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Abstract. For a polyhedral subdivision A of a region in Euclidean d-space, we
consider the vector space C;(A) consisting of all C” piecewise polynomial functions
over A of degree at most k. We consider the formal power series Y , . o dimg Ci(A)A%,
and show, under mild conditions on A, that this always has the form P(A)/(1 — A)**?,
where P(4) is a polynomial in A with integral coefficients which satisfies P(0) = 1,
P(1) = f)(A), and P'(1) = (r + 1)f3_,(A). We discuss how the polynomial P(1) and
bases for the spaces Ci(A) can be effectively calculated by use of Grébner basis
techniques of computational commutative algebra. A further application is given to
the theory of hyperplane arrangements.

1. Introduction

The concept of a piecewise polynomial function over a polyhedral subdivision of a
region in Euclidean space is a fundamental one, rich with connections to many
areas of mathematics, from very pure to extremely practical. By their very
definition, the study of such functions involves both algebra and geometry, and,
when smoothness conditions are imposed, also a suggestion of analysis. Perhaps
the most important aspect involved in dealing with these objects is the interplay
between the underlying combinatorics and geometry of the subdivision and the
algebraic properties of the resulting set of functions. This interplay has received
attention only recently [6], [7], [20].

The simplest form of this idea, that of a piecewise linear function over a
simplicial subdivision, is well understood and much used, as is the case of general
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smooth piecewise polynomials over subdivisions in the line. The case of general
continuous piecewise polynomials over higher-dimensional simplicial subdivisions
can be successfully treated using a variety of methods (see [6], for example).
However, serious difficulties already begin to arise in the case of planar simplicial
subdivisions when we require global smoothness conditions on the functions. This
case has only been attacked with a great deal of success in recent years [2], [31], [7].
Perhaps surprisingly, serious difficulties also arise in the continuous case, with
general polyhedral subdivisions in two dimensions [11], [32].

Piecewise polynomial functions turn up in a variety of contexts. They are also
called multivariate splines. They have for some time been used to approximate
general smooth functions in the solution of partial differential equations by the so-
called finite element method, as well as to interpolate scattered multidimensional
data. More recently, they have come into play in computer-aided geometric design,
computer graphics, and robotics as a means of providing an effective description of
a surface for purposes of display and control. Current practice makes results even
for two and three dimensions and low orders of smoothness to be of serious
interest. At the current time, extremely little is known about the case of first-order
smoothness in three dimensions [1].

For a (finite) polyhedral complex A, let C'(A) denote the set of all piecewise
polynomial functions over A which are globally smooth of order r. If Ci(A) denotes
the subset of C'(A) consisting of functions involving only polynomials of degree at
most k, then Ci(A) is a finite-dimensional vector space over the reals, and a
fundamental problem in this area is to determine the dimension of this vector space
as a function of known information about the subdivision A. Of considerable
practical interest is the associated problem of determining a basis for this space.

A serious difficulty with this problem is that the dimension of the space Ci(A)
can depend not just on the combinatorics of the subdivision, but also on its
“geometry,” that is, how it is embedded in space. For example, triangulating a
rectangle with two crossing diagonals results in the dimension of C3(A) being one
higher than the combinatorially identical triangulation in which the central point is
not the intersection of the diagonals. (See [ 7] for a discussion of such “nongeneric”
behavior and for further references.)

In light of this, then, what can we hope to say in general about the dimension of

w(A) when only the combinatorial properties of A are considered? Surprisingly,
perhaps, there is a great deal of invariance remaining if we consider the dimensions
of all the Ci(A)’s as a whole. We study in this paper the generating function of the
numbers dimg Ci(A), k =0, 1,2,...; that is, we consider the formal power series

Y dimg Cy(A)I%,

kz0

We show (under mild restrictions on the subdivision A) that this series (considered
as an element of the ring of formal power series in A over Z) always has the form

P(2)
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where P(4) is a polynomial in A with integral coefficients and d = dim(A). From
this, it follows that, for large k, dimg C}(A) is given by a polynomial function of k.
We further show that the polynomial P(1) always satisfies P(0) = 1, P(1) = f;, and
P'(1) = (r + 1)f5_,, where f;is the number of d-cells in the subdivision A and f;_,
is the number of interior (d — 1)-cells, both combinatorial invariants of A. Thus
while the individual numbers dimg C,(A) may change with changes in the geometry
of A (in ways not yet well understood), the collection as a whole is rather more
controlled; although the polynomial P may vary as the embedding is changed, the
three evaluations P(0) P(1), and P’(1) will be unchanged. Except for {6], [7], and
{2017, the idea of considering all the spaces Ci{A) at once seems to have arisen only
in [28] and [29].

A side benefit of this result is the observation that the entire series, being of the
form P(A)/1 — 21, is determined by the polynomial P(1) and therefore can be
calculated if P(A) can be calculated. This in fact can be done using Grobner basis
techniques of computational commutative algebra. We discuss this briefly here; a
more extensive discussion can be found in [8].

To obtain the result described above, we make use of the fact that C'(A), in
addition to being a vector space, has the structure of a commutative ring under
pointwise multiplication of functions, and so forms a module over the subring R of
global polynomial functions (i.c., those being given by the same polynomial on
each cell of A). In the remainder of this section we discuss this algebraic structure,
and derive a completely algebraic criterion for a piecewise polynomial function to
be r-fold smooth. In Section 2 we reduce the problem to the case in which each
maximal cell of A contains the origin in R?, In this case, the resulting module is
graded, and the series we are interested in is essentially the Hilbert series of this
graded module. This gives us the form of the series as a rational function of 4, as
well as the corollary that, for large values of k, the function D(k) = dim® Cy(A) is
given by a polynomial in k of degree d with leading coefficient f,/d!. In section 3 we
consider, in a general setting, certain graded modules defined as the kernels of maps
between free modules, and we derive some properties of their Hilbert functions. In
Section 4, we apply these results to the dimension series of the multivariate spline
module, as well as to the Hilbert series of the Terao module (module of derivations)
of a central arrangement of hyperplanes in a general vector space [18], [24], [35].
Finally, in Section 5, we discuss briefly the issue of computing the power series for
the general modules defined in Section 3, as well as the required vector space bases.

