck operator.

Consider a stochastic oscillator described by an Ito stochastic differential equation (SDE)
dX(t) = A(X(t))dt + B(X (t))dW (1), (4)

where X (t) € RY is the system state at time ¢, A(X) € RY is a drift vector representing the

deterministic dynamics, B(X) € RV*¥

is a matrix characterizing the effect of the noise, and
W (t) € RY is a N-dimensional Wiener process. This system is assumed to be oscillatory in the
sense explained below. The transition probability density p(X,t|Y,s) (t > s) of Eq. obeys the

forward and backward Fokker-Planck equations [49],

0
ap(XaﬂYas) = pr(X,t‘Y,S), (5)
and
9 «
%p(X,t‘Y, S) = _LYp(X7t|Y¢S)7 (6)

respectively, where the (forward) Fokker-Planck operator is given by

0 1 92
LX - _7A(X)+§(9X2

D(X) (7)

and the backward Fokker-Planck operator is given by (in terms of X)

Ly = Ax)2 + px) 2 (8)
X 0X ' 2 X2’

Here, D(X) = B(X)B(X)T € R¥*¥N is a matrix of diffusion coefficients (T indicates ma-
trix transposition). The forward and backward operators Lx and L% are mutually ad-

joint, ie., (LxG(X),H(X))x = (G(X),L%H(X))x, where the inner product is defined as



(G(X),H(X))x = [G(X)H(X)dX for two functions G(X), H(X) : RY — C (the overline
indicates complex conjugate and the integration is taken over the whole range of X).

As explained in Appendix A, the backward Fokker-Planck operator L in Eq. is the infinites-
imal generator of the Koopman operator for Eq. . We denote the probability density function of
X at time t as p;(X) € R, which also obeys the Fokker-Planck equation dpy(X)/0t = Lxpi(X),
and an observable of the system at time ¢ as g; : RY — C, which maps the system state X to
a complex value. The evolution of the expectation (g); = [ pi(X)g(X)dX = (p(X), g:(X)) x of

the observable g at t =ty can be expressed as

0
= pi(X)
—to < ot
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where g;(X) remains constant and p;(X) evolves in the second expression, while p;(X) remains
constant and ¢;(X) evolves in the last expression.
The linear differential operators Lx and L% have a biorthogonal eigensystem

{ e, P, Qi } k=01 2,... of the eigenvalue \; and eigenfunctions P, (X) and Q(X) satisfying
LxPp(X) = MPe(X), LxQu(X) = MQr(X), (P(X),Qu(X))x = O, (10)

where k,l = 0,1,2,... and 0y represents the Kronecker delta [49]. We assume that, among the
eigenvalues, one eigenvalue ) is zero, which is associated with the stationary state p°(X) of the
system satisfying Lxp® (X) =0, and all other eigenvalues have negative real parts. It is assumed
that the eigenvalues with the largest non-negative real part (or the smallest absolute real part, i.e.,

the slowest decay rate) are given by a complex-conjugate pair. We denote these eigenvalues as
A1 :Ms_iQs; )\71:/1’8—’_1.987 (11)

where |us| (us < 0) is the decay rate and Q5 = Im \; represents the fundamental oscillation
frequency of the system. The oscillatory property of the system is embodied in this assumption.
We also assume that this pair of principal eigenvalues are well separated from other branches of
eigenvalues and this oscillatory mode is dominant in the system.

Thomas and Lindner [I] proposed a definition of the stochastic asymptotic phase of the system
described by Eq. by using the argument of the complex conjugate of the eigenfunction Q1(X)

of L% associated with A\ as (in the notation used here)

P (X) = arg Q1(X). (12)



This definition is natural from the Koopman operator viewpoint [2], as L% is the infinitesimal
generator of the Koopman operator for Eq. that formally goes back to the linear operator
A= A(X) -V, ie., to the infinitesimal generator of the Koopman operator for the deterministic
system Eq. in the noiseless limit D(X) — 0. The exponential average of @ satisfies [2]

& arg EX0[ %X O)] = © g BXOQ) (X (1))] = Ty = 0, (13)

where EX0 represents the average over the stochastic trajectories of Eq. starting from an
initial point Xo € R, Thus, the asymptotic phase defined by Eq. (12) increases with a constant
frequency €)s on average with the stochastic evolution of the system and can be considered a
natural generalization of the deterministic asymptotic phase in Eq. . It is noted that we may
also choose the eigenvalue A1 and eigenfunction m to define the stochastic asymptotic phase,

which reverses its direction of increase.