Throughout this paper we use many basic results from commutative algebra.
Good references for this material are [4] and [17].

We now introduce some preliminary notions. Let A be a polyhedral complex in
R4, that is, a finite union of convex polytopes in R? such that every face of a
polytope in A is a face of the complex, and the intersection of any two faces of the
complex is a face of each. Recall that, for a convex polytope P, a face F # P is the
intersection of P with a hyperplane which does not meet the interior of P. Any such
hyperplane will be called a supporting hyperplane for F. (See [12] for more details
about polytopes and polyhedral complexes.) If A is any complex, the dimension of A
is the maximum dimension of an element of A. We say A < R? is pure if all maximal
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faces are of the same dimension. A special case of a polyhedral complex is a finite
simplicial complex, where each face of A is a simplex.

By d-complex we will mean a pure d-dimensional polyhedral complex embedded
in R% In this case we may think of A as a partition of a region in R? into finitely
many d-polytopes. For a d-complex A and i < d, we denote the set of i-dimensional
faces of A by A;, and the set of i-dimensional interior faces of A by A;. Similarly,
f{A) denotes the number of i-dimensional faces of A, and f(A) the number of
i-dimensional interior faces of A.

If A is simplicial, we can identify o € A with its set of vertices. Then 1 L o will
correspond to the union of the vertex sets of r and a. If A is simplicial, we define the
linkof oin Abylky,o={teA:tuo€eA 1o =} and the star of ¢ in A by
styo = {tut:telk, 0,7 < o}. For arbitrary complexes we define the star of ¢ in
A by

stayo={treA:3TeAsuch thatt < 7 and o < 7'}.

In other words, st, o is the smallest subcomplex of A containing all faces which
contain o. If the complex A is understood, we will write st ¢ or lk 0.

For a d-complex A, we consider the graph G(A) with vertices corresponding to
the elements of A, and edges defined as follows: if v, v are vertices of G(A)
corresponding to o, o’ €A,, then {v,v'} is an edge of G(A) if and only if
ana €A, . Ais said to be strongly connected if the graph G(A) is connected. A
connected complex A is said to be hereditary if, for all 6 € A — {(F}, st ¢ is strongly
connected. (If A is simplicial, this is equivalent to the property that, for all
o€ A — {F}, 1k o is strongly connected.) From this condition it follows that A itself
is strongly connected.

Let A be a d-complex and let R = Rx,, ..., x,], the polynomial ring over R in d
variables. We now define C"(A) more explicitly and give an algebraic condition for
smoothness.

Definition. If re N and A is a d-complex, then C'(A) is the set of functions
F: A - R such that:

(i) For all 6 € A,, F|, is given by a polynomial in R = R[x,,..., x,]-
(ii) F is continuously differentiable of order r.

In this definition, F will be differentiable of order r at a point p in A if, for all
o € A, containing p, all partial derivatives of F|, up to order r agree at p. Note that
since o is d-dimensional, the polynomial F|, is uniquely determined. We will sece
that the differentiability condition on F translates into a purely algebraic condi-
tion. This condition is used extensively in our study of C'(A). We write F, for F|,.

For o € A, let aff o denote the affine span of points in ¢, and, for f},..., f,in R, let
(fi,.--» f,) denote the ideal that they generate. If T < R is any set of polynomials,
we define the zero set of T, Z(T) = {peR?: f(p) =0forall feT} If X =« R%is
any set, we define the ideal of X, I(X) = {f € R: f(p) = Ofor all p € X}. Notice that
I and Z are inclusion reversing, i.e. X < Y implies I(Y) < I(X), and T < S implies
Z(S) <« Z(T). We will need the following easily verified properties of I and Z.
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Proposition 1.1.

(a) Let A be an affine subspace of R? of codimensionc andlet A=H, n---n H_,
where H; are hyperplanes in R%, and I; are affine forms such that H; = Z(l,).
Then I(A) = (I,,..., 1)

(b) If ¢ is a convex polytope in R?, then I(0) = I(aff 0) and Z(I(0)) = aff 0.

Recall that for an ideal I, I" is the ideal generated by all r-fold products of
elements of I.

Proposition 1.2 (Algebraic Criterion). Let A be a d-complex and let F: A > R be a
piecewise polynomial function. Then F € C'(A) if and only if, for every pair of faces
0,0, inAy, F, —F, liesinl(o, no,)*

Proof. Suppose F € C'(A). Then, for every pair of faces g4, g, in A, all partial
derivatives up to order r of h = F, — F,, vanish on o, n ¢,. Then each of these lie
in I{o, N 0,). If 6, N 0, has codimension ¢, then by Proposition 1.1(a) there are ¢
hyperplanes defined by ¢ independent affine forms [, ..., [, such that I(g, N a;) =
(!;,...,1). By an affine change of coordinates, we may assume [/, = x;. Since
hel(o, no,), we may write h =r;x; + --- + rx. where each r,e R. Let i <c.
Then  0h/dx; =) r{dx;/0x;) + Y (0r;/dx)x;  where j=1,...,c.  Since
0h/Ox; e (6, n6,) and the second sum is also in I(o; N o,), we get that
Y r{dx,;/0x;) € I{o; N a,). Since i < ¢, this sum is just r;. Thus each r; € (o, N 7,),
which shows hel(s, no,)>. We then can write h =) r;x;x; where i,j < C.
Taking second partials we show in the same way as before that he I(c, N g,)>.
Continuing this process we finally get that he I(o, N a,) "', as desired.
Conversely, suppose that, for every pair of faces o,, ¢, in A;, F, —
F, el(o,no,) . Letpe A If pliesin o, and o,, then,if h = F,, — F,,, we have
h(p) = 0, since h e I(g, N ¢,)"*'. We must show that all partial derivatives of h up
to order r also vanish on p. As above we may assume I(o; N 0;) = (x1,..., X))
where ¢ is the codimension of ¢, N ¢,. Then I(6, N o,) ! is generated over R by
monomials x{' --- x3* where a, + a, + -+ + a. > r + 1. The ith partial derivative
of any monomial of this form is either 0 or is the sum of terms of form cx3' --- x5¢
where ce R and b, + b, + --- + b, > r + 1 — i. This will vanish at p as long as
r+1—i>1,ori<r, sothe same is true for h. O

Remark and Notation. If 6, n o, =t€A,_,, then I(g, no,) = I(1) is principal
and generated by an affine form, which we denote /,, or I.. If o € A;, note that
Proposition 1.1(b) implies I(¢) = (0) since R is infinite.