III. ASYMPTOTIC PHASE FOR QUANTUM OSCILLATORY SYSTEMS

Our aim in this study is to propose a quantum-mechanical definition of the asymptotic phase
that does not rely on classical trajectories. In Ref. [16], we developed a semiclassical phase reduction
theory for quantum limit-cycle oscillators, but the definition of the asymptotic phase was based on
the deterministic limit cycle in the classical limit and could not be applied in stronger quantum
regimes. In Ref. [2], we considered the asymptotic phase of quantum limit-cycle oscillators using
the definition for the classical stochastic oscillators explained in Sec. II, but it was valid only in
the semiclassical regime. Here, we consider a quantum master equation describing the evolution
of the density operator of the system and define the asymptotic phase by using the eigenoperator
of the adjoint Liouville operator. We use standard notations for open quantum systems without a

detailed explanation; see e.g., Refs. [51H53] for details.

A. Quantum master equation

We consider quantum oscillatory systems with a single degree of freedom coupled to reservoirs.
The system’s quantum state is represented by a Hermitian density operator p (= p') and the
observable is described by an operator F', where T represents Hermitian conjugate. Introducing an

inner product (X,Y)s = Tr(XTY) of two operators X and Y, the expectation of the observable



F' is expressed as
(F) = Tr (pF) = (p, F)ir. (14)

In the Schréodinger picture, the quantum state p evolves with time while the observable F' re-
mains constant. Assuming that the interactions of the system with the reservoirs are instantaneous
and Markovian approximation can be employed, the evolution of the density operator p; at time ¢

obeys the quantum master equation [51H53]
ﬁt = 'Cpt) (15)

where the Liouville operator £ (sometimes called a superoperator because it acts on an operator)
is given by
n
LX = —i[H,X]+ > DICj]X. (16)
j=1
Here, H(= H T) is a system Hamiltonian, C} is a coupling operator between the system and jth
reservoir (j = 1,...,n), [A,B] = AB — BA is the commutator, D[C]X = CXC' — (XC'C +
C'CX)/2 is the Lindblad form, and the reduced Planck’s constant is set as A = 1.
In the Heisenberg picture, the quantum state p remains constant while the observable F' evolves

with time as
F, = L*F}, (17)

where the time dependence of F' is explicitly shown. Here, £* is the adjoint operator of L satisfying

(LX,Y ) r = (X, LYY )y (18)
and can be explicitly calculated as
L'X =i[H,X]+ Y DVC)X, (19)
j=1

where DY[C]X = CTXC — (XCTC + CTCX)/2 is the adjoint Lindblad form [53]. The evolution
of the expectation (F'); = (p, Fy)ir of F' with respect to p at t = ¢y can be expressed as

d

%<F>t = (Pt|t:t0, Ft0>tr = <£ptanto>tr

t=to

= (pto, L*Frohtr = (ptos Frli—to)trs (20)

where F' remains constant and p evolves in the second expression (Schrodinger picture), while

p remains constant and F' evolves in the last expression (Heisenberg picture). Equation (20



corresponds to Eq. @ for the expectation of the observable for classical stochastic systems. Thus,
the adjoint operator £* is a counterpart of the backward Fokker-Planck operator L% in Sec. II,
namely, £* corresponds to the infinitesimal generator of the Koopman operator.

We assume that the operators £ and £* have a biorthogonal eigensystem {Ag, Uy, Vi }r=0,1.2,...

consisting of the eigenvalue Ay and right and left eigenoperators Uy and V4, satisfying
LU, = MUy, LV = MVi, Uk, Vidir = O, (21)

for k,1 =0,1,2,... [54]. Among the eigenvalues, one eigenvalue A is always 0, which is associated
with the stationary state p° of the system satisfying £p° = 0, and all other eigenvalues have
negative real parts; This also indicates that the system has no decoherece free subspace [50]. We
assume that, reflecting the system’s oscillatory dynamics, the eigenvalues with the largest non-
vanishing real part (i.e., with the slowest decay rate) are given by a complex-conjugate pair. We

denote these eigenvalues as
Ay = pg — i€, A= g + iy, (22)

where |u,] (g < 0) is the decay rate and ©, = Im A; gives the fundamental frequency of the
oscillation. As in the case of the stochastic oscillatory systems in Sec. II, the oscillatory property

of the system is embodied in this assumption.

B. Phase space representation

The density operator p can also be represented by using quasiprobability distributions in the
phase space such as the P, @), and Wigner distributions [51} 52, [55]. We use the P representation

and express p as

p= / p(a)|a)(alda, (23)

where |a) is a coherent state specified by a complex value o € C, or equivalently by a complex
vector a = (o, @)” € C?, p(a) : C?> — R is a quasiprobability distribution of e, dax = dad@, and

the integral is taken over C. Defining the P representation of an observable F' as
fla) = (a|Flay, (24)
where F' is expressed in the normal order [51], 52, [55], the expectation of F' is expressed as

(F) = Tx(pF) = / p(a) f(e)de = (p(e), (@) (25)



Here, we defined the L? inner product {(g(a),h(a))a = [g(a)h(a)da of two functions g(ev),
h(c) : C? — C, where the integral is taken over the complex plane.
In the Schrodinger picture, the time evolution of p;(a) (dependence on t is explicitly denoted)

corresponding to the master equation is describied by a partial differential equation

2 () = Lapi(e), (26)

where the differential operator Ly is related to the Liouville operator £ in Eq. via

Lps = /Lapt(a)\a><a|da

and can be explicitly calculated from Eq. by using the standard calculus for the phase-space
representation [511 [52) 55].
The corresponding evolution of the P representation f;(a) of the observable F; in the Heisenberg

picture is given by
9 *
aft(a) - Laft(a>v (27)
where the differential operator L}, is the adjoint of L, i.e.,
(Lag(a), h(a))a = (g(a), Loh(@))a (28)
and satisfies
Lo fi(a) = (a|lL7Fila). (29)

Thus, L}, is the generator of the Koopman operator in the P representation describing the evolution
of f(er), which corresponds to the adjoint Liouville operator £* in Eq. (19).

Corresponding to the Liouville operators £ and L£*, the differential operators L, and L}, also
possess a biorthogonal eigensystem {Ay, up(a), vg (o) br=0,1,2,.. of eigenvalue Ay, and eigenfunctions

uy, and vy, satisfying
Loup = Agug,  Live = Aok, (uk, v1)a = Okt (30)

which has one-to-one correspondence with Eq. . The eigenvalues {Ay}r=0,1,2, . are the same as
those of £, and the eigenfunctions u; and vy of Lo are related to the eigenoperators Uy and Vj of

L via

Up = /Uk(a)laﬂa!da, k() = (| Vila), (31)
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which follow from

LU, = /uk(a) {L]a){a|} da = /{Lauk(a)}|a><ada = /Akuk(a)|a)(oz[da =AU (32)
and

Livg = Li{a|Vila) = (| £ Vi]a) = Ax{a|Vi|a) = Agvg. (33)

C. Quantum asymptotic phase

Generalizing the definition for classical stochastic oscillatory systems in Sec. I, we here propose
a definition of the quantum asymptotic phase. We note that, in quantum systems, the system state
is given by the density operator p and individual trajectories as in the classical stochastic systems
cannot be considered.

First, we define the quantum asymptotic phase ®,(a) of the coherent state o in the P represen-
tation. Considering the definition Eq. of the asymptotic phase in terms of the eigenfunction
Q1(X) of the backward Fokker-Planck operator L% in the classical stochastic case, we define the
quantum asymptotic phase ®,(ca) as the argument of the complex conjugate of the eigenfunction

v1(a) in the P representation associated with the principal eigenvalue A; as
P, (o) = arg v (a) = arg(a|Vi|a). (34)

Next, considering that the general quantum state p is represented as a superposition of coherent

states with the weight p(a), Eq. , we define the asymptotic phase of p as

Dy(p) = arg(p(ar), vi(@))a = arg(p, Vi)ir. (35)

It can be shown that the asymptotic phase ®,(p) evolves with a constant frequency €, as the

quantum state p evolves according to the master equation ([15). Defining

Uy(pe) = (@), vi(a))a = (pt, V1)ir, (36)

where the dependence on time ¢ is explicitly denoted, we have

d _ <8pt(a)

aq’q(l)t)

ot

L vl(a)> = (Lapi (@), vi(@))a

t=to

= (pro(@), Lgvi(e))a = (pro(@), Mvr(a))a = M ¥q(pry), (37)
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or, equivalently,

0| = Gl Vi = (L Ve = (s £7Vidr
= (pto» MV1)er = M1 (pro, Vi)ir = M ¥q(p1,). (38)
Integrating by time, we obtain
Wy(pr) = exp(A1t)¥q(po) = exp[(q + i€2)t]¥4(p0), (39)

where pg is the initial state at ¢ = 0, and hence the asymptotic phase is given by

?, (pt) = arg \I/q(l)t) = th + arg \Ilq(PO)- (40)

Differentiating by ¢, we obtain

d

%(I)Q(pt) = qu (41)

namely, the asymptotic phase ®,(p;) increases with a constant frequency €, with the evolution of
the quantum state p;.

Thus, by using the eigenfunction v; () of the adjoint linear operator L}, or equivalently the
eigenoperator V; of the adjoint operator £* associated with the eigenvalue A, we can define the
asymptotic phase ®4(p) of the quantum state p. The quantum master equation , adjoint Liou-
ville operator £* (or adjoint differential operator L}, in the P representation), and eigenoperator V;
(or the eigenfunction v (a) in the P representation) with the eigenvalue A; correspond to the for-
ward Fokker-Planck equation , backward Fokker-Planck operator L%, and eigenfunction Q1(X)
with the eigenvalue \; in the classical stochastic system discussed in Sec. II, respectively.