The idea of the proof of Proposition 1.2 comes from Lemma 2.7 of [10]. We use
this criterion as the definition of C"(A) in all that follows. The following corollary
can also be found in [7].

Corollary 1.3.  If A is hereditary, then F € C'(A) if and only if, for every pair of faces
0, 0, in A, which meet inad — 1 face t, F, — F, e I(xy*! = (I[*').
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Proof. Let ¢ and ¢ be in A,. Since A is hereditary, the star of ¢ N ¢’ is strongly
connected. This means there is a sequence ¢ =o,,...,0,=0¢ in A, where
o,No;,, =1,€A,;_, and each g, is in the star of ¢ N o', and so contains ¢ N &',
Then each 1, also contains g no’. (It is possible that ¢ "o’ = &.) We know
I(t) < I(o) whenever o < t. Then I(1;) € I(¢ n ¢') which implies

F, —F, elx)y*™ clignay*!

Gi+t

and so

=F, —F

P ot a,,z(Fal—Faz)_{-'”+(Fa'n—1_F0n)

liesin I(c ~ o)t 1, O

We now describe some important properties of C'(A). Given an ordering
64,...,0, of the d-simplices of A, F e C'(A) can be represented as a t-tuple of
polynomials in R, ie., F = (f},..., f;), where each f; is just F,. In this way we see
that C"(A) is a submodule of RY, the free R-module of rank d. The R-algebra
structure of C'(A) is given by

(fla”"j;)+(g1"--’g1)=(f1 +gl""’ﬂ+gl),
g(fl,’ft):(gfl”g./t)’
(fls"'!ft)'(gla"'agl): (flgl""’ftgl),

where ge R and (fy,..., f), (g1,-.., 9. lie in C'(A). To see, for example, that
(fi91,---, fig,) is again an element of C'(A), note that, for faces ¢; and g},

f9i— f9;= fg:—g) +9{fi— f)

which lies in I(o; n g;)’*! by Proposition 1.2.

Recall that the rank of a module M over R is the dimension of M ® ¢ F as a
vector space of F, the quotient field of R, i.e., F = R(x,, ..., x,), the field of rational
functions in 4 variables over R. The rank of M is also the minimal number of R-
linearly independent elements in M. (See [17].) C'(A) has the following structure as
an R-module.

Proposition 1.4. Let A be a d-complex. Then C'(A) is a finitely generated torsion
Jfree R-module with rank = fy(A).

Proof. Lett = fyA). The first two properties follow from the fact that C"(A) = R’
and R is a Noetherian integral domain. For the rank, we note that there exists a
nonzero q in R with the property that gR* < C"(A). We can construct such a g as
follows. For each nonmaximal 7 € A, let g, be any nonzero element of I(z)’ *!. Now
let g =[] q,. It is easy to verify that this ¢ works by using the algebraic criterion for
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C’(A). We also have the inclusion C"(A) = R, Let F be the quotient field of R. Since
tensoring with F is exact, the inclusions will yield injections of vector spaces over F,

R ®grF > C(A)®zF and C(A)®gF->R ®@yF
which become
F'5>C(A)®gF and C(A)®@zF - F'

using properties of tensor products. Since these are both injections, we must have
dim(C(A) @ F) =1t 0

2. Reduction to the Central Case

Let A be a d-complex (a pure d-dimensional polyhedral complex embedded in R?).
Let D(k) denote the dimension of C}(A) as a vector space over R. Consider

Y dimg Cy(A)A¥,

k=0

the generating function of D(k). In this section we will see that this series has the
form of a polynomial of degree d. We do this by showing that D(k) is the Hilbert
function of a graded algebra, namely C'(A), where A = R®* ! is the homogenization
of A. (For an introduction to the theory of generating functions, see [27].)

Let A< R?and R = R{x,,..., x,]. We define A = R**!, the homogenization of
A, in the following manner. Embed A in R**! by sending (a,,...,a,) to
(ay,..., a4 1). Let v=(0,...,0) in R, Then let A = A v, the join of A with v,
which we define to be the complex A U {6 : g € A}, where ¢ denotes the convex hull
of o and {v}. See Fig. 1. Let R = R[z]. Then C’"(A) is module over R. If f € R, we
define the homogenization " f € R of f by

BF(Xyy ey Xas 2) = 27 f(x1/2, ..., X4/2),

where 0f denotes the total degree of f. Similarly, if F € R', we can define the
homogenization of F, ®F, in R' by

BF(Xy, ...y Xg, 2) = 2FF(x,/2,. .., X4/2).

D

\
Fig. 1
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If F=(f,,..., f), then dF denotes the maximum of the df’s. It follows from the
definitions that

hF = h(fl’ ey f;) = (Zarvaf’(hfl)’ R zaF-ﬂf.(hf‘)).

Conversely, if h € R, we set h(1) = h(xy,..., %4 1), and if H = (hy, ..., h,) € R, then
H(Q1) = (h,(1),..., h(1)). Let I be an ideal in R. We define *1, the homogenization of
I, to be the ideal in R generated by {"f: f e I}. The following properties of
homogenization can be found in Section 5 of Chapter VII of [33].

Proposition 2.1. Let F, G be in R, and let I and J be any ideals in R.
(@) MFG) = ("F)("G).
(b) zaF-HiGh(F + G) = ZB(F+G)(zaGhF + ZthG).
(c) ®°F(1) = F.
(d) 2J) =P,

Lemma 2.2. Let I = I(g) and I = I(6). Then:
(D) Iy =" for any rin N,
(2 I="L

Proof. (1) Follows from (d) above. For (2), we first note that if aff(c) =
Z(ly,...,1) in RY, then aff(¢) = Z(®l,,...,") in R?**! Then I = (",,...,") is
clearly contained in ®I. Now let f € I and p € 6. Then p = a(q, 1) + (1 — a)(©, 0) in
R x R,whereqesand0<a< 1.Ifa#0,"f(p) = "f(aq, a) = a®f(q) = 0, since
f el If a=0, then p is the origin and since f is a nonconstant homogeneous
polynomial (since I # R), f(p) = 0. This shows f e I. O

Lemma 2.3. If F € C'(A), then ®F € C'(A).

Proof. Let o,,...,0, be an ordering of A, where t = f,(A). Let F = (f},..., f)
with respect to this ordering. By definition,

°F =1 )= CFTNCA), L TR

Let f = fi,9 = f;,and I = I(6; " g;). By the algebraic criterion for C"(A) (Proposi-
tion 1.2), f —geI"*'. Then

ZGF—af(hf) — Zar-ag(hg) = zaF—af—ay(Zag(hf) _ zaf(hg))
— zaF—a(f+y)h(f - g)eh(1r+1) — (hI)r+1 — fr+1

by Proposition 2.1(b) and Lemma 2.2, since f — ge I"*!. Now by the algebraic
criterion for C'(A), this implies that *F e C"(A). O

Let A be a graded R-algebra. Then A =4, DA, @ ---, where 4, = R, and
AA; < A;, ;. We will show that C'(A) is a graded algebra, and that Ci(A) is
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isomorphic, as a vector space, to [C"(A)],. More generally, we make the following
definition.

Definition 2.4. Let A be a d-complex. We say A is central if there is some vertex v,
in A such that every ¢ in A, contains v,. (Note that A is always central.)

Lemma 2.5. Let A be a central d-complex. Then C'(A) is a graded R-algebra.

Proof. Let v, be the vertex which lies on every face of A,. Without loss of
generality, we may assume that v, is the origin. Then, for any ¢ in A, I(c) and
I(a)y*! are both homogeneous ideals, since I(c) is generated by affine forms (see
Proposition 1.1(a)) which must vanish at the origin.

Let F =(fy,..., f) bein C"(A) and let F, = (fi4-.., fu) be the homogeneous
component of F of degree k. To show C’(A) is graded it is sufficient to show that F,
is in C"(A). Let I;; = I(a; no;)’ *'. Recall that if F is in C"(A), then, for all i and j,
fi — f; € I;; which is homogeneous. Then all homogeneous components of f; — f;
lie in I;;, so fi — fu = (fi — fil € L;;. Thus F, e C'(A). 0O

Theorem 2.6. [C'(A)], = Ci(A) as R-vector spaces.
Proof. Define a map
¢: [C(A)L—— CYA)

by ¢(H) = H(1). ¢ is clearly R-linear. Let H = (h, h,,..., h,), where h; e R[z],
t = f{A),and g,,..., 0,is an ordering of A;. Let I;; = I(s; n o)’ *'. We must show
that ¢ is well defined and is an isomorphism of vector spaces over R.

o(H)e Cy(A): If H = (hy, hy, ..., h)e [C'(A)], and h; — h;e®I;;, then h(1) —
h{1) = (h; — h;)(1) which lies in I;; by Proposition 2.1(c), so H(1) € Ci(A).

@ is injective: If H(1) = 0, then h(1) = O for all i. This implies z — 1 divides h, for
all i. Then h; = 0 for all i, since each h; is homogeneous. This implies H = 0.

@ is surjective: Let F € Ci(A) have degree n < k. By Lemma 2.3, *F € C"(A). *F
has degree n, so z*~"("F) will be in [C"(A)];, and (z*~"("F))(1) = F using Proposi-
tion 1(c). This proves surjectivity and the theorem. d

We now define Hilbert series for graded modules and relate this to the central
hereditary case. By Theorem 2.6, it follows that ) dimg Cj(A)4* is the Hilbert series
of C'(A) so we can apply the general theory about Hilbert series to the dimension
series above.

Let R = R[x,,..., x,]. If R, consists of all homogeneous polynomials of degree i,
then R = Ro,@® R, @ --- is a graded R-algebra. Let M be a finitely generated
N-graded R-module, i, M = @ M; where R;M; = M, ;. Since R is a polynomial
ring, (Krull) dim R = d, the number of variables. Recall that dim M = dim R/I,
where I = ann M, the annihilator of M. The codimension of M, codim M =
d-dim M. The Hilbert function of M is defined by H(M, i) = dimg M,. Since M is
finitely generated and R is finitely generated as an R-algebra, this function will take
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values in N. The Hilbert series of M, which we denote # (M, A), is the power series
Y H(M, i)' in N[[A]]. If M is a finitely generated graded R-module, then, for
sufficiently large i, H(M, i) is given by a polynomial with rational coefficients of
degree (dim M) — 1. This polynomial is called the Hilbert polynomial of M. (See
Theorem 7.5 of [13] or [26].)

The rext proposition follows from Theorem 11 and Corollary 11.2 of [4].