We stress, however, that the system state is generally represented by the density operator p or
quasiprobability distribution p(e) and individual trajectories cannot be considered in the quantum
case. As in the classical stochastic case, we may also choose the eigenvalue A, eigenfunction
m, and eigenoperator VlT to define the quantum asymptotic phase, which reverses its direction

of increase.

IV. EXAMPLE: QUANTUM VAN DER POL OSCILLATOR

In this section, using the quantum van der Pol model with quantum Kerr effect as an example,
we illustrate the validity of the quantum asymptotic phase defined in Sec. III. We also analyze a

damped harmonic oscillator in Appendix D.
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A. Quantum van der Pol model with quantum Kerr effect

As an example of quantum oscillatory systems, we consider the quantum van der Pol model

with quantum Kerr effect. The system’s density operator p obeys the master equation
p=Lp=—ilH,p|+mDla']p+12Dla’]p, (42)

where a and a! are annihilation and creation operators, H = woa'a+ Ka'?a? is the Hamiltonian, wy
is the frequency parameter of the oscillator, K is the Kerr parameter, and 1 and o are the decay
rates for negative damping and nonlinear damping, respectively [21], [31]. By using the standard
rule of calculus [51], 52) 55], we can derive the differential operator Lo in Eq. describing the
evolution of the P representation p(a) of p from the Liouville operator £, which consists of third-
and higher-order derivative with respect to o [21].

To evaluate the fundamental frequency €, and the asymptotic phase ®,(p) of the system,
we numerically calculate the eigenvalues and eigenfunctions of the Liouville and adjoint Liouville
operators £ and L£*. To this end, we approximately truncate the number representation of the
density operator as a large N x N matrix and map it to a N2-dimensional vector of the double-ket
notation [56]. We can then approximately represent the Liouville operators £ and £* by N? x N2

matrices and calculate their eigensystem to obtain the asymptotic phase in Eq. .

B. Semiclassical regime

We first consider the semiclassical regime where 7o and K are sufficiently small. In this case,
as explained in Appendix B, we can approximate Eq. by a Fokker-Planck equation for p(a),
namely, the system state is approximately equivalent to a classical stochastic system. Furthermore,
in the classical limit where the quantum noise vanishes, the system is described by a single complex
variable o € C obeying a deterministic ordinary differential equation

a = (% - 'wo) o — (y2 + 2Ki)aa?. (43)

This equation represents the Stuart-Landau oscillator (normal form of the supercritical Hopf bi-
furcation) [4] and possesses a stable limit-cycle solution ag(¢) = Re'®, which is represented as a
function of the phase ¢ = Q.t + const. with a natural frequency Q. = —wy — Kv1/72 and radius
R = \/%/TW . The basin B of this limit cycle is the whole complex plane except the origin. The

classical asymptotic phase ®. of this system is given by [16]

2K | |af
P.(a) = arg « — — In — + const. 44
(@) =arga~—~ln s (34)
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and satisfies ®.(a) = € as « evolves in B under Eq. [6]. As stated in Sec. II, this ®.(c) is the
argument of the Koopman eigenfunction W.(a) of the system associated with the eigenvalue €Q..
In Ref. [16], we used this ®. for the phase-reduction analysis of quantum synchronization in the
semiclassical regime with weak quantum noise. It is expected that the quantum asymptotic phase
P, (ax) of the coherent state o is close to the classical asymptotic phase ®.(a) when the quantum
noise is sufficiently small.

Figure (a) shows the eigenvalues of £ near the imaginary axis obtained numerically, where
the principal eigenvalue Ay = p, + i€, is shown by a red dot (1, < 0), and Figs. (b) and (c)
compare the quantum-mechanical phase ®,(ca) with the corresponding classical phase ®.(cx). Here,
we adopt a negative value for €}, so that the resulting phase ®, increases in the counterclockwise
direction from 0 to 2w on the complex plane, i.e., ®, satisfies § V®y(x) - dx = 21 where x =
(z,p) = (Re a,Im «) and C is a circle around 0.

As the quantum noise is small, the quantum frequency €, and the asymptotic phase ®,(cx)
obtained numerically from £ are close to the classical frequency €2, and asymptotic phase ®.(a),
respectively. The difference between €2, and ). arises from the small quantum noise; in the limit of
vanishing quantum noise, the eigenfunction v () of L in the P representation coincides with the
Koopman eigenfunction of the deterministic system Eq. with the eigenvalue i€2. and therefore
P, reproduces the classical phase ®. (see Appendix C). Here, we note that the principal eigenvalues
i€}, and ). are well separated from other branches of eigenvalues with faster decay rates and the
corresponding oscillatory modes become quickly dominant.

To demonstrate that the present definition of the quantum asymptotic phase yields appropriate
values, we consider free oscillatory relaxation of p; from a coherent initial state p® = |ag) (| with
ap = 1 at t = 0 and measure ®,(p;). For comparison, we also measure the argument arg (a); of the
expectation (a); = (py, a)y of the annihilation operator a, which simply gives the polar angle of
(a); on the complex plane. We note that, although the system state p starts from a pure coherent
state, it soon becomes a mixed state due to the coupling with the reservoirs and eventually relaxes
to the stationary state p°.

Figures[I|(d) and (e) plot the evolution of the expectation Wy(p) = (pg, V1) of the eigenoperator
V1 and the quantum asymptotic phase ®,(p;) = arg ¥,(p:), respectively, and Figs. (f) and (g)
show the evolution of the expectation (a) and its polar angle arg(a), respectively. The asymptotic
phase ®,(p;) increases with a constant frequency 2, and appropriately yields isochronous phase
values. In contrast, the polar angle arg(a) does not increase constantly with time, in particular in

the transient process before ¢ = 10, as shown in Fig. g); as the limit cycle in the classical limit
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FIG. 1: Quantum asymptotic phase in the semiclassical regime. The parameters are 73 = 1 and

(wo,v2, K)/v1 = (0.1,0.05,0.025). (a) Eigenvalues of Ly near the imaginary axis. The red dot repre-
sents the principal eigenvalue A; with the the slowest decay rate. (b) Quantum asymptotic phase &, with
Q, = —0.605. (c) Classical asymptotic phase ®, with Q. = —0.6. (d-g) Evolution of the expectation values
of V1 and a and their arguments from a pure coherent state: (d) ¥(p:) = (V1)¢, (e) ®(pr) = arg(V1)¢, (f)
(a)¢, and (g) arg(a);. In (a), individual branches of eigenvalues are shown with different colors. In (b),
(¢), (z,p) = (2.5,0) is chosen as the phase origin. In (c), the red-thin line represents the limit cycle in the

classical limit.

is rotationally symmetric in this model, the polar angle also yields almost constantly increasing
phase values after relaxation.
Thus, the quantum asymptotic phase ®, increases with a constant frequency €2, in the semi-

classical regime of a quantum van der Pol model with the quantum Kerr effect.
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FIG. 2:  Quantum asymptotic phase in the strong quantum regime. The parameters are 73 = 0.1 and
(wo, 72, K)/v1 = (300,4,100). (a) Eigenvalues of £ near the imaginary axis. The red dot represents the
principal eigenvalue A; with the the slowest decay rate. (b) Quantum asymptotic phase &, with 0, = —30.
(c) Classical asymptotic phase @, with Q. = —32.5. (d-g) Evolution of the expectation values of V; and a
and their arguments from a pure coherent state: (d) U(p:) = (V1)¢, (e) ®(pi) = arg(Vh)s, (f) (a):, and (g)
arg(a);. In (a), individual branches of eigenvalues are shown with different colors. In (b), (¢), (x,p) = (2.5,0)

is chosen as the phase origin. In (c), the red-thin line represents the limit cycle in the classical limit.

C. Strong quantum regime

Next, we consider a strong quantum regime with relatively large vo and K, where only a small
number of energy states participates in the system dynamics and the semiclassical description is not
valid. The eigenvalues of £ obtained numerically are shown in Fig. [2{(a). Figures[|(b) and[2|c) show
the quantum-mechanical phase ®, and the corresponding classical phase ®.. Because the system
is in the strong quantum regime, ®. is distinctly different from ®, and the classical frequency €2
also differs largely from the true quantum frequency 2,. Here, we again note that the principal
eigenvalues have much smaller (less than half of the second largest) decay rate than the eigenvalues

in the other branches.
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We consider free oscillatory relaxation of p from a coherent initial state p = |ag) (| with ag =1
at t = 0 and measure the evolution of the asymptotic phase ®,(p;) = (V1) of the system state p;.
For comparison, we also measure the polar angle arg(a); of (a);.

Figures[2fd) and (e) plot the evolution of the expectation W4 (p;) = (ps, Vi) of the eigenoperator
V1 and the quantum asymptotic phase ®q(p;) = arg ¥q(pe), respectively, and Figs. 2[f) and (g)
show the evolution of the expectation (a) and its polar angle arg(a), respectively. As expected, the
asymptotic phase ®,(p;) appropriately gives constantly varying phase values with the frequency
Q. In contrast, the polar angle arg(a); does not vary constantly with time and is not isochronous.
This is because the transition between relatively a small number of energy levels takes part in the
system dynamics and the discreteness of the energy spectra can play important roles in this strong
quantum regime.