Proposition 2.7. If M is finitely generated then:

(@) #(M, ) has the forms:
(i) P(M, A)/(1 — A)* where P(M, A) € Z[A] and d = dim R.
(i) Q(M, A)/(1 — A where Q(M, A)e Z[4]} and s = dim M. In this case,
(1 — A) does not divide Q.
(b) Let Q(M, 4) = Y 8¢ a;4’. Then the Hilbert polynomial of M is

d80 g 4i—j—1
La(" )

Since C'(A) is torsion free (by Proposition 1.4), its annihilator is zero, so the
Krull dimension of C'(A) is d + 1. The above together with Theorem 2.6 gives

Theorem 2.8. For any d-complex, we always have

Y dimg CyA)* = P(A)/(1 — AL,

k>0

where P(1) = P(C"(A), A) is a polynomial in A with integer coefficients. Further, if
D(k) = dimg Ci(A), then, for large k, D(k) is a polynomial of degree d with rational
coefficients; in fact, if P(A) = Y 3<8F a;1, then, for large k,

degP L
D)= 3 a,.<d +‘; ’).

i=0

Note that the leading coefficient of D(k) is P(1)/d!. For hereditary complexes, it
will follow from Theorem 4.5 that this leading coefficient is f,/d!.

3. Modules Defined by Maps Between Free Modules

In this section R = K[x,,..., x,], the polynomial ring over K in d variables, where
K is any field. We investigate the Hilbert series of M, where M is a graded R-
module which arises as the kernel of a map between free R-modules. In particular,
we study the polynomial P(M, A) from the previous section in the case of modules
defined by maps between free modules. In Section 4 we will apply these results to
splines and hyperplane arrangements.

If M is any finitely generated graded R-module and s € N, we define M(—s), M
shifted by s, to be equal to M as an R-module, but with grading [M(—s)]; = M, _,
where we set M; = 0if j < 0. If M is graded by N, then so is M(—s). It follows that
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H(M(—s),i) = H(M, i — 5), so multiplying by A’ and summing over i we get
F(M(—5s), A) = 21°F(M, A). Notice that F(M", 1) = nF (M, ).

If M and N are graded R-modules, then ¢: M — N is a homogeneous map (of
degree 0) if ¢ is an R-linear map and @(M,) = N, for all i. It is easy to see that the
kernel and image of a homogeneous map are also graded with grading (ker ¢), =
M; nker ¢, and (Im ¢); = ¢(M,). The cokernel of ¢ is also graded with grading
(coker @); = Ni/op(M,). If

0 M

. > aen » M, » M, > 0

is an exact sequence of graded R-modules and homogeneous maps, then for any
ieN

0 » [M,]; > M ]; » [Mo]; 0

is an exact sequence of vector spaces over K, so
HM,y, i) —HM, )+ - +(—1D)'HM,, i) =0.
Multiplying by A' and summing with respect to i we get
FMo, ) = FM, )+ +(=1)'F(M,, 1) =0.
We now state some preliminary results. Let S be an arbitrary Noetherian ring.
The height of an ideal I is defined to be the minimum of the heights of the prime
ideals containing I. The next lemma follows easily from the definitions.

Lemma 3.1. Let S be a Noetherian ring and let I be any ideal in S. Then

height I + dim(S/I) < dim S.

If M is a module over a Noetherian ring S, then 8, ..., 8,1in S is an M-regular
sequence (or M-sequence) if (8,,...,0)M # M and, for 1 <i <k, 6;is not a zero
divisor on M/(6,,...,6,_, )M.If M = S, we say 0,,..., 8, is a reguar sequence (or
S-sequence). The grade of an ideal I is the maximal length of an S-sequence
contained in I. The following is Theorem 132 in [14].

Proposition 3.2. Let S be a Noetherian ring and let I an ideal in S. Then height
I = grade 1.

The next lemma follows immediately from Lemma 3.1 and Proposition 3.2.

Lemma 3.3. Let S be a Noetherian ring, let N be any S-module, and let I = ann N.
Then codim N > grade I.
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Recall that R = K[x,,..., x,]. Let nand t bein N, where n > 2. We will consider
maps from R**" to R" given by n x (¢t + n) matrices of the form

A = (B|C)

satisfying the following conditions:

(i) Bis an n x t matrix with entries in K.

(ii) C is an n x n diagonal matrix whose diagonal entries, f; (i = 1,..., n), are
powers of homogeneous, (nonzero) irreducible polynomials, [, (i =
1,..., n), at least two of which are distinct.

(iii) For all i, there is a column B(i) in B whose ith entry is nonzero and, for
every j # isuch that { f;, f;} are not relatively prime, the jth entry is equal to
0.

Let M = kernel of A, N = cokernel of A, and I = ann N. Then we have an exact
sequence:

0 M » R 4 » R" » N 0.

The main result of this section is that under these conditions, P'(M, 1) is
completely determined by the degrees of f, ..., f, where P’ denotes the derivative
of P with respect to 4. Recall that the rank of a module M over R is dim; M ® F,
where F is the quotient field of R. As before, by localizing the above sequence at (0),
we can show that M has rank ¢.

Proposition 3.4. Under the conditions outlined above, M and N are graded R-
modules, and P(M, 1) =t, P(N, 1) =0.

Proof. Let d; = degree of f;. Then the first t columns of A4 lie in K" = (R,)", and
column t + j lies in (R(—d)))", for 1 <j < n, so we can view A as a homogeneous
map of degree 0 from R*® (@}, R(—d})) to R". Then M and N are graded with
gradings mentioned above. We now have an exact sequence of graded modules and
degree 0 maps

A

0 » M , R*@(é R(—d,)) > R s N— 0,
j=1

and so
BS) FWMMH+nFRAD=t-FR, 1+ Z.?"(R(—dj), A+ F(N, ).

i~ 1\ ., d+i—1
Since 1/(1 — ) =Y,,0 4 ;i 1 A and ;i { is the number of mono-

mials in K[x,..., x,] of degree i and also the dimension of R; over K, we see that



A Dimension Series for Multivariate Splines 119

F(R, ) =1/(1 — ) and F(R(—d)), 1) = A%/(1 — A)*. Using this and multiplying
both sides of (3.5) by (1 — A)%, we get

P(M, ) =t—n+ Y %+ PN, ),

j=1

where P is as in Proposition 2.7.