Thus, the quantum asymptotic phase ®, gives appropriate phase values that increase with a
constant frequency (), even in the strong quantum regime of a quantum van der Pol model with
quantum Kerr effect, even though the strong quantum effect strongly alters the dynamics of the

system from the classical limit.

D. Fundamental difference between the classical and quantum systems

Although we introduced the definition of the quantum asymptotic phase ®, by analogy with
the classical deterministic phase ®. and classical stochastic asymptotic phase ®,, a fundamental
difference exists between the quantum and classical cases. Specifically, in the quantum case, the
system state is described by the density operator p and the asymptotic phase ®, assigns a phase
value on each p, while in the classical case, the phase function ®. or ®, assigns a phase value on
each individual state X, although the probability density function p(X) is used in defining the
stochastic asymptotic phase ®4. This difference arises because the system state can be described
by a SDE representing a single stochastic trajectory of the noisy oscillator in the classical stochastic
case, whereas the system state can only be characterized by the density operator p representing
the statistical state of the system in the quantum case.

Though we have taken the viewpoint that the asymptotic phase is defined for a single stochastic
trajectory in the classical stochastic case in this study, we may also consider that the asymptotic
phase is defined for the probability density p(X) rather than for the state X in the classical
stochastic case. Then, the quantum asymptotic phase ®, as a function of the density matrix p

corresponds to the stochastic asymptotic phase ®@5(p(X)) = arg [ p(X)Q1(X)dX as a function of
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the probability density p(X) in the classical stochastic case in Sec. II. We regarded this quantity
as the exponential average of the asymptotic phase values defined for individual states in Eq. .

In the present approach, it is always possible to formally introduce a 'phase function’ for any
oscillatory system as long as it has the decaying mode with a non-zero imaginary part by using
the associated eigenoperator. However, this phase function does not necessarily play the role of a
quantum asymptotic phase unless the system exhibits limit-cycle oscillations and synchronization.
As an example, in Appendix D, we introduce a phase function of a damped quantum harmonic
oscillator, which cannot be considered the quantum asymptotic phase since the system does not
exhibit synchronization. Only when the system is nonlinear and exhibits synchronization, the
asymptotic phase captures the synchronization dynamics of the system.

The asymptotic phase is the basis for developing phase reduction theory for classical nonlinear
oscillators. For quantum oscillatory systems, however, even if we can introduce the asymptotic
phase as described in this study, it does not necessarily mean that we can develop the phase
reduction theory. This is because the quantum state p may not be appropriately localized in
the phase-space representation and hence it may not be reconstructed from the phase value even
approximately. Still, as we showed for the case of the quantum vdP oscillator in the semiclassical
regime [16], we may approximately describe the dynamics of the quantum state by using the reduced
phase equation and perform a detailed synchronization analysis in appropriate physical situations.
It should be noted that we also encounter a similar problem in developing phase reduction theory for
classical oscillators under strong noise. We also note that, even if we cannot derive a reduced phase
description for quantum nonlinear oscillators, the asymptotic phase can be used to characterize

the peculiar properties of quantum synchronization [57].

V. SUMMARY

In this study, we proposed a definition of the asymptotic phase for quantum oscillatory systems
by generalizing the asymptotic phase for classical stochastic oscillatory system proposed by Thomas
and Lindner [I] from the Koopman operator viewpoint [2]. The proposed asymptotic phase is
defined by using the eigenoperator of the adjoint Liouville operator describing the evolution of the
quantum-mechanical observable, in close analogy to the asymptotic phase for classical limit-cycle
oscillators that can be interpreted as the argument of the Koopman eigenfunction associated with
the fundamental frequency. By using the quantum van der Pol model with quantum Kerr effect as

an example, we demonstrated that the proposed asymptotic phase appropriately yields isochronous
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phase values even in the strong quantum regime where the semiclassical approximation is not valid.

Though quantum synchronization has attracted much attention recently, compared with classi-
cal synchronization, systematic analysis of the quantum synchronization has been restricted, partly
due to the lack of the clear definition of the phase. The proposed definition of the asymptotic phase
valid in strong quantum regimes may be used for systematic and quantitative analysis of synchro-
nization phenomena in quantum nonlinear oscillators [57]. Moreover, we may be able to develop a
phase reduction theory for strongly quantum nonlinear oscillators by using the proposed definition,
which would allow us to reduce the system dynamics to a simple phase equation and facilitates
detailed analysis, control, and optimization of quantum nonlinear oscillators. It will also be inter-
esting to extend the definition of the amplitude functions for classical stochastic oscillators [2] 58]

to strongly quantum oscillatory systems on the basis of the Koopman operator theory.
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Appendix A: Koopman operator for classical stochastic processes