Now det C is a nonzero element of I = ann N, which implies that grade I > 1
since R is a domain, and so, by Lemma 3.3, codim N > 1. By Proposition 2.7, this
implies 1 — 4 divides P(N, 1). Substituting 1 for 1 in the equation above, we get
PM, 1) =t. O

Remark. Infact, if M is any finitely generated graded R-module, P(1) = rank M.
However, the benefit of the preceding proof is that we have a formula connecting
the Hilbert series of M and N. We state this in a corollary.

Corollary 3.6. Let d; = deg f;. Then P(M,A) =t —n+ 3", A%+ P(N,A). O

In Section 5 we will discuss methods of computing the Hilbert series of M. Using
this corollary, we reduce the problem to that of computing the Hilbert series of N.
In fact, since N = R"/Im A, it is sufficient to compute the Hilbert series of Im A, the
submodule of R" generated by the columns of A.

The following lemma is the crux of the proof of Theorem 3.9.

Lemma 3.7. Ifd > 2, then codim N > 2.

Proof. By Lemma 3.3, it is sufficient to show that grade I > 2, where I = ann N.
To show this, we must find an R-sequence (regular sequence) of length 2 in I.
Notice that

(3.8) relifandonlyifre,elm Aforalll <i<n.

Heree,,..., ¢, are the standard basis vectors for R". In particular, fe; € Im A since
it is a column of A. Let Q be the least common multiple of the f’s. Let
I'<{fi f2s---, f,} be a set of minimal cardinality with the property that Q =
[1ser /- Such a set exists by condition (ii) above. Notice that, for any pair f;, f;in T’
with i # j, f; and f; are relatively prime.

Claim 1. Q/felforall feT.

Proof. Let feT. By (3.8), we must show that (Q/f)e;eIm 4 for all i. By
condition (iii), for any i there is a column B(i) = (by, ..., b,)" in B such that b, # 0
and ifj # i and ged(f;, f)) # 1, b; = 0. Recall that b, € K so B(i)/b; € Im A. Thus we
may assume without loss of generality that b; = 1. If f and f; are relatively prime,
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then f; divides Q/f and so (Q/f)e; = (Q/f f)(fie)) € Im A. If ged(f, f)) # 1, we may

write

(Q/f)e; = roB() + 3 ri(fie)),

Jj#i

wherer, = Q/f andr; = —b{Q/f f)). Clearly, r, € R. Suppose j # i. We must show
that r;e R. If ged(f, f) # 1, then b; =0, so r; = 0 € R. Suppose ged(f;, f)) = 1.
Then if [ is the irreducible polynomial corresponding to f, condition (ii) implies
l; # cl;for any cin K. We have [ = cl;for some ¢ # 0in K, since gcd(f, f;) # 1. This
implies | # cl; for any c, and so ged(f, f;) = 1. Then Q/f f; € R, so r; € R, proving
the claim. O

Let

Q* =) (/N

Jell
Claim 2. If QR + Q*R # R, then Q and Q* form an R-sequence in I.

Proof. Since Q/f eI for all f eTI', @ and Q* both lie in I. @ # 0 by construction,
and, since R is a domain, this means Q is not a zero-divisor in R. Let g in R be such
that Q*g = 0 in R/(Q). This means there exists ke R such that Q*g = hQ. Let
feTl. Then f|Q so f]Q*g. We also have f|(Q/f;) whenever f,e " — {f}. This
implies f{(Q/f)g, but f and Q/f are relatively prime so f|g. This implies Q|g and
hence g = 0. This shows Q* is not a zero divisor mod Q. Finally, since by
hypothesis QR + Q*R # R, Q and Q* form an R-sequence in I. O

If QR + Q*R =R, then Q, Q* el implies that I = R. In this case, since
R = K[x,,...,x,] and d > 2, x, and x, form an R-sequence of length 2. This

proves the lemma. U

Note. We did not use the condition d > 2 until the end of the previous proof, so in
particular, Claim 2 is true when d = 1.

We are now ready to prove the theorem.

Theorem 3.9. If A is a matrix satisfying (i)-(iii) and M = ker A, then

P(M,1)= Y deg(f)
j=1
Proof. We have the formula

P(M,J)=t—n+ Y A+ PN, }),
j=1

J
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where d; = deg(f;). By Lemma 3.7, if d > 2, then codim N > 2, which means that
(1 — 2)? divides P(N, A). Taking the first derivative and evaluating at 1, we get
P(M,1)=3 d;. 1fd = 1, grade I = 1 so I cannot contain an R-sequence of length
2. Then Claim 2 from the proof of Lemma 3.7 implies that QR + Q*R = R, and,
since Q, 0* € I, we must have I = R. Then N must be 0, so P(N, 4) = 0. )

Remark. We have shown that if d = 1 (or 4 is surjective), then

PM,Jy=t—n+ Y %

j=1

4. Hilbert Series of Splines and of Hyperplane Arrangements

We now apply the results of the previous section to splines and hyperplane
arrangements. We show that for both of these applications, the modules studied
can be realized as the kernel of a map between free modules which satisfies
conditions (i)-(iii) from Section 3. In the case of splines, we must restrict ourselves
to hereditary complexes.

We first define a matrix which we can associate to C'(A) when A is hereditary.
This matrix will be a useful tool in the study of C'(A).

If A is hereditary d-complex, we can view C'(A) as the kernel of a map between
free R-modules. We show this as follows. Recall the definition of the graph G(A),
with vertices and edges corresponding to elements of A, and A7 _,, respectively.
(See Section 1.)

Definition 4.1. Given an ordering of A; and A3 |, we define the boundary matrix of
A, d(A), to be the transpose of the node-arc incidence matrix of G(A), i.e.,

1 if v; is the smaller vertex of e;,
oA) = (a;)= § — 1 if v;is the larger vertex of ¢;,
0 otherwise.

Definition 4.2. If A is hereditary, we define the matrix associated to C'(A), A(A, r),
to be

where 8 = &(A), n = f5_,, and, if o, € AS_,, I, is the form defining o, and [; = £ *1.
(Note that the right-hand section is a diagonal matrix.) Let M(A, r) denote the
kernel of A(A, r). It is clear that M(A, r) does not depend on the ordering of Ag_,.

Proposition 4.3. If A is hereditary, then, for any ordering of A,, C'(A) = M(A, r).
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v
(]

Fig. 2

Proof. Let t= f; and n= f3_,. Then A(A,r) is an n x (t + n) matrix so
M(A,r) = R**". Let gy, ..., g, be an ordering of A,. Then F in C'(A) can be written
(f1>-.-, f;) with respect to this ordering. If dim(a; N 0;) = d — 1, let [;; be the affine
form which defines aff(o; N ;). Then

Fisin C'(A) <> wheneverdim(o;no)=d—1, f; — f;€ (i,-j)
(by Corollary 1.3)
<> whenever dim(s; N g;) = d — |, there exists h, € R
where 7 = g, g;,such that f, — f; + hl; =0
< (fis..os fiohpyseo b ) e M(A r), where 74,..., 7, is an
ordering of Aj_,. O

Example. Let A be the triangulated square shown in Fig. 2. We may write
FeC(A) as (f}, f2, f5, f,) as shown. Then I, =1, =x and l,; =1, =y, so
A(A, r) is the following matrix, where £ = x"* 1 and j = y'*1;

1 -1 0 0] % 0 0 o0
o 1 -1 0]0 § 0 0
0 0 t —-1]0 0 % 0
-1 0 o0 10 0 0 §

Let A be the homogenization of A as defined in Section 2. Recall that, for ¢ in A,
¢ denotes the convex hull of ¢ and v denotes the vertex joined to A.

Lemma 44. If A c R® is hereditary, then A c R**! is also hereditary and
A(A, r) = PA(A, r), the homogenization of the matrix A(A,r).

Proof. 1t is immediate that G(A) = G(A) and so &(A) = d(A). Further, since
stz(6) = stz(0) = st,(o) v, we have that A is hereditary.

The columns of &(A) = (A) are homogenecous, so to show that A(A,r) =
b 4(A, r) we must show that if I is the affine form in R defining o € Aj_,, then ™ is the
(linear) form in R[z] defining é. But this follows from Lemma 2.2. O
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If A is a hereditary d-complex, the isomorphism from M(A, r) to C"(A) will be a
graded isomorphism since the map is just the restriction of the projection map on
R'**to M(A, r). Then P(C'(A), 2) = P(M, 1) where M = M(A, r), and we have the
following from Theorem 2.8 and the results of Section 3.

Theorem 4.5. Let A be a hereditary d-complex. Let r be in N. If
2. dimg Ci(A)A* = P(A)A(L — A)** 1,

where P(1) is a polynomial in A with integer coefficients, then

(@) P(1) = fLQ),
(b) P(1)=(r+ 1)fg-.(A), and
(€) P(A) =t + fi_(A)F ' — P(Im A(A, r), A).

Proof. Let A denote the homogenization of A. Then P(4) = P(C"(A), 1), and we
must show that A(A, r) satisfies conditions (i)-(ii1) from Section 3. Recall that
A(A, r) is the matrix

It is immediate that A(A, r) satisfies conditions (i) and (ii). To see that it also
satisfies (iii), recall that the columns of d(A) correspond to d-faces of A and the rows
correspond to interior (d — 1)-faces of A. Suppose I; = [;and both ¢;and 6;in A7 _,
lie on some o in A,. Since ¢ is a polytope, Z(I;) and Z(/;) are supporting hyperplanes
for 0; and o; in o, ie, Z(I) no =0, and Z(l) no = o;. But [; =I; implies
Z(l;) = Z(l)) so we must have g; = g;. Let 6(A) = (ay). We have shown that if
ay # 0,and if [; = [}, then a;, = 0ifj # i. Finally, since A is pure, for every i there is
some k such that a,, is nonzero. The kth column will be B(j) as in (iii). The proof
now follows from Proposition 3.4, Corollary 3.6, and Theorem 3.9.

Example. For the triangulated square in Fig. 2, we get P(A) = 1 + 2A7*1 4 427%2,
If the edge lying on the positive y axis is perturbed somewhat, then, for r = 1,
P(1) = 1 + 4% 4 243 This shows that P"(1) is not given by combinatorial data. See
{8] for more examples.

The next application will be to modules arising from arrangements of hyper-
planes. Let K be an arbitrary field. A hyperplane arrangement is a set of hyperplanes
in K? containing the origin, i.e., linear subspaces of codimension one. Let
X ={H,,...,H,} be a hyperplane arrangement and let {,..., ], denote linear
forms defining H,, ..., H,. We can define

Der(X)={FeR* Ljl;c Fforall1 <i<n},
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where F is thought of as a polynomial map from K? to K¢ and - denotes the
composition of maps. Der(X) becomes an R-module in the obvious way. More
generally, a multiarrangement X is a muitiset {H%1, ..., H*} where k;e N. Let [,
denote ¥, We define

Der(X) = {FeR*:Tjl,o Fforall 1 <i <n}.

An arrangement X is free if Der(X) is a free R-module. The study of free
arrangements was initiated in [22] and [31]. For a more algebraic and combina-
torial approach see [34] or [36], where multiarrangements were first considered. It
turns out that Der(X) is isomorphic (as a graded R-module) to the kernel of the
map A(X): R‘*" - R" given by the matrix

where B is the matrix with entries b,; where I, = Y. b;;x;. Since the Is are distinct, it
is easy to see that A(X) satisfies conditions (i), (ii), and (iii). Condition (iii) is
trivially satisfied in this case. We can now apply Proposition 3.4, Corollary 3.6, and

Theorem 3.9 to get the following result.