In this section, we briefly summarize the definition of the Koopman operator for classical
stochastic processes described by the Ito SDE . The evolution of an observable g : RV — C for

this Tto diffusion process from time tg to t + to is expressed as [47) 61], [62)
Gt+10(X) = (U gy )(X), (A1)
where U? (t > 0) is the stochastic Koopman operator defined as

(U'g)(Y) = E¥ [9(X (t + to))]

= /Q(X)P(X,tHo’Y?to)dX = (p(X,t +to|Y,t0),9(X))x- (A2)
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Here, EY [-] represents the expectation over the stochastic realizations of X (¢) started from X (ty) =
Y at t = to, p(X,t|Y,s) (t > s) is the transition probability density, and (-,-)x represents the
inner product defined in Sec. II. Defining a time evolution operator S* = e!x (¢ > 0), the evolution

of the probability density p(X) is expressed as

Prto(X) = (8'pi) (X)), (A3)

where the operation of S* on a function f : R — C is given by
(5" = [pX.t+tlY ) f(V)aY. (A4)

The Koopman operator U? is the adjoint of S%, i.e.,

X, U9X)x = [T [ / g(X)p(X,t+torY,to>dX] 1y

:/ [/p(X,t+to|Y,t0)f(Y)dY]g(X)dX
- / STHX)g(X)dX = (S')(X), 9(X))x (A5)

for two functions f,g : RN — C. It is noted that the expectation of the observable g at time t + tg

can be expressed as

/pto(X)(Utgto)(X)dX = (p1o(X), (U'g1)(X))x
= ((8"pt)(X), g10(X))x = /(Stpto)(X)gto(X)dX' (A6)

It can be shown that the infinitesimal generator of U" is given by the backward operator L% in
Eq. (see e.g. Ref. [62] for a rigorous treatment). From the Ito formula [49, [62], the SDE for a

function ¢ : RY — R is given by

0 1 0? 0
9X) = [A0%) - 030 + D00 Fza(X0| e+ BOO Sax0aw, (an
which gives
t+to o 1 52 t+to
EY X ()] = [ A 030 + 5D a0t = [ k(X0 (a9

by integration. Assuming the function g to be the observable g¢;, at t = tp, the infinitesimal

evolution of g; at t = ty can be represented as

e T () EY g (X (0 10))] — g (¥)
t—+0 t t—+0 t

d

%gt(Y)

= Lx g1, (Y).

7 (A9)
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Thus, we can express the Koopman operator as Ut = etl'x .
From the adjoint relation for S* and U', Lx and L% are also adjoint to each other, i.e.,
(Lx f(X),9(X))x = (f(X), L% g(X))x, and the evolution of the expectation of the observable g

at time ¢ = tg can be expressed as in Eq. @])

Appendix B: Quantum van der Pol oscillator with Kerr effect in the semiclassical regime

In this section, we briefly explain the classical limit of the quantum van der Pol oscillator. As
shown in Ref. [16], in the semiclassical regime, the linear operator L in Eq. describing the
evolution of the quasiprobability distribution p(c) in the P representation of the quantum van der

Pol oscillator can be approximated by a Fokker-Planck operator

2 2 2
= [— > 0;{Aj(a)} ZZ iOc{Dji(cx ] (B1)

by neglecting the third- and higher-order derivatives, where 9; = /0« and 92 = 9/da. The drift
vector A(a) = (A1(a), A2(a)) € C? and the matrix D(a) = (Dj(ax)) € C?*? are given by

N)\»a

Ala) = (L —iwo) o — (72 + 2Ki)aa? (B2)
(% +iwo) @ — (72 — 2Ki)aa? ) |
—(y2 + 2Ki)a?
Do) = [ 12 Ko " . (B3)
%! —(’}/2 — 2Ki)5[2

The corresponding stochastic differential equation is thus given by

a L wy) a — (72 + 2Ki)aa? dW-
o) = (5 iwo)am 0o 2o} ey [ (B4)
a (L +iwp) @ — (72 — 2Ki)ae® dW>

where W, and Wj are independent Wiener processes and the matrix B(a) is given by

/ 71+R11 eix(e)/2 [ (r1—Ra1 () Ru eix (e
(B5)

('y1+R11(a)) e—ix(a)/2 (n— Ru( ))efzx( a)/2

where Ryj(a)eX(®) = —(~y + 2Ki)a?. Tt is noted that the two equations for o and @ in Eq.
are mutually complex conjugate and represent the same dynamics.