Theorem 4.6. Let X = {H%,..., H*} be a multiarrangement of hyperplanes. Then
Der(X) has rank d and if P(3) = P(Der(X), 1), we have

(a) P(1)=4d,
(b) P(1)=Y7_, k;, and
(€) Py =t + 3", A% — P(Im A(X), 2). 0

Again P"(1) is not given by combinatorial data [34, Example 4.2.7]. However,
for simple arrangements (each k; = 1) P”(1) is a combinatorial invariant [21]. In
the case where Der(X) is a free R-module, the proof of (b) is simpler. (See [22] and

[36])

5. Computational Techniques

In this section we give a summary of the concept of Grobner bases for ideals and
modules over polynomial rings. These “bases” are generating sets which have
properties useful for computation. The algorithm for constructing Grobner bases,
due to Buchberger (see, for example, [9]), is a generalization of the division
algorithm for polynomials of one variable. In particular, using Grobner bases we
can solve systems of polynomial equations, ie., we can do linear algebra over
polynomial rings. For example, let R = K[x,, ..., x;] where K is a field and let 4
be an m x t matrix with entries in R. The technique of Grébner bases can be used
to find all t-tuples f = (f, ..., f;) in R so that Af = 0. This means we can compute
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a generating set for the kernel of A4, viewed as a map from R’ to R™. But this is
precisely what we want in the case of splines. Recall from Section 3 that C*(A) is
isomorphic to M = M(A, r) where M was the kernel of the map 4 = A(A, r).

We now describe the theory of Grobner bases and show how it can be used to
compute dimensions of the R-spaces C(A) as well as explicit bases for these vector
spaces over R.

In order to compute effectively in polynomial rings we need a linear ordering of
the monomials which refiness the usual partial order (ordering by divisibility). Let
R = K[xy,..., x,] be the polynomial ring in n variables over K, where K is a field.
Let T be the set of all monomials in R.

Definition. A multiplicative order > on R is a total order on T such that:

(i) m > 1 for all monomials min T.
(i) If m,ne T and m > n, then, forall a e T, am > an.

The graded lexicographic order is a multiplicative order which we will find most
useful. Tt is defined by x9*--- x% > x5t ... x®~ if and only if a, + --- + a, > b, +
---+b,ora;+ - +a,=b + b, and q; > b; for the smallest i such that
a; # b,. For more about multiplicative orderings (also called term orderings), see
[19].

Given an ordering > and an element f in R, we define the initial term of f,
In(f), to be the largest monomial under > which appears in f. Let S = R be any
set. We define the initial ideal of S, In(S), to be the ideal generated by the initial
terms of elements of S.

We can extend this notion to free modules over R of finite rank ¢, viewed as t-
tuples of elements in R. A monomial in R* has the form me; where m is a monomial
in R and e; is the ith standard basis vector of R’. We can also write
©,...,0,m,0,...,0) where the m is in the ith place. The ordering here will be
defined by me; > ne; if and only if i>j or i=j and m > n under the given
multiplicative ordering on R. If S = RY, then In(S) will be the submodule of R*
generated by the initial terms of elements of S.

Proposition 5.1. Let M be a submodule of R'. (If t = 1, this is just an ideal.) A set
G={Gy,...,G} in M is called a Grobner basis for M if any of the following
equivalent conditions hold:

(1) In(G) = In(M).

(2) IfFisin M, then there exist ry, ..., 1, in R so that F = Y ¥_, r,G;, and for all i,
In(r,G;) < In(F).

(3) The set I' = {mG,: m is a monomial in x,, ..., x4, and In(G,) does not divide
In(mG,) for all j < i} is a vector space basis for M over K.

The equivalence of these conditions can be found in [30], who credit Bayer [5]
and Lazard [15]. It follows from (2) that G generates M. We will see that when M is
graded, the first characterization is useful for computing Hilbert series and the
third for finding vector space bases for the ith graded piece, M;, over K.
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We now describe how the theory of Grobner bases relates to the spline modules
C’(A). To do this we restrict ourselves to hereditary complexes in order to use the
characterization of C"(A) from Section 4. If we have a Grobner basis for C'(A), and
I' is as in (3) in the above proposition, then the set I', = {y e I" : degree y < k} will
be an R-basis for Ci(A). This will be true because of the graded nature of the
ordering we have chosen.

Let A be a hereditary complex. Recall the setup from Section 3. We have the
exact sequence

0— M . R, R . N 0,

where N is the cokernel of A. Then M consists of all syzygies of the columns of A.
This means that if F,,..., F,,, are the columns of 4, then (g,,...,4g,,,) € M (we
may think of M as sitting inside of R**") if and only if F,g, + F,g, + -+ +
F, 9.+, =0 in R" Using algorithms due to Spear [25], Schreyer [23], and
Buchberger [9], we can construct a Grobner basis for M. (See also Proposition 2.11
of [5].) For further discussion of these algorithms and specific examples, see [8].

Now we discuss a method for computing Hilbert series without computing any
syzygy modules. In Section 1 we saw that if we can compute the Hilbert series of
C’(A), this will give us the dimensions of the C}(A)’s as R-vector spaces for all k. It
turns out that we can compute the Hilbert series of C'(A) (which is exactly the
dimension series for Ci(A)), without actually finding a Grébner basis for C'(A).
From Corollary 3.6 we have the formula

P() = fB) + fi- (M)A — P(Im A(A, 1), 4),

where the Hilbert series of C'(A) (and thus the dimension series of Ci(A)) has the
form P(A)/(1 — 2)**!. We have now reduced the original problem to finding the
Hilbert series of the image of A(A, r). But we know a generating set for this module,
namely the columns of A(A,r), so we can compute a Grobner basis for it. The
following proposition, originally proved for ideals in [16], allows us to reduce the
problem to an even simpler situation.

Proposition 5.2. If G is a Grobner basis for a module N and H denotes the Hilbert
function of N, then H(N) = H(In(N)).

By (1) of Proposition 5.1, this gives H(N) = H(In G). We have thus reduced the
problem to that of computing the Hilbert series of a monomial module, In(G). This
is basically an inclusion-exclusion calculation.

For more details about the nature of these computations, see [§].
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