In the classical limit, the deterministic part of Eq. gives the Stuart-Landau equation for
the complex variable « given in Eq. , which is analytically solvable and the asymptotic phase

®.(ax) can be explicitly obtained as given in Eq. [4, [©].
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Appendix C: Classical limit of the quantum asymptotic phase

In this section, we explain that the quantum asymptotic phase formally reproduces the determin-
istic asymptotic phase in the classical limit. In the semiclassical regime, the linear operator Ly of
Eq. for the quasiprobability distribution p(c) in the P representation can be approximated by
a Fokker-Planck operator Le of the form Eq. . By introducing a real vector X = (Re a, Im «)
and the corresponding probability density function p(X), the Fokker-Planck operator L for p(a)
can be cast into a real Fokker-Planck operator Lx for p(X) in Eq. .

In the classical limit, the quantum noise vanishes and the diffusion term in Lx disappears.
Thus, Lx formally becomes a classical Liouville operator, i.e., Lx — —(9/0X)A(X), and the
corresponding backward Liouville operator formally becomes the infinitesimal generator of the
deterministic Koopman operator, i.e., L} — A = A(X) - (9/0X) = A(X) - V. Also, the decay
rate i, approaches 0 and the eigenvalue A, approaches €2, where €2, is the frequency of the
limiting classical deterministic system. As discussed in Sec. IT A, the classical asymptotic phase ®,
is obtained as the argument of the eigenfunction ¥, of A associated with the eigenvalue Ay = €.
Thus, the quantum asymptotic phase ®, formally reproduces the deterministic asymptotic phase
®. in the classical limit with vanishing quantum noise.

Figure (3 schematically shows the behavior of the eigenvalues of L% approaching those of the
deterministic system in the classical limit with a stable limit-cycle solution. The eigenvalues in
the classical limit are given in the form A, = mk; + inw; (m = 0,1,2,... and n = 0,+1, £2),
where k1 is the real part of the largest non-zero eigenvalue and w; is the imaginary part of the
pure-imaginary eigenvalue with the smallest absolute imaginary part. In the example of a quantum
van der Pol oscillator with quantum Kerr effect in Sec. IV, k1 = —v1 and w; = Q.. As the system
approaches the classical limit, each curved branch of eigenvalues A, of Lx in Fig. (a) approaches
the corresponding straight branch of eigenvalues A, in Fig. (b) in the classical limit.

The above formal correspondence with the conventional definition of the asymptotic phase in

the classical limit supports the validity of our definition of the quantum asymptotic phase.

Appendix D: Phase function of a quantum damped harmonic oscillator

In Ref. [63], Thomas and Lindner considered the stochastic phase function for a classical damped
harmonic oscillator described by a multi-dimensional Ornstein-Uhlenbeck process. In this section,

generalizing their result, we consider a simple quantum harmonic oscillator with a damping and
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FIG. 3: A schematic diagram for eigenvalues of L%, which converges to the classical limit. (a) Semiclassical

regime. (b) Classical limit.

formally calculate the phase function. This system is linear and does not possess a limit cycle in
the classical limit, but the isochronous phase function as defined in Sec. III can still be introduced
(as the system lacks an asymptotic periodic orbit in this case, we do not use the term ’asymptotic’).

The eigenoperator Vi of the adjoint Liouville operator £* can be analytically obtained in this

case. The evolution of a damped harmonic oscillator is described by a quantum master equation
p = Lp = —ilwa'a, p] + yDlalp, (D1)

where w is the natural frequency of the system, v denotes the decay rate for the linear damping,
and D is the Lindblad form [5I]. The eigenoperator associated with the slowest non-vanishing
decay rate of the adjoint Liouville operator £* of £ is simply given by V; = a, i.e., L*a = Aa,
where Ay = —v/2 —iw [64, [65]. Therefore, the phase function ®,(c) of the coherent state « is

given by
®,(a) = arg{pr, a)iy = arg(alala) = arga = arg (re'”) =0, (D2)
where o = ¢’ and the phase function ®,(pt) of the density operator p; at time ¢ is given by

Pq(pt) = argla) = arg(p, ajir. (D3)

For the initial condition py = |ag) (| with ag = roe?®, the expectation of a evolves as

d

@@l) = (Ptlt=to: @)tr = (Lpty, a)tr = (P, L a)tr = M {pty, a)er = A1{a)s, (D4)

t
t=to

which gives (a); = eM*(a)g = eMt(ag|alag) = eMfay. Thus, the phase of the state p; is given by

D, (pr) = arg(el =27 @)t ag) = —wt + 6y, (D5)
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which decreases with a constant frequency w.

As shown in this example of a quantum damped harmonic oscillator, we can formally introduce

the phase function for a wide class of oscillators, even if the system does not exhibit limit-cycle

dynamics. In a special case where the system exhibits limit-cycle dynamics, our definition of the

phase function plays the role of the quantum asymptotic phase.
